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—— Abstract

Elementary net system feasibility is the problem to decide for a given automaton A if there is a
certain boolean Petri net with a state graph isomorphic to A. This is equivalent to the conjunction
of the state separation property (SSP) and the event state separation property (ESSP). Since
feasibility, SSP and ESSP are known to be NP-complete in general, there was hope that the
restriction of graph parameters for A can lead to tractable and practically relevant subclasses. In
this paper, we analyze event manifoldness, the amount of occurrences that an event can have in
A, and state degree, the number of allowed successors and predecessors of states in A, as natural
input restrictions. Recently, it has been shown that all three decision problems, feasibility, SSP
and ESSP, remain NP-complete for linear A where every event occurs at most three times. Here,
we show that these problems remain hard even if every event occurs at most twice. Nevertheless,
this has to be paid by relaxing the restriction on state degree, allowing every state to have two
successor and two predecessor states. As we also show that SSP becomes tractable for linear A
where every event occurs at most twice the only open cases left are ESSP and feasibilty for the
same input restriction.
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1 Introduction

In this paper we investigate the complexity of synthesizing elementary net systems (ENS),
which are the most fundamental type of Petri nets [12]. ENSs are a powerful language
for describing processes in digital hardware and provide lots of methods for specification,
verification and synthesis of particularly asynchronous or self-timed circuits [5][15]. Moreover,
equipped with basic concepts like choice and causality, ENSs are the formal foundation of
business process modeling languages, as for instance the Business Process Modeling Notation
(BPMN) [9], Event Driven Process Chains (EPC) [6] or activity diagrams in the UML
standard [7]. Especially because of their simpleness ENSs are useful for the specifications of
workflow management systems like MILANO [1].
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ENS synthesis for a given automaton A, called transition system (TS) in this context,
means to find a Petri net N with a state graph isomorphic to A. More precisely, N has to
be a directed graph on place nodes P and transition nodes T linked by flow arcs F' such
that, starting from the given initial marking My C P, the net can transform its current
marking M C P into M’ C P by a transition t € T, if (p,t) € F for all deallocated places
p € M\ M and (t,q) € F for all occupied places ¢ € M’ \ M. The reachable markings of
N are required to exactly cover A’s states S while the transitions 7" embody A’s events E.
Every t-transition from M to M’ has to correspond to an A-arc s _ ¢, s’ from the state s of
M to the state s’ of M’ and labeled by the event e standing for ¢.

To assess the complexity of ENS synthesis, this paper analysis the corresponding decision
problem, called feasibility. For a given TS A, feasibility asks if there is an ENS N with a
state graph isomorphic to A. As not every TS can be synthesized into an ENS, feasibility is
a problem worth studying. Usually, it is approached by the state separation property (SPP)
and the event state separation property (ESSP) as, according to [3], A is feasible if and only
if it satisfies both properties.

This does not mean that the SSP and the ESSP are not of interest when considered
alone. Synthesizing T'Ss A having only the ESSP leads to Petri nets implementing all event
sequences of A by their transitions but with less states [3]. Being able to efficiently decide the
SSP, on the other hand, could serve as a quick-fail preprocessing mechanism for synthesis.

Hiraishi [8] shows that both, SSP and ESSP, are NP-complete. Feasibility is NP-complete
[2], too. Nevertheless, considerable efforts have been made to find practically relevant
tractable cases. For example, feasibility becomes tractable for Flip-Flop nets, a superclass of
ENSs [13]. Workflow net models as defined in [1] are a subclass of ENS that allow polynomial
time feasibility, too.

Rather than generalizing or restricting the set of nets, this paper restricts the problem
input to learn about synthesis complexity. We propose the following two natural and
fundamental parameters of T'Ss that, when controlled, should have a resounding positive
impact on synthesis complexity:

State degree of a TS A is the maximum amount g of incoming and, respectively, outgoing
edges at the states of A. The decision problems where input is restricted to so called
g-grade TSs are referred to as g-grade SSP, g-grade ESSP, and g-grade feasibility. If g = 1
and A is not a cycle we use the term linear.

Event manifoldness of a TS A is the maximum amount & of edges in A that can be labeled
with the same event. Accordingly, we speak about k-fold T'Ss and the problems k-SSP,
k-ESSP, and k-feasibility.

Benchmarks of the digital hardware design community show that practical T'Ss often have

limited state-degree [4]. If restricted event manifoldness is practical relevant has not been

evaluated, yet, but it is a straight forward TS parameter.

In [14], we already show that even simultaneous and extreme restrictions of event
manifoldness and state degree do not help reducing complexity. In fact, SSP, ESSP, and
feasibility remain NP-complete for linear 3-fold input TSs. In this paper, we draw a more
precise picture of the problems’ hardness. All three of them remain NP-complete for g-grade
k-fold TSs if g > 2 and k£ > 2.

On the other hand, 1-SSP, 1-ESSP, and 1-feasibility, that is, when events occur only once,
are trivially tractable for every state degree. As this paper also shows that linear 2-SSP can
be solved in polynomial time the only remaining open questions concern linear 2-ESSP and
linear 2-feasibility. Figure 1 shows an overview of our findings.

This paper is organized as follows: For a start, the following two sections introduce
preliminary notions used throughout the paper. In Section 4, we introduce our main result,
a polynomial time reduction of cubic monotone one-in-three 3-SAT to 2-grade 2-ESSP. Our
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g | problem \ & 1 2 3 4 .
SSP P | P |NPC|NPC ’
1 ESSP | P |open |NPC|NPC| - k > 2 shown in [14]
Feasibility | P |open [NPC|NPC
SSP P [Npc|npPC[NPC
p ESSsP | P |NPC|NPC|NPC
Feasibility | P |nPclnPe|NpC] - shown in this paper
l

trivial cases

Figure 1 Overview of our results regarding the complexity of the SSP, the ESSP, and feasibility
depending on the parameters state degree g and event manifoldness k. Considering the parameters
individually, we have already determined the exact borderline between tractable and intractable
cases.

reduction makes sure that the produced TS instances always have the SSP. In this way, ESSP
and feasibility become the same problem with respect to the generated instances and, hence,
we simultaneously show the NP-completeness of g-grade k-ESSP and g-grade k-feasibility for
allg >2and k > 2.

That g-grade k-SSP is also hard to solve for g,k > 2 is provided in Section 5. Although
usually perceived differently, we thereby imply that SSP is not easier than ESSP for TSs
with limited state degree and event manifoldness.

Because of space limitations, some technical proofs have been omitted. For a complete
presentation of all technical details, we refer to our technical report [11].

2 Preliminaries

This paper deals with (deterministic) transition systems (TS) A = (S, E, 4, sp) which are
determined by finite disjoint sets S of states and E of events, a partial transition function
0:S8x FE — S, and an initial state sg € S. Usually, we think of A as an edge-labeled directed
graph with node set S where every triple §(s,e) = ¢ is interpreted as an e-labeled edge
s ¢, s'. For readability, we say that an event e occurs at state s if §(s,e) = s’ for some

state s’ and abbreviate this with s _®, . Moreover, TSs are required to be simple, that

is, there are no multi-edges s _ ¢, s’ and s L , loop-free, which rules out instant state
recurrence like s . s, reachable, where every state can be reached from sy by a directed
path, and reduced, which means free of unused events in F.

Key concept of this paper are g-grade TSs A where both, the predecessor set {s' | e €
E :0(s',e) = s} and the successor set {s’ | Je € E : §(s,e) = s'}, contain at most g elements
for every state s € S. We use linear for 1-grade TSs that are not a cycle. Moreover, A is
called k-fold if the set {(s,s") | 6(s,e) = s’} of e-connected states contains at most k pairs
for every event e € E.

Fundamental to the following notions are regions of T'Ss. A set R C S is called a region of
A if it permits a so-called signature sig : E — {—1,0,1}. This means, all edges s _°, s’ have
to satisfy R(s") = sig(e) + R(s), where, by a little abuse of notation, R(s) =1 if s € R and
otherwise R(s) =0 for all s € S. It is easy to see that every region R has a unique signature
which is therefor called the signature sigr of R. We say that an event e enters region R,
respectively exits or obeys R, if sigr(e) = 1, respectively sigr(e) = —1 or siggr(e) = 0.
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Based on the previous definition, two states s,s’ € S are separable in A if R(s) # R(s')
for some region R of A. Moreover, an event e € F is inhibitable at state s € S if there is a
region R of A with either R(s) = 0 and sigr(e) = —1 or R(s) = 1 and sigr(e) = 1. Using
this, a TS A has the state separation property (SSP), if all states of A are pairwise separable
and it has the event state separation property (ESSP) if all events e of A are inhibitable at
all states s where s _©, is not fulfilled. Then, A is feasible if and only if it has the SSP and
the ESSP.

To study feasibility, ESSP and SSP for restricted TSs we define the g-grade (k-fold)
problem for all naturals g (k) where the input is restricted to g-grade (k-fold) TSs. Notice
that the set of g-grade k-fold TSs is a subclass of ¢’-grade k’-fold TSs in case k < kK’ and
g < ¢g’. Hence, hardness results propagate up the problem hierarchy and efficient algorithms
are legitimate for all lower classes.

As we approach feasibility by SSP and ESSP, which are defined on top of TSs, we omit a
formal definition of ENSs and rather refer to, e.g., [3].

3 Unions, Transition System Containers

For our NP-completeness proofs this section introduces unions, a gadget concept to modularize
our arguments. In a union, individual TSs are grouped together and treated as if being part
of one TS. Moreover, we develop a joining operation to merge union parts and preserve their
(E)SSP and feasibility.

Formally, if Ag = (So, E0,80,83),--sAm = (Sm, Em,0m, si) are TSs with pairwise
disjoint states then we say that U(Ao,...,An) is their union. By S(U) we denote the
entirety of all states in Ag,...,A,, and E(U) is the aggregation of all events. The joint
transition function AY = I, 6; of U is defined as

AU(s,e) = di(s,e), if s€S;and e € E;,

undefined, else
for all s € S(U) and all e € E(U). If every event in E(U) occurs at most k times in U, not
necessarily as part of the same TS, we say that U is k-fold.

For simplicity, we build unions recursively: Firstly, every TS A is identified with the
union containing only A, that is, A = U(A). Next, if Uy = U(A},..., AL, ),..., Uy =
(Af,..., A7 ) are unions then U(Uy,...,U,) is the union U(Aj, ..., Ay, ..., AG,... AL )
that flattens out the parent unions by cumulating all their TSs.

As we want to combine independent TSs Ay, ..., A, in a union U = U(4,4,...,A,,) and
treat U as one TS, we need to lift regions, the SSP and the ESSP to U: We say that R C S(U)
is a region of U if it permits a signature sigg : E — {—1,0,1}. Hence, for all ¢ € {0,...,m}
the subset R; = RN .S;, coming from the states S; of A;, has to be a region of A; with
signature sigg, (e) = sigr(e) for all e € E;. Then, U has the SSP if for all states s,s’ € S(U)
coming from the same TS A; there is a region R of U with R(s) # R(s’). Moreover, U has
the ESSP if for all events e € E(U) and all states s € S(U) with =(s _¢, ) there is a region
R of U such that R(s) =0 and sigr(e) = —1 or R(s) =1 and sigr(e) = 1. Naturally, U is
called feasible if it has both, the SSP and the ESSP.

To merge a union U = U(Ay, ..., An) back into a single TS, we define the joining A(U)
as follows: If s§,..., s are the initial states of U’s TSs then A(U) = (S(U)UQ,E(U)U
Y UZ,0,q0) is a TS with additional connector states @ = {qo, ..., qn} and fresh events
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Y ={yo,---sYm},Z ={z20,...,2m—1} joining the loose elements of U by

AY(s,e), ifs€ S(U) and e € E(U),
d(s,e) = 4 sb, ifs=gqg; and e = y;

Git1, if s =g¢q; and e = z;.

Notice that A(U) preserves k-foldness and, if every initial state s{, has at most one predecessor
in A;, it preserves g-gradeness for g > 2. The following lemma certifies the validity of joining
(most) unions:

» Lemma 1. Let U = U(Ay,...,An) be a union of TSs Ay, ..., Am which fulfill for every
event e that there is at least one state s with =(s _¢, ). Then U has the (E)SSP, respectively
is feasible, if and only if the joining A(U) has the (E)SSP, respectively is feasible.

Proof. If: Projecting a region separating s and s, respectively inhibiting e at s, in A(U) to

the component TSs yields a region separating s and s’, respectively inhibiting e at s in U.

Hence, the (E)SSP of A(U) trivially implies the (E)SSP of U.
Only if: A region R of U separating s and s, respectively inhibiting e at s, can be
completed to become an equivalent region of A(U) by setting

R(q;) = 0,sigr(2;) =0, and sigr(y;) = R(sg)

for all i, € {0,...,m},j <m.

Notice that R, defined as above, also inhibits e at all connector states. Hence, to inhibit
an event e € E(U) at all connector states of A(U), we choose any U-region R, that inhibits
e at any state s € S(U). As we require that every e € E(U) has s € S(U) with -(s _%, ),
the ESSP of U implies the existence of R.. Thus, in A(U) every event of U can be inhibited
at all required states.

For the (E)SSP of A(U) it is subsequently sufficient to analyze (event) state separation
concerning the connector states (events). By the uniqueness of the connector events Y U Z,
it is easy to see that each connector state g; on its own defines a region R; = {¢;} of A(U)
that inhibits y;, z; and separates ¢; in A(U). <

4 The Hardness of the ESSP and Feasibility for 2-grade 2-fold
Transition Systems

This section presents our main result and answers the question if restricting the event
manifoldness to k = 2 helps reducing the complexity of synthesizing ENS:

» Theorem 2. Deciding the ESSP or feasibility is NP-complete on g-grade k-fold transition
systems for all g > 2 and all k > 2.

The rest of this section is devoted to the proof of this theorem.

That the g-grade k-fold versions of the ESSP and feasibility are contained in NP is
clearly not a proof obligation here, as this already follows from the NP-completeness of the
unrestricted problems [2](8].

For the proof of completeness in NP, we basically reduce cubic monotone one-in-three
3-SAT, which is NP-complete [10], to 2-grade 2-ESSP in polynomial time. Therefore, we
start the reduction from a cubic monotone boolean CNF expression ¢ = {Cy,...,Cpn_1}, a
set of negation-free 3-clauses where every variable occurs in exactly three clauses. The result
is a union U¥ of gadget TSs that has the ESSP if and only if ¢ has a one-in-three model
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M, that is, a subset of ¢’s variables V() with |[M N C;| =1 for all ¢ € {0,...,m — 1}. This
means that M exactly covers all clauses of p. For example, the expression

Yo = {{x07x17$2}1 {x07x1,x4}, {x07:r2,x3}, {$17x4a SE5}, {$2»x3a xS}v {xfﬂ, x4;x5}}

has six clauses over the variables V(¢g) = {zo, ..., x5} which are satisfied by the one-in-three
model My = {zg, z5}. Unfortunately, we cannot use the expression ¢g as a running example
since the union U%¥° resulting from our construction would already have 1500 states. Thus,
its presentation as a whole would go far beyond the scope of this paper.

The construction of U? makes sure that even in the joining A® = A(U%) every event is
used at most twice and has at most two predecessors and two successors. By design, the
ESSP of U? implies the SSP, too. This makes ESSP and feasibility the same problem, even
for A¥ as stated in Lemma 1. Consequently, our proof provides the NP-hardness for both
problems on 2-grade 2-fold T'Ss.

In the following, we start with the details of constructing U¥. The union consists of
several functional components. Firstly, it installs a TS H, called the head, which initializes
the connection between the satisfiability problem and the ESSP. It introduces the key event
k that is supposed to be inhibitable at a certain key state if and only if ¢ has a one-in-three
model. In order to achieve this behavior, U¥ adds a so-called translator T; for every clause
C;. For a key region, one that inhibits k& at the key state, the purpose of T; is to implement
one-in-three behavior for C;. More precisely, T; applies events to represent the three variables
of C; and assures that exactly one of them has a positive signature while the other two
have to obey. This means for a key region that every gadget Tp,...,T,,_1 has exactly one
entering variable event which exactly translates into a one-in-three model for ¢. Reversely,
every one-in-three model tells us how we can define a key region by choosing exactly one
entering variable in every translator.

The main problem so far is to get along with the restriction of using every event only
twice. We solve this problem by adding more TSs to U¥ that, for a key region, generate
helper and replacement events with predefined signatures, leaving, entering, or obeying. To
create a better picture of our method, the following introduces the details of all applied
gadget TSs. See Figure 2 to also visualize the technical details of the description.

Head. H is a TS having two responsibilities. Firstly, it introduces the key event k and the
key state hgg. We add the name affix key to regions Ry, of U¥ that inhibit k at ho g, or
more precisely, where sigr,., (k) = —1 and hog & Ryey. Secondly, H cooperates with the
subsequent duplicator gadgets to prepare sufficient amounts of events with negative signature.
The reason is that our reduction has to get along with applying k just twice. To duplicate the
negative signature of k to other events, the so-called key copies, H works with a production
line of 14m submodules H}, each cooperating with a duplicator D; to initialize one key copy.
More precisely, for a key region, H; prepares three events for D;, two so-called vice events
Va5, V2541, which have a positive signature (that is, vice with respect to the signature of k)
and one obeying wire event wg;. In return, the duplicator provides two key copies ks;, k341
and one obeying accordance event a;. In H;i, these three result events are used for the
synchronization of the next vice and wire events. The main result of D;, however, is k3;12,
one of the 14m key copies that are free to be applied in the other reduction gadgets.

See Figure 2 (a) for a definition of H together with an illustration of H’s part of a key
region, R¥. Observe that there are reachability events rq, . .., 714m—2 which have the only
purpose to make every state of I reachable from initial hg . Moreover, for RH | every module
H; receives key copies k3;j_3, k3;—2 and accordance event a;_; from D;_;. Thanks to a;_1,
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the state hjg behaves according to the key event hg g and is excluded from RH. Because
of exiting ks;j_s the state h; is out of RH  too. This imprints a zero signature on the zero
events zgj, z2;41. Exiting ks;_o puts hj4 into RH and excludes h;5 which, together with
Z9j, Z2j4+1, Makes v, Vo541 entering and wa;, we 41 obeying.

Duplicators. D; are T'Ss that, for a key region, generate three key copies ksj, k341, k3542
and one obeying accordance event a; using the vice events vo;,v2;41 With positive signature
and the obeying wire event wsy;. Figure 2 (b) defines D; and demonstrates the duplicator
fraction RPi of a key region. The entering vice events force d; 2, d; 4 into RPs and exclude
dj1,d; 3. The obeying wire event signals the condition of d; 4 to d; o putting it into RPs. By
design, ks;, ksji1, ksj+2 are exiting and a; becomes obeying. As H consumes only ks;, k3j4+1
and aj, we keep the remaining duplicate k3542 of k. Creating 14m duplicators in total, we
get 14m free key copies.

Barters. B, are TSs that, for a key region, barter key copies kg, ,kq, for one obeying
so-called consistency event c,. The indices g1 = 18m + 6g + 1 and g2 = ¢1 + 3 select two

of the last 4 - 2m items from the list of free key copies. The use of consistency events is
B

to synchronize three events z¢, x; , z] for every variable z;. The reason is that we cannot
represent the three occurrences of z; in the expression ¢ by an event that can only be used
twice. Consequently, we require three generated events of consistent signature to represent
x;. Figure 2 (c) introduces B, and shows a respective key region part RBa. As both key
copies are leaving, by 0,bq,2 are in RBi and cq is obeying. Altogether, we add 4m barters

that consume 8m key copies to generate 4m consistency events.

Variable manifolders. X, are TSs synchronizing three events for every variable z; € V(¢).

B8

If Cn,Cg,C, are the three clauses containing x; then X; provides the events zf,z;,x,.

For a key region, they are supposed to have the same signature in order to treat them
as manifestations of the same event representing x;. The definition of X; as well as an
illustration of a possible key region fragment R¥: are given in Figure 2 (d). To create the
event equivalence, X; applies four consistency events, c4;, C4i41, C4i+2, C4i+3. Their obedience
condemns the two state groups x;,0, i 1,2i2 and x; 3,2 4, ;5 to a consistent behavior with

respect to B¢, that is, either all states of a group are part of the region or none of them.

This brings z, xf

, ] into synchronicity.

Translators. T; are unions T; = U(T;0,T;1,T;2) of three TSs, each. For a key region,
T; implements C; = {x,, zp, x.} by allowing a positive signature for exactly one variable
representation, either z,,x, or x.. Figure 2 (e-g) define the three TSs and introduces a

possible key region fragment that assigns a positive signature to event x} representing xy.

Apparently, T; 1 parenthesizes an event for x; and the proxy event p; with two key copies
while 7} o does the same for the locum event &} and p;. For a key region, all key copies exit
and the proxy event behaves equally in both TSs. This aligns the signature of z} and &} and
makes it non-negative. Furthermore, T; ¢ is a key copy delimited sequence of events that, for
a key region, prevents a negative signature for %, x%. As the limiting key copies are exiting
and as none of 2, Z!, z’ can be exiting, exactly one of the events z%, x}, z% has to enter.

Altogether, this construction results in the union U¥ = U(Uy,Uy’) with

U]S_(; = U(Ha DO7 e 7D14m71)>
Uf = U(Bo,. . .7B4m_1,X0,. .. ,Xm_l,To,. .. ;Tm—l)-

16:7

CONCUR 2018



16:8

Narrowing down the Hardness Barrier of Synthesizing Elementary Net Systems

h

>
L
=
kS

)

20 0,2 Vo Wo
hoo b = Phea e hes T
0,0 — ho,1 - 04 — hogs —, - 0,8 Hy
zZ1 h073 U1 wq h0,7 z1 _
70 ag
2 hig v wy hie = .
1,0 — hig — o 14 — his — o 1,8 H,
a 23 his v3 ws hiz zo J
Tp—1 ] Z2n P2 V2n Way, hn6 Zam | Gn-1 7
k3n—3 7 T~ k3n—2 —— T~
hn,O — hn,l hn,4 — hn,E) - o hn,S H,
22041 hn3 V2n41 W2n+41 hy7 Z2n41 E
djo z$
wzj/ 7 \iﬂaﬁl L bg.1 Tio ——— T3
d k3jt2 (V Cyi l l Cai+2
G4 > aj,1 g
b) a; ) | bao = b2 =— b d) Tl ——— Tia
q:
V)41 V2 : C4i+1 l JCMH
27
dj 3 —— djyz Ti2 — Tj5
’ ko 1y
i » ; 0,0 — o1
k1git2 To Ly Ze kigit11
e) ti0,0 tio1 tio,2 ti0,3 ti0,4 tio5 aol lao
aj—1 l aj—1
kigits x} Di k1git14 k3jt2
g / !
f) ti10 tiia ti12 ti,1,3 ti,1,4 h) hio —— hj4
aj JV l(l]‘
kisi+s T, Di kisi+17
] Ay — Ay —
g) ti2o0 tio1 ti2,2 ti2,3 tio.4 ol . n-t
a2

Figure 2 a-g) The gadgets of U with their respective fractions of a key region. The red marked
states are included in the key region and the unmarked are excluded. a) The head H with submodules
Ho,...,H, where n = 14m — 1. b) D;, one of the 14m duplicators that provide the 14m key copies.
¢) By, one out of 4m barters trading 8m key copies for 4m consistency events. Here, ¢1 = 6¢+18m+1
and g2 = g1 + 3. d) The variable manifolder X; using four consistency events to synchronize three
variable events for z;. Together, the m variable manifolders consume all 4m available consistency
events. e-g) The translator T; consisting of T; 0 (e), 13,1 (f), and T;2 (g). Using six key copies, T;
implements the clause C;. All m translators together consume the remaining 6m key copies. h) The
head H' of the union Ugy, from Section 5. The red marked states describe the key region R and
the gray marked states provide a region of H’ that separates the states h;’o, h;yl from the remaining
states of H'.

The reason for separating U% into two sub unions Uy and Uy is that we want to reuse U
in Section 5. Here, our last construction step is to join the TSs of U¥ in order to obtain
the combined TS A% = A(U%). Check Figure 2 to see that the initial states of the gadgets,
that is, ho,0, dj,0, 0,0, Ti,0, ti,0,0, ti,1,0, and t; 2 ¢, have at most one predecessor state each.
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Hence, the definition of joining guarantees that A% does not exceed the state degree of two.

Moreover, as every event of U¥ occurs at most twice and A¥ just introduces additional
unique events, A¥ is a 2-grade 2-fold TS.

Before we can show that A% has the ESSP if and only if ¢ has a one-in-three model, we
need the next two lemmas to formalize the properties of key regions in U¥:

» Lemma 3. If R is a region of Uy inhibiting k at hogs, that is, where, without loss of

generality, sigr(k) = —1 and ho s & R then

1. for all j € {0,...,14m — 1} the region contains hjo,hja4 and excludes h;1, hj2, hjs,
hjs, hje, hj7, hjs,

2. forall j € {0,...,14m — 1} the region contains d;,d;2,d; s and excludes d;jq,d; 3,

3. all key copies exit, that is, for all j € {0,...,14m — 1) the events ks;, k3jt1, k3j+2 have
negative signature.

Proof. Consider the individual gadget regions R and R demonstrated in Figure 2 (a)
and (b). We show that, combined, they define the only region R of U that inhibits k

at hog with sigr(k) = —1 and hos ¢ R. For this purpose, we use induction over j and
simultaneously show that R fulfills (1-3):
For a start, let j = 0. We show that sigr(k) = —1 and R(hog) = 0 force R to

coincide with R¥ with respect to the part Hy of H and with RP°. The requirement
sigr(k) = —1 immediately brings R(ho) = R(ho,4) = 1 and R(ho,1) = R(ho5) = 0. Then,
R(ho,1) = 0 implies that sigr(zo0), sigr(z1) € {0,1}. The second premise R(hos) = 0 yields
sigr(20), sigr(z1) € {—1,0}, which consequently results in sigr(z0) = sigr(z1) = 0. This
implies R(ho2) = R(ho,3) =0 and R(hoe) = R(ho,7) = 0 making vy, v1 entering and wq, w1

obeying. The entering signature of vg,v; makes R include dy 2, do.4 and exclude dg 1, do 3.

As R(dp,4) = 1 and wy obeys, we get R(doo) = 1. By R(dj0) = R(dj4) =1 and R(d;1) =0
we obtain that ki, ks exit. By R(d;1) = R(d;3) =0 and R(d;j2) = 1 we have that &y exits
and ag obeys.

Now assume that R coincides with RP* and R on the parts H; for all i less than j.

Moreover, suppose that (1-3) hold for all indices less j. As R(hj_1,3) = 0 and sigr(a;—1) =0,
we have R(h;g) = 0. Furthermore, we get the exiting k3(j_1), k3(j—1)+1. Hence, we basically
have the same situation as in Hy and Dy. Consequently, a similar argumentation as for the
induction start yields that R contains exactly the states hjo,hj4 of H; and djo,d;2,d; 4

of D;. This makes the vice events vaj,v2;11 enter and the wire events wyj, w2j4+1 obey.

Moreover, D; lets the key copies k3;, k3;41, k3j+2 have a negative signature and a; obey. <«

» Lemma 4. If R is a region of UY having an exiting signature for all key copies, that is,

sigr(ksjr2) = —1 for all j € {0,...,14m — 1}, then

1. for all ¢ € {0,...,4m — 1} the region R contains by, bq2 and excludes by 1,b,3 and has
sigr(cq) =0,

2. foralli€ {0,...,m — 1} variable z;, which occurs in clauses Cy, Cg, Cs, is represented
B

o v : :
by events x3¥, x; , x; having the same signature

sigr(zd) = sigR(:cf) = sigr(x]), and
3. for alli € {0,...,m — 1} clause C; = {xq,xp,xc} is realized in translator T; making
exactly one of the events xfl,x};, x% enter while the other two obey.

Proof. Statement (1) means that R coincides with RP4 for every barter B,. As the key
copies kg, and kg, are assumed to exit for ¢ = 18m + 6¢ + 1 and ¢ = ¢ + 3, this
statement trivially follows. First and foremost, this implies that all consistency events ¢y, q €
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{0,...,4m—1} have an obeying signature. In statement (2), this obedience immediately fixes
the states x; 0, 1, ;2 of variable manifolder X; to behave consistently, that is, R(x;0) =
R(x;1) = R(x;2). Analogously, we derive R(x;3) = R(x;4) = R(x;5). This implicates
R(x;3) — R(xi0) = R(xi4) — R(x;1) = R(z;5) — R(z;2). Consequently, the variable events

xf‘,xf,xz have the same signature for all ¢ € {0,...,m — 1}.
Finally, statement (3) for the translator T; can be seen as follows: For any region

R’ of a linear TS it is a simple observation that gi;ll sigr(e;) = R(s;,) — R(s;,) for

any subsequence s;, i) PL’l} sj, within the TS. As the TSs of T; are linear, we
get from R(ti,Lg) — R(ti7171) =1 and R(ti7273) — R(ti7271) = 1 that SigR(.Z‘z) + SZ'gR(pi) =
sigr(Z;) + sigr(p;) = 1. That means, sigr(z}) = sigr(Z}) = 1 — sigr(p;) which implies that
z} has a non-negative signature. As R(t; 1) = 0 and R(t;04) = 1, we have non-negative
signature of x%, %, too. That sigr(z?) + sigr(Z;) + sigr(z.) = 1 implies that exactly one of
these events has a positive signature. <

Lemma 3 and Lemma 4 state that the structure of a key region defines a model of ¢.
That is why we can say that the existence of key region for U¥ implies the one-in-three
satisfiability of ¢:

» Lemma 5. If there is a key region of U¥ then ¢ has a one-in-three model.

Proof. Let Ry, be a key region of U?, that is, sigr,,, (k) = —1 and Ryey(ho,s) = 0. First of
all, Lemma 3 implies that sigr,,, (ks;j42) = —1 forall j € {0,...,14m—1}. As a consequence,
we obtain from Lemma 4 for all variables x; and their three occurrences in clauses C,, Cg, C,
that

$igRy., () = sign,., (@]) = sigr,., (2]).

Moreover, Lemma 4 means for every clause C; = {z,, 2y, 2.} that exactly one of the events
xh x?), 2% has a positive signature while the other two obey. Hence, if we add a variable z;
to a set M if and only if the corresponding events have positive signature, then we clearly
obtain for all clauses C; that |M N C;| = 1. This makes M a one-in-three model. |

The other way around, the required equivalence obliges us to derive a key region from
any one-in-three model. We argue that working our way backwards through the construction
ends up in a region that inhibits k& at the key state.

» Lemma 6. If ¢ has a one-in-three model then there is a key region of U®.

Proof. Let M C V(¢) be a one-in-three model of . We progressively build a region R by
following the requirements of every individual gadget.

Firstly, for every variable z; occurring in C,,Cg,C, we take care that sigr(z) =
sigR(xf) = sigr(x]) = M(z;) where M(z;) =1 if ; € M and M(z;) = 0, otherwise. To
this end, we let x; 3,254, %5 € RX:. Moreover, we set 24,0, Ti1,Ti2 € RXi if and only if z; is
not in M. This makes the consistency events c4;, C4i+1, Cait+2, Cai+3 obey. As different variable
manifolders do not share events, the regions RX°, ..., RXm-1 are pairwise compatible.

For every clause C; = {z4, 2y, 2.} the model M selects exactly one variable. By the
M-conform construction of R¥X«, RXt RXc we get that exactly one of the events x?, zi xl
enters and the others obey. Making the key copies of T} exit, generates a sub region R”:.
That T; and T} share events only for i = j makes R™ ... RTm—1 pairwise compatible. As
the variable events are selected in compliance with the variable manifolders and as translators
and manifolders do not share further events, their sub regions are also compatible.
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By the obeying consistency events, we can define a sub region RP for every q €
{0,...,4m — 1}. This also makes the used key copies exiting. As different barters have no
event in common, share only consistency events with variable manifolders and no events at
all with translators, the regions are all compatible.

Head and duplicators just share key copies with translators and barters. As all key copies
are exiting and as the provided sub regions meet the conditions of Lemma 3, we can use this
lemma as a construction manual for the sub regions R”, RPo ... RPum-1_ Altogether, we
get that the set R formed by

RHEURPoy...uyRPum-1yRBoy...yRBam-1 yRXoy...uURXm-1URToy...uU RTm—
is a region of U¥ inhibiting k at hg . <

At this point, the previous lemmas have established that ¢ has a one-in-three model M
if and only if there is a key region for U¥. Although this is basically the foundation of the
proof for Theorem 2, it just delivers the only-if direction for the NP-completeness of 2-grade
2-fold ESSP by now: If A% has the ESSP then Lemma 1 lifts the ESSP to U¥. By definition,
there also has to be a region that inhibits k at hg s, a key region. Then Lemma 5 implies the
existence of the one-in-three model M for .

Reversely, having M, Lemma 6 only inhibits k at the key state. For the remaining events
e and states s of U¥ with —(s _¢, ), we still have to show that e is inhibitable at s:

» Lemma 7. If ¢ has a one-in-three model then e € E(U%) is inhibitable at s € S(U¥) for
every event e and state s of U? that fulfill =(s _© ).

Lemma 6 already shows the essential part of Lemma 7. But the proof for the remaining
non-key event state combinations is very technical and does not lead to further insights.
Therefore and for space limitations, we only go into one example here and refer to our
technical report [11] for a full analysis:

» Lemma 8. If ¢ has a one-in-three model then the key event k is inhibitable at all states
s € S(U®) that fulfill =(s _*, ).

Proof. Every relevant state s is subsequently provided with a region that inhibits k£ at s.
For brevity however, we omit to repeat the key-region here, which already inhibits k£ at many
states. To define the other regions, we just specify the signature of non-obeying events, as
the majority of events are obedient. To this end, we present every required region as one
entry in the following listing:

states exit enter affected TSs

remaining states ao, k, ko, 71 v1, Wi, 20 H, Do

of H except hi,0

hi,0 a1, k, ki, ko, ks, a2, ka, ks, ke, 71, H, Do, D1, D2, To,0, To,1, 10,2
ks, ro, T2, W4, W5 V1, Wi, 20, 22, 23

S(UW)\S(H) k Z0, 21 H

The first column states lists the states s where k is inhibited by the respective region.
The ezit and enter columns provide the exiting, respectively entering, events of that region.
To easily find the TSs that contain at least one of these non-obeying events, one can use the
affected T'Ss column in the listing.
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Notice that the first two lines of the listing show that k is inhibitable at all states of H.
The third line presents a region of U¥ where k exits and all non-obeying events occur in H.
Therefore, this region inhibits k at all remaining states of U%. |

The rest of the proof for Lemma 7 works just the same as demonstrated by Lemma 8.
This leads to the if direction for the NP-completeness of 2-grade 2-fold ESSP: If ¢ has a
one-in-three model M then Lemma 7 tells us that U¥ has the ESSP. Using Lemma 1, we can
bring the ESSP down to A¥, too. Altogether, we may now state that ¢ has a one-in-three
model if and only if A% has the ESSP. As our construction is easily done in polynomial time,
we have shown the NP-completeness of 2-grade 2-fold ESSP and by that, half of Theorem 2.

To complete the theorem’s proof, it remains to establish that ¢ has a one-in-three model
M if and only if A¥ is feasible. However, this is fairly easy reusing the work we have already
done. In fact, the first direction is already there: If A¥ is feasible then it also has the ESSP,
which we know implies the existence of M. Reversely, if M exists, then it is sufficient to
show that, beside the already established ESSP, A% has the SSP, too:

» Lemma 9. If ¢ has a one-in-three model then U¥ has the SSP.

Proof. If s, s" are two states that do not belong to the same TS of U? then they are separable
by definition. Hence, let s, s’ be two distinct states of one TS A € U®. If there is an event ¢
that occurs at s, that is, s _ ¢, | but not ', that is, =(s’ _¢. ) then s, s" are separable. The
reason for this comes from Lemma 7, which states that e is inhibitable at s’ by a region R of
U¥. This means, that, without loss of generality, R(s") = 0 and sigr(e) = —1, which implies
R(s) = 1.

Using this condition, we get the separability for all state pairs s, s’ that are in one of
our TSs except for H as follows: As Figure 2 shows, every event of A # H occurs only once
within A and (ii) there is only one state of A without a successor. Hence, without loss of
generality, there is an event e that occurs at s but not at s’.

Figure 2 also demonstrates that all the events {vgj,vngrhng,ngH |0 < j < 14dm}
and {a;, ksj, ksji1,7; | 0 < j < 14m — 1} occur only once in H and that hism-—1s is the
only state of H without a successor. Consequently, if s,s’ € S(H) and s is neither in
{hj1,hje, hj7|0<j<14m} nor in {hg 4, hiam—1,s} then the above condition makes s and
s’ separable, too. Moreover, notice that k is the only event occurring at hg 4 and that no
event occurs at hism—1,8 at all. Hence, our argument works to separate these two states
from all states in S(H), too.

As seen in Figure 2, 295 and 2941 occur only within the part H; of H. Applying the
above condition again, we get for all 0 < j < 14m that s € {h; 1, h; ¢, hj7 is separable from
s e S(H) \ {hj,Oa ey h]‘)g}.

It remains to show that the states {h;1,h;¢,h;7} are pairwise separable for all j €
{0,...,14m — 1}. Notice that z9; occurs at h, 1 and h;¢ but not at h;7. Hence, using the
region inhibiting z9; at hj;7 coming from the above argumentation, separates both, h;; and
hje from hj 7. Similarly, 22541 occurs at h; 7 but not at h; ¢ which leads to their separability,
too. |

As a last step, we can use Lemma 1 again, to bring the SSP of U¥ down to A¥, too. This
finally proves Theorem 2.

5 The Hardness of SSP for 2-grade 2-fold Transition Systems

This section completes our complexity analysis for the synthesis of TSs having event mani-
foldness less than three:



R. Tredup and C. Rosenke

» Theorem 10. Deciding the SSP is NP-complete on g-grade k-fold transition systems for
all g > 2 and all k > 2.

Proof. We reuse most of the reduction from Section 4 and create yet another union Udyp =
U(H',UJ) by simply replacing U{ with the new head TS H’ shown in Figure 2 (h). We
prove that ¢ has a one-in-three model if and only if the two key states h{m, h’L0 are separable
by a key region R;cey if and only if Udyp has the SSP.

If Ugsp has the SSP then there is a key region R;cey where, without loss of generality,

ey(Roo) = 1 and R (ho,) = 0. This implies SigR; (k2) = —1. Using this as a
start, induction over j infers from R;  (h},) = 1 and R}, (h} ) = 0 that a; is obeying
and that Ry, (Ri1q0) = 1, R, (R 1,) = 0 and that sz’gR;wy(kng) = —1. Hence, on

H' the key region is just R¥' from Figure 2 (h). By Lemma 4, the exiting key copies
k3jy2,7 € {0,...,14m — 1} imply that every variable z; € V(¢) is represented by three
synchronized variable events and for every clause C; = x4, 7y, z. exactly one of x7, acg, xl
enters. Hence, taking just the variables of entering events, gets ¢ a one-in-three model.

Reversely, if ¢ has a one-in-three model, Lemma 6 provides a key region Ry, for U¥.

As all key copies exit, we can easily transform Ry, into a key region R;ey for Udyp by
making the accordance event a; obeying and defining R}, (h} o) =1, R}, (] ;) = 0 for all

ke
j€{0,...,14m — 1} as well as removing the region’s definition on states ofyS (UY). To argue
the SSP of Uy consider for all ¢ € {0,...,m — 1} and all j € {1,2} the region R; ;, where
all events obey but sigg, ;(p;) = —1. This regions separates every state in {t; jo,... % 2}
from every state in {¢; j 3,t; ;.4 }. Analogously, let R; be the region where just sigg, (£;) = —1.
This region separates states of {t; 0,0,...,t 0,2} from states {t;03,...,t 05} as well as states
of {ti20,ti21} from {t;29,...,t;24}. It is easy to see that the remaining state pairs of

S(UY) are either separated by the key region or by a region where all events obey except for
one variable event or one consistency event. Finally, as no accordance event of H' occurs in
U3, taking the key region and for all j € {0,...,14m — 1} the region {h;‘,m h§71} solves the
remaining separation problems in H'.

Using Lemma 1, it is again possible to transfer the SSP from Udyp to its joined TS
Afsp = A(Udsp) and back. As the polynomial time construction of Afyp is obvious just as
its state degree and event manifoldness of two, the proof is complete. <

6 The Tractability of SSP for Linear 2-fold Transition Systems

This section shows that 2-fold SSP becomes tractable if we turn to linear TSs:

» Theorem 11. Deciding the SSP can be done in polynomial time on linear 2-fold transition
systems.

To pove this theorem, we provide the following SSP-equivalent property for linear 2-fold T'Ss:
IfA=sy_ %, ... _“, s isalinear TS then A; =g O 9 s; is called a subsequence
of Aforall 0 <i<j<tand Ajis ezxactly 2-fold if every contained event occurs exactly
twice within Aj.

» Lemma 12. A linear 2-fold TS A has the SSP if and only if A; is not an ezactly 2-fold
subsequence for any 0 < i < j <t.

Proof. We reuse the simple observation that every region R of a linear TS A fulfills for
all 0 <i < j <t that Zi:l sigr(er) = R(s;) — R(s;) . Hence, if A has an exactly 2-fold
subsequence A’ then every region R makes R(s;) — R(s;) even, that is, R(s;) = R(s;). This
means, the two states are not separated by any region of A.
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Reversely, assume A is free of exactly 2-fold subsequences and let 0 < i < j <t. To see

0

that s;,s; are separable, consider the three sequences A;, A;, A{ If A; contains an event

that is unique in A then s;, s; are clearly separable. Otherwise, we select ey, from the
events of A; with first occurrence in A? such that the index i’ of s, “™ is minimized.
That is, we select the event e,,;, from A} with leftmost first occurrence. If there is an event
e in A7 that is unique in A or has its first occurrence in AY or its second occurrence in Al
then a region R separating s;, s; is defined by sigr(e) = —sigr(€min) = 1 while other events
obey. If e does not exist, every event of AZ:, occurs twice in A;-,. In that case, we select €,,42

from the events of A; with second occurrence in A{ such that the index j/ of s; ‘"2 is
maximized. That is, we select the event e,,,, from A; with rightmost second occurrence. If

there is an event e in Ag, that is unique in A or has its first occurrence in AY or its second
occurrence in A{/ then a region R separating s;, s; is defined by sigr(e) = —sigr(€maz) =1
while other events obey. If e does not exist, every event of Ag, occurs twice in A;—,.

But now, every event in A} has a second occurrence in A;l, by the choice of e,,;, and
emaz- Moreover, we have seen that every event in Aﬁ/ and every event in Ag, has its second

occurrence in A?,. Hence, A has the exactly 2-fold subsequence A;'-/,, a contradiction. |

For a proof of Theorem 11 it is now sufficient to understand that checking the linear 2-fold
TS A for exactly 2-fold subsequences can be done by a straight forward algorithm in O(¢3)
time.

Moreover, the proof of Theorem 11 motivates an algorithm to efficiently compute sep-
arating regions of linear 2-fold T'Ss A. This algorithm uses a function f(k) that, given an
index k € {0,...,¢t— 1}, returns the index of the second occurrence of event ey that occurs
at s or —1 if no second occurrence exists. Hence, for two states s; and s; we use only
O(t) calls to f to parse the sequence A; for the indices i’ and j’ and to search the event e
within Ag, respectively Ag,. If e is not found, the algorithm denies the separability of s; and
s; and otherwise, it returns the separating region given in the proof. The function f can
be preprocessed as an array in at most O(tlogt) time (depending on the representation of
events). After the preprocessing, the algorithm runs in linear time O(t).

7 Conclusion

With the present work on the SSP, the ESSP, and feasibility we consolidate the fact that ENS
synthesis is a surprisingly difficult problem. While intractability has been known before when
event manifoldness and state degree are limited to small constants, we show that even a tighter
restriction of event manifoldness to k = 2 has no positive effect on the complexity. Bringing
down intractability that close to trivial inputs, makes most considerations of restricting
the TS graph structure futile and hampers other promising parameters. Consequently, our
results rule out many straight forward approaches from fized parameter tractability, too.
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