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—— Abstract

We combine ideas coming from several fields, including modal logic, coalgebra, and set theory.

Modally saturated trees were introduced by K. Fine in 1975. We give a new purely combinatorial
formulation of modally saturated trees, and we prove that they form the limit of the final w°P-
chain of the finite power-set functor &. From that, we derive an alternative proof of J. Worrell’s
description of the final coalgebra as the coalgebra of all strongly extensional, finitely branching
trees. In the other direction, we represent the final coalgebra for &% in terms of certain maximal
consistent sets in the modal logic K. We also generalize Worrell’s result to M-labeled trees for
a commutative monoid M, yielding a final coalgebra for the corresponding functor .#; studied
by P. Gumm and T. Schréder. We introduce the concept of an i-saturated tree for all ordinals
i, and then prove that the i-th step in the final chain of the power set functor consists of all -
saturated trees. This leads to a new description of the final coalgebra for the restricted power-set
functors &2, (of subsets of cardinality smaller than A).
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1 Introduction

Final coalgebras play a fundamental role in the theory of systems represented as coalgebras:
J. Rutten [18] demonstrated that the final coalgebra describes all possible behaviors of
states of systems. For Kripke structures considered as the coalgebras for the finite power-set
functor & two beautiful descriptions of the final coalgebra exist: as the set of all hereditarily
finite sets in the non-wellfounded set theory due to P. Aczel, see [2], and as the set of all
strongly extensional, finitely branching trees! due to J. Worrell [21]. He used metric spaces:
he described the limit &1 of the final chain of &% as the set of all strongly extensional,
compactly branching trees. From that he derived the above description of the final coalgebra.
We give below two new descriptions that do not need topology, one combinatorial and one

* Extended Abstract

Throughout the paper trees are directed graphs with a distinguished node called the root from which
every other node can be reached by a unique directed path, and they are always considered up to
isomorphism. Strong extensionality for trees is recalled in Section 2 below.
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using modal logic. We prove that the limit &#’1 consists (a) of all saturated trees or (b) of
all maximal consistent theories of the modal logic K. And an alternative description of the
final coalgebra is: the set of all hereditarily finite (maximal consistent) theories. Related
descriptions were provided by S. Abramsky [1], A. Kurz and D. Pattinson [14] and by
J. Rutten [17, Theorem 7.4].

We also present a generalization in two directions: one uses finite multisets with mul-
tiplicities drawn from a given commutative monoid M, as introduced by H. P. Gumm and
T. Schréder [12]. Form the functor .#; of all such finite multisets; its coalgebras are la-
beled transition systems with actions from M \ {0}. We prove a direct generalization for
all monoids for which .#; preserves weak pullbacks: the final coalgebra for .#; consists of
all finitely branching, strongly extensional M-labeled trees. For general monoids this result
is not true, but we prove that the final coalgebra for .#; is the coalgebra of extensional,
finitely branching M-labeled trees modulo an equivalence generalizing M. Barr’s equivalence
for P, see [7].

The other direction of generalization of the final coalgebra for &7 is from finite subsets
to subsets of cardinality less than A, where A is an infinite cardinal. The corresponding
power-set functor & has the final coalgebra of all strongly extensional A-branching trees,
as proved by D. Schwencke [19]. We present a different proof based on the description of the
final chain 2271 of the (full) power-set functor £2. We introduce the concept of an i-saturated
tree for every ordinal i (where w-saturated is the above concept), and we describe 921 as
the set of all strongly extensional i-saturated trees.

2 Extensional and saturated trees

For an endofunctor H of Set recall that a coalgebra is a set A together with a morphism
a: A— HA. A coalgebra homomorphism into b: B — HB is a morphism f: A — B with
b-f = Hf-a. The final coalgebra, if it exists, is denoted by vH; by Lambek’s Lemma [15]
its coalgebra structure is an isomorphism vH -~ H(vH). For example Kripke struc-
tures (W, R,1) where R C W x W and I: W — 2AP are precisely the coalgebras for
HX = ZX x 2°P where AP is a fixed set of atomic propositions and & is the power-
set functor. In the present paper we restrict ourselves to the case AP = (). Then Kripke
structures are simply graphs, or coalgebras for &2. And the finitely branching graphs are
coalgebras for the finite power-set functor .

In this and the next section we describe the final coalgebra for 7. Lambek’s Lemma
implies that & does not have a final coalgebra, but we describe the final chain of & in
Section 5.

Recall from [7], dualizing the initial chain of [4], the final chain of H which is the chain
W: Ord®® — Set determined (uniquely up-to natural isomorphism) by its objects W,
i € Ord, and connecting morphisms w; ;: W; — W; (i > j) as follows Wy = 1, Wy = HW;,
and W; = lim;.; W; for limit ordinals ¢ and w;41 ;41 = Hw; j, whereas (w; ;)j<; is a limit
cone for limit ordinals 4. If this chain converges at some ordinal i, i.e., the connecting map
HW; — W; is an isomorphism, then its inverse yields the final coalgebra for H. The finite
steps of the final chain of H are called the final w°P-chain of H.

» Remark 2.1. Recall that coalgebras for &2 are simply graphs. When speaking about
morphisms between graphs (in particular trees) we always mean coalgebra homomorphisms
f:A— B. That is, f preserves edges, and for every edge from f(a) to b in B there exists
an edge from a to o' in A with b = f(a’). Quotients of graphs are, as usual, represented by
epimorphisms, that is, surjective morphisms.
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» Definition 2.2. A tree is extensional if distinct children of any node define non-isomorphic
subtrees.

The extensional modification of a tree t is the smallest quotient of ¢ which is extensional.
It is obtained from ¢ by recursively identifying isomorphic subtrees whose roots have a joint
parent.

» Example 2.3. The extensional modification of the complete binary tree is the single path.

» Notation 2.4. For every tree ¢t denote by 0,¢ the extensional tree obtained by cutting ¢
at level n (i.e. deleting all nodes of depth > n) and forming the extensional modification.
For all trees t and u, we write ¢ ~,, u to mean that 9,t = 0,u (remember that we identify
isomorphic trees).

» Remark 2.5. The final w°P-chain of &% can be described as follows:
;"1 = all extensional trees of depth < n with the connecting maps 9 t@fnﬂl — PP

Indeed, the unique element of 1 can be taken to be the root-only tree. Given a set
M C 21, we identify it with the tree tupling of its elements and obtain a tree in @J?‘Hl.
The first connecting map from %1 to 1 is obviously 0y, and given that the n-th connecting
map is J,: z@fnﬂl — ﬁfnl, it follows that the next connecting map, %0, is (with the
above tree tupling identification) precisely Oy,1.

» Definition 2.6. Two trees ¢t and u are called Barr equivalent, notation t ~, u, provided
that ¢ ~,, u holds for all n < w.

» Remark 2.7. The set B of all finitely branching extensional trees is a coalgebra for &:
the coalgebra map is the inverse of tree tupling. This coalgebra is weakly final, and a final
coalgebra can be described as its quotient:

» Theorem 2.8 (see [7]). The final coalgebra for ¢ can be described as the quotient B/~
of the coalgebra of all finitely branching, extensional trees modulo Barr-equivalence.

» Definition 2.9 (see [21]). For trees ¢t and s a tree bisimulation is a relation R C ¢ x s such
that the roots are related, two related child nodes always have related parents, and R is a
bisimulation w.r.t. &; i.e., given related nodes a R b then for every child a’ of a in ¢ there
exists a child &' in s with o’ R ¥, and vice versa.

» Example 2.10. The first two trees in the picture below are Barr-equivalent trees. The
third and fourth trees are two extensional trees (the third tree has n children of the n-th
node) that are bisimilar. In fact, every tree without leaves is bisimilar to the infinite path.

CSL’'11
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» Definition 2.11 (see [21]). A tree ¢ is called strongly extensional if distinct children of
any node are not bisimilar. Equivalently, every tree bisimulation R C ¢ x t satisfies R C Ay,
where A; is the diagonal relation on t.

» Example 2.12. (1) Every finite extensional tree is strongly extensional.
(2) The infinite path is a strongly extensional tree. This is the only strongly extensional
tree without leaves: for every tree t without leaves the relation

xz Ry iff z and y have the same depth

is a tree bisimulation. Thus, the third tree in Example 2.10 shows an extensional tree which
is not strongly extensional.

» Definition 2.13. Given a tree ¢, the subtree of ¢ rooted at the node = is denoted by .
A tree t is called saturated provided that for all nodes x of ¢ and all trees s, if for all n,
there are children x,, of z with s ~,, t,, (n < w), then there is some fixed child y of = with
8§~y ty.

» Example 2.14. (1) Every finite tree is saturated.

(2) More generally: all finitely branching trees are saturated. Indeed, given z,, as above,
there exists kK < w with x, = xj for infinitely many n, and then s ~,, t;, for infinitely
many n, proving s ~, ta, .

(3) The left-hand tree of Example 2.10 is not saturated. We obtain a saturated tree by
adding a new child whose subtree is the infinite path.

(4) For every set A C w the following tree r 4 is saturated and strongly extensional: take
an infinite path and add a leaf at depth n iff n + 1 lies in A. We know from item (2) that
r4 is saturated, and strong extensionality is obvious.

» Lemma 2.15. Given saturated, strongly extensional trees t and u with t ~, u, we have
t = u. Therefore there exist precisely 280 saturated, strongly extensional trees and they have
branching at most 20,

Proof. (a) For every child z of the root of u there exists a child y of the root of ¢ with
ty ~w u. Indeed, since t ~,, u for every n there exist children z,, with t,, ~, u. (n < w)
and then y exists since ¢ is saturated. Conversely, for every y there exists z with t, ~,, u..
By continuing to lower nodes we conclude that the relation R C ¢ x u defined recursively by

either y and z are the roots
or y and z have R-related parents and ¢, ~,, u,

y Rz iff {

is a tree bisimulation. Clearly, the opposite relation R°P is a tree bisimulation, too, and, as
P preserves weak pullbacks, so are the composite relations R°P o R Ct x t and Ro R°P C
u X u. Since t and u are strongly extensional, we conclude R°? o R C A; and Ro R°P C A,,.
Finally, since R and R°P are total relations, the last two inequalities are equalities, and this
implies that R is the graph of an isomorphism from ¢ to u, i.e., t = u.

(b) The number of saturated, strongly extensional trees is at least 2% by Example 2.14(4).
It is at most 280 because every saturated strongly extensional tree t is determined by the
set M = {t,;x a child of the root of ¢}, and M is determined, due to (a), by the sequence
of sets M,, = {Ops;s € M} for n < w. Since M, is finite, the number of these sequences is
at most 2%0.

The last statement follows since every subtree of a saturated tree is saturated. <
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Recall Worrell’s description of the limit &)1 = ligl 21 of the final chain of & as the

set of all compactly branching trees [21]. Here is a new combinatorial description:

» Theorem 2.16. The limit &' of the final w°P-chain of & can be described as the set
of all saturated, strongly extensional trees. The limit cone is (On)n<w-

Proof. Let S be the set of all saturated, strongly extensional trees. We prove that 0,,: S —
201 (see Remark 2.5) is a limit cone. For definiteness, we denote the connecting morphism
of the final w°P-chain by 9/, : 9;”'11 — ,@;ll. It is obvious that 8, = 8/,-0n41, thus (9,) is
a cone on the final w°P-chain.

(a) The cone 3y, is collectively monic by Lemma 2.15.

(b) For every compatible family r" € Z['1 we prove that there exists ¢ € S with 0t = r"
for every n. Compatibility means 7™ = 9/, (r"*1) for n < w. Let #"T! be the tree obtained
by cutting 7"+ at depth n. Since r" is extensional, the above equation tells us that r™ is
a quotient of #"t1. Let e, : #"t! — r™ be the corresponding epimorphism. Define a tree t
to have as nodes of depths k = 0,1,2... all sequences = (z¥, zF¥*1 z¥*2...) of nodes
z" € r" of depth k with e, (z"™!) = z" for all n > k. Thus the sequence of roots of
r9, 71,72 ... is the root of t. And edges are defined componentwise: there is an edge from
(zF, gh L zh+2 ) to (ghth R t2, gh+3, . ) iff (27, §™) is an edge of r™ for all n > k + 1.
It is easy to verify that t is a well-defined tree.

(b1) We prove 9,,t = r™. To this end it suffices to establish that there is an epimorphism
of graphs from the cutting of ¢ at level n to r™ (the desired equality then follows since ™ is
extensional). Consider the n-th projection. This is surjective:

For every node z € r™ there exists a node x € t with z = ™. Indeed, put "™ = z, and
since e,, is an epimorphism, choose z"*! € e, }(z"), etc. Then z = (z",z" ™!, z"*2 .. .) has
the required property.

It is clear that the projection is a graph morphism: it preserves edges by the definition
of t. And analogously to the argument of surjectivity above, for every z in ¢ and every edge
from z = " to 2z’ in r™ there exists an edge from Z to 2’ in ¢ with 2/ = (Z)".

(b2) t is strongly extensional. Indeed, given a tree bisimulation R C t x ¢, we prove that
Z R yimplies Z = §y. Let k be the depth of Z and . From (b1) it follows that r2. = 9, (tz)

and 77, = On(ty) for all n > k. But R y implies that R restricts to a tree bisimulation
between tz and t, thus, {7 ~, t5. Consequently, rz. = rj.. This implies 2" = §". (This is

clear from extensionality of 7™ in case k = 1. This finishes the proof of x = y if £k = 1. For
k = 2, we conclude that  and y have the same parent, z, and apply the above to t; in lieu
of t, etc.)

(b3) The tree ¢t is saturated. Indeed, let s be a tree for which the condition of Defini-
tion 2.13 holds, taking x to be the root of t. (The proof for all other nodes x of ¢ is completely
analogous.) That is, we have children Z,, of the root of ¢t with s ~,, tz, for n < w. We prove
that the node y of ¢ with components y" = (a_:n)n for all n > 1 fulfils s ~, t,.

Firstly, we need to verify that  is a node: e,(y"*!) = ™. Both of these nodes are
children of the root of r™, thus, by extensionality we only need to prove that they define the
same subtree of ™. Let {z, be the cutting of ¢z, at level n — 1, then from (b1) we know
that ry. is the image of tz, under the n-th projection ¢ — 7. Since g s extensional,
this proves d,tz, = r; and analogously for n + 1. Moreover, from tz, ~p s ~pq1 tz,,, We

Un
deduce tz, ~n tz,,,. Consequently,
n n+l __
Tyn = Onlz, and Tontr = Ong1tz, -

We also have O;Lrg:”fl =ry (F7+1) because the right-hand tree is extensional, and it is the

CSL’'11
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~n+1

image of Pont under e,. Consequently, rgn(gnﬂ) = 0, 0nt1tz,,, = Ont This proves

Tny1-
e g1y = T, thus, ep (g™ 1) = y™ by extensionality of r™.

Next, we need to verify s ~,, t; for every n < w. Indeed, we have s ~,, tz,, and to prove
tz, ~n ty observe that the n-th projection ¢ — 7™ maps the cutting of ¢; onto r., thus,

ryn = Oty. We already observed that r7. = Outz,, thus, Ontz, = Onty. <

» Corollary 2.17 (J. Worrell). The final chain of & converges in w + w steps with the
step w 4+ n given by the set @;H'"l of all saturated, strongly extensional trees finitely branch-
ing up to level n — 1. Moreover, the final coalgebra for & is given by

3”;”'“1 = all finitely branching, strongly extensional trees.

Indeed, for n = 1 we have &/ o Pp(Z¢1) and we identify, again, every finite
set M C y;’l of saturated trees with its tree-tupling. This is, by Example 2.14(2), a
saturated, strongly extensional tree which is finitely branching at the root—and conversely,
every such tree is a tree tupling of a finite subset of 9”}“ 1. Analogously for n = 2: we have
,@f“’” = ﬁf(,@;”“ll) and the resulting trees are precisely those trees in Z}’1 that are
finitely branching at levels 0 and 1, etc. The connecting maps are the inclusion maps. The
limit :@;" T = limpcq @f 17 is the intersection of these subsets of ,@;" 1 which consists of
all finitely branching, strongly extensional trees: they are saturated, see Example 2.14(2).

3 Modally saturated trees

K. Fine [10] introduced the concept of modal saturatedness for Kripke structures in modal
logic. In this section, we review all of the needed definitions, and we prove that modally
saturated trees are the same as saturated trees.

(a) We work with modal logic formulated without atomic propositions. The sentences ¢
of modal logic are then given by

pu=T|p|eAp|Op

‘We use the usual abbreviations:

1 =T Qp\/w:ﬁ(ﬁgp/\ﬁw) So%’(/}:ﬁgp\/’(p O@Zﬁmﬁtp.

A sentence has depth n if n is the maximum of nested O in it.

(b) We interpret modal logic on Kripke structures. Since we have no atomic sentences,
our Kripke structures are just graphs G = (G, —), where — is a binary relation on the set
G. The main semantic relation is the satisfaction relation = between the node set of a given
graph and the sentences of the logic. This is defined as follows:

alE=T always

a - iff it is not the case that a = ¢
aEeANY iff alEpandalE=y

al=op iff for all neighbors b of a, b = ¢

Given a tree t we write t F ¢ if the root satisfies .

(c) A theory is a set S of sentences. We write a F S if a F ¢ for all ¢ € S and call a
a model of S.

(d) Turning to the proof system, the modal logic K extends the propositional logic
(Hilbert’s style) by one axiom O(p — %) — (Op — O), called K, and one deduction rule:
if € K then Ogp € K. We write | ¢ if ¢ can be derived in this logic.
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This logic is sound and complete. That is, - ¢ holds iff for every node a of any graph,
akFE .

(e) A theory S is inconsistent if for some finite {p1,...,0n} € S, F 2 Ag;. S is
consistent if S is not inconsistent. Or, equivalently, S has a model. If, moreover, S U {y} is
inconsistent for every sentence ¢ ¢ S, then S is mazimal consistent.

(f) OS denotes the theory {0y : p € S}, and OFS = O(0*~1S) for k > 2.

» Definition 3.1. We define canonical sentences x of depth n by recursion on n, as follows:

(a) T is the only canonical sentence of depth 0, and
(b) canonical sentences of depth n + 1 are precisely the sentences

VS =(/\oS)no\/s

where S is a set of canonical sentences of depth n. We use the conventions that A0 = T,
V0 = L, and we often identify sentences ¢ and ¢ when I ¢ < ¢ in K.

» Example 3.2. We have two canonical sentences of depth 1.
Vh=TAoL=0lL and V{T}=0TAOT =0T
distinguishing whether the given node has a neighbor or not.

» Theorem 3.3 (K. Fine [10] and L. Moss [16]). For every node a of a graph and every n € N
there exists a unique canonical sentence x of depth n satisfied by a. Moreover, for every
canonical sentence x of depth n and every sentence v of depth at most n, either = x — 1
or = x — .

» Notation 3.4. (a) For every tree ¢ we denote by x,(t) the unique canonical sentence of
depth n satisfied in the root. It is easy to prove that

Xnt1(t) = V{xn(tz) : x child of the root of ¢}.

(b) For any graph G, and any a € G, we denote by S, the set of all sentences ¢ with
a E ¢ in G. For a tree t, we similarly denote by S; the set of sentences satisfied by the root
of t.

(¢) Recall from [8] that the canonical model of K is the graph C' whose nodes are the
maximal consistent theories, and with S — S’ iff ©S" C S (equivalently, 0S C S’). The
Truth Lemma (see [8], Lemma 4.21) is the statement that for all S € C,

{: SE¢@inC}=2=5.
This lemma is easy to check by induction on ¢.

» Corollary 3.5. For two trees t and s we have t ~, s iff t £ xn(s). Consequently, t ~ s
iff St = Ss.

» Proposition 3.6. The limit ZF’1 can be described as the set C' of all mazimal consistent
theories in K.

Proof. We have described &1 as the set of all saturated, strongly extensional trees. We
prove that ¢ — S; is a bijection between this set and C. This finishes the proof. (a) For
every t € 9;“1 the theory S; is maximal consistent. Indeed, it is is obviously consistent.
Given ¢ ¢ S of depth n, we have t ¥ ¢ and ¢ F x,(t), thus, I/ x»(t) = ¢. By Theorem 3.3
F xn(t) = —¢. Therefore, S;U{p} is inconsistent. (b) By the Truth Lemma, every maximal
consistent theory S is of the form S; for some t: let ¢ be the expansion of the canonical graph
C at S. Moreover, t can be taken as saturated and strongly extensional, since the saturation
operation on trees preserves modal theories (see Corollary 3.5). <

11
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» Definition 3.7. A theory S is called hereditarily finite if it is maximal consistent and for
every k € N there exist only finitely many maximal consistent theories S’ with ©*S’ C S.

» Theorem 3.8. The set of all hereditarily finite theories is a final coalgebra for & via the
coalgebra map S+ {5’ : 05" C S}.

Proof. We prove that the bijection ¢ — S; of Proposition 3.6 has the property that for
t e 9}” 1 we have that t¢ is finitely branching iff S; hereditarily finite. From that our
theorem follows, since the coalgebra map above corresponds to the coalgebra map of v .
Indeed:

(a) If Sy is hereditarily finite, then ¢ is finitely branching. It is sufficient to verify that
t is finitely branching at the root. Given a node z of depth k, we then apply this to t,: the
theory of this subtree is also hereditarily finite, since ©*S; C S; (indeed: if ¢, F ¢ then
tEoFp).

Every child a of the root of ¢ fulfils ¢©S;, C S;. Thus, there are only finitely many such
theories S;,. Now let a and b be children of the root of ¢t with Sy, = S;,, whence t, ~,
by Corollary 3.5. So since t, and t; are saturated and strongly extensional, we have t, =t}
by Lemma 2.15. Therefore, the root has only finitely many children.

(b) If ¢ is finitely branching, then S; is hereditarily finite. Indeed, for every maximal
consistent theory S’ with %S’ C S, let s be a tree with S’ = S (see Proposition 3.6). Then
for every n € N we have t F ©¥x,,(s), i.e., some node of ¢ of depth k satisfies x,(s). Since
we have only finitely many such nodes, one of them, say a, satisfies x,(s) for all n. That
is, tq ~n s for n € N, hence, S;, = 5’, see Corollary 3.5. Since we have only finitely many
nodes a of depth k, we see that S; is hereditarily finite. |

» Definition 3.9 (see [10]). A graph is called modally saturated if for every node a, given a
theory S such that

akE <>/\ So for every finite Sy C S (3.1)
there exists a neighbor b of a satisfying S.

» Theorem 3.10. A tree is saturated iff it is modally saturated.

Proof. (a) Let t be modally saturated. Let a be a node in ¢, and let s be a tree with the
property that there exist children x,, of a with s ~, ¢, (n < w). We prove s ~, t; for
some child b. The theory S, fulfils (3.1): given Sy C S finite, let n be the maximum of the
depths of all ¢ € Sp; then F x,(s) = ¢ for all ) € Sy (see Theorem 3.3). By Corollary 3.5,
§ ~op tg, iff 2, E xn($), and this implies z,, E ¢ for all ¢ € Sy. Thus, a E & A Sp. Let b be
a neighbor of a satisfying Ss. Then t, E x,(s) for all n; i.e., s ~, t;, by Corollary 3.5.

(b) Let t be saturated. Let a be a node of t and S be a theory satisfying (3.1). For every
natural number n define S,, to be a set of representatives of all ¢ € S of depth at most
n modulo logical equivalence in K. As a corollary of Theorem 3.3 one readily proves that
there is only a finite set of sentences of depth at most n (up to logical equivalence). So we
have that S, is finite. By (3.1) we see that for every n, there exists a child b, of a such that

b, E 1 for all ¥ € S,,.

It is our task to prove that a has a child b satisfying S.

Let v be the graph whose nodes are all canonical sentences x of depth any n =10,1,2,...
such that a F ¢x and - xy — ¥ for all ¥ € S,,. We make v a graph using the converse of
logical implication in K. So the neighbors of the node x are all the nodes x’ of depth n + 1
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with = x' — x. The root is T, and every node X’ of v has indeed a unique parent (so v
is a tree): since a E ¢x’, we have a child ¢ of a with ¢ F x’ which by Theorem 3.3 implies
X' = Xnt1(te). Put x = xn(te), then F x’ — x. (This is because - x’ — —x cannot happen
due to ¢ E x’ and ¢ E x. Now use Theorem 3.3). Consequently, x is a parent of x’. And
the uniqueness of the parent is obvious: suppose + x — x’ where x’ € v has depth n, then
t. E )/, therefore X' = xn(tc).

The tree v is obviously finitely branching. And since each X, (¢, ) lies in v and each of
these formulas has a different depth, they form an infinite set of nodes of v. By Konig’s
Lemma, v has an infinite branch

T=X0¢ X1+ X2---

Each SU{x,} is consistent. Indeed, by compactness it is sufficient to verify that Si U {xn}
is consistent for every k > n: due to a F Ox; we have a child ¢ of a satisfying xx, then t. is a
model of Sy (due to - xx — ¥ for all ¥ € Si) and of x,, (due to - xx — x»). Consequently,
S U{xo0, X1, X2, -} is consistent: use compactness again. Let s be a tree which is model
of the last theory. Then s F x, which by Theorem 3.3 implies x,, = xn(s) for every n. On
the other hand, since a F ©x,,, we have a child ¢, of a with ¢, F x,, thus, x» = xa(te,)-
By Corollary 3.5 this proves s ~, t.,. Since t is saturated, there exists a child b of a with
5~ tp. Then S C S; = S;, which concludes the proof: b satisfies S. <

4  Finite multisets with multiplicities in a commutative monoid

Here we follow the approach of P. Gumm and T. Schréder [12] who investigated finitely
branching Kripke structures with transitions having weights from a given commutative
monoid (M, +,0). These are just coalgebras for the functor .#;: Set — Set (denoted
by 4, in [12]) assigning to every set X the set .#;X of all finite multisets in X, i.e. all
functions A : X — M with A=Y[M \ {0}] finite. Given a function h: X — Y, the functor
My assigns to every finite multiset A: X — M the finite multiset .#;h(A) sending y € Y to

ZwEX,h(z):y A(LE)

» Example 4.1. The Boolean monoid P = {0,1} yields the finite power-set functor 2.
The cyclic group C = {0,1} yields a functor C; which coincides with 2% on objects but is
very different on morphisms.

» Definition 4.2. By an M-labeled graph G is meant a graph whose edges are labeled
in M\ {0}. We denote by wg: G x G — M the corresponding “weight” function with
we(z,y) # 0 iff y is a neighbor of x.

» Remark 4.3. (a) The coalgebras for .#; are precisely the finitely branching M-labeled
graphs. Indeed, given such a graph G, define the coalgebra structure G — .#;G by assigning
to every vertex x the finite multiset wg (2, —): G — M. Conversely, every finitely branching
M-labeled graph is obtained from precisely one coalgebra of .#;.

(b) Coalgebra homomorphisms between two finitely branching M-labeled graphs G
and H are precisely the functions f: G — H between the vertex sets such that

wy (f(2),y) = Z we(z,2’)  forallz € G,y € H. (4.1)
' €X, f(z')=y

(c) We identify, once again, two M-labeled trees whenever they are isomorphic (as coal-
gebras for ).

13
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» Definition 4.4. An M-labeled tree is extensional if distinct children of any node define
non-isomorphic M-labeled subtrees.

We use ~,, and ~, in an obvious analogy to Notation 2.4 and Definition 2.6.

» Remark 4.5. The concepts of tree bisimulation and strong extensionality (see Definitions
2.9 and 2.11) also immediately generalize to M-labeled trees. We now generalize Theo-
rem 2.8, using B again for the coalgebra of all finitely branching extensional M-labeled
trees.

» Theorem 4.6. Let M be a commutative monoid. The coalgebra B/~ of all finitely
branching, extensional, M-labeled trees modulo Barr equivalence is final for ;.

Sketch of proof. (1) B is weakly final. Indeed, for every finitely branching M -labeled
graph (A, a) we define a coalgebra homomorphism h: A — B by assigning to every ver-
tex a € A the extensional modification of the tree expansion of a. Recall that the nodes of
the tree expansion of a are the paths ag,a1,...,ar of A starting in a, including the empty
path, a, which is the root. A child of aj,...,a; is any extension ay,...,ax,ars1 and its
weight in the tree expansion of a is wg(ag, ax+1), see Definition 4.2.

(2) The final coalgebra is obtained from B by the quotient modulo the largest congruence.
This follows from the fact that the category of coalgebras for .#; is complete. Thus, by
Freyd’s Adjoint Functor Theorem a weakly final object always has the final object as the
quotient modulo the greatest congruence.

(3) The Barr equivalence is a congruence on B. That is, the quotient B/~,, carries
a coalgebra structure for .#; such that the quotient map ¢: B — B/~ is a coalgebra
homomorphism.

(4) Every congruence = on B is contained in ~,. That is, our task is to prove the
implication

t~t implies Opt = O t'.

This follows by induction on n since ~ being a congruence means that for the quotient map
q: B — B/~ we have a coalgebra structure B/~ making ¢ a homomorphism. |

» Definition 4.7 (See [12]). A commutative monoid M is called

(a) positive if a +b = 0 implies a = 0 = b and

(b) refinable if a1 + as = by + by implies that there exists a 2 x 2 matrix with row sums a;
and ag, respectively, and column sum b; and bg, respectively.

» Theorem 4.8. The following conditions on a commutative monoid M are equivalent

(a) The functor A} weakly preserves pullbacks

(b) M is positive and refinable, and

(¢) whenever a; + -+ a, = by + - - - + by, there exists an n X k-matriz whose vector of row
sums is ay,...,a, and the vector of column sums is by, ..., bg.

In [12] this theorem is proved except that in lieu of (a) weak preservation of non-empty
pullbacks is requested. However, the functor .#; has a unique distinguished point in the
sense of V. Trnkovd [20], namely, the empty set @ € .#;X. Since .#;0 = {0}, it follows from
the result in [20] that .# preserves weak pullbacks iff it preserves the nonempty ones. Now
for (a) <= (b), see [12], Theorem 5.13, and concerning (b) <= (c), Proposition 5.10 of
loc. cit. states that refinability is equivalent to condition (¢) with n, k > 1 and positivity of
M is equivalent to condition (c) with n > 1 and k& = 0. For n = 1, condition (c) is trivial.
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» Example 4.9 (See [12]). The Boolean monoid P = {0,1} and the monoids (N, +,0)
and (N,- 1) are positive and refinable. The cyclic group ¢ = {0,1} is refinable but not
positive. For every lattice L the monoid . = (L, V, 0) is positive, and it is refinable iff L is
a distributive lattice.

» Theorem 4.10. Let M be a positive and refinable monoid. The coalgebra By of all strongly
extensional, finitely branching M-labeled trees is final for ;.

» Remark 4.11. For the coalgebra B of extensional M-labeled trees all strongly extensional
trees clearly form a subcoalgebra m: By, < B. We prove that the composite of m with the
quotient homomorphism ¢: B — B/~,, is an isomorphism ¢-m: B; — B/~. This proves
that B, is final.

Sketch of proof. Since g-m is a homomorphism of coalgebras, it is sufficient to prove that
it is a bijection, then it is an isomorphism. In other words: we are to prove that By is a
choice class of ~,, on the set B.
(1) Every tree t in B is Barr equivalent to a strongly extensional tree ¢/ R. Indeed, recall
from Theorem 4.8 that .#; weakly preserves pullbacks. Thus the greatest bisimulation
R C t x t is an equivalence relation which is also the greatest congruence. And for the
greatest tree bisimulation R contained in R, the strongly extensional tree t/R is bisimilar
to t. Since B/~ is the final coalgebra, this proves that t ~, t/R.
(2) If two strongly extensional trees are Barr equivalent, then they are equal. Instead,
we prove in items (3) and (4) below that given trees ¢, s € B then if ¢ ~, s then ¢ is bisimilar
to s. Thus, we obtain a tree bisimulation R C ¢t X s and, by symmetry, a tree bisimulation
S C s x t. Since .#; weakly preserves pullbacks, So R Ct x t is a tree bisimulation. This
proves in the case t and s are strongly extensional, that So R = A. By symmetry, RoS = A.
Then R is a graph of an isomorphism from ¢ to s, i.e., t = s.
(3) We consider the given trees t ~,, s as elements of the coalgebra B of Theorem 4.6.
We know that ~, is the greatest congruence, hence, the greatest bisimulation on B. As
proved in [12], Lemma 5.5, this means that there exists a matrix m: B x B — M such that
(a) wp(t,t') = Z m(t',s') forallt € B
s'eB

(b) wp(s,s') = Z m(t',s') forall s € B, and
t'eB

(c) m(t',s") # 0 implies ¢’ ~,, s’

Since M is positive, whenever m(t',s’) # 0, we have wg(t,t') # 0, that is, there exists a
child z of the root xg of ¢t with t' = t, and wg(t,t') = w(xo,x). Analogously, m(t',s’) #0
implies s" = s, for some child y of the root yo of s with wg(s,s’) = ws(yo,y). Since ¢t and s
are extensional, the trees ¢’ € B with wg(¢,t") # 0 are in bijective correspondence with the
children z of g in ¢ via x — t,. Analogously for s. Thus we can translate (a)—(c) as follows:

(a*) we(zo, x Zm ty,ty) forallzet
yES

(b*) ws(yo,y) Zm ty ty) forally €s, and
zet

(c*) m(t',s") # 0 implies that there exists a unique child x of xy in ¢ and a unique child y
of yo in s with ¢, ~, t,, t' =1, and 5" = s,,.

(4) We prove that given trees t,5 € B with t ~, 5, it follows that the relation R C ¢t x 5
defined recursively by = R y iff ¢, ~, §, and x and y are roots or have R-related parents is
a tree bisimulation. |
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» Example 4.12. The above theorem does not generalize to all positive monoids. Indeed,
consider the monoid ¥ = (L,V,0) for the lattice {0,a,b,c,1} where a,b,c are pairwise
incomparable. Then strongly extensional finitely branching .Z-labeled trees do not form a
final coalgebra, since they are not a choice class of the Barr equivalence. The following trees
are easily seen to be Barr equivalent:

Il /\
Jl N /\ /\

Here s has as nodes the binary words, and the weights are, for all € {0,1}*, defined by
ws (20, 200) = a, ws(xl,211) = ¢ and ws(x0,201) = b = wy(x1,210). It is obvious that ¢ is
strongly extensional. To prove that so is s, let R C s X s be a tree bisimulation. Using the
conditions (a)—(c) in the preceding proof it is easy to verify that R C A,.

5 The final chain of &

Although the power-set functor & has no final coalgebra, one can describe its final chain
concretely: we now prove that the i-th step £?¢1 consists of all i-saturated, strongly ex-
tensional trees. This generalization from saturated to i-saturated turns out the be quite
nontrivial. In addition, this allows us to describe the final chain of the restricted power set
functors &2, (see Corollary 5.13).

» Notation 5.1. Recall that the subtree of ¢ rooted at the node x is denoted by t,. We
define equivalences ~; on the class of all trees for every ordinal ¢ (cf. Notation 2.4 and
Definition 2.6) by transfinite induction:

s~qt holds for all pairs s, t;
§r~ip1t holds iff for every child x of the root of s there is a
child y of the root of ¢ with s, ~; t,, and vice versa

and for limit ordinals 7, s ~; ¢ means s ~; t for all j <.

» Example 5.2. ~ is Barr equivalence, see Definition 2.6. The first and second trees in
Example 2.10 are trees s and ¢ with s 41 t which are Barr equivalent.
There exist, for every ordinal i, trees s and ¢ with s ~; t but s ;41 t, see [5].

» Definition 5.3. We define the concept of i-saturated tree for every ordinal ¢ by transfinite
induction: A tree t is i-saturated iff

(a) i = 0: t consists of the root only

(b) i =4+ 1: t, is j-saturated for every child x of the root

(c) i a limit ordinal: given a tree s and a node z of ¢ having children x; with s ~; t,, (j <),

then = has a child y with s ~; t,.

» Examples 5.4. (a) For i finite, a tree is i-saturated iff it has height at most i. And
s ~; t holds iff 9;s = 0;t. Therefore, a tree is w-saturated iff it is saturated in the sense of
Definition 2.13.
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(b) An example of an (w + 1)-saturated tree which is not w-saturated is the left-hand
tree in Example 2.10.
(c) For every infinite cardinal A, all A-branching trees t are A-saturated.

» Remark 5.5. For every tree s there exists a Barr-equivalent tree which is w-saturated
and strongly extensional. We denote it by J,,s and call it the w-saturation of s. In fact, for
the sequence ™ = J,,s of trees in 9}11, which is clearly compatible, apply the construction
in the proof of Theorem 2.16: the resulting tree ¢ in @;" 1 is Barr equivalent to s because
Opt = 1™ = Oy s for every n < w. Put 9,8 = t. We generalize this to all ordinals:

» Definition 5.6. By the i-saturation of a given tree s is meant an i-saturated, strongly
extensional tree 0;s with s ~; 0;s.

» Example 5.7. (1) For ¢ finite, Notation 2.4 yields the desired tree.
(2) An example of w-saturation can be seen in Example 2.10: for the left-hand tree s the
second tree is J,,s.

» Remark 5.8. If ¢ and u are bisimilar trees, then they are equivalent under all of the above
equivalences ~;. This is easy to see by transfinite induction.

Also, if ¢ is i-saturated, then every tree bisimilar to ¢ is i-saturated (in fact, every tree
equivalent under ~; is). In particular, the strongly extensional quotient of a tree ¢, which is
the quotient modulo the largest tree bisimulation R C t X t, is i-saturated whenever ¢ is.

So even though a tree t is i-saturated it might not be its own é-saturation. Indeed, the
third tree in Example 2.10 is w-saturated but its w-saturation is the fourth tree.

» Proposition 5.9. Every tree has for every ordinal i a unique i-saturation.

» Remark 5.10. For infinite ordinals we will see that there is a canonical tree morphism d;
from a tree s to its i-saturation 0;s. Moreover, if i = o + n where « is a limit ordinal and
n < w, then d; is surjective when restricted to nodes of depths at most n.

Sketch of proof. (1) Uniqueness. Given i-saturated, strongly extensional trees ¢ and u, we
need to prove that ¢ ~; u implies ¢ = u. The step from ¢ to i + 1 is easy. For ¢ = w this was
established in Theorem 2.16. For all other limit ordinals ¢, this is proved analogously.

(2) Existence. For i < w we have 0;s as in Section 2. The isolated steps are trivial:
given 9; we define d;,1 by taking a tree s and letting s’ be the tree-tupling of all 9;s,,
where x ranges over the children of the root of s. Then the strong extensional quotient of s’
is 0415, see Remark 5.8.

The canonical morphism is the composite d;1; = e-d; where d;: s — s’ is the tree
morphism acting on every maximal subtree s, as the corresponding canonical morphism

dESI): Sz — 0;84, and e is the strong extensional quotient. This composite is, in the case
(sm)

7

i = « + n for a limit ordinal «, surjective on nodes of depths at most n + 1 since each d
is surjective on nodes of depths at most n.

For limit ordinals ¢ we construct, for every tree ¢, the i-saturation in two steps: first ¢’ will
be a possibly large tree (with a class of nodes) which is i-saturated and fulfils ¢ ~; . Then
O;t is the strong extensional quotient. This is an i-saturation of ¢ because Remark 5.8 holds
clearly for large trees, too. And the resulting tree J;t is small, in fact, it is A;-branching for
a specific cardinal \; analogously to 2% for i = w (see Lemma 2.15). <

» Theorem 5.11. The final chain of & can be described for all ordinals i by
P11 = all i-saturated, strongly extensional trees

with the connecting maps into 971 given by 9; for all j < i.

17
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Sketch of proof. For i finite this is obvious since &1 = 9’}1, for i = w use Theorem 2.16.

We proceed by transfinite induction for all infinite ordinals. If the statement holds
for i then it holds for i + 1 provided that every set M C P(P2'1) = P11 of trees is
identified with the tree-tupling ;s of all members of M. Obviously, ¢ is (i + 1)-saturated
and strongly extensional. Conversely, every (i 4 1)-saturated strongly extensional tree is
obtained by tree tupling via a unique set M. Thus, 2Tl = P2(21) is the set of all
(i + 1)-saturated, strongly extensional trees. If 9;: 21 — 271 is the given connecting
map, then the connecting map #9; corresponds to 9;+1 when the above identification of M
and t,; is performed.

Thus, it remains to prove, for every limit ordinal o > w, that the cone 9;: 2“1 —
21 (i < ) is a limit cone. This is technically more involved than the proof of Theorem 2.16
but the ideas are similar. <

» Remark 5.12. J. Worrell [21] proved that since &2, preserves intersections of chains of
subobjects and is A-accessible, the final chain converges in A 4+ w steps, where all steps after A
are given by monomorphisms. We can describe the individual steps £;1 for all i < X in
terms of trees. If ¢ is an infinite ordinal then it has the form i = o +n, n < w and « a limit
ordinal.

» Corollary 5.13. The final chain of Py has the steps P51 for all ordinals i < X given by

t@f\l = all i-saturated, strongly extensional trees whose i-saturation
is A-branching at the first n levels for all i = o+ n.

The connecting maps are d;: Pil — yil forall j <.

» Corollary 5.14. Let )\ be an infinite cardinal. The final coalgebra for & can be described
as the coalgebra of all strongly extensional, \-branching trees.

Indeed, each such tree is A-saturated, see Example 5.4. Thus, it lies in @;}J”“l. Con-
versely, every tree in f@i““’l is A-branching because the connecting map gzi"""“l —
,@:\\+"1 is a monomorphism for every n < w: this follows from £\ being a A-accessible
functor, see [21]. Consequently, the limit 3”/(“”“1 = lim,, <, 3”/(\4”11 is the intersection of the
subsets P31 of 1. Since all tree in 2371 are A-branching at the first n levels, it
follows that every tree in 22371 is A-branching.

A completely different proof has been presented by D. Schwencke [19].

6 Conclusions and future work

We proved several results which generalize Worrell’s description [21] of the final coalgebra
of & as the coalgebra of all strongly extensional, finitely branching trees. We described the
final coalgebra for the functor .#; of finite multisets with weights from a given commutative
monoid M. This final coalgebra consists of all finitely branching strongly extensional M-
labeled trees. This holds for all positive and refinable monoids. Our proof is substantially
different from Worrell’s, since it is based on congruences on the coalgebra of all extensional
trees. We would like to generalize our work on saturated trees to the case of functors .#;.
And we plan to apply our methods to probabilistic transition systems.

For & we also described the limit ,@;’ 1 of the final w°P-chain as the set of all saturated
strongly extensional trees, or the set of all maximal consistent theories in the modal logic K.
We proved that saturated trees are precisely those trees which are modally saturated in the
sense of K. Fine [10]. This also is related to (but quite different from) Worrell’s description



J. Adamek, S. Milius, L. S. Moss, L. Sousa

of @fl by means of compactly branching trees. We then generalized saturatedness to i-
saturatedness and proved that the final chain £?*1 of the full power-set functor consists
of all strongly extensional i-saturated trees. From this we derived e.g. that the countable
power-set functor &, has the final coalgebra consisting of all strongly extensional countably
branching trees. We leave as open problem the decision whether w; + w is the smallest
ordinal for the convergence of the final chain of Z..

We have characterizations of the initial algebras of the functors .#;. There are open
questions concerning the final chains for these functors: for the Boolean monoid, yielding &7,
the chain needs w 4 w steps, as proved by Worrell. However, for the monoid (N, +,0), the
corresponding functor .#% is analytic, hence, the convergence needs only w steps. We do not
know what happens in the case of a general monoid.
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