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—— Abstract
The purpose of this paper is to provide a central limit theorem for the number of occurrences of
double triangles in random planar maps. This is the first result of this kind that goes beyond face
counts of given valency. The method is based on generating functions, an involved combinatorial
decomposition scheme that leads to a system of catalytic functional equations and an analytic
extension of the Quadratic Method to systems of equations.
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1 Introduction

A planar map is a connected planar graph (loops and multiple edges are allowed) embedded
into the plane up to homeomorphism. A map is rooted if a vertex v is chosen from the map
and a half-edge e is chosen from all the edges incident to v, and called the root vertex and
root edge, respectively. Moreover, a planar map separates the plane into several connected
regions called faces. The root face in a rooted map is the face which is on the left side of e
(sometimes the root face is defined as the right side of e, but this does not make a principle
difference). Without loss of generality we may assume that the root face is the infinite (or
outer) face, in particular the root edge e is then adjacent to the outside face. In this paper,
all maps we consider are rooted and planar. By convenience we also include the trivial map
that consists just of one vertex and one face (which are also rooted). It is well known that
2-3"(%)

different rooted planar maps with n edges [12]. In what
n(n—+1)
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The Number of Double Triangles in Random Planar Maps
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Figure 1 Degenerate cases of double triangles that are represented as bold edges.

follows we assume that for any fixed n every map with n edges is equally likely. Hence every
parameter of rooted planar maps can be considered as a random variable related to random
planar maps with n edges.

The main goal of this paper is to prove the following theorem:

» Theorem 1. The number X,, of edges with valency 3 faces on both sides in a random
planar map with n edges satisfies a central limit law, i.e.,

X, — E[X,]

Var[Xn}1/2 — N(0,1), (1)

where E[X,)] = pn + O(1) and Var[X,,] = 0?n + O(1), and p, o are positive constants.

» Remark. We cannot derive a simple analytic expression p and o since our analysis is
implicitly based on an infinite system of equations. So they are definitely hard to compute,
even in an approximate sense.

In an slight abuse of notation we will call the occurrence of an edge with valency 3 faces
on both sides a double triangle. Namely there are some degenerate cases as Figure 1 shows
(in the first case we identify vertices a and ¢ and then also the edges ab and be so that we
havee two double triangles between two triangles; in the second case, we identify vertices b
and d and then the edges ab and ad so that a bridge represents a double triangle).

The background of this result is a widely believed conjecture that the number of pattern
occurrences in planar maps (and many related graph classes) obeys a central limit theorem.
For (general) planar maps there are only very few results in this direction, see [7, 4] for the
number of faces of given valency or [9] for triangulation patterns in 2-connects triangulations
and quadrangulations patterns in simple quadrangulations. We also want to mention that
the expected number of occurrences of a given pattern in a random planar map with n edges
is asymptotically linear: E X,, ~ cn for some constant ¢ > 0. This follows from the fact
that random planar maps have a Benjamini-Schramm limit, see [8, 1, 10, 11]. As mentioned
before it is expected that X, satisfies a central limit theorem in all cases. However, it seems
that this is out of reach at the moment. Even the simplest case beyond face-pattern that
is considered in this paper requires a thorough and delicate analysis for the combinatorial
part as well as for the analytic part. We use an approach that is in principle close to that of
[7], namely we use generating functions, set up a system of catalytic functional equations
(Section 2) and finally provide a proper analytic extension of the classical Quadratic Method
[3, 12] (Section 3).



M. Drmota and G.-R. Yu

2 Combinatorics

Our goal is to set up a recursive structure of planar maps that is suitable to take occurrence
of double triangles into account. For this purpose we distinguish between three different
cases: the initial case (a map without any edge, denoted by ), the bridgeable case (maps,
where the root edge is a bridge, denoted by D)) and the non-bridgeable case (maps, where
the root edge is not a bridge, denoted by D(™):

D=e+D® 4 DM,
We let D(z,u,w) be the ordinary generating function

D(z,u,w) = E dn,klz"usz,
n,k,£>0

where d,, 1 ¢ is the number of planar maps with n edges, valency & on its root face and ¢
edges that represent double triangles, where edges on the root face are not considered. For
the sake of brevity, we denote D(z,u,w) by D and D(z,1,w) by D(1). (The same rule will
be applied to other generating functions.)

Clearly, the initial case corresponds to the generating function 1 and the bridgeable case
to zu2D?. The non-bridgeable case is split into two different classes: Dy denotes the class
where the second face (the face on the right side of the root edge) has valency not equal to 3
and D, denotes the class where the second face has valency 3. This means that we have
D =1+ zu?D? + Dy + Dy, where Dy and Dy, are the corresponding generating functions
of Dy and Dy, respectively.

» Lemma 2. The generating functions D = D(z,u,w), Dy = Dy(z,u,w), and Dy =
Dy (z,u,w) satisfy the following system of equations:

D =1+ z2u*D*+ Dy + Dy,
D(1) —uD
1—u

Dy =zu"' (D —1—u[u']D)

Dy = zu zut (D —1—ufu']D), (2)

+(w—-1)- [zQuD + (w+1) (2u”"' Dy — 2[u']Dy) — 2°u(w — 1)DDy

Dy (1) —uDy

—(w—1) (;;2 —2°Dp(1) — 2*u™? (Dy — u[u'] Dy — u2[u2]D>)) ] :

» Remark. If w = 1 the system collapses to the well-known catalytic equation for the
generating function M (z,u) = D(z,u,1) of planar maps:

M(z,1) — uM(z,u)

M(z,u) =1+ 2u>M(z,u)* + zu T
—u

(3)

Proof. We have already discussed the first equation of (2). Thus, we can concentrate on the
non-bridgeable case. Here we relate the original map with the resulting map, where we have
removed the root edge. Actually it is more transparent to consider the reverse process of
adding a new root edge that cuts across the root face. This operation separates the root face
into two faces. For instance, there are five possible situations of cutting across a root face of
valency 4 as Figure 2 shows, and which have the following effect to the variable u:

ut = z2(u® +ut ud 4.
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Figure 2 Cutting-across-process.
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Figure 3 Definition of the a and S-edge and face.

When we consider Dy, we have to discount the case where the second face has valency 3.
In the cutting-across-process, we take out the situation that the new-appearing second face
has valency 3. The corresponding effect with the root face of valency r is

—zu" b ifr > 2

’I"H r+1 r 2 1
w AT T uT )+ ifr=0or 1.

So the corresponding generating function of Dy is given by

D(1) —uD

T —zu™" (D-1-[u']D).

DD‘ =zu

Next, we consider maps whose second face is of valency 3 and whose generating function is
Dy. We introduce some notations. When the second face has valency 3, the edges following
the root edge in clockwise order are called the a-edge and the S-edge. One side of the a-edge
is the second face, we call the face on the other side the a-face. Similar to the a-face, the
B-face is the face incident to the S-edge. Note that the a-face and the S-face might coincide
(see Figure 3).

For describing the class D, we consider four different cases: both the a-face and the
B-edge are equal to the root face (denoted by Dg’ﬂ ), only the a-face is equal to the root face
(denoted by Dg), only the f-face is equal to the root face (denoted by ’Dé) and neither the
a-face nor the f-face is equal to the root face (denoted by D) (see Figure 4). Thus, we
have Dy = DZP + D2 + DE + D

The maps corresponding to the class Dg'ﬂ can be divided into a triangle and three maps.
Thus, we have D&F = 2343 D3,

The maps corresponding to the class D and Dg can be divided into a map and a map
stuck together with a triangle attached to an edge (see the left part of Figure 5). The
structure of a map stuck together with a triangle attached to an edge has either the property
that this edge corresponds to a double triangle or not (see the right of Figure 5).

If this edge is (resp. is not) a double triangle, we can think of it as adding two edges to a
map which belong to Dy (resp. Dy ). The effect of these two additional edges is that the
number of edges increased by 2 and the valency of the outside (root) face increased by 1.
Hence, DZ = D@ = 2%u (wDD + ng) D.
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Figure 4 Four different cases of Dy..
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Figure 5 A map in D or Dg can be divided into a map and a map stuck together with a triangle
at an edge. This edge corresponds to a double triangle or not.

For the fourth class D we need to consider three different cases. The first one is when

the a-edge is different from the S-edge but the a-face equals to the S-face (denoted by Dg).

The second one is when the a-edge is different from the -edge and the a-face is different

from the -face (denoted by Dg). The third one is when the a-edge equals to the S-edge.

In this case, both the a-face and the -face are equal to the second face (denoted by Dg)

(see Figure 6). By definition we have D> = DY + DZ + DY.
When we deal with the maps in DY, the a- face coincides with the S-face if both of them

have valency 3, in particular, both the a-edge and the [-edge represent double triangles.

Therefore, we have to take care of the valency of the a-face and of the p-face. For this
purpose we consider the so-called “border-(a,3)-path”, that starts from the a-edge, goes
clockwise along the border of the a-face and finishes at the S-edge but dones not include the
a-edge nor the S-edge. We distinguish between three different cases by considering the length

of the border-(«,)-path (denoted by |(«, 5)]): |( B)=0,|(a,8)] =1and |(cr, B)] > 2.

The corresponding sets of maps are denoted by D Dgl, and ®U> respectively, see Figure

7. From the above relation, we have D = DUO + Dt + DU>z and (similar to the above
considerations) they can be further decomposed which leads to the following relations:

Dgo =2"uD [w” (w[u'] Dy + [u']Dy) + (D(1) — [u']D)],
Dgl =23w?(wDy + Dy + 2u’D?) + 2% (D(1) — 1) (D — 1), (4)

D(l)_UD—z(D—l)—zuD>,

Dp>* =2*D(1) (zu —

The proof is given in the Appendix A.1.
Next, Dg is the class of maps that combines maps and an edge inside a loop. The edge

inside the loop is a double triangle. Thus, we have Di = 22uwD.

Finally, we discuss the class DZ. By distinguishing whether the a-face and the S-face
have valency 3 we have to consider four different situations: neither the a-face nor the [-face
has valency 3 (denoted by DY), only the S-face has valency 3 (denoted by Dg), only the
a-face has valency 3 (denotea by DZ) and both the a-face and the S-face have valency 3

(denoted by DZ¥): DE = DE + D + Dg + DR’
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S

Figure 6 Three different cases of Dp.

e

Figure 7 Three different cases of the length of the border-(«,3)-path of the maps in @g.

When we study the class ’DS, we need to build up maps, where the second face has
valency 3 and neither the a-face nor the S-face has valency 3. We start with Dy and do
the cutting across process that adds an edge starting from the end point of the root edge of
the map. In cutting across process (see Figure 2) we always keep the second face valency
different from 3 and the outside face valency greater than 1 (in order to make sure that the
new a-edge and the new (S-edge exist). In a second step we add an edge to complete the
construction (see the left of Figure 8).

We have to be careful in the cutting across process. For example, if the root face valency
equals r before we start the process, we have to avoid the case, where the root face valency
would get » — 1 in cutting across process. This means that the cases r = 0, 1,2 have to be
considered separately. If 7 = 0 or r = 1 the root face valency r — 1 in cutting across process
can not appear, and when r = 2 the resulting root face of valency r — 1 =1 is also excluded.
The effect on the variable u is therefore

—zu™ 1l ifr>3

r r+1 r 2 1 1
—
A L A o VA SR VAl S T 1) +{0 Jifr=0or1 or 2.

After adding an edge in second step we obtain the following relations for the corresponding
generating function: DY is

1—wu

DE = zu~? <ZUM — zuDy (1) — zu™" (Dy — u[u']Dy — u2[u2]D¢)> .

By using similar ideas (by using Dy instead) and by observing that the new S-edge will
be a double triangle (see the right of Figure 8) we obtain

DD(l) — ’U/DD

D? = zu 1w ( 2u
= ( 1—u

— zuDp (1) — zu™" (D — u[u'] Dy — u2[u2]D|>)> .

By symmetry we have DZ = Dg.

In order to describe the class Dg’ﬁ we need to adjust both the root face and the face (we
call this face clockwise-face) on the right of the clockwise-edge have valency 3 (see Figure 9),
where the clockwise-edge is the edge in clockwise direction of the root edge on the outside
face. Suppose that Dy is the class of maps, where both the root face and the clockwise-face
have valency 3, we have DZ? = zu~1w?Dgs.
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Figure 8 Construction of a map contained in Dg and DQ respectively.

clockwise-
edge

root
face

root
edge

Figure 9 Definition of clockwise-edge and clockwise-face. Relation between Dy and D;*B.

The class Dy is a subclass of D.. Hence, we can get Dy by eliminating some cases
of D.. When we consider the clockwise-edge and the clockwise-face of D, we have five
different cases. The first three cases where the clockwise-edge is not a bridge, and first, where
the clockwise-face has valency 3, second, where the clockwise-face has valency not equal to
3 and third, where the clockwise-face is equal to the second face. In the fourth case the
clockwise-edge is a bridge and in the last the clockwise-edge does not exist (see Figure 10).

The first case of Dy is precisely Dgs.

The second case of D, (clockwise-face has valency not equal to 3) corresponds precisely
to the first step of the construction of D@ in Figure 8. Hence, the corresponding generating
function is given by -

Dy (1) —uDyp
b 1—u

z — zuDp (1) — zu™" (D — u[u'] Dy — w?[W?]Dy)

The only difference to DY is the factor zu™tw.

In the third case of Dy we have to consider several subcases that lead to the following
generating function:

Zu*wD[u'] Dy + 2*u*D[u'|Dy + z*uwDy + 2*uDy + 2°u®D?.

In the fourth case of Dy the second face has valency 3 and the clockwise-edge is a bridge.

Thus, it corresponds to the generating function zu?DDy.

Finally, in the last case the root face valency equals 1 and the second face has valency 3.

Consequently its corresponding generating function is u[u!]Dy.
Summing up, the generating function of Dy is given by

Dy = Dy — 2u>DDy — ufu'] Dy

- (ZUDD(l) —uDy

- —2uDy (1) — zu™" (Dy — u[u']|Dy — uZ[uz]D>)>

- (ZQUQD[UI]DDg + 22u*wD[ut| Dy + z2uDD; + 22uwDy + 2*uD?).

By collecting all these parts and by applying some simplifications (that are described in
the Appendix A.2) we obtain the third equation of the system (2). <

19:7
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IgeE

In order to analyze the system of equations (2) we apply a 2-step procedure that is in
principle close to that of [7]. In the first step we eliminate the terms [u!]D, [u!]Dy, and
[u?] Dy so that the system (2) is transferred into a catalytic system of equations that will be
solved then in a second step.

Figure 10 Five different cases of Dy.

3 Asymptotic analysis

» Lemma 3. Suppose that D = D(z,u,w), Dy = Dy (2,u,w), and Dy = Dy (z,u,w) are the
solution functions of the system (2). Then there exist analytic functions K;;(z,w, zo, 21, T2)
(for |z| < 1, o] <2, |21] <2, |22 <2, and |w — 1| < n for some sufficiently smalln > 0),
1€40,1,2}, j € {1,2} such that for j € {1,2}
[’U,j]D(Z,’u,,’w) = KO,]' (Z,U), D(Za ]_,’LU), D% (Zv 1, w)v DI>(Zv ].,’IU)) y

[Uj]le(Z,U,w) = Kl,j (vaa D(Za 1,7.1)), D%(Za 17 ’lU), D|>(Z, law)) 3

[w/]Dp (2, u,w) = Ky ; (z,w, D(z,1,w), Dy (2,1,w), Dy (2, 1,w)) )
Proof. We rewrite the system (2) into an equivalent one. We substitute in all instances
Dy =Dy —zu (D —1—ufu']D) and Dy = Dy + zu~' (D — 1 — u[u']D) so that we obtain
a system of the form
D(1) —uD

D=1+ zu’D?>+ Dy + Dy, Dy =zu .
— U

) D2:(w_1)Ha (5)
where H is equal to
22uD + (w4 1) <zu1 (D — u[u']Ds) + 2*u™? (D — 1 — u[u']D — w?[u?]D) >

Ds(1) — D D(1)-D
220 2(1) 2_23u() _ 3

+(w—1)<_22UDD2—23D(D_1_“[u1]D)_ 1—u L—wu

+ 2*u™? (D2 — ufu']Ds — w?[u]Ds) + 2w (D — 1 — u[u']D — v’ [u’]D — u*[u’]D) )

Next we consider the functions D, Dy, Dy as power series in u:

D=1+ ngue, D, = deul, Dy = Zduul,

>1 >1 0>1

and rewrite the system (5) into an infinite system of equations:

£—2 =2
dy = ZZdjdg_Q_j +2zD(1) — ZZ d; + (w— 1)[uZ]H,
j=0 j=0
-2
dyo=2D(1) - 2> dj, (6)
§=0

dog¢ = (w— 1)[uZ]H,
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where £ > 1, do := 1, and [u’]H is equal to

-2 (=2
22do—1 + (w+1)(2da 41 + 22dps2) + (w — 1) [— 22 Z dida i — 2° Z dide—;
i=0 i=0

-1 ¢
- 22 <D2(1) - Zd2,i> -2 (D(l) - Zdi> + 22da py0 + 22dis |-
i=0

=0
Note that we have not substituted D(1), D;(1), and Da(1).
substitutions yo = devt, Y1 = dl’wz, Yoo = duvé, ¢=1,2,... (and yo,0 = 1) for some
parameter v > 0 to rewrite (6) to

In a final step we use the

£—2 =2
Yoo = 202 Zyo)jyo’g_g_j + 2D(1)v* — 20? Zywve—Q—j + (w — 1)Hy, (7)
=0 =0
-2
yre = 2D’ — 20> yo 07, gy = (w— 1)Hy,
=0

where

Hy = 2*vyo -1 + (w+ 1) (20 2041 + 220 Yo ,042)

-2 -2
2 3 2 -2 3,—3
+(w—1) l -z E Y0,iY2,6—1—i — % E Y0,:Y0,6—i T 27V “Y2,042 + 27V “Yo,0+3
i—0 i=0

-1 ¢
— 22 (’UeDz(l) —v Z yg,ive_l_i> — 23 (veD(l) - Z ywvé—i) ] .
i=0 =0

Now we counsider D(1), D1(1), and Dy(1) as new variables zg, x1, and x5 and rewrite the
system (7) into a new system

-2 02
2 ¢ 2 0—2—j )
Yoo = 202> Yo You—2—j + 2mov’ — 207D o ;v 4 (w — 1) Hy, (8)
Jj=0 Jj=0
-2
¢ 2 0—2—j )
Y16 = ZToV" — 2V Zywv 7, Yoo = (w— 1)Hy,
J=0

where fI@ results from H, by this substitution. The solution functions y; ¢ = vy; ¢(2, w, xo, 21,
x9) are now considered as functions in z,w, zg, 21,22 and in a next step we will show that
these functions are actually analytic in these variables (in a certain range). Of course, if we
have proved this assertion then we can obtain, for example,

de = de(z,w) = yoe(z,w, D(z,1,w), D1(z,1,w), Da(z, 1,w))v™*

as an analytic function in z,w, D(z,1,w), D1(z,1,w), Da(z, 1, w). This also proves the lemma
after re-substituting Dy and Dy in terms of D, Dy, and Ds.

The idea of solving (8) is to consider it as a fixed point equation in a complete metric
space and to solve it with the help of Banach’s fixed point theorem. For this purpose we
have to adjust the parameter v > 0 so that the right hand side of (8) is a contraction. More
precisely we set yo = (yo,¢)e>1, Y1 = (W1,0)e>1, Y2 = (y2,0)e>1, and y = (yo,y1,y2) and
consider the ¢! norm |y|l1 = |lyollx + [|¥1/l1 + lly2]l1, where

Iyl = lyiel, 5 €{0,1,2}.

>1

19:9
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Furthermore we define the mapping T : ¢1(C)? — ¢1(C)? by T(y) = (To(y), T1(y), T2(y)),

where
(-2 (-2
To(y) = | zv° Zyo,ij,Z—Q—j + zzgv’ — 207 Z Yo v + (w - 1)H, ;
) =0 .
(-2
Ti(y) = | zzov’ — 20 Zyo,jve_Z_] , Ta(y) = ((w— 1)Hz)521 ,
J=0 >1

where z,w are considered as complex parameters and v > 0 will be chosen in a proper way.
Clearly, a fixed point of T is a solution of (8).
By definition it follows that

v | I+ V2
2T
—v 0 1—vw

2
ITo(y)llx < v*|2[ (1 + [lyoll)™ +

jw—1]

2l (1 + llyolly)

1
Po (Il ol ol b ol s . Byl o ).

2

T <
[T1(y)[1 < T

20| + 12l (1 +lyoll1)

1—w

w—1
ITa(y)y < 2= 1

IN

1
Po (Il ok o ool ol Il el v 1= ).

where Py is some polynomial with non-negative coefficients. Similarly we get

'U2 z
[To(y) — To(z)[1 < <U2Z| 2+ [lyolls + llzofl1) + 5 _|?|}> yo — zollx

|lw—1] = 1
+TP0 2], zol, [21]s [z2] lyoll1, [yallr, [[y2]l1s v, 1—o ly -z,

v? |2
HYO —Zlo

ITy(y) = Tu(@) s = 1—

[ T2(y) — Ta(z)[1 <

|lw—1]| ~ 1
Po { 2], lzol, [l [zl Iyollu, Iyallss ly2lly, v, 5= ) Iy = 2l

where Py is another polynomial with non-negative coefficients.

Thus, given upper bounds Z, Xy, X1, X5, and Y for |z|, |zol|, |z1], |z2|, and ||y]||1 it is
easy to choose v > 0 and 1 > 0 such that for |w — 1] < 7 the mapping T maps the set
{y € (1(C)? : |ly|]1 < Y} into itself and is a contraction, too. This shows that (8) has
a unique solution that can be obtained as the uniform limit of the iterations T*(0). By
definition it is clear that all components of T* (0) are analytic functions in z,w, zg, 1, T2.
Hence, the limits are analytic, too. This completes the proof of the lemma. |

We now go back to the original system (2) and substitute [u!]D, [u']Dy, and [u?] Dy by
the analytic functions K;; given by Lemma 3 so that it can be rewritten as

D= 1—|—zu2D2+DDg + Dy,
DD‘ = Ql(z,u,w,D,D(l),DDg,DDg(l),DD,DD(l)),
Dy = QQ(ZauawaDaD(l)ﬂDDéaDﬁ(l)aDDaDD(l))
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with proper functions @1, Q2. This is a catalytic system of three equations. In order to
make our analysis a little bit easier we eliminate D and D(1) by using the first equation. By
substituting D (and similarly D(1)) by

1 \/1 —4zu2(1+ Dy + Dy)

D pr—
2zu?

in the second and the third equation we finally obtain a system of two equations that we
represent in the form

Pl(zauawaDpé’DDé(l)aDDaDD(l)) =0, PQ(ZvuawaDDévaﬁ(l)vavDD(l)) =0

for proper functions P, P (that are by the way non-linear in Dy, Dy (1), Dy, D (1)).
We recall now a method by Bousquet-Mélou and Jehanne [2] on catalytic equations of
the form

P(z,u, M(z,u), M1(z)) =0,

where M;(z) is usually M(z,1) or M(z,0) and P = P(z,u,xo,21) is usually a polynomial
(however, the method also works with proper regularity conditions for P). The first step is
to find functions u(z), y(z), and f(z) that satisfy the system of equations

07
Pu(z,u(z),y(z),f(z)) =0, (9)
0,

where P, and P, denote the partial derivatives 2—5 and g—;, respectively. Then we can set

M;(z) = f(2) and can recover M (z,u) — if necessary — from the equation
P(z,u, M(z,u), f(z)) = 0. (10)

This method generalizes the classical Quadratic Method and can be extended in various ways.
It is also possible to guarantee unique power series solutions etc., for details we refer to [2].

We emphasize here some further extensions. First we can directly add a parameter
w or several parameters w = (wq,...,w;) into the equation without any change of the
method. From P(z,u,w, M(z,u,w), M1(z,w)) = 0 we, thus, obtain the solutions M (z, w)
and M (z,u, w).

It was shown in [7] and [6] that the solution function M (z) of a catalytic equation (10)
that is singular at z = p has usually a singularity of the form

3/2
z
M) =)+ 1) (1-2) 1)
where g(z) and h(z) are analytic at z = p. This is in particular true for the generating
function M(z, 1) that counts planar maps and is the solution of the catalytic equation (3):

182 — 14 (1 —122)3/2

M(z,1) = 5422

Here p = 1/12 is the radius of convergence of M(z,1). Since M(z,1) = D(z,1,1) it also
follows that D(z,1,1) and consequently the functions Dy (z,1,1) and Dy (2,1, 1) have the
same kind of singularity at z = 1/12. What we show next (and which is actually the main
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property that will be used to prove the central limit theorem) is that we have the same kind
of singular behavior if we add some parameters. In particular we will show that D(z, 1, w)
can be represented as

3/2
z
D(z,1,w) = gp(z,w) + hp(z,w) (1 — ) , (12)
p(w)
where gp, hp and p are analytic at z = 1/12 and w = 1.
We will first consider one catalytic equation and will then generalize it to a system.

» Lemma 4. Suppose that M (z,u,w) and M;(z,w) are the solutions of the catalytic equation
P(z,u,w, M(z,u,w), M1(z,w)) = 0, where the function P(z,u,w,xq,21) s analytic and
Mi(z,1) has a singularity at z = po of form (11) with g(po) # 0, h(po) # 0 such that for
z = po, u=ug, o = M(po,uo,1), 21 = My(po,1), and w = 1 we have®

P=0, P,=0, Py, =0, Py #0, PuyuPuu=P;

Tou"*
Furthermore, let z = p(w), u = ug(w), g = 2o(W), 1 = x1(W) for w close to 1 be defined
by p(1) = po, uo(1) = uo, xo(1) = M(po,uo,1), x1(1) = M1(po, 1) and by the system
P=0, P,=0, P, =0, Py Pu=DP

Tou*

Then for w close to 1 the function Mi(z,w) has a local singular representation of the form

L\ 32
Mi(z,w) =g(z,w) + h(z, w) <1 - p()> , (13)

w

where g(z,w), h(z,w) are analytic at z = py and w = 1 and satisfy g(po,1) = g(po) # 0,

h(po,1) = h(po) # 0.

The Proof is an adaption of the methods of [7]. The essential step is to represent (with the
help of the Weierstrass preparation theorem) the function P locally around z = pg, u = uy,
Lo = M(p07u07 1)? Ty = Ml(pOa 1)7 and w =1 by

P(z,u,w,x0,71) = K(z,u, W, zo, 1) ((ajo - G(z,u,w, a:l))2 — H(z,u,w,xl))) ,

where all appearing functions are analytic and we have K (po, ug, 1, M (po, uo, 1), M1(po, 1)) #
0, G(po,uo,1, M1(po,1)) = M(po,uo,1) and H(pg,ug,1, M1(po,1)) = 0. The system (9)
translates into a smaller system of the form H(z, w,u(z,w), f(z,w)) =0, H,(z, w, u(z, w),
f(z,w)) = 0 which is suitable to extract the singular behavior of the form (13). In particular
the condition Py,q,Puu = P, is equivalent to H,,, = 0. Now we proceed as in [7], observe
the singular expansion for Mj(z, w) of the form (13) and by comparing it with (11) we also
get the properties g(po, 1) = g(po) # 0, h(po, 1) = h(po) # 0.

In the case of a system of two catalytic equations P; = 0, P, = 0 (in unknown functions
M(z,u,w), Mq(z,w), N(z,u,w), N1(z,w)) we apply an elimination procedure to reduce it
to a single catalytic equation so that Lemma 4 can be applied. We consider first the second
equation and replace M (z,u,w), M1(z,w) by two new variables vg, v1:

PQ(Z,’LL,W,'U(),’Ul,N,Nl) =0

3 The notation P, denotes the partial derivative with respect to  — and similarly for partial derivatives
with respect to other variables or for higher order derivatives.
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and solve this catalytic equation in order to obtain solution functions N = N(z,u, w,vg, v1)
and Ny = Wl(z, w,vg,v1). Then we substitute these solutions into the first equation and
obtain a single catalytic equation for M = M (z,u, w), My = M;(z,w):

Py(z,u,w, M, My, N(z,u,w, M, M), Ni(z,w, M, M;)) = 0.

Finally we apply Lemma 4 and obtain the proposed singular representation. The only thing
that has to be checked is that P nn P2 yu 7# P227Nu and P, n, # 0 so that the functions
N = N(z,u,w,vg,v1) and Ny = N1(2, W, vp,v;) are analytic in the region of interest. In our
special situation this is easy to check. With this method we obtain singular representations
for Dy (z,1,w) and Dy (2,1,w) and consequently (12) for D(z, 1,w).

The Proof of Theorem 1 is now almost immediate. Let Y;, denote the number of edges
in a random planar map with n edges that represent double triangles but are not on the root
face. Then we have

D(z.1,w) =Y M,E[w"]z",

n>0

where M,, = [2"]M(z,1) denotes the number of planar maps with n edges. By a direct
application of [5, Theorem 2.35] it follows that Y;, satisfies a central limit theorem of the form
(1) with expected value and variance asymptotically proportional to n. The only difference
between X,, and Y,, is the number of edges on the root face that represent a double triangle.
However, if X, and Y,, are different then the root face has valency 3 which means that the
difference between X,, and Y,, is at most 3. Hence, the central limit theorem (as well as
asymptotics for expected value and variance) of Y,, transfers directly into a corresponding
central limit theorem for X,, which completes the proof of Theorem 1.

—— References

1 O. Angel and O. Schramm. Uniform infinite planar triangulations. Commun. Math. Phys.,
241(2-3):191-213, 2003. doi:10.1007/s00220-003-0932-3

2 M. Bousquet-Mélou and A. Jehanne. Polynomial equations with one catalytic variable,
algebraic series and map enumeration. J. Comb. Theory, Ser. B, 96(5):623-672, 2006.
doi:10.1016/j.jctb.2005.12.003.

3  W.G. Brown and W.T. Tutte. On the enumeration of rooted non-separable planar maps.

Can. J. Math., 16:572-577, 1964. doi:10.4153/CJM-1964-058-7.

4  G. Collet, M. Drmota, and L. Klausner. Limit Laws of Planar Maps with Prescribed Vertex
Degrees. Combinatorics Probability Computing, to appear.

5 M. Drmota. Random trees. An interplay between combinatorics and probability. Wien:
Springer, 2009. doi:10.1007/978-3-211-75357-6.

6 M. Drmota and M. Noy. Universal exponents and tail estimates in the enumeration of
planar maps. In Eztended abstracts of the sixth European conference on combinatorics,
graph theory and applications, EuroComb 2011, Budapest, Hungary, August 29 — September
2, 2011, pages 309-317. Amsterdam: Elsevier, 2011.

7 M. Drmota and K. Panagiotou. A central limit theorem for the number of degree-k vertices
in random maps. Algorithmica, 66(4):741-761, 2013. doi:10.1007/s00453-013-9751-x.

8 M. Drmota and B. Stufler. Benjamini-schramm convergence of random planar maps. arXiv
preprint arXiv:1801.10007, 2018.

9 Z. Gao and N. C. Wormald. Asymptotic normality determined by high moments, and
submap counts of random maps. Probab. Theory Relat. Fields, 130(3):368-376, 2004. doi:
10.1007/s00440-004-0356-9.

19:13

AofA 2018


http://dx.doi.org/10.1007/s00220-003-0932-3
http://dx.doi.org/10.1016/j.jctb.2005.12.003
http://dx.doi.org/10.4153/CJM-1964-058-7
http://dx.doi.org/10.1007/978-3-211-75357-6
http://dx.doi.org/10.1007/s00453-013-9751-x
http://dx.doi.org/10.1007/s00440-004-0356-9
http://dx.doi.org/10.1007/s00440-004-0356-9

19:14

The Number of Double Triangles in Random Planar Maps

10 M. Krikun. Local structure of random quadrangulations. arXiv preprint math/0512304,
2005.

11 R. Stephenson. Local convergence of large critical multi-type Galton-Watson trees and
applications to random maps. J. Theor. Probab., 31(1):159-205, 2018. doi:10.1007/
$10959-016-0707-3.

12 'W. T. Tutte. A census of planar maps. Can. J. Math., 15:249-271, 1963. doi:10.4153/
CIM-1963-029-x.

A  Appendix
A.1 Proof of the relations (4)

In the first part of the Appendix, we present a proper decomposition of the sets Dgo, Dgl,

and @Lizz that translate into the system (4).

In order to represent Dy (and consequently the generating function of DZ°) which
corresponds to the case |(a,3)| = 0, the main argument will focus on the valency of the
a-face (that equals to that of the S-face) which depends on the outside (root) face valency
of the map between (or inside) the a-edge and the -edge. If this map has root face
valency 1, then the a-face has valency 3 which means the a-edge and the S-edge are both
double triangles. Moreover, in case this map has root face valency 1, if this map belongs
to D (the second face has valency 3), then the root edge of this map will become a
double triangle after putting this map into the chink between the a-edge and the (-edge
and vice versa. Therefore, we have z3uDw? (w[u']Dy + [u]Dy). Contrarily, if this map
has root face valency not equal to 1, then the valency of the a-face is not equal to 3,
it corresponds to z3uD (D(1) — [u]D). Thus, the corresponding generating function is
Dp° = 2%uD [w? (w[u!'] Dy + [u']Dy) + (D(1) — [u!]D)] .

It |(a, B)| = 1 which corresponds to the class Dgl the border-(«,8)-path is just an edge
and the valency of the a-face (and of the S-face) is three (because of the a-edge, the f-edge
and the border-(a,3)-path) plus the outside (root) face valency of the map inside this triangle.

If the map inside the triangle has no edge (which means the corresponding generating
function of the map is 1), then the a-face has valency 3 which means that both the «-
edge and the S-edge represent double triangles. And whether the edge that equals to the
border-(«,)-path corresponds to a double triangle or not depends on the other incident
face of this edge. The face on the other side may or may not have valency 3 and also may
equal to the outside face (see the above case of Figure 11). Hence this part corresponds to
2 w?(wDy + Dy + zu?D?). If the map (inside the triangle) has some edges (corresponding
to the generating function D(1) — 1), then the valency of a-face is not equal to 3 which
means that neither the a-edge nor the S-edge correspond to a double triangle, and the edge
that equals to the border-(«,8)-path must not correspond to a double triangle. We also
have to distinguish between three different coases fo the other incident face (see the below
case of Figure 11). This part corresponds to 23 (D(1) — 1) (D + Dy + zu®D?) which can
be simplified to 2% (D(1) — 1) (D — 1) by the first equation of (2). Summing up we get the
corresponding generating function of D' as follows:

Dgl = szQ(wD\> + Dy + ZUQDQ) + 2° (D(1) =1)(D —1).

Finally ZDE22 is easier to describe, since the a-face (that is equal to the S-face) has
valency not equal to 3. So we do not have to care about whether the a-edge and the S-edge
are double triangles. We can directly decompose the map into two parts: one is a map with
second face valency greater than 3 (the length of the border-(«,3)-path greater than 2 and
plus the root edge), the other one is a map with plus edges (see Figure 12).
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DL
DD

Figure 11 Decomposition of Dﬁlz In the first (upper) case the the map (inside the triangle) has
no edge, whereas in the second (below) case this map is non-trivial. In both case we have the right

side face of the border-(«,3)-path is different to the root face and its valency is either equal to 3 or
not, or it equals the root face.

@Q@%

2

Figure 12 Decompose a map that belongs to DL;Z into two parts.

The first map class can be counted with the help of a cutting across process (see Figure
2) where we have take out the situation where the new-appearing second face has valency 1
or 2. The corresponding effect to u” is

0 yifr>1

r r+1 r 2 1\ r4+1 r
u = zuT w4 ut ut) — 2(u +u)+{zu0 fr—0

D(1)—uD
1

which leads to zu —2z(D — 1) — zuD. After combining this with a map plus two
edges (which is counted by z2D(1)) we have,

D(1) — uD

o —z(D—l)—zuD>

which completes the proof of (4).

A.2 Simplification of the representation of D,

In the second part of the Appendix we prove that Dy can be simplified into the form that is
given in (2).
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After collecting all parts of Dy that are described in the Proof of Lemma 2 we obtain

Dy = 22uD? + 22%uD (wDD + ng)
+ 2%uD [w? (w[u'] Dy + [u'lDy) + (D(1) — [u']D)]
+ 2°w?(wDp + Dy + zu*>D?) + 2° (D(1) — 1) (D — 1)

+ 22D(1) (zuD(l)__uUD —2(D—-1)— zuD) + 22uwD
+zu”t (zuw — zuDy (1) — zu™" (Dy — ufu'|Dy — uz[u2]DDg))

Dy (1) —uD
+ 2zu" w (zu'>(1)u'> —zuDp (1) — zu™" (D — u[u'] Dy — uz[uz]D>)>
—u

+ zu'w? Dy — 22uw? DDy — zw?[u'] Dy

Dy (1) —uD
— zu” tw? (zub(l)ub — zuDp (1) — zu™" (D — u[u'] Dy — u2[u2]D|>)>
—u

— z2w* (2*uD[u']Dy + z*uwDu'| Dy + 2°Dy + z*wDy + z°u’D?) .

We use the first two terms of the 2°9 line and the first three terms of the 3™ line to cancel
the last line. We also cancel the third term of the 29 line and the third term of the 4" line.
Moreover, we cancel part of the last term of the 3" line and the second term of the 4" line.

Dy = 23u?D3 + 22uD (wD|> + ng) + 2%uD (wD|> + D,?g)
D(1) —uD

— 2uD[u)D — 23(D — 1) + 22D(1) <zu e

> + 22uwD

Dy (1) —uD
+zut (ZUW — zuDy (1) — zu™" (Dy — ufu'|Dy — u2[u2]DD;))
+ 220" w <ZUW> — zuDp (1) — zu™" (D — u[u'] Dy — u2[u2]D|>)>

+ zu'w? Dy — 22uw? DDy — 2zw?[u'] Dy

Dy (1) —uD
— zu~tw? <Z1L>(1)uD — zuDp (1) — zu™" (D — u[u'] Dy — uz[uQ]DD)) .
—u

We now rewrite D, according to the appearing power of w and separate as follows:

DD = AQ +wA1 +UJ2A2
=A0—|—A1 +A2+(IU—1)A1+(U)2—1)A2
= (A0+A1 +A2)+ (ﬂ)— 1) (Al + (U/+1)A2)

where Ag, Ay, Az are explicit functions in z,u, D, Dy, Dy, [u']D, [u?]D, [ul]DDg, [UQ]DDg,
[Ul]DD, [U/Q]DD.

In order to show that this representation can be simplified to the form in (2) we first
have to show that Ag + A; + Ay = zu™" (D — 1 — u[u']D). By summing up the expressions
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of Ag + A1 + As (and cancelling already two terms) we get

24 D? 4+ 2*uD (Dy + Dy) + 2*uD (D + Dy)
D(1) —uD

— 2uD[u)D — 23(D — 1) + 22D(1) (zu T

) + 22uD

+zu”t (ZUIW — zuDy (1) — zu™" (Dy — u[u']Dy — ug[u2]D¢)>
+zu™! (zuDD(?_UUDD — zuDp (1) — zu™" (D> —u[u'] Dy — U2[U2]D|>)>

+2u Dy — 2*uDDy — z[u']Dy.
Now by using the relation Dy + Dy =D — 1 — 2u?D?, we can deduce two properties:

Fi: [u']Dy + [u']|Dy = [u'](D — 1 - 2u*D?) = [u']D,
o [uZ]DI> + [UQ]D,?g = [uQ](D —1—2zu?D?) = [uQ]D — 2.

We combine the 3" and 4" line by applying F; and F» and use the last term of it to cancel
2% in the 2°¢ line. Then, applying the relation D = 1 + zu?D? + Dy + Dy in the 15¢ line,
we obtain

Z*uD(D — 1) + 2°uD (D + Dy)
D(1) —uD

1—u

— 23uD[u!)D — 2°D + 22 D(1) <zu ) + 2%uD

suD(1) —uD + zu*D? — zuD(1)?
1—u
+ 2u ' Dy — 2>uDDy — z[u']Dy.

+z

—2*u"? (D — 1 - 2u*D? — u[u']D — v*[u®]D)

We cancel some terms from 1%, 274 and 4*". Next, We introduce the notation K :=

zu%}“D and use it in the 2°¢ and 3™ line:

22uD? 4 ZQUDDDg — 2uD[u!)D — 2°D 4+ 2?D(1)K
—2*°D(1) 4+ 2u™ 'K — 2*(uD + D(1))K — z*u? (D — 1 — zu*D* — u[u'|D — v*[u*]D)
+ 2u™ Dy — 2[u']Dy.

After canceling some terms from the first two lines and applying Dy, = D —1 — zu®>D? — Dy,
in the 3'¢ line we obtain

Z2*uD? + z*uDDy — z*uD[u']|D — 2°D
—2’D(1) + 2u 'K — 2*uDK — 2*u™? (D — 1 — zu*D? — u[u']D — v*[u*]D)
+zu” (D =1 - 2u”D* — Dy) — 2([u']D — [u']Dy).

We apply Dy = K — zu™*(D — 1 — u[u']D) in the 1°* and 3" line and apply [u']Dy =
WK —[u']zu™t (D — 1 — u[u']D) = [u']K — 2[u*]D in the 3¢, After simplifying we obtain

22uD? — 22D(1) 4+ zu™ 'K 4+ z2u™ (D — 1 — 2u°D? — K) — 2([u']D — [u']K).
We replace now K by D — 1 — zu?D? and apply [u']K = [u']D so that we have

22uD? — 22D(1) + zu™' (D — 1 — zu®D?)
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which reduces to zu~1(D — 1 — zuD(1)).
Finally we observe that we have relation

D(1) —uD

[u']D = [u'](1 + 2u*D? + zu 1
—u

which implies that we actually end up with
Ag+ A1+ Ay =zu" (D -1 —2uD(1)) = zu™ (D — 1 — u[u']D)

as proposed.

Finally we apply some simplifications to A; and As. Recall that the second term of Dy
is (w—1) (A1 + (w + 1)As). It is clear that

Ay = 22°uDDy + 2*uD + 2zu~'P(Dy)

Ay = 2u' Dy — 22uDDy — 2[u] Dy — 2u™ ' P(Dy)

where

D[>(].) — uD[>

i—a —zuDp(1) — zu™" (D — u[u'] Dy — uz[UQ}DD)) .

P(Dy) = <zu
After canceling some terms we finally get that A; + (w + 1)As is equal to
22uD + (w+1) (zu' Dy — 2[u']Dy) — 2*u(w — 1)DDy. — 2u™ ' (w — 1)P(Dy)

which completes the proof.
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