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—— Abstract

In this paper, we show that Markov’s principle is not derivable in dependent type theory with
natural numbers and one universe. One tentative way to prove this would be to remark that
Markov’s principle does not hold in a sheaf model of type theory over Cantor space, since Markov’s
principle does not hold for the generic point of this model. It is however not clear how to interpret
the universe in a sheaf model [9, 17, 21]. Instead we design an extension of type theory, which
intuitively extends type theory by the addition of a generic point of Cantor space. We then show
the consistency of this extension by a normalization argument. Markov’s principle does not hold
in this extension, and it follows that it cannot be proved in type theory.
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1 Introduction

Markov’s principle has a special status in constructive mathematics. One way to formulate
this principle is that if it is impossible that a given algorithm does not terminate, then it does
terminate. It is equivalent to the fact that if a set of natural number and its complement are
both computably enumerable, then this set is decidable. This form is often used in recursivity
theory. This principle was first formulated by Markov, who called it “Leningrad’s principle”,
and founded a branch of constructive mathematics around this principle [14].

This principle is also equivalent to the fact that if a given real number is not equal to 0
then this number is apart from 0 (that is this number is < —r or > r for some rational number
r > 0). On this form, it was explicitly refuted by Brouwer in intuitionistic mathematics, who
gave an example of a real number (well defined intuitionistically) which is not equal to 0,
but also not apart from 0. (The motivation of Brouwer for this example was to show the
necessity of using negation in intuitionistic mathematics [4].) The idea of Brouwer can be
represented formally using topological models [19].

In a neutral approach to mathematics, such as Bishop’s [3], Markov’s principle is simply
left undecided. We also expect to be able to prove that Markov’s principle is not provable
in formal system in which we can express Bishop’s mathematics. For instance, Kreisel [12]
introduced modified realizability to show that Markov’s principle is not derivable in the
formal system H A“. Similarly, one would expect that Markov’s principle is not derivable in
? Thierry Coquand a.md Bassel Manr.laa;
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Martin-Lof type theory [15], but, as far as we know, such a result has not been established
yet. 1

We say that a statement A is independent of some formal system if A cannot be derived
in that system. A statement in the formal system of Martin-Lof type theory (MLTT) is
represented by a closed type. A statement/type A is derivable if it is inhabited by some term ¢
(written MLTT F ¢: A). This is the so-called propositions-as-types principle. Correspondingly
we say that a statement A (represented as a type) is independent of MLTT if there is no
term ¢ such that MLTT F ¢: A.

The main result of this paper is to show that Markov’s principle is independent of
Martin-Léf type theory.?

The main idea for proving this independence is to follow Brouwer’s argument. We want
to extend type theory with a “generic” infinite sequence of 0 and 1 and establish that it is
both absurd that this generic sequence is never 0, but also that we cannot show that it has
to take the value 0. To add such a generic sequence is exactly like adding a Cohen real [5]
in forcing extension of set theory. A natural attempt for doing this will be to consider a
topological model of type theory (sheaf model over Cantor space), extending the work [19]
to type theory. However, while it is well understood how to represent universes in presheaf
model [9], it has turned out to be surprisingly difficult to represent universes in sheaf models,
as we learnt from works of Chuangjie Xu and Martin Escardo [21] and works of Thomas
Streicher [17]. Our approach is here instead a purely syntactical description of a forcing
extension of type theory (refining previous work of [7]), which contains a formal symbol
for the generic sequence and a proof that it is absurd that this generic sequence is never 0,
together with a normalization theorem, from which we can deduce that we cannot prove
that this generic sequence has to take the value 0. Since this formal system is an extension
of type theory, the independence of Markov’s principle follows.

As stated in [11], which describes an elegant generalization of this principle in type theory,
Markov’s principle is an important technical tool for proving termination of computations,
and thus can play a crucial role if type theory is extended with general recursion as in [6].

This paper is organized as follows. We first describe the rules of the version of type
theory we are considering. This version can be seen as a simplified version of type theory as
represented in the system Agda [16], and in particular, contrary to the work [7], we allow
n-conversion, and we express conversion as judgment. Markov’s principle can be formulated
in a natural way in this formal system. We describe then the forcing extension of type
theory, where we add a Cohen real. For proving normalization, we follow Tait’s computability
method [18, 15], but we have to consider an extension of this with a computability relation
in order to interpret the conversion judgment. This can be seen as a forcing extension of the
technique used in [1]. Using this computability argument, it is then possible to show that we
cannot show that the generic sequence has to take the value 0. We end by a refinement of
this method, giving a consistent extension of type theory where the negation of Markov’s
principle is provable.

The paper [10] presents a model of the calculus of constructions using the idea of modified realizability,
and it seems possible to use also this technique to interpret the type theory we consider and prove in
this way the independence of Markov’s principle.

Some authors define independence in the stronger sense “A statement is independent of a formal system
if neither the statement nor its negation is provable in the system”, e.g. [13]. We will establish the
independence of Markov’s principle in this stronger sense with the help of known results from the
literature.
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2 Type theory and forcing extension

A dependent type theory is given by: A syntax describing the set objects of discourse, forms
of judgments, and rules of inference for deriving valid judgments.
The syntax of our type theory is given by the grammar:

t,u, A, B =z | Lrec (Ax.A) | unitrec (Axz.A)t | boolrec (Ax.A)tu | natrec (Ax.A)tu
|U|IN|No|Ni|N2[O]1]St
| (x: A)B | Ax.t | tu | Z(x: A)B | (t,u) | t.1]t.2
The terms Ny, N1, No, and N will denote , respectively, the empty type, the unit type,
the type of booleans, and the type of natural numbers. The term U will denote the universe,

i.e. the type of small types. We use the notation 7 as a short hand for the term S™ 0, where
S is the successor constructor of natural numbers.

2.1 Type system

We describe a type theory with one universe a la Russell, natural numbers, functional
extensionality and surjective pairing, hereafter referred to as MLTT.? The type theory has

the following judgment forms: 1. I'-. 2. I'F A. 3. '+ t:A. A THFA=B. 5. TFt=u:A.

The first expresses that I' is a well-formed contexts, the second that A is a type in the context
T", and the third that ¢ is a term of type A in the context I". The fourth and fifth express type
and term equality respectively. Below we outline the inference rules of this type theory. We
use the notation F' — G for II(z : F)G when G doesn’t depend on F' and —A for A — Np.

Natural numbers:
'+ I'kH . I'EFn:N
NAT-SUC ——————
'N TFO:N I'ESn:N
Ie:NFF Thag:F[0] Tk g:I(z:N)(Flz] — F[Sz])
T+ natrec (A\z.F)agg:I(x:N)F
Fe:NFF Thag:F[0] T'Fg:Il(z:N)(Flz] — F[Sx])
I' F natrec (A\x.F) ag g0 = ag: F[0]
Fe:NFF Thag:F[0] TFn:N Tk g:I(x:N)(Flz] = F[Sx])
T F natrec (Az.F)ag g (Sn) = gn (natrec (A\x.F)aggn): F[Sn]
Fe:NFF=G Ttkag:F[0] TFg:l(z:N)(F[zx] = F[Sx))
I'F natrec (A\x.F) ag g = natrec (A\x.G) ag g:11(z: N)F

NATREC-I

NATREC-0

NATREC-SUC

NATREC-EQ

Booleans:

' 'k I'e
I'ENy THO:Ny THEFI1:N

Iyz:No b F T'kag:F[0] TFap:F[1]
It boolrec (Ax.F) ag ay :II(z: No)F

Tyz:No b F Tkag:F[0] TFap:F[1]
I' F boolrec (Az.F) agay 0 = ag: F[0]

BOOLREC-I

BOOLREC-0

3 This is a type system similar to Martin-16f’s [15] except that we have n-conversion and surjective pairing.
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Tyz:No b F Tkag:F[0] TFap:F[1]
T I boolrec (Ax.F)aga; 1 = ay: F[1]

BOOLREC-1

Iz:No b F=G Tkag:F[0] TFay:F[1]
I' F natrec (A\x.F) ag a1 = natrec (Az.G) ag a1 :II(z: Na)F

BOOLREC-EQ

Dependent functions:

HIFFF e FFG . I'rF=H T''a:F-FG=F
- -E
T+ I(z: F)G “TF(@:F)G =U(z:H)E
. Tx:FFHt:G 'kg:(x:F)G Tka:F Nz:FFt:G T'kFa:F
TR Azt:I(z: F)G T 'k ga:Gld] L't (Az.t)a = t[a]: Gla]
'rg:(z:F)G TFu=v:F 'th=g:(z:F)G ThFu:F
FUN FUN-EQ
F'kFgu=gv:Gy] 'Fhu=gu:Glu]

F'kh:Il(x:F)G TFg:U(x:F)G T',z:F+Fhx=gz:Glz]
'kFh=g:I(z:F)G

FUN-EXT

Dependent product:

EII‘I—F Mz:F+-G EQFI—F:H z:FFrG=E
_ -E
'k X(z:F)G I'kX(«x:F)G=X(z:H)E
Iz:FFG TFa:F TFbLGld] Pkt:3(x:F)G PHt:3(x:F)G
PR-I PR-E-1 PR-E-2
'k (a,b):X(z: F)G r-t1:F I'F1t.2:Gt.1]

'F (t,u):X(x: )G ) 'kF (t,u):X(x: F)G
TFGul=tF TF(tu)2=uG[

r

'Ft=u:X(z:F)G 1I‘I—t:u:E(x:F)G
PR-EQ-
Ftl=wul:F F'Ft2=u2:G[t1]

PR-EQ-1

FF¢:3X(:F)G Thu:X(x:F)G THtl=ul:F TFt2=u2:G[t.1]
FFt=wu:X(z:F)G

PR-EXT

Universe:

' r-F.U THFF=G:U ' 'k
r=u 'kF I'FF=U I'EN:U Tk Ny:U

r-r:U T)yo:F-FG:U THF=H:U TI''e:FFG=FE:U
FFI(z:F)G:U FIl(z: F)G=1l(x: H)E:U

'-rrF:U T,z:FFG:U THF=H:U I'N'e:FFG=FE:U
'EX@:F)G:U PEXY(@:F)G=%X(x:H)E:U
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Congruence:
I'tr&:F THF=G Ttit=u:F I'HFF=G
'-t:G I'tt=u:G
'-F 'rF=G TI'tF=G T'EG=H
'rF=F THFG=F 'tF=H
I'Ft:. F I'Ft=u:F TtFHit=uF I'Fu=v:F
'Ft=t:F Thtu=tF I'tt=uv:F

For brevity we omitted the rules for the types Ny and Nj.
The following four rules are admissible in the this type system [1]:
I'ta:A Thra=b:A TL,x2:FFG I'ta=b:F T,z:Ftt:G I'ta=5b:F
r-A '-a:A 't Gla] = G[b) I+ tla] = t[b]: G|a]

2.2 Markov’s principle

Markov’s principle can be represented in type theory by the type
MP :=TI(h: N — No)[-—~(X(z: N)IsZero (hx)) = X(x: N)IsZero (h x)]

where IsZero: No — U is defined by IsZero := Ay.boolrec (Az.U) N1 Ny y.

Note that IsZero(hn) is inhabited when hn = 0 and empty when hn = 1. Thus
Y(xz:N)lsZero (hz) is inhabited if there is n such that hin = 0.

The main result of this paper is the following:

» Theorem 2.1. There is no term t such that MLTT + t:MP.

An extension of MLTT is given by introducing new objects, judgment forms and derivation
rules. This means in particular that any judgment valid in MLTT is valid in the extension.
A consistent extension is one in which the type Ny is uninhabited.

To show Theorem 2.1 we will form a consistent extension of MLTT with a new consant
f where - f: N — Ny and ——(X(z: N)IsZero (fx)) — X(x: N)IsZero (f z) is not derivable.
Thus MP is not derivable in this extension and consequently not derivable in MLTT.

While this is sufficient to establish independence in the sense of non-derivability of MP.
To establish the independence of MP in the stronger sense one also needs to show that
—MP is not derivable in MLTT. This can achieved by reference to the work of Aczel [2]
where it is shown that MLTT extended with + dne:TI(A:U)(——A — A) is consistent. Since
h:N — Ny,2:N  IsZero (hx):U we have h: N — No b X(z:N)lIsZero (hz):U. Thus

h:N — Notdne(X(x:N)lsZero (hz)): =~ (X(x:N)lsZero (hx)) — X(x:N)lsZero (hx)

By X abstraction we have b Ah.dne (X(z: N) IsZero (hz)): MP. We can then conclude that
there is no term ¢ such that MLTT I ¢: —-MP.

Finally, we will refine the result of Theorem 2.1 by building a consistent extension of
MLTT where -MP is derivable.

2.3 Forcing extension

A condition p is a graph of a partial finite function from N to {0,1}. We denote by () the
empty condition. We write p(n) = b when (n,b) € p. We say ¢ extends p (written ¢ < p)
if p is a subset of g. A condition can be thought of as a compact open in Cantor space
2N, Two conditions p and ¢ are compatible if p U g is a condition and we write pg for p U g,
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otherwise they are incompatible. If n ¢ dom(p) we write p(n,0) for pU{(n,0)} and p(n, 1) for
pU{(n,1)}. We define the notion of partition corresponding to the notion of finite covering
of a compact open in Cantor space.

» Definition 2.2 (Partition). We write p <1 p1,...,p, to say that p1,...,p, is a partition of
p and we define it as follows:
1. p<p.
2. Ifn ¢ dom(p) and p(n,0) < ...,q;,... andp(n,1) < ...,r;,... thenp <Q ..., ¢, ..., 75, ....
Note that if p <0 p1,...,p, then p; and p; are incompatible whenever i # j. If moreover
g <pthen ¢ <...,qpj,... where p; is compatible with g.

We extend the given type theory by annotating the judgments with conditions, i.e.
replacing each judgment I' - J in the given type system with a judgment I' -, J.

| R Y A O S
In addition we add the locality rule:  voc—22 Pr " p<aApr...pn -
Ly J
We add a term f for the generic point along with the introduction and conversion rules:
'k, Ik, ¢ dom(p)
I e — f- .
T EN SN, M TE fr=p) N, - O
'k,

We add a term w and the rule: w-term

Tk, w:——(3(z:N)IsZero (fz))
Since w inhabits == (Z(x: N) IsZero (f x)), our goal is then to show that no term inhabits
Y(x:N)lsZero(f x).
It follows directly from the description of the forcing extension that:

» Lemma 2.3. IfI'+J then ', J for all p. In particular, if =t: A then b, t: A for all p.

Note that if ¢ < p and I' ), J then I' F, J (monotonicity). A statement A (represented as a
closed type) is derivable in this extension if - ¢: A for some ¢, which in turn implies -, ¢: A
for all p.

Similarly to [7] we can state a conservativity result for this extension. Let - g: N — Ny
and F v:—=(3(x: N)lsZero(gx)) be two terms of standard type theory. We say that g
is compatible with a condition p if ¢ is such that F g = b: Ny whenever (n,b) € p and
F gn = 0: N5 otherwise. We say that v is compatible with a condition p if g is compatible
with p and v is given by v := Az.z (7i,,0) where n, is the smallest natural number such
that n, ¢ dom(p). To see that v is well typed, note that by design I' - g7, = 0: No thus
I' k- IsZero (g7i,) = Ny and T+ (7,,0) : 2(x : N)lsZero (g z). We have then I',z : ~(X(y :
N)lsZero(gy)) F = (Rp,0): Ny thus I' - Az.x (7fip, 0) : =~ (X (y: N) IsZero (g y)).

» Lemma 2.4 (Conservativity). Let - g: N — Ny and - v: —=—~(3(x : N)lIsZero (gx)) be
compatible with p. If T' b, J then T[g/f,v/w] = Jg/f,v/w], i.e. replacing f with g then w
with v we obtain a valid judgment in standard type theory. In particular, if T J where
neither f nor w occur in ' or J then I' - J is a valid judgment in standard type theory.

Proof. The proof is by induction on the type system and it is straightforward for all the
standard rules. For (f-EVAL) we have (f7)[g/f,v/w] = g7n and since g is compatible
with p we have I'[g/f,v/w] b g7i = p(n): N2 whenever n € dom(p). For (w-TERM) we
have (w: == (X(x: N)lIsZero (fx)))[g/f,v/w] = (w:—==(Z(x: N)lIsZero (g z)))[v/w] = v:
—=(3(x: N)IsZero (g z)). For (LOC) the statement follows from the observation that when
g is compatible with p and p < pi,...,p, then g is compatible with exactly one p; for
1<1<n. |
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3 A Semantics of the forcing extension

In this section we outline a semantics for the forcing extension given in the previous section.

We will interpret the judgments of type theory by computability predicates and relations
defined by reducibility to computable weak head normal forms.
3.1 Reduction rules

We extend the f,¢ conversion with f7 =, b whenever (n,b) € p. In order to ease the
presentation of the proofs and definitions we introduce evaluation contexts following [20].

E:=[]|Eu|E1|E2|SE|fE
Lrec (Az.C)E | unitrec (Ax.C) aE | boolrec (Az.C) ag a1 E | natrec (Az.C')c, g E

An expression E[e] is then the expression resulting from replacing the hole [ ] by e. We
reserve the symbols E and C for evaluation contexts. We have the following reduction rules:

unitrec (Az.C') ¢0 — ¢ boolrec (Az.C)coc10 — ¢y boolrec (Az.C)cpc1 1l — ¢

natrec (Az.C')c; g0 = ¢, natrec (\z.C) ¢, g (Sk) — gk (natrec (\z.C) ¢, gk)

(Mt)a = tla/x]  (u,v).l —=u (u,v).2—>wv
e — e k € dom(p) e—p e
—; fRED———— T a——
€—pe fk—,pk) Ele]=,El]
Note that we reduce under S.

The relation = is monotone, that is if ¢ < p and ¢ =, u then ¢t =, u. We will also need
to show that the reduction is local, i.e. if p < p1,...,p, and t =, u then t =, .

» Lemma 3.1. If m ¢ dom(p) and t —p(m,0) w and t —pm 1) u then t —p u.

Proof. By induction on the derivation of ¢ =, 0y . If t = 0) v is derived by (f-RED)
then ¢ == fk and u = p(m,0)(k) for some k € dom(p(m,0)). But since we also have a
reduction f k —,(m 1) u, we have p(m,1)(k) := u := p(m,0)(k) which could only be the case if
k € dom(p). Thus we have a reduction f k —, u := p(k). Alternatively, we have a derivation
t — u, in which case we have t —, u directly. |

» Lemma 3.2. Ifm ¢ dom(p) and t =m0y u and t = 1) u then t =, u.

Proof. From the reduction ¢ =40y u we have ¢t := Ele], u = E[e] and e —p (0 € for
some context E. But then we also have a reduction E[e] = p(,,,,1) E[€], thus e = (1) €. By
Lemma 3.1, we have e —, ¢’ and thus E[e] =, E[¢']. <

» Lemma 3.3. Let g < p. Ift —, u then either t —, u ort has the form E[f m] for some
m € dom(q) \ dom(p).

Proof. By induction on the derivation of ¢ —4 u. If the reduction ¢ —, u has the form
fk —, q(k) then either k ¢ dom(p) and the statement follows or k € dom(p) and we have
t =, u. Alternatively, we have ¢ — v and immediately ¢ =, u. |

» Lemma 3.4. Let ¢ < p. Ift =, u then either t =, u ort has the form E[f m] for some
m € dom(q) \ dom(p).
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Proof. If t =, u then ¢ := E[e], u := E[¢/] and e —, ¢’ for some context E. By Lemma 3.3
either e := C[fm] for m ¢ dom(p) and the statement follows or e —, €’ in which case we
have t =, u. <

» Corollary 3.5. For any condition p and m ¢ dom(p). Let t =m0y w and t = ,(m 1) v. If
u = then t =, u; otherwise, t has the form E[f m].

Proof. Follows by Lemma 3.2 and Lemma 3.4. <

Next we define the relation p -t = u:A to mean ¢t =, v and -, ¢t = u: A and we write
pk A= Bforpk A= B:U. We note that it holds that if p F ¢ = w:I(x: F)G and
Fa:Fthenptta=ua:Galandif pkt= u:X(z:F)G then pF t.1 = w.1:F and
pkt.2 = u.2:G[t.1]. We define a closure for this relation as follows:

Fpt:A pFt=u:A prFt=>uAd pFu="v:A
pEt=*t:A pkFt="u:A pFEt="v:A

Fp A pFA=DB pFA=DB pFB=*C
pFA=*A pFA=*"B pEA=*C

A term t is in p-whnf if whenever ¢t =, u then ¢ := u. A whnf is canonical if it has the
form 0,1,71, A\x.t, f, w, Lrec (Az.C), unitrec (Az.C) a, boolrec (Az.C) ag a1, natrec (Az.C) ¢, g,
No,N1,No,N, U Il(z: F)G, or X(x:F)G. A p-whnf is proper if it is canonical or it is of the
form E[f k] for k ¢ dom(p).

We have the following corollaries to Lemma 3.2 and Corollary 3.5.

» Corollary 3.6. Let m ¢ dom(p). Let p(m,0) =t =m0y u: A and p(m, 1) =t =y 1) v: A
If u:=v then pk t = u: A; otherwise t has the form E[f m].

» Corollary 3.7. IfpFt=u:Aandq < pthengkFt=u:A Ifp < pi,...,pn and
piEt=wu:A foralli thenpkFt= u:A.

Proof. Let ¢ < p. If t =, u we have t = v and if -, t = u: A then -, ¢t = u: A. Thus
gFt=u:A whenever pk-t=u:A. Let p <p1,...,p,. Ifforall i, t =, u:A then from
Lemma 3.2, by induction on the partition, we have t =, u: A. If ), t = u: A for all 4, then
Fpt=wu:A. Thus we have pF ¢t = u: A whenever p;, -t = u: A for all 4. <

From the above we can show that closure =* is monotone, it is not however local.

For a closed term I, t: A, we say that ¢ has a p-whnf if p ¢ =* u: A and v is in p-whnf.
If moreover u is canonical, respectively proper, we say that ¢ has a canonical, respectively
proper, p-whnf. Since the reduction relation is deterministic we have

» Lemma 3.8. A term b, t: A has at most one p-whnf.

» Corollary 3.9. Let F, t: A and m ¢ dom(p). If t has proper p(m,0)-whnf and a proper
p(m, 1)-whnf then t has a proper p-whnf.

Proof. Let p(m,0) -t =*u:A and p(m,1) F ¢t =* v: A with u in proper p(m,0)-whnf and
v in proper p(m, 1)-whnf. If ¢ := u or ¢ := v then ¢ is already in proper p-whnf. Alternatively
we have reductions p(m,0) ¢ = uy: A and p(m, 1) -t = v;: A. By Corollary 3.6 either ¢ is
in proper p-whnf or u; := vy and pF t = wy: A. It then follows by induction that u;, and
thus ¢, has a proper p-whnf. <
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3.2 Computability predicate and relation

We define inductively a forcing relation p IF A to express that a type A is computable at
p. Mutually by recursion we define relations pl-a: A, plF A= B, and plFa=15b:A. The

definition fits the generalized mutual induction-recursion schema [8]*.

» Definition 3.10 (Computibility predicate and relation).

(Fn,) IfpFH A =" Ny then p I A.
1. plk¢: A does not hold for all ¢.
2. plFt=uwu:A does not hold for all ¢ and u.
3. If pl- Bthenpl- A= B if
(i) pF B =" No.
(ii) pF B =* E[f m] for some m ¢ dom(p) and p(m,i) - A= B for all i € {0,1}.
(Fn,) If pE A =* Ny then p - A.
1. plFt:Aif
(i) pFt=*0:A.
(i) pFt=*E[fm]: A for some m ¢ dom(p) and p(m, i) IF¢: A for all ¢ € {0,1}.
3. IfplFt:Aand plFu:Athen plkt =wu:A if
(i) pFt=*0:Aand pku="0:A.

(ii) pFt=*E[fm]: A for some m ¢ dom(p) and p(m,i) IF ¢t =u:A for all ¢ € {0,1}.
(iii) pt uw=*E[fm]: A for some m ¢ dom(p) and p(m, i) IF ¢t =u:A for all i € {0,1}.

4. If pl- B then pl- A = B if

(i) pF B =" N,.

(ii) pF B =* E[f m] for some m ¢ dom(p) and p(m,i) - A= B for all i € {0,1}.

(Fn,) IfpE A =" Ny then p I+ A.

1. plEt:Aif

(i) ptt=*b:A for some b € {0,1}.

(ii) pFt=*E[fm]: A for some m ¢ dom(p) and p(m,i) IF¢: A for all i+ € {0,1}.
3. Ifplkt:Aand plhu:Athenpl-t =u:Aif

(i) pFt=*b:Aand ptFu="b:A for some b € {0,1}.

(ii) pFt=*E[fm]: A for some m ¢ dom(p) and p(m,i) IF ¢ = u:A for all ¢ € {0,1}.
(iii) pt u="*E[fm]: A for some m ¢ dom(p) and p(m, i) IF ¢ = u:A for all 7 € {0, 1}.

4. Ifpl- B thenpl- A= B if

(i) pk B =" N,.

(ii) pF B =* E[f m] for some m ¢ dom(p) and p(m,i) IF A= B for all i € {0,1}.

(Fn) If p- A=* N then p IF A.

1. pl-t:Aif

(i) pFt="*n:A for some n € N.

(ii) ptFt =* E[fm]: A for some m ¢ dom(p) and p(m, i) IF ¢t: A for all i € {0,1}.
3. Ifpltt:Aand plFu:A then plkt =wu:A if

(i) pFt=*n:Aand pt u="n:A for some n € N.

(i) pFt=*E[fm]: A for some m ¢ dom(p) and p(m,i) IF ¢t =wu:A for all i € {0,1}.
(iii) pt u="*E[fm]: A for some m ¢ dom(p) and p(m,i) Ikt =u:A for all i € {0,1}.

4. If pI- B then pl- A = B if
(i) pF B =*N.
(ii) pF B =* E[f m] for some m ¢ dom(p) and p(m,i) - A= B for all i € {0,1}.

4 However, for the canonical proof below we actually need something weaker than an inductive-recursive
definition (arbitrary fixed-point instead of least fixed-point), reflecting the fact that the universe is
defined in an open way [15].
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(Fpo) Ifpk A=*T(xz: F)G then p I+ A if p I F and for all ¢ < p, q I G[a] whenever
g a:F and q Ik Gla] = G[b] whenever ¢ lFa=0b:F.
1.Ifk, f: Athenp Ik f: Aif for all ¢ < p, ¢ IF fa:Ga] whenever ¢ IF a: F and
qlF fa= fb:Gla] whenever glFa="0:F.
2. Ifplk f:Aand plF g: Athenpl- f=g:Aifforall ¢ <p, ¢l fa=ga:G|a
whenever g I a: F.
3. If plk Bthenpl- A= B if
(i) Fp A=BandptF B=*II(x:H)E and plF F = H and for all ¢ < p
q Ik G[a] = E[a] whenever ¢ I a: F.
(ii) pF B =* E[fm] for some m ¢ dom(p) and p(m,i) IF A= B for all i € {0,1}.
(Fg) Ipk A=*X(z: F)G then p IF Aif pIF F and for all ¢ < p, q IF G[a] whenever
g a:F and q Ik Gla] = G[b] whenever ¢ lFa=0b:F.
1. Ifk,t:Athenpl-t:Aif plF¢.1:F and p IF ¢t.2:G[t.1].
2. Ifplkt:Aand plku:Athenplbt=u:Aifplk .1 =w.1:F and p IF t.2 = u.2:G[t.1].
3. If plk Bthenpl- A= B if
(i) Fp A=Bandpt B =* X(z: H)E and p F FF = H and for all ¢ < p,
q I+ Gla] = Ela] whenever ¢ IF a: F.
(ii) pF B =* E[fm] for some m ¢ dom(p) and p(m,i)IF A= B for all i € {0,1}.
(Fy) If p- A=*U then pI- A.
1. plFC:Aif
(i) p- C =* M:A for M € {No, Ny, N, N}.
(i) pF C =*TI(z: F)G: A and pIF F: A and for all ¢ < p, ¢ IF G[a]: A whenever
¢k a:F and ¢ IF G[a] = G[b]: A whenever ¢ - a ="b:F.
(iii) pF C=*X(z: F)G:Aand p Ik F: A and for all ¢ < p, ¢ IF G[a]: A whenever
qlFa:F and ¢ IF G[a] = G[b]: A whenever ¢ - a =b:F.
(iv) pt C =*E[fm]: A for some m ¢ dom(p) and p(m,q) I C: A for all i € {0,1}.
5. Ifpl-C:Aand plk D:A then plk C = D: A if
(I) p"C:>* M:Aand D=* M:A for M € {No,Nl,NQ,N}
(i) pFC=>*(z: F)G:Aand p- D =*(x: H)E:Aand pl- F = H: A and for
all ¢ < p, qIF Gla] = E[a]: A whenever ¢ IF a: F.
(iii) pFC="X(z:F)G:Aand pt- D =* S(z:H)E:Aand pIF F = H: A and for
all ¢ < p, qIF Gla] = E[a]: A whenever ¢ IF a: F.
(iv) p F C =* E[fm]: A for some m ¢ dom(p) and p(m,i) IF C = D : A for all

i€ {0,1}.
(v) p = D =* E[fm]: A for some m ¢ dom(p) and p(m,i) F C = D: A for all
i€ {0,1}.

6. If pl- Bthenpl- A=Bifpk B=*U.
(Froc) If p A =* E[fm] for some m ¢ dom(p) and p(m,i) IF A for all ¢ € {0,1} then
pl- A
1. If p(m,i) IFt: A for all s € {0,1} then p I ¢: A.
2. Ifplkt:Aand pl-u:A and p(m,i) I-t: A for all i € {0,1} then pI-t = u: A.
3. If plk Bthen plk A= B if p(m,i) IF A= B for all i € {0,1}.

We note from the definition that when plF A= B then pl- A and plF B, when pl-a: A
then pl- A and when pl-a=b:Athenpl-a:Aand plFb: A. We remark alsoifp- A =*U
then A = U since we have only one universe.

The clause (Froc) gives semantics to variable types. For example, if p := {(0,0)} and
q = {(0,1)} the type R := boolrec (Az.U) N1 N (f0) has reductions p - R =* N; and
gk R=* N. Thus plF R and ¢ I+ R and since () < p, ¢ we have () IF R.
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Immediately from Definition 3.10 we get:
» Lemma 3.11. Ifpl- A thentp, A. If pl-a:A then by a: A.

» Lemma 3.12. If p It A then there is a partition p < p1,...,p, where A has a canonical
pi-whnf for all 7.

Proof. The statement follows from the definition by induction on the derivation of pI- A <
» Corollary 3.13. Let p < p1,...,pn- If pi IF A for alli then A has a proper p-whnf.
Proof. Follows from Lemma 3.12 and Corollary 3.9 by induction on the partition. |
» Lemma 3.14. Ifpl- A and q < p then q IF A.

Proof. Let p I A and ¢ < p. By induction on the derivation of p I A:

(Fn) Since p A =* N and the reduction relation is monotone we have ¢ - A =* N, thus
g IF A. The statement follows similarly for (Fy,), (Fn,), (Fx,) and (Fy).

(Fro) Let pH A=*TI(x: F)G. Since p I F, by induction ¢ IF F. Let s < ¢, we have then
s < p. It then follows from p IF A that s |- G[a] whenever s |- a: F and s Ik G[a] = G[b]
whenever sl a =b:F. Thus ¢ IF A. The statement follows similarly for (Fy).

(Froc) Let p - A =* E[fm]. If m € dom(g) then ¢ < p(m,0) or ¢ < p(m,1) and since
p(m, i) IF A, by induction ¢ I+ A. Alternatively, ¢ - A =* E[f m|. But ¢ < ¢(m,0), ¢(m, 1)
and g(m, 1) < p(m,i). By induction g(m,i) IF A for all ¢ € {0,1} and thus ¢ IF A. <

» Lemma 3.15. Ifpl-t:A and ¢ < p then g - t: A.

Proof. Let pl-t:A and ¢ < p. By induction on the derivation of p I A.

(Fn) Since pF A =* N then ¢ F A =* N. By induction on the derivation of p IF ¢: A.

Ifpkt="n:Aforn € Nthen ¢+t =" n:A, hence, q I t: A. Alternatively,
pkt="E[fk]: A for some k ¢ dom(p) and p(k,b) IFt: A for all b € {0,1}. If k € dom(q)
then ¢ < p(k,1) or ¢ < p(k,0) and in either case, by induction, ¢ IF ¢t: A. Otherwise, we

have ¢(k,b) < p(k,b) and by induction ¢(k,b) I- t: A for all b. By the definition ¢ IF ¢: A.

The statement follows similarly for (Fyy,), (Fn,), and (Fn,).
(Fy) We can show the statement by a proof similar to that of Lemma 3.14.

(Fri) Let pF A=*1(z:F)G. We have ¢ A =* II(x: F)G. From F, t: A we have -, t: A.

Let r < g. If r IF a: F then since r < p we have r IF ta:G[a]. Similarly if r IFa =0b:F
then 7 I- ta =tb:Glal. Thus ¢ IF ¢: A.

(Fx) Let pF A=* 3(2: F)G. We have ¢ - A =* X(z: F)G. From F, t: A we have -, t: A.
Since p IF t: A we have p IF t.1: F and p I+ ¢.2: G[t.1]. By induction ¢ I+ ¢.1: F and
qFt.2:G[t.1], thus ¢ Ik ¢: A.

(Froc) Let pt A =* E[f k] for some k ¢ dom(p). Since p IF t: A we have p(k,b) I t: A for
all b € {0,1}. If k € dom(q) then g < p(k,0) or ¢ < p(k,1) and by induction ¢ I ¢: A.
Otherwise, ¢ - A =* E[f k] and since ¢(k,b) < p(k, b), by induction, q(k,b) I t: A for all
b. By definition ¢ IF t: A. <

Using similar arguments we can also show the following two statements:
» Lemma 3.16. LetplF A. If plr A= B and g <p thenql- A= B.
» Lemma 3.17. Letpl- A. Ifpltt =u:A and g < p then qlFt =u:A.

We collect the results of Lemmas 3.14, Lemma 3.15, Lemma 3.17, and Lemma 3.16 in
the following corollary.
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» Corollary 3.18 (Monotonicity). If pI- J and ¢ < p then ¢ IF J.
We write I+ J when () IF J. By monotonicity I+ J iff p I J for all p.
» Lemma 3.19. If p(m,0) - A and p(m,1) - A for some m ¢ dom(p) then p Ik A.

Proof. By Corollary 3.13, either A has a canonical p-whnf or p - A =* E[f k] for k ¢ dom(p).
Ifpk A=* M with M € {Ny, N1, N3, N} then we have immediately that p |- A.
Ifpk A=*M with M of the form II(z: F)G or ¥(x: F)G then p(m,b) - A =* M
for all b € {0,1}. Since p(m,b) I A we have p(m,b) I+ F for all b and by induction
plF F. Let g < pand g lFa:F. If m € dom(q) then ¢ < p(m,b) for some b € {0,1}.
Assume, w.l.o.g, ¢ < p(m,0). Since p(m,0) IF A we have by the definition that ¢ IF GJa].
Alternatively, if m ¢ dom(q) we have a partition ¢ < g(m, 0), g(m, 1). By monotonicity
g(m,b) Ik a: F, and since ¢(m, b) < p(m,b), we have g(m,b) IF G[a] for all b € {0,1}. By
induction ¢ IF G[a]. Similarly we can show ¢ I- G[a] = G[b] whenever g I-a = b:F.
Alternatively, p = A =* E[f k] for some k ¢ dom(p). If kK = m then by the definition p I A.
Otherwise, p(m, 0) - A =* E[f k] and by the definition p(m, 0)(k,b) I A for all b € {0, 1}.
Similarly, p(m, 1)(k,b) I- A for all b € {0,1}. But p(k,b) < p(m,0)(k,b), p(m,1)(k,b). By
induction p(k,b) IF A for all b € {0,1} and thus p IF A. <

Similarly we can show the following two statements:

» Lemma 3.20. 1. Ifp(m,0)I-t: A and p(m,1) Ik t: A for some m ¢ dom(p) then p |- t: A.
2. If p(m,0) IFt =u:A and p(m,1) -t =u:A for some m ¢ dom(p) then pl-t=u:A.

» Lemma 3.21. If p(m,0) F A = B and p(m,1) IF A = B for some m ¢ dom(p) then
plFA=B.

» Corollary 3.22 (Local character). If p < pi,...,pn and p; Ib J for all i then p - J.

Proof. Follows from Lemma 3.19, Lemma 3.20, and Lemma 3.21 by induction. <

» Lemma 3.23. Let p+ A =* M where M € {N1,No, N}. If p Ik a: A then there is a
partition p < p1,...,pn where a has a canonical p;-whnf for all i. If pI- a = b: A then there
is a partition p < q1,...,qm where a and b have the same canonical g;-whnf for each j.

Proof. Follows by induction from the definition. <

» Lemma 3.24. LetplF A= B.
1. Ifpl-t:Athenplbt:B and if pl- u: B then p I u: A.
2. Ifplrt=u:A thenplkt=u:B and if pl-v=w:B then plk v =w:A.

Proof. By induction on the derivation of p I+ A.

(Fn) By induction on the derivation of p I A = B. (i) Let p - B =* N then the statement
follows directly. (ii) Let p - B =* E[f m| for m ¢ dom(p) and p(m,b) IF A = B for all
b e {0,1}. Let pl- ¢t: A. By monotonicity p(m,b) I- t: A and by induction p(m,b) IF ¢t: B
for all b. By the definition p IF ¢: B. Let p I u: B. By monotonicity p(m,b) I u: B and
p(m,b) I A = B. By induction p(m,b) |- u: A for all b. By local character p I u: A.
Similarly we can show the second statement. The statement follows similarly for (Fy,)
and (FNz)'
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(Fr1) Let p - A =* II(x : F)G. By induction on the derivation of p IF A = B. (i) Let
Fp A=Band pk B=*1I(z:H)E and p Ik F = H and for all ¢ < p, ¢ IF Gla] = Ela]
whenever gl-a:F. If plk f:Athen ), f: A, thus bk, f:B. Let ¢ <pand ¢glFu:H. By
monotonicity ¢ IF F'= H. By induction ¢ I+ u: F, hence, ¢ I f u:GJu] and by induction

g Ik fu: FElu)]. Similarly, ¢ I+ fu = fv: E[u] whenever ¢ I w =v:H. Thus p I+ f: B.

Similarly, if p I g: B we get p IF g: A. (ii) Let p - B =* E[f, k] and p(k,b) I-F A = B
for all b € {0,1}. If p I f: A then by monotonicity p(k,b) I f: A and by induction
p(k,b) Ik f: B for all b. By the definition p I f: B. If on the other hand p IF g: B then
by definition p(k,b) IF g: B and by induction p(k,b) I- g: A for all b. By local character
plF g:A. Similarly we can show the second statement.

(Fx) Let p - A =* X(z: F)G. By induction on the derivation of p I A = B. (i) Let
Fp A=Band pk B="3(z:H)E and pl- F = H and for all ¢ < p, ¢ IF Gla] = Ela]
whenever g lFa:F. If pl-t:A then k-, t: A, thus b, t: B. Since p I-¢.1: F, by induction
plkt.1:H. Since p IF t.2: H[t.1], by induction p IF ¢.2: E[t.1]. Thus p IF ¢t: B. Similarly
if p IF w:B we have p |- u: A. (ii) Let p = B =* E[f, k] and p(k,b) IF A = B for all
be {0,1}. If pIF t: A then by monotonicity p(k,b) IF ¢: A and by induction p(k,b) IF ¢: B
for all b. By the definition p I+ f: B. If on the other hand p I- g: B then by definition

p(k,b) Ik g: B and by induction p(k,b) IF g: A for all b. By local character p IF g: A.

Similarly we can show the second statement.
(Fu) Since plF A= B, we have pF B =* U and the statements follow directly.
(FLoc) Let p+ A =* E[f k] for some k ¢ dom(p). Since p |- A = B, we have p(k,b) I A = B

for all b € {0,1}. If pIF ¢: A then p(k,b) IF t: A and by induction p(k,bd) IF ¢: B for all b.

By the definition p I ¢: B. If p IF w: B then p(k,b) I w: B and by induction p(k,b) IF u: A
for all b. By local character p I u: A. Similarly we can show the second statement. <«

From the above results we can show that the relations plF — = — and plF — = —: A are
equivalence relations. We omit the proof here.

» Lemma 3.25.

Reflexivity: Ifpl- A thenpl- A=A and if plkt: A thenpl-t=1t:A.

Symmetry: If plF A= B thenpl- B=A and ifpl-t=u:A thenplFu=1:A.

Transitivity: If plF A= B andplF B=C thenpl- A=C and ifpl-t =u:A and
plru=v:Athenplk-t=v:A.

4  Soundness

In this section we show that the type theory described in Section 2 is sound with respect
to the semantics described in Section 3. That is, we aim to show that for any judgment J
whenever -, J then p |- J.

» Lemma 4.1. Ifp- A=* B andpl- B thenpl- A and pl- A = B.
Proof. Follows from the definition. |
» Lemma 4.2. letplt A. Ifpbt=u:A andpl-u:A thenplFt:A andpl-t=wu:A.

Proof. Let pk-t = wu:A and p IF u: A. By induction on the derivation of p IF A.

(Fu) That is, p A =* U. The statement follows similarly to Lemma 4.1.

(Fn) By induction on the derivation of p IF u: A. If pF w =* fi: N for some n € N then
pt t=*n:N and the statement follows by the definition. If p - u =* E[fk]: A for
k ¢ dom(p) and p(k,b) I u: A for all b € {0, 1} then since p(k, b) b ¢t = u: A, by induction,
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p(k,b) IFt: A and p(k,b) IF t = u: A. By the definition pI-¢: A and p I+ ¢ = u: A. The
statement follows similarly for (Fy;,), (Fx,)-

(Fri) Let pF- A=*II(z: F)G. Since pFt = u:A we have -, t: A. Let ¢ < pand ¢ lFa:F.
We have ¢ - ta = wa:Gla]. By induction ¢ IF ta:Gla] and ¢ IF ta = wa:Gla]. If
qlFa="0:F we similarly get ¢ IF tb:G[b] and ¢ IF tb = ub:G[b]. Since ¢ IF G[a] = G[b],
by Lemma 3.24, ¢ IF tb = ub:G[a]. But ¢ IF wa = ub:G[a]. By symmetry and transitivity
glFta=1tb:Gla]. Thus plkt:Aand pl-t =wu:A.

(Fx) Let p - A =* ¥(z: F)G. From p - ¢t = u: A we have -, t: A and we have
pktl=wl:F and pt ¢.2 = u.2:G[u.l]. By induction pl-¢.1:F and plF¢t.1 =u.1:F.
By induction p IF ¢.2: Gu.1] and p IF £.2 = w.2: G[u.1]. But since p I A and we have
shown p Ik .1 = w.1: F we get p IF G[t.1] = G[u.1]. By Lemma 3.24, p I+ ¢.2: G[t.1] and
plFt2=u2:G[t.1]. Thuspl-t:Aand plkt=u:A

(Froc) Let p = A =* E[fk] for k ¢ dom(p). Since p I+ u: A we have p(k,b) IF u: A
for all b € {0,1}. But we have p(k,b) -t = u: A. By induction p(k,b) IF ¢: A and
p(k,b) IFt =u:A. By the definition plF¢: A and p -t = u: A. <

» Corollary 4.3. LetpFt=*u:A and plt A. Ifplku:A thenpl-t:A and pl-t =wu:A.
» Corollary 4.4. I f: N — Ns.

Proof. It’s direct to see that IF N — N,. For an arbitrary condition p let p IF n: N. By
Lemma 3.23, we have a parition p < p1,...,p, where for each i, p; - n =* m; : N for
some m; € N. We have thus a reduction p; F fn =* fm; : No. If m; € dom(p;) then
pi Ffn=*fm; = b;: Ny for some b; € {0,1} and by definition p; IF fn: Ny. If for any j,
m; ¢ dom(p;) then p;(m;,0) - fn =% fm; = 0: Ny and p;(m;,1) - fn =* fm; = 1: Ns.
Thus p;(m;,0) IF fn: Ny and p;(m;,1) IF fn: Ny, By the definition p; IF f n: No. We thus
have that p; IF fn: Ny for all i and by local character p IF fn: Ny. Similarly we can show
plkfny =fng: Ny whenever pl-n; =no:N. Hence - f: N — Ns. <

» Lemma 4.5. Ift-, t:-A and p IF A then p Ik t:=A iff for all ¢ < p there is no term u
such that q IFu: A.

Proof. Let p IF A and -, t:~A. We have directly that p - —-A. Let plFt:—-A. If glFu:A
for some ¢ < p, then ¢ IF ¢t u: Ny which is impossible. Conversely, assume it is the case that
for all ¢ < p there is no u for which ¢ IF u: A. Since r IF a: A and r |- a = b: A never hold
for any r < p, the statement “r I+ ta: Ny whenever r I+ a: A and r |- ta = tb: Ny whenever
r Ik a=b:A” holds trivially. <

» Lemma 4.6. IF w:——(X(z: N)IsZero(f x)).

Proof. By Lemma 4.5 it is enough to show that for all g there is no term w for which
q Ik u:=(3(x: N)lsZero(fz)). Assume ¢ IF u: =(X(z : N)IsZero(f z)) for some u. Let
m ¢ dom(q) we have then ¢(m,0) I+ (m,0): X(x: N)IsZero(f z) thus g(m,0) IF u (M, 0): Ny
which is impossible. |

Let T' := a1 : Ay ... & : Apf1,...,2p—1] and p = ay,...,a,. Wessay p Ik p:T if
plkai:A,....,plka,:Aylay,...,an—1]. If moreover o :=by,...,b, and p Ik o:T, we say
plkp=c:Tifplkay =b1:4y,...,plka, =b,: Aylar, ..., an-1]

» Lemma 4.7. LetT'&,. Forallq<p, ifql-p:I', ql-o:I" and gl p=0:T" then
IfT'F, A then glF Ap = Ao and if ' -, A= B then gl Ap = Bp.
IfI'tpa:Athenglkap=ao:Ap and if 'y a =b: A then gk ap =bp: Ap
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Proof. The proof is by induction on the rules of the type system. We show that if the
statement holds for the premise of the rule it holds for the conclusion. For economy of
presentation we only present the proof for few selected rules. For the rest of the rules the
proof follows in a similar fashion.

For the elimination rules (8), (UNITREC-0), (BOOLREC-0), (BOOLREC-1), (NATREC-0),
(NATREC-SUC), (pry), (pry) and (f-EVAL) the statement follows from Corollary 4.3.

For the congruence rules the statement follows from Lemma 3.24, Lemma 3.25.

The statement follows for (f-1) by Corollary 4.4, for (w-TERM) by Lemma 4.6, and for
(Loc) by Lemma 3.22.

(NaT-suc) By induction g IF np = no: N. By Lemma 3.23 there is a partition ¢ <
q1, - - -,qe where for each i, g; - np =" m;: N and ¢; - no =* m;: N for some m; € N. But
then ¢; F Snp =*Sm,;:N and ¢; - Sno =* Sm,;: N for all 5. Thus ¢; IF Snp=Sno:N
for all ¢ and by local character g IF Snp =Sno:N.

(II-1) By induction ¢ IF Fp = Fo. Let r < q. We have r IF (p,¢) = (p,b) : (T',z:
F) whenever r IF ¢ = b: F and by induction r = Gp[c] = Gp[b]. We have then
q F I(z : Fp)Gp and similarly ¢ IF II(z : Fo)Go. Whenever r Ik a : Fp then, by
Lemma 3.24, r I (p,a) = (0,a): (I',z: F) and by induction r IF Gpla] = Gola]. Thus
qIF-(z: Fp)Gp =1(x: Fo)Go.

(A1) From T, z: F by t:Gwehave ' b, Fland I', 2: F' -, G. Similarly to (II-1) we can show
qlFI(x: Fp)Gp, ¢ IF I(x: Fo)Go, and ¢ - I(x: Fp)Gp = II(x: Fo)Go. Let r < ¢ and

rlFa:Fp. We have r IF (p,a) = (0,a): (T, z: F') and by induction r I tp[a] = to[a]: Gplal.

But r F (Az.tp)a = tpla]: Gpla] and r F (Az.to) a = to[a]: Gola]. By Lemma 4.2 one
has r IF (Az.tp) a = tpla]: Gpla] and r I+ (Az.to) a = to[a]: Gola]. Since by induction we
have r |- Gpla] = Gola], by Lemma 3.24, r |+ (Az.to)a = toa] : Gpla]. By symmetry
and transitivity r I (Az.tp)a = (Az.to)a:Gpla]. Similarly we can show r Ik (Az.tp) a =
(Ax.tp) b:II(x: Fp)Gp whenever r |- a = b: Fp and r I (Az.to) a = (Az.to) b:1l(z: Fo)Go
whenever r |- a = b: Fo. Thus ¢ IF (Az.tp) = (Az.to):I(x: Fp)Gp

(LREC-I-E) Follows trivially since r I ¢: Ny never holds for any condition r.

(NATREC-1) While we omit the proof here the basic idea is as follows: If for some r < ¢ we
have 7 IF ¢t: N then by Lemma 3.23, we have r <t r1,...,7, and for each i, r; -t =* S¥:0
for some k; € N. By induction on k; we can show 7; IF (natrec (Ax.F) ag g)pt: Fp[t] for all
i. By local character we will then have r Ik (natrec (Az.F) ag g)pt: Fp[t]. Similarly we can

show r IF (natrec (Az.F') ag g)pt = (natrec (A\x.F') ag g)pu: Fp[t] whenever r IF ¢ = u:N.

By the definition we will have ¢ IF (natrec (Az.F) ag g)p:I(x: N)Fp and similarly we can
show ¢ IF (natrec (Ax.F') ag g)p = (natrec (A\x.F) ag g)o:1I(z: N)Fp. <

» Theorem 4.8 (Fundamental Theorem). IfF, J then pI- J.

5 Markov’s principle

Now we have enough machinery to show the independence of MP from type theory. The
idea is that if a judgment J is derivable in type theory (i.e. - J) then it is derivable in the
forcing extension (i.e. ¢y J) and by Theorem 4.8 it holds in the interpretation (i.e. I J). It
thus suffices to show that there no t such that I ¢t:MP to establish the independence of MP
from type theory. First we recall the formulation of MP.

MP :=TI(h: N — No)[-~(2(x: N)IsZero (hx)) — X(x: N)IsZero (h x)]

where IsZero: No — U is given by IsZero := A\y.boolrec (Az.U) N1 Ny y.
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» Lemma 5.1. There is no term t such that I t:3(z: N) IsZero (f z).

Proof. Assume IF ¢t : X(z : N)lIsZero(fz) for some t. We then have I ¢.1: N and IF
t.2 :IsZero (ft.1). By Lemma 3.23, one has a partition () < pi,...,p, where for each ¢,
p; F t.1 =* m,; for some m; € N. Hence p; - IsZero (ft.1) =* IsZero (f ;) and by Lemma 4.1,
p; Ik IsZero (ft.1) = IsZero (f ;). But, by definition, a partition of () must contain a condition,
say pj, such that p;(k) = 1 whenever k € dom(p;) (this holds vacuously for () < ()).
Assume m; € dom(p;), then p; - IsZero (ft.1) =* IsZero (f m;) =* Ny. By monotonicity,
from IF ¢.2 : IsZero (ft.1) we get p; IF t.2 : IsZero(ft.1). But p; F IsZero(ft.1) =* Ny
thus p; |- IsZero (ft.1) = Ny. Hence, by Lemma 3.24, p; I+ ¢.2: Ny which is impossible,
thus contradicting our assumption. If on the other hand m; ¢ dom(p;) then since p; <
pj(m;,0),p;(m;,1) we can apply the above argument with p;(m;, 1) instead of p;. <

» Lemma 5.2. There is no term t such that I+ ¢:MP.

Proof. Assume IF ¢t:MP for some ¢. From the definition, whenever I+ g: N — Ny we have
IFtg:—~—(X(x:N)IsZero(gx)) — E(x:N)IsZero (g x). Since by Corollary 4.4, IF f: N — N
we have Ik ¢f : =—=(3(z : N)lIsZero(fz)) — X(z : N)IsZero(fz). Since by Lemma 4.6,
Ik w:==(3(z:N)IsZero (f z)) we have, |- (¢f)w:X(z: N)IsZero (f z) which is impossible by
Lemma 5.1. |

From Theorem 4.8, Lemma 5.2, and Lemma 2.3 we can then conclude:

» Theorem 2.1. There is no term t such that MLTT  t:MP.

5.1 Many Cohen reals

We extend the type system in Section 2 further by adding a generic point f, for each condition
¢. The introduction and conversion rules for f, are given by:
'k, 'k, 'k,
I, f,:N >Ny, Th,fn=1 TH,f,n=pn)
n € dom(q) n ¢ dom(g),n € dom(p)
f,n—1 fo i —p p(n) .
We observe that the reduction relation is still monotone.
'k,
Tk, wy:=—(S(2:N)IsZero (f, x))

n € dom(q) n ¢ dom(q),n € dom(p).

With the reduction rules:

For each f; we add a term

',

Finally we add a term mw witnessing the negation of MP ————— .
't mw:=MP

By analogy to Corollary 4.4 we have:
» Lemma 5.3. IFf,: N — Ny for all g.
» Lemma 5.4. IF w,:——(Z(z: N) IsZero (f, z)) for all g.
Proof. Assume p IF ¢:=(X(x: N)IsZero (f, x)) for some p and ¢. Let m ¢ dom(g) U dom(p),

we have p(m,0) I f,m = 0. Thus p(m,0) I~ (M, 0) : £(z : N)IsZero (f, z) and p(m,0) I-
t (m,0): No which is impossible. <

» Lemma 5.5. There is no term t for which g |- t:X(z:N) IsZero (f, x).
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Proof. Assume ¢ IF ¢:3(x : N)lIsZero (f, ) for some t. We then have ¢ IF ¢.1: N and
q - t.2:1sZero (f,¢.1). By Lemma 3.23 one has a partition ¢ < ¢1, ..., g, where for each i,
t.1 =7 m; for some m; € N. Hence ¢; I- IsZero (f, t.1) =* IsZero (f,;m;) . But any partition
of ¢ contain a condition, say ¢;, where ¢;(k) = 1 whenever k ¢ dom(q) and k € dom(g;).
Assume m; € dom(g;). If m; € dom(q) then ¢; F fym; = 1: N, and if m; ¢ dom(q)
then ¢; - fym; = ¢j(k) = 1: Nao. Thus ¢; & IsZero (f;t.1) =* Ny and by Lemma 4.1,
q; IF IsZero (ft.1) = Ny. From IF ¢.2:IsZero(ft.1) by monotonicity and Lemma 3.24 we
have g; IF t.2: Ny which is impossible. If on the other hand m; ¢ dom(g;) then since
q; < qj(m;,0),q;(m;,1) we can apply the above argument with ¢;(m;, 1) instead of ¢;. <

» Lemma 5.6. IF mw:-MP

Proof. Assume p I ¢t:MP for some p and ¢t. Thus whenever ¢ < p and ¢ IF u: N — N5 then
g IFtu:—=(E(x: N)lIsZero(uz)) = (X(x: N)IsZero (ux)). But we have ¢ I- f;: N — N
by Lemma 5.3. Hence ¢ IF tf, : =—(3(x : N)IsZero (f;x)) — (3X(x : N)IsZero (f;x)). But
g IF wg: = (E(z: N)lsZero (fg z)) by Lemma 5.4. Thus g IF (tfy) wg: E(z : N) IsZero (fg )
which is impossible by Lemma 5.5. |

We have then the following result.
» Theorem 5.7. There is a consistent extension of MLTT where -MP is derivable.
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