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—— Abstract

How should one introduce subtyping into type theories with canonical objects such as Martin-
Lof’s type theory? It is known that the usual subsumptive subtyping is inadequate and it is
understood, at least theoretically, that coercive subtyping should instead be employed. However,
it has not been studied what the proper coercive subtyping mechanism is and how it should
be used to capture intuitive notions of subtyping. In this paper, we introduce a type system
with signatures where coercive subtyping relations can be specified, and argue that this provides
a suitable subtyping mechanism for type theories with canonical objects. In particular, we
show that the subtyping extension is well-behaved by relating it to the previous formulation of

coercive subtyping. The paper then proceeds to study the connection with intuitive notions of
subtyping. It first shows how a subsumptive subtyping system can be embedded faithfully. Then,
it studies how Russell-style universe inclusions can be understood as coercions in our system. And
finally, we study constructor subtyping as an example to illustrate that, sometimes, injectivity
of coercions need be assumed in order to capture properly some notions of subtyping.
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1 Introduction

Type theories with canonical objects such as Martin-Lof’s type theory [26] have been used as
the basis for both theoretical projects such as Homotopy Type Theory [32] and practical
applications in proof assistants such as Coq [10] and Agda [1]. In this paper, we investigate
how to extend such type theories with subtyping relations, an issue that is important both
theoretically and practically, but has not been settled.

Subsumptive Subtyping. The usual way to introduce subtyping is via the following sub-
sumption rule:

a:A A<B
a:B

L This work is partially supported by the EU COST Action CA15123 and the CAS/SAFEA International
Partnership Program.

© Georgiana E. Lungu and Zhaohui Luo;
oY licensed under Creative Commons License CC-BY
22nd International Conference on Types for Proofs and Programs (TYPES 2016).
Editors: Silvia Ghilezan, Herman Geuvers, and Jelena Ivetié; Article No. 13; pp. 13:1-13:31

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


mailto:georgiana.lungu.2013@live.rhul.ac.uk
mailto:Zhaohui.Luo@rhul.ac.uk
https://doi.org/10.4230/LIPIcs.TYPES.2016.13
http://creativecommons.org/licenses/by/3.0/
http://www.dagstuhl.de/lipics/
http://www.dagstuhl.de

13:2

On Subtyping in Type Theories with Canonical Objects

This is directly related to the notion of subset in mathematics and naturally linked to type
assignment systems in programming languages like ML or Haskell. However, subsumptive
subtyping is not adequate for type theories with canonical objects since it would destroy key
properties of such type theories including canonicity (every object of an inductive type is
equal to a canonical object) and subject reduction (computation preserves typing) [21, 16].

For instance, the Russell-style type universes U; : U;y1 (i € w) [23] constitute a special
case of subsumptive subtyping with U; < U4 [18]. If we adopt the standard notation of
terms with full type information, the resulting type theory with Russell-style universes would
fail to have canonicity or subject reduction.? An alternative is to use proof terms with less
typing information like using (a,b) instead of pair(A, B, a,b) to represent pairs, as in HoTT
(see Appendix 2 of [32]). The problem with this approach is that not only the property of
type uniqueness fails, but a proof term may have incompatible types. For example, for a : A
and A : U, where U is a type universe, the pair (A4, a) has both types U x A and X X:U.X,
which are incompatible in the sense that none of them is a subtype of the other. This would
lead to undecidability of type checking,® which is unacceptable for type theories with logics
based on the propositions-as-types principle.

In §3 we will show how we can embed a subtyping system with the above subsumption
rule into the coercive subtyping system we introduce in this paper.

Coercive Subtyping. An alternative way to introduce subtyping is coercive subtyping,
where a subtyping relationship between two types is modelled by means of a unique coercion
between them. The early developments of coercion semantics of subtyping for programming
languages include [25, 29, 28, 6], among others. At the theoretical level, previous work on
coercive subtyping for dependent type theories such as [15, 21] show that coercive subtyping
can be adequately employed for dependent type theories with canonical objects to preserve
the meta-theoretic properties such as canonicity and normalisation of the original type
theories. Based on this, coercive subtyping has been successfully used in various applications
based on the implementations of coercions in Coq and several other proof assistants [30, 3, 7].

However, the theoretical research on coercive subtyping such as [21] considers a rather
abstract way of extension with coercive subtyping. For any type theory T, it extends it
with a (coherent, but possibly infinite) set C' of subtyping judgements to form a new type
theory T'[C]. Although this is well-suited in a theoretical study, it does not tell one how the
extension should be formulated concretely in practice. In fact, a proposal of adding coercive
subtyping assumptions in contexts [22] has met with potential difficulties in meta-theoretic
studies that cast doubts on the seemingly attractive proposal. The complication was caused
by the fact that coercion relations specified in a context can be moved to the right of the
turnstile sign F to introduce terms with the so-called local coercions that are only effective in
a localised scope. It is still unknown whether such mechanisms can be employed successfully.
This has partly led to the current research that studies a more restrictive calculus that only
allows coercive subtyping relations to be specified in signatures whose entries cannot be
localised in terms.

2 See §4.1 of the current paper for an example of the former and §4.3 of [16] for an example of the latter.

3 To see the problem of type checking, it may be worth pointing out that, for a dependent type theory,
type checking depends on type inference; put in another way, in a type-checking algorithm one has to
infer the type of a term in many situations.
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Main Contributions. In this paper, we study a type theory with signatures where coercive
subtyping relations can be specified and argue that this provides a suitable subtyping
mechanism for type theories with canonical objects.* This claim is backed up by first showing
that the subtyping extension is conservative over the original type theory and that all its
valid derivations correspond to valid derivations in the original calculus, and then studying
its connection with subsumptive subtyping and its use in modelling some of the intuitive
notions of subtyping including that induced by Russell-style universes in type theory.

The notion of signature in type theory was first studied in the Edinburgh Logical
Framework [12] with judgements of the form I' iy, J, where the signatures ¥ are used to
describe constants of a logical system, in contrast with the contexts I" that introduce variables
which can be abstracted to the right of the turnstile sign by means of quantification or
A-abstraction. We will introduce the notion of signature by extending (the typed version
of) Martin-Lof’s logical framework LF (Chapter 9 of [14]) to obtain the system LFg, which
can be used similarly as LF in specifying type theories such as Martin-Lof’s type theory [26].
Formulating the coercive subtyping relation in a type theory based on a logical framework
makes it possible to extend the formulation to other type constructors too. We then introduce
IIg, a system with II-types specified in LFg, and IIg < that extends Ils to allow specification
in signatures of subtyping entries A <. B that specifies that A is a subtype of B via
coercion ¢, a function from A to B. We will justify that the coercive subtyping mechanism is
abbreviational by showing that IIs < is equivalent to a similar system as previously studied
[21] and hence has desirable properties [31, 13, 33].

Although it is incompatible with the notion of canonical objects, subsumptive subtyping
is widely used and, intuitively, it is the concept in mind in the first place when considering

subtyping. It is therefore worth studying its relationship with the coercive subtyping calculus.

Aspinall and Compagnoni [2] approached the topic of subsumptive subtyping in dependent
type theory by developing a type system, with contextual subsumptive subtyping entries
of the form a < A to declare that the type variable « is a subtype of A, and its checking
algorithm in the Edinburgh Logical Framework. In this paper we shall define a subsumptive
subtyping system in LFg, one similar to that in [2], and prove that it can be faithfully
embedded in IIg <.

It is worth noting that subtyping becomes particularly complicated in the case of dependent
types. In a type system with contextual subtyping entries such as a < A as in Aspinall and
Compagnoni’s system, one has to decide whether to allow abstraction (for example, by A or
IT) over the subtyping entries. If one did, it would lead to types with bounded quantification
of the form ITa < A.B, which would result in complications and, most likely, undecidability
of type checking (cf., Pierce’s work that shows undecidability of type checking in F<, an
extension of the second-order A-calculus with subtyping and bounded quantification [27]). In
order to avoid bounded quantification, Aspinall and Compagnoni [2] present the subtyping
entries in contexts, but do not enable their moving to the right of . In consequence,

abstraction by A or II of those entries that occur to the left of a subtyping entry is obstructed.

We chose to represent subtyping entries in the signatures in order to allow abstraction to
happen freely for contextual entries.
We shall then consider two case studies, showing how coercive subtyping may be used

to capture an intuitive notion of subtyping. Type universes [23] are our first example here.

The Russell-style universes constitute a typical example of subsumptive subtyping. The

4 A type theory with signatures was also proposed by the second author in [19] in the context of applying
type theories to natural language semantics.
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second author [18] observed that, although subsumptive subtyping causes problems with
the notion of canonicity, one can obtain the essence of Russell-style universes by means of
Tarski-style universes together with coercive subtyping by taking the explicit lifting operators
between Tarski-style universes as coercions. Our embedding theorem (Theorem 34) that
relates subsumptive and coercive subtyping can be extended for type systems with universes,
therefore justifying this claim.

Subsumptive subtyping, esp. in its extreme forms, intuitively embodies a notion of
injectivity that is in general not the case for coercive subtyping. One of such extreme forms
of subtyping is constructor subtyping [4]. As the second case study, we shall relate it to our
coercive subtyping system and show that, once equipped with injectivity of coercions, coercive
subtyping can faithfully model the notion of injectivity intuitively assumed in subsumptive
subtyping.

Related Work. Subtyping has been studied extensively both for type systems of program-
ming languages and type theories implemented in proof assistants. Early studies of subtyping
for programming languages have considered both subsumptive and coercive subtyping, mainly
for simpler and non-dependent type systems (see, for example, [25, 29, 28, 6]). For example,
Reynolds [28] considered extrinsic and intrinsic models of coercions and their applications to
programming.

Subtyping in dependent type theories has been studied by Aspinall and Compagnoni [2]
for Edinburgh LF, Betarte and Tasistro [5] about subkinding between kinds (called types) for
Martin-Lof’s logical framework, and Barthe and Frade [4] on constructor subtyping, among
others. A theoretical framework of coercive subtyping for type theories with canonical objects
has been developed and studied by the second author and colleagues in a series of papers
and PhD theses [15, 21, 31, 13, 33]. In this setting, any dependent type theory T can be
extended with coercive subtyping by giving a (possibly infinite) set C' of basic subtyping
judgements, resulting in the extended calculus T'[C]. The meta-theory of such a calculus
T[C] was first studied in [31] where, among other things, the basic approach to proving that
coercive subtyping is an abbreviational extension was developed, which was further studied
and improved in, for example, [13, 33]. Coercions have been implemented in several proof
assistants such as Coq [10, 30], Lego [20, 3], Matita [24] and Plastic [7] and used effectively
for large proof development and, more recently, in formal development of natural language
semantics based on type theory [17, 8, 9].

The above framework of coercive subtyping [21] has served as a theoretical tool to show
in principle that coercive subtyping is adequate for type theories with canonical objects.
However, as pointed out above, such a theoretical framework does not serve as a concrete
system in practice. In this paper, we shall use subtyping entries in signatures to specify basic
subtyping relations and study the resulting calculus, both in meta-theory and in practical
modelling.

In §2, we present Ilg < and study its meta-theoretic properties. §3 presents a subsumptive
subtyping system based on [2] and shows that it can be embedded faithfully in IIg <. The
two case studies on type universes and injectivity are studied in §4, with the relationship
between Russell-style and Tarski-style universes studied in §4.1 and constructor subtyping
and injectivity in §4.2. The Conclusion discusses possible further research directions.
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2 Coercive Subtyping in Signatures

We aim to introduce a calculus that can model intuitive notions of subtyping such as
subsumption and, at the same time, preserves the desirable properties of the original type
theory. In this section, we present Ils <, a type system with signatures where we can
specify coercive subtyping relations, and then study its properties by relating it to the earlier
formulation of coercive subtyping.

In what follows we use = for syntactic identity and assume that the signatures are
coherent.

2.1 TIIs<, a Type Theory with Subtyping in Signatures
2.1.1 Logical Framework with Signatures

Type theories can be specified in a logical framework such as Martin-Lo6f’s logical framework
[26] or its typed version LF [14]. We shall extend LF with signatures to obtain LFg.

Informally, a signature is a sequence of entries of several forms, one of which is the form
of membership entries ¢ : K, which is the traditional form of entries as occurred in contexts
(we shall add another form of entries in the next section). If a signature has only membership
entries, it is of the form ¢y : K1, ..., ¢, : K.

» Remark (Constants and Variables). Intuitively, we shall call ¢ declared in a signature entry
c: K as a constant, while x in a contextual entry x : K as a variable. The formal difference
is that, as declared in a signature entry, ¢ cannot be substituted or abstracted (to the right
of ), while z declared in a contextual entry can either be substituted or abstracted by A or
IT (see later for the formal details.)

LFs is a dependent type theory whose types are called kinds to distinguish them from
types in the object type theory. It has the kind Type of all types of the object type theory
and dependent IT-kinds of the form (x:K)K’, which can be written as (K)K' if x ¢ FV(K'),
whose objects are A—abstractions of the form [2:K]b. For each type A : Type, we have a
kind El(A) which is often written just as A. In LFg, there are six forms of judgements:

> valid, asserting that X is a valid signature.

Fs I, asserting that I' is a valid context under .

I' Fs K kind, asserting that K is a kind in I" under .

I' ks k@ K, asserting that k is an object of kind K in I' under X.

I' by K7 = K, asserting that K7 and K5 are equal kinds in T’ under X.

I' ks k1 = ko : K, asserting that k1 and ko are equal objects of kind K in I' under X.
The inference rules of the logical framework LFs are given in Figure 1; they are the same as
those of LF [14], except that we have judgements for signature validity, all other forms of
judgements are adjusted accordingly with signatures attached, and we include some structural
rules such as those for weakening and signature and context replacement (or signature and
contextual equality), as done in the previous formulations in, for example, [21, 31, 33].

2.1.2 Type Theory with Il-types

Let ITg be the type system with II-types specified in LFg. These II-types are specified in the

logical framework by introducing the constants, together with the definition rule, in Figure 2.

Note that, with the constants in Figure 2, the rules in Figure 3 become derivable.
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Validity of Signature/Contexts, Assumptions

Fs K kind c & dom(Z) Foers T
() valid 3, c:K walid Ibserys oK
Y wvalid Ity Kkind z & dom(X) U dom(T) bs T, 2:K, T
F= 0 oo K T oK. T Fy 2K
Weakening
ks, v J Fs Kkind cgdom(E,Y) I, IVFsJ Trs K kind = & dom(I,T)
ks, ek, s J oK Ik J
Equality Rules
I'ts K kind I's K =K' I's K=K T'kFsg K =K"
I'ks K=K I'sK'=K I'kts K=K"
F"E kK F}_Ek‘:k/ZK F"E k:k‘/:K F}_E k‘/:k”tK
'k k=kK ks k' =k K ks k=k"K
s k:K Thks K=K’ s k=k:K I'Fs K=K’
I'bs k:K7 'k k=K :K'

Signature Replacement

[hsgensy J Fsy L=1L
Fhsyerns J

Context Replacement

Io,z:K,T1FsJ Tobs K=K’
Fo,:E:KI,F1 Fs J

Substitution Rules

FE Fo,xZK,Fl Fo FE k’K

|—g Fo, [k:/x]Fl
Po,ﬂ;‘:f(7 F1 Fz K/ kind Fo FE kK P07CL‘2K,P1 FE L= L, Po FE k:K
Do, [k/z|T1 bx [k/x]K' kind Do, [k/z)T1 bx [k/x]L = [k/x]L’
Fo,x:K, Fl |—z] k/:K/ F() |—2 kK Fo,m:K, F1 |—2 | = ll:Kl Fo |—z] kK
Do, [k/z]T1 by [k/x]k":[k/z] K’ Lo, [k/z|T1 bs [k/z]l = [k/z]l:[k/x] K’
Io,z:K,T1 ks K’ kind Toblsk=Ek:K To,z:K, Ty Fs K’ Tobs k=k"K
Do, [k/z|T1 Fx [k/x]K' = [k /2] K’ Do, [k/z|T1 bx [k/z]l = [K'/x]l:[k/x] K’

Dependent Product Kinds

Ity Kkind T,2:K Fs K' kind F'ks K1 =Ko T,2:KiFs Ki = K}

by (x:K)K' kind Iy (K1) K| = (2:K2) K]}
F,CL‘IK FZ y:K’ I FE Kl = K2 F,CL‘IKl FE ]{?1 = kQZK
by [z:Ky:(z:K)K’ ks [2:K1]ki = [2:K2)ka:(x: K1) K
Ths fi(@:K)K' Trs kK Trs f=f(@:K)K Tk = kK
P Fz} f(k)[k/m]K’ P Fz} f(k1) = f’(k’z):[k1/l‘}K'
oK Fs k"K' Tls kK T'ks fi(m:K)K' x & FV(f) .
T (@RI (F) = jalk ke Tre @K)f(@) = f@K)k e kind Type

Fe T T'bks A:Type I'kFs A= B:Type
I' ks Type kind I'ts El(A) kind I'ts El(A) = El(B)

Figure 1 Inference Rules for LFs.
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Constant declarations:

I : (A:Type)(B:(A)Type)Type
A (A:Type)(B:(A)Type)((z:A)B(x))II(A, B)
app :  (A:Type)(B:(A)Type)(I1(A, B))(z:A) B(x)

Definitional equality rule

app(A, B,X\(A, B, f),a) = f(a) : B(a).

Figure 2 Constants for II-types in logical framework.

ks A:Type T,z:Abs B(z): Type
It (A, B) : Type
Ity A:Type Ths B:(A)Type Thkyx f:(2:A)B(z)
ks MA, B, f) : 1I(A, B)
Thsg:T(A,B) Trsa:A
I'tx app(A, B, g,a) : B(a)
ks A:Type T'Fs B: (A)Type
ks f:(x:A)B(z) Tksa: A
I'Fs app(A, B,A(A, B, f),a) = f(a) : B(a)

Figure 3 Inference Rules for Ils.

2.1.3 Subtyping Entries in Signatures

We present the whole system Ilg <. First, subtyping is represented by means of two forms of
judgements:

subtyping judgements I' by A <. B : T'ype, and

subkinding judgements ' by K <, K.
Subtyping relations between types (not kinds) can be specified in a signature by means
of entries A <. B : Type (or simply written as A <. B), where A and B are types and
c:(A)BS

The specifications of subtyping relations are also required to be coherent. Coherence
is crucial as it ensures a coercive application abbreviates a unique functional application.
To define this notion of coherence, we need to introduce a subsystem of Ilg <, called H%{i,
defined by the rules of IIg together with those in Figures 4 and 5, where in the rule for
dependent products in Figures 4, the notation cs[z] was explained in, for example, [16]: it
means that  may occur free in co, although only inessentially®. The composition of functions
is defined as follows: For f:(K1)K2 and ¢g:(K2)K3,go f = [z:K1]g(f(z)):(K1)K3.

Here is the definition of coherence of a signature, which intuitively says that, under a
coherent signature, there cannot be two different coercions between the same types.

Using some types not contained in IIg <, more interesting subtyping relations can be specified. For
example, for A <. B, we could have A = Vect(N,n), B = List(N) and ¢ maps vector < m1,...,mp >
to list [mi, ..., mn]. We shall not formally deal with such extended type systems in the current paper,
but the ideas and results are expected to extend to the type systems with such data types (eg, all those
in Martin-Lof’s type theory).

For instance, one might have (by using the congruence rule) z:A s B <((y:4e)(a) B’, where B <. B’
and = € FV (e).

13:7
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Signature Rules for Subtyping

Fx A:Type ts B:Type Fsc:(A)B Fs,A<.B:Type,s; I
Z, A Sc B ’U(Ll’id I FEOyASCB:Type;EI A Sc B: Type

Congruence

ks A<.B:Type Tk A=A :Type Tts B=B:Type Trsc=c:(A)B
ks A <y B : Type

Transitivity

Pk A< A :Type Tkg A <, A" :Type
Ihs A <co A" : Type

Weakening

I |—27 >/ A Sd B : Type }_E K kind

d oYY
T ks, ek, s A<aB: Type (c & dom(%,%))

1",1"' Fss A<qg B:Type T'Fs K kind

dom(T, T
[,2:K, T Fs A<qB: Type (z & dom(I',T"))

Signature Replacement

I FZO,CIqul A Sd B: Type on L= L/
I'bsgenr,sy A <a B:Type

Context Replacement

Fo,l’:K,Fl (> A <d B: Type Fo Fs K = K’
Fo,:r:K'7F1 Fv A <4 B:Type

Substitution

To,z:K,T1 Fs A <. B:Type Tots k:K
Fo, [k/x]Fl |—2 [k/il‘]A S[k:/a:]c [k/x}B

Identity Coercion

I'kFs A:Type
ks A S[(EZA]I A Type

Dependent Product

ks A" <., A:Type T'Fs B,B":(A)Type T,z2:AFs B(x) <eolal B'(x) : Type
ks TI(A,B) <q (A", B"oc1) : Type

where d = [F : TI(A, B)]\(A’, B' o c1, [z:A]|ea|z](app(A, B, F, c1(z)))).

Figure 4 Inference Rules for H%{; (1).

» Definition 1. A signature ¥ is coherent if, in H%{;, I'ks A<, BandT'tky A<, B
imply 'k c=¢ : (A)B.

Note that, in comparison with earlier formulations such as [21], we have switched from
strict subtyping relation < to < and the coherence condition is changed accordingly as well;
in particular, under a coherent signature, any coercion from a type to itself must be equal to
the identity function. (This is a special case of the above condition when B = A: because
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Basic Subkinding Rule and Identity Coercion

I'ty A <. B:Type I'ks K kind
I'ts El(A) <. El(B) ks K <gikje K

Structural Subkinding Rules

Frs K1 <. K2 Ths K1 =K, ThkyKe=K), Thksc=c:(K1)K2
Tty K <. Kb

Ity K<.K' Tty K <, K"
Fby K <coc K”

I FE’ > K Sd K/ FE Ko kind
Ihs, exo, s K <a K’

(c & dom(%,X))

O,IVbs K <4 K' Ths Ko kind
oKy, I'bFs K <4 K’

(z € dom (T, T"))

Thsyerns, K<aK' bFsy L=L" Tox:K,T1Fs L<4L Toblg K=K’
r l_Eo,c:L’,El K Sd K’ F(),ZL':K’,Fl |—2 L Sd L

FQ,LBZK,Fl '_2 Kl §C K2 FO "2 k‘K
Fo, [k/.’E]F1 l_E [k/l?}Kl S[k/z]c [k/.’L’]KQ

Subkinding for Dependent Product Kind

I Fz K{ Scl Kl F,:L‘tK1 FZ K2 kind F,JJ’ZK{ FE Ké kind F,Q::Kl FE [Cl(l‘l)/ZK}KQ ch Ké
U bs (K1) K2 <iper) Kalle K] Jea(f(er (a))) (@K1 G

Figure 5 Inference Rules for 19" (2).

we always have A <.}, A, if A <. A, then ¢ = [2:A]z : (A)A.) Note also that, it is easy to
prove by induction that, if I' Fx, A <. B : T'ype, then I's; A, B : Type and I" by, ¢ : (A)B.

It is also important to note the difference between a judgement with signature in the
current calculus and that in the calculus employed in [21] where there are no signatures. For
example, the signatures ¥ that contains A <. B and X, that contains A <; B can both
be coherent signatures even when ¢ # d, while such a situation can only be considered in
the earlier setting by having two different type systems T'[C1] and T'[Cs], which is rather
cumbersome to say the least.”

We can, at this point, complete the specification of the system IIs < as the extension of
H%{i by adding the rules in Figure 6.

» Remark. We can now explain why we have to present the system H%{i first. The reason is
that the coercive definition rule (C'D) will force any two coercions to be equal. Therefore,
we cannot define the notion of coherence for the system including the (C'D) rule as, if we did
S0, every signature would be coherent by definition.

7 This has some unexpected consequences concerning parameterised coercions as well. But it is a topic
beyond the current paper and will be discussed somewhere else.

13:9

TYPES 2016



13:10

On Subtyping in Type Theories with Canonical Objects

Coercive Application
Ths fi(z:K)K' Ths kKo Ths Ko <. K
r |—z f(ko):[C(ko)/:C]K’
I FE f = fIZ(Q?ZK)K, I FE k‘o = k62K0 I FZ K() Sc K
U ks f(ko) = f'(ko):[c(ko) /2] K’

(CAY)

(CA2)

Coercive Definition

Ths fi(x:K)K' Ths kKo Ths Ko <. K
I bx f(ko) = f(c(ko)):[c(ko) /=] K

(CD)

Figure 6 The coercive application and definition rules in IIg <.

2.2 Coherence for Kinds and Conservativity

In this subsection, we prove two basic properties of IIg <: (1) coherence, as defined for types,
extends to kinds; (2) it is a conservative extension of the system Ilg.

2.2.1 Coherence for Kinds

Note that the coherence definition refers to types. In what follows we prove that coherence
for types implies coherence for kinds. We categorise kinds and show that they can be related
via definitional equality or subtyping only if they are of the same category. For this we
also define the degree of a kind which intuitively denotes how many dependent product
occurrences are in a kind.

» Lemma 2. [fT' by A <. B is derivable in H%{{S then T by, ¢:(A)B is derivable in H%{;
Proof. By induction on the structure of derivations |
» Lemma 3. IfT+ K <. L is derivable in IS then T' & c:(K)L is derivable in TIY .

Proof. By induction on the structure of derivations. We consider K = (2:K;)K> and
L = (2:L1) L. If a derivation tree for T'+ K <. L ends with the rule for dependent product
kind with premises I' by, L1 <., K ,T',2:K; by Ko kind,T',y:L1 Fx Ly kindand I', y:L; Fx,
[c1(y)/x] Ko <, L. By IH we have T' by ¢1:(L1) Ky and T, y: L1 by co:([e1(y) /2] K2)La. By
weakening T, f:(2: K1) Ks,y:L1 Fs ca:([er(y) /2] K2) Lo and T, f:(2: K1) Ko, y: L1 b ¢1:(L1)K;.
We have T, f:(2:K1)Ka,y:L1 Fx y:L; so by application T, f:(2: K1) K, y:L1 Fx c1(y):K1. We
have T, f:(2:K1)Ks,y:L1 bs f:(x:K1) K> so by application we have T, f:(z:K1)Ks, y:L1 bFx
fle1(y)):[er(y)/x] Ko. By application again we have I', f:(a: K1) K2, y:L1 bs ca(f(c1(y))):La
and by abstraction I' b [f:(2: K1) Ka][y:L1]ca(f(c1(v))):((x: K1) K2)(y:L1) Lo <

» Lemma 4. Let I'Fx K <. L be derivable in Hg{i. Then K and L are of the same form,
i.e., both are El-terms or both are dependent product kinds. Furthermore,
if K = El(A) and L = El(B), then T s A <. B : Type is derivable in 11 and
if K = (x:K1)Ks and L = (x:L1)Ls, then T by Ky kind, T, 2:K; by Kgikind, Ty
Lq kind, and T',z:L1 Fx, Ly kind are derivable in Hg{i.

The following lemma states that, if there is a subtyping relation between two dependent
kinds, then the coercion can be obtained by the subtyping for dependent product kind rule
from Figure 5. Note that for this to hold it is essential that we only have subtyping entries
in signatures and not subkinding.
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» Lemma 5. If T by (2:K1) Ky <4 (y:L1)Lo is derivable in H * then there exist derivable
Jjudgements in I, T s c1:(L1) K1 and T, y:Ly Fs co:([er(y )/x]Kg)Lg s.t.

Iby Ly <, K1

I'y:K| bx [e1(y)/z] K2 <, L2 and

[y d = [f:(2: K1) K[y La]ea(f(ea(y))):((w: K1) K2)(y:La) Lo
are derivable in H%{;.

Proof. By induction on the structure of derivation of I' by, (2:K1) Ky <4 (y:L1)La. The only
non trivial case is when it comes from transitivity.

r l_E (IZKl)KQ Sdl Cc T l_E C §d2 (yZLl)LQ
ks (2:K1) K2 <dyod, (y:L1)L2

By the previous lemma I' by, C = (2:M;)M,. By IH we have that

Ity My <o K

[, 2:My by [d)(2) /7] K2 <o Mo

Thy dy = [f:(2: K1) K] [z: M)y (f () (2):((x: K1) K2) (2: My ) Mo
and

I'bs Ly <gv My

Lyl ks [ef (y) /2] M2 <y Lo

D b da = [£:(2:0M0) Moy L (£l (9)<((2: M) Ma) (3:L ) Lo
are derivable. We apply transitivity to obtain I' b5 Ly <gocv K1 and by weakening and sub-
stitution in addition, T', y: L1 s [} (] (y))/2]K2 <cyoler(y)/z)e, L2 and what is left to prove is
that T by dy ody = [fi(w:K0) Kl [gsLa ) (¢4 o [ (1), 21eh) (F((h o ¢4) ():((w: K1) Ka) (y: L) L.
Let T'by Fi(z: K1) K>

dy o dy (F) = dy(dy (F))

The following de

nition gives us a measure for the structure of kinds. We will use this measure when
proving coherence for kinds. It is particularly important and we will use the fact that this
measure is not increased by substitution.

» Definition 6. For I' -y, K we define the degree of K whereI' by, K kind as deg(K) € N
as follows:

1. deg(Type) = 1

2. deg(El(A)) =

3. deg((x:K)L) = d 9(K) 4 deg(L)
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» Lemma 7. The following hold:
if I'tx K = L is derivable in 1Y then deg(K) = deg(L)

if T ks K <. L is derivable in TI" then deg(K) = deg(L)

Proof. We do induction on the structure of derivations of I by, K = L respectively T" Fx,
K < L. For example if it comes from the rule

r |—2 K1 = K2 F,LL‘ZKl |_2 Ki = Ké
Iky (K1) K] = (x:K3) K}

by IH, deg(K1) = deg(K3) and deg(K{) = deg(K}), hence deg((x:K1)K1) = deg((x:K2)K})
<

» Lemma 8 (Coherence for Kinds). IfT'Fx K <. L andT kg K <. L are derivable in H%{;,
then T by c= ¢ : (K)L is derivable in Hg{;.

Proof. By induction on n = deg(K).
1. Forn=1:
IfT kg K =EIl(A) and T' by L = Fl(B) then by Lemma 4 we have I' by A <. B and
I'Fy A <. B and from coherence for types I' s ¢ = ¢/:(4)B, hence ' by, ¢ = ¢/:(K) L
If T'ky K = Type and T' by L = Type then we can only have I' by ¢ = Id:(K)L.
2. Forn>1,Tty K= (2:K1)Ks and I' by L = (2:L1) Lo, by Lemma 5
ks Ly <, Ky,
T, 2:K; by [e1(y) /2] K2 <., L2 and
Iy e = [fi(@: K1) Kal[y:Lilea(f(e1(y))):((2: K1) K2) (y:L1) Lo
are derivable for some I' by, ¢1:(L1) Ky and T, 2: K7 by co:([e1(x) /2] K3) Lo and deg(L1),
deg(K7), deg([c1(y)/x]K3), deg(Ls) are all smaller than n. If
I'ks Ly <o K,
[y2:Ky by ey (y) /2] K2 < Lz and
Dhs ¢ = (@K K[y Lileh (F(ch ()21 Ka) (411 ) Lo
are derivable for some other coercions I' by, ¢}:(L1) K7 and T, x: K by cb:([c) (y)/x] K2) Lo
then by TH we have T' bx ¢; = ¢:(L1)K; and T',2:K; by co = c:([c¢}(y)/z]K2) Ly and
we are done. <

2.2.2 Conservativity

Here we prove that, if the signatures are coherent, our calculus Ilg < is conservative over Ilg
in the traditional sense. It follows directly from the fact that IIs < keeps track of subtyping
entries in the signatures and it carries them along in derivations. More precisely we prove
that if a judgement is derivable in IIg < and not in IIg then it cannot be written in Ilg.

The following two lemmas state that any subtyping or subkinding judgement can only be
derived with a signature containing subtyping entries, and hence the signature cannot be
written in Ilg.

» Lemma 9. IfI' s A <, B:Type is derivable in Ils <, then ¥ contains at least a subtyping
entry or I' b5 A = B:Type and I' by, ¢ = Id:(A)A are derivable in Ilg <.

Proof. By induction on the structure of derivation. For example if it comes from transitivity
from premises I' bxs A <. A’ : Type and I' by A’ <. B : T'ype then the statement simply is
true by IH. |
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» Lemma 10. IfI' b5 K <. L is derivable in lls <, then ¥ contains at least a subtyping
entry or 'ty K =L and ' by ¢ = Id:(K)L are derivable in Ilg <.

Proof. By induction on the structure of derivation. For example if it comes from transitivity
from premises I' by, K <, M and I' by M <. L then the statement simply is true by IH.
If it comes from the rule
'ty A <. B:Type
I'ts El(A) <. El(B)

then it follows from I' Fy, A <. B:Type by the previous lemma <

The following lemma extends the statement to express the fact that it is enough for a
judgement to contain a non trivial subtyping or subkinding entry (not the identity coercion)
in its derivation tree to have a signature that cannot be written in Ilg.

» Lemma 11. If D is a valid derivation tree for I' by J in llg < and I'1 b5, K7 <., Ko
is present in D then, either ¥ contains at least a subtyping entry or I'1 by, K1 = Ko and
Iy Fs, co = Idg,:(K1)K; are derivable in Ilg <.

Proof. If I' -y J is a subtyping or subkinding judgement it follows directly from the previous
lemmas 9, 5. Likewise, if the judgement comes from a coercive application or coercive
definition rule with one of the premises I' Fy; K < L, then, by the previous lemma the
statement holds. Otherwise we do induction on the structure of derivations of I" s J. For
example if the derivation tree containing the subkinding judgement ends with the rule

'ty Kkind T,z:K Fx, K'kind
ks (:K)K' kind

then the subkinding judgements must be in at least one of the subderivations concluding I' Fx,
K kind and T, x:K by K’ kind. The statement then holds by induction hypothesis. <

The following lemma states that, if a judgements is derived in IIg < using only trivial
coercions, then it can be derived in Ilg.

» Lemma 12. If in a derivation tree of a judgement derivable in Ilg < which is not subtyping
or subkinding judgement all of the subtyping and subkinding judgements are of the form
Iy Fs, A <14, A:Type respectively T'y b, K <(y.x]. K then the judgement is derivable in
Is.

Proof. By induction on the structure of derivations. If the derivation tree D that only
contains trivial coercions ends with one of the rules of Ilg,

Dy Dy,

Ji1 7" I

—— (R

L (R)

then Ji,..., J,, also have derivation trees Dy,...,D,, which only contain at most trivial coercions,
hence, by IH, they are derivable in IIg. We can apply to them, with D1,...,D,, replaced by
their derivation in IIg the same rule R to obtain the judgement J and the derivation is in
IIg.

Otherwise, if for example the derivation containing only trivial coercions ends with
coercive application

r I—E f:(l‘:K)K’ r }—2 ko:K r |_E K S[mK]w K
Db f(ko):([: K]z (ko) /2] K

13:13
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I by [[x:K]z(ko) /2] K' = [ko/2]K' and T by f:(2:K)K’ and T by ko:K are derivable
in IIg by IH, and from them it follows directly by functional application, in IIg, I' Fx
f(ko):[ko/x] K’ <

» Theorem 13 (Conservativity). If a judgement is derivable in Ilg< but not in Ilg, its
signature will contain subtyping entries, and hence it cannot be written in Ilg.

Proof. From the previous lemma, a judgement can only be derivable in IIg < but not in IIg
when it contains in all of its derivation trees non trivial subtyping or subkinding judgements.
If the judgements is itself a subtyping or subkinding judgement then it vacuously cannot
be written in IIg. Otherwise, by lemma 11 it follows that either all of the subtyping and
subkinding judgements are of the form I'y by, A <;q, A:T'ype respectively I'y s, K <[;.x)»
K in which case the judgement is derivable in IIg or its signature contains subtyping entries,
in which case it cannot be written in Ilg. <

2.3 Justification of IIg < as a Well Behaved Extension

We shall show in this subsection that extending the type theory IIg by coercive subtyping in
signatures results in a well-behaved system. In order to do so, we relate the extension with
the previous formulation: more precisely, for every signature 3, we consider a corresponding
system II[Cx]’, which is similar to the system T[Cyx] in [21, 33], and we prove the equivalence
between judgements in IIs < and judgements in such corresponding systems from the point
of view of derivability. (see Theorems 22 and 29 below for a more precise description).

This way we argue that there exists a stronger relation between the extension with
coercive subtyping entries and the base system based on the fact that was shown in [21, 33]
that every derivation tree in T'[C] the extension can be translated to a derivation tree in T
such that their conclusion are equal.

2.3.1 The relation between Hgfi and Ilg

Here we show that, if a judgement J is derivable in H%{i, we obtain a set of judgements, one
of which is of same as J up to erasing the subtyping entries from a signature. The idea here
is that, for any the valid signature in H%{i and all the judgements using it, we can remove
the subtyping entries from it to obtain a valid signature in I and corresponding judgements
using this signature.

» Definition 14. We define erase(-), a map which simply removes subtyping entries from
signature as follows:

erase(<>) =<>

erase(X, c:K) = erase(X),c:K

erase(X, A <. B) = erase(X)

The following lemma is a completion of weakening and signature replacement for the
cases when a signature is weakened with subtyping entries or a subtyping entry is replaced
in the signature.

» Lemma 15.
If ' Fs sy J and bx a<, B:Type,sr I are derivable in H%f(< then I' Fs a<.B:rype,s J 15
derivable in TIF . -
IfF FE,ASCBZ’ j, l_E A= A’:Type, I_E B= B':Type, '_Z Cc = C/I(A)B FE,A’SC/B’:Type,E’
I' are derivable in H%{i then I Fs ar<_, Br:Type,s J is derivable inﬂgﬁ.

Proof. By induction on the structure of derivation. <
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» Lemma 16. For ¥ = ¥y, Ao <., Bo,%1,...,4An—1 <¢,_, Bn-1,Xn a valid signature as
above we will consider the following judgements judgements (%) Ferase(so,...,s,) Ci:(Ai)Bi,
where 1 € 0, ...,n. Then the following statements hold:

1. Fx T is derivable in H%ﬁ if and only if Ferase(sy ' and (%) are derivable in Ilg.

2. T'tyx J is not a subtyping judgement and is derivable in HOS{; if and only if U Fepgses) J

and (*) are derivable in Ilg.

3. IfT by A <. B is derivable in Hg{i then T' Ferqse(s) ¢:(A)B and (x) are derivable in Ils.
4. IfT'Fs K <. L is derivable in H%{; then T' Fergse(sy ()L and (x) are derivable in Ils.

Proof. The only if implication for the first three cases is straightforward by induction on
the structure of derivations as subtyping judgements do not contribute to deriving any other
type of judgement in H%{i. For the if implication, Lemma 15 is used. The last two points
also follow by induction. <

2.3.2 II[CJ’

Here we consider a system II[C] similar to the system T'[C] as presented in [21, 33] with T
being the type theory with II-types.

Here we consider a system similar to the system T'[C] from [21, 33] with dependent product.
The difference is that here we fix some prefixes of the context, not allowing substitution and
abstraction for these prefixes. In more details, the judgements of T'[C]* will be of the form
;T F J instead of T'  J, where ¥ and I are just contexts and substitution and abstraction
can be applied to entries in T' but not . We call this system II[C]’. To delimitate these
prefixes we use the symbol “;” and the judgements forms will be as follows:

F ;T signifies a judgement of valid context

% I'E K kind

T H kK

»“2:I'tK=K

“:I'+k=k:K
The rules of the system II[C]’ are the ones in Figures 8,9,10, 11 and 12 in the appendix. The
difference between these rules and those described in [21, 33] is that, in addition to regular
contexts, they also refer to the prefixes apart from substitution and abstraction which is only
available for regular contexts. More detailed, we duplicate contexts, assumptions, weakening,
context replacement. For all other rules we adjust them to the new forms of judgements
by replacing I' - J with 3;T" - J. Notice that we do not duplicate substitution as only the
context at the righthand side of the ; supports substitution. We will consider the system
I[C]; x to be the one without coercive application and definition rules, namely the ones in
figures 8,9,10 and 11. C is formed of subtyping judgements and we have the following rule in
(Clh e

Ir-FA<.BecC
T-A<.B

For the system T'[C] coercive application is added as an abbreviation to ordinary functional
application and this is ensured by coercive definition together coherence of C. Indeed, it was
proved in [21, 33] that, when C is coherent, II[C] is a well behaved extension of II[Clox in
that every valid derivation tree D in II[C] can be translated into a valid derivation tree D’ in
IT[Clox and the conclusion of D is definitionally equal to the conclusion of D’ in II[C]. We
want to avoid doing the complex proof in [21, 33] again and assume that the properties of
II[C] carry over to II[C]. So next we give the definition of coherence for the set C.

13:15
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» Definition 17. The set C of subtyping judgements is coherent if the following two conditions
hold in II[C] x:

If ;T + A <. B is derivable, then ¥;T' F ¢:(A)B is derivable.

If ;THA<.Band ;T F A <. B are derivable, then ;T ¢ = ¢/:(A)B is derivable.

Notice that in the original formulation ;' A <[;. 4], A was not allowed. However the
condition that ;" ¥ A <. A was used to prove that a judgement cannot come from both
coercive application and functional application. However with the current condition one can
prove that, if this is the case, the coercion has to be equal to the identity.

2.3.3 The relation between II[C]’ and IIg <

Although there is a difference between the new Ilg < and II[C]F which lies mainly in the
fact that, by introducing coercive subtyping via signature, we introduce them locally to the
specific signature, this allowing us to have more coercions between two types under the same
kinding assumptions(of the form ¢:K, x:K) and still have coherence satisfied, whereas by
enriching a system with a set of coercive subtyping, our coercions are introduced globally and
only one coercion(up to definitional equality) can exist between two types under the same
kinding assumptions. However, because signatures are technically just prefix of contexts for
which abstraction and substitution are not available [12], we naturally expect that there is a
relation between IIg < and II[C. And indeed here we shall show that for any valid signature
¥ in IIg <, we can represent a class of judgements of IIg < depending on X as judgements in
a H[CZ];.

First we consider just H%K< and IT[C]} jc which are the systems without coercive application
and coercive definition and we define a way to transfer coercive subtyping entries of a signature
Yin H%{i to a set of coercive subtyping judgements of II[Cx]; -

» Definition 18. Let X be a signature (not necessarily valid) in H%{i we define I'y, as follows:
Doy =<> -
FEO,k:K = FEO, k:K
Isga<.B:rype = sy
If ¥ is valid in ITY'S we define Cy; as follows:
Cos =0 B
Csy.k:x = Cx,
CEO,ASCB:Ty;De =Cy, U {Fgo; <>F A<, B:Type}

» Lemma 19. If Y = Xy, A <. B:Type, %1 wvalid is derivable in HOS{;, then I's = I's 5,
and Cx, = 620721 U {FZO; <>k A<, B:Type}

Proof. By induction on the length of 3. <

» Lemma 20. Let X1, 33 and X1, Y9, X3 be valid signatures in HOS{{S. If J is derivable in
H[Cs, x,li i then J is derivable in I[Cs, s, 5,1k

Proof. By induction on the structure of derivation of J. <

First we mention the following notation which we will use throughout the section and
which is really just a generalization of definitional equality:

<>=<>N,cK=YcK' if Y=Y and by K = K’

|_E F,x:K :}_Z’ F,x:K’ iff }_Z T :l—g/ TFand T I—E K= K/

F"EKZF/FE/ K’ iﬂ"gF:FE/ I’ andFl—gK:K’

I l_E k:K = I/ }_Z’ k/:K/ iff T |—g K kind = I |_E/ K’ kind and T }—2 k= k/ZK
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Pt bk=LK=T'tg k =0"K'ifi Tty K kind=T"tFyg K' kindand T by k =k":K

and kgl =1"K

s AL, B=T"Fg A <o B'iff T' by AType =T" ks A":Type and T' by, B:Type =

Ity B:Type and T' by c:(A)B =T" by /:(A")B’

We consider the analogous notation for judgements of the form F T'g; <>, F ['g;T" and
To; T F J. We will say that the judgements are definitionally equal in a certain system if all
the corresponding definitional equality judgements are derivable in that system.

According to [21, 33], if we add coercive subtyping and coercive definition rules from
Figure 12 in the appendix to a system enriched with a coherent set of subtyping judgements
Cyx;, any derivation tree in II[Cx]’ can be translated to a derivation tree in II[Cx|,, (that is a
derivation tree that does not use coercive application and definition rules - C Ay, C' A5 and
CD) and their conclusions are definitionally equal. We aim to use that result to prove that
for any judgement using a coherent signature in IIg <, there exists a judgement definitionally
equal to it in H%{i. For this we shall first prove that Cx; is coherent in the sense of the
definition 17 if ¥ is coherent in the sense of the definition 1. To prove this we need to describe
the possible contexts at the lefthand side of ; in II[Cx | used to infer coercive subtyping
judgements.

We first prove a theorem used throughout the section which allows us to argue about
judgements in H%{i and judgements in IT[Cx];, interchangeably. We start by presenting
a lemma representi_ng the base case and then the theorem appears as an extension easily
proven by induction. The lemma is not required to prove the theorem but it gives a better
intuition. The theorem essentially states that for contexts at the lefthand side of ; obtained
by interleaving membership entries in a the image through I'. of a valid signature ¥ or its
prefixes give judgements in II[Cs]} ;- corresponding to judgements in HOS{Q. We will see later
that all the contexts at the lefthand side of ; in II[Cx ] - are in fact obtained by interleaving
membership entries in prefixes of X.

» Lemma 21. Let ¥ = Xy, 3o, X3 be a valid signature in H%{i then, for any ¢, K and ¥, %}
s.t. X1 =X} and 31,39 = 3,3 the following hold: B

b Isy,e:K, sy ; <> is derivable in H[Cs |y iff 1, e:K, 35 valid is derivable in H%{;

b Dy, ¢:K, ;T is derivable in X[Cxy e iff by cresy T s derivable in TS

Usy, K, sy T J s derivable in H[Cslyy iff T Fsr exsy, J is derivable in H%{;.

Proof. By induction on the structure of derivation. <

Mainly by repeatedly applying the previous lemma (except for the case when we weaken
with the empty sequence, which is straight forward by induction on the structure of derivations)
we can prove:

» Theorem 22 (Equivalence for IT¢L). Let ¥ = %y,..., %, bea valid signature in TIF then,
for any 1 < k <mn, for any {Fi}ie{o_;} sequences free of subtyping entries and and ¥, ..., 4
st 31, .., X =3, ..., X} for any i € {1..k} the following hold:

FTo, Iy T, Ty, Doy oo, T Iy, Ty <> s derivable in H[Cs |y if and only if

Lo, 34,11, %5, Ty, o, Doy, B, Ty walid is derivable in T1YS

FTo, Iy I, Ty, Doy oo, i Iy, Dis T s derivable in H[C;]BK if and only if

l_l"o)z/l7]_‘*1’2/2)1"27”')1"]0712;6)1"]6 I" is derivable in H%{;

Lo, Iy, T1, Iy Toy oo, Tma sy, Dy T = J s derivable in H[Cs |y if and only if

r "1"072/1,1"172/271“2,_“71‘%712;71‘% J s derivable in Hg{;.

Now we aim to prove that we do not introduce any new subtyping entries in Hg{; by
weakening (up to definitional equality). Note that, for this, it is essential that the weakening

13:17
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rules do not add subtyping entries. More precisely, in the following Lemma we prove a form
of strengthening, which roughly says that by strengthening the assumptions of a subtyping
judgement, we can still derive it(up to definitional equality).

» Lemma 23. Let ¥ = Xq1,Y5 a valid signature in H%{&, for any ¢, K, ¥} = 3 and
¥, YL =3%,%,, if T Py ki sy, A < B is derivable in H%fg then there exists A’,c', B’ such
that s A’ <. B’, T’ Fe ks, A= A':Type, T by ks, B = B':Type and

by sy ¢ = c':(A)B derivable in H%{;.

Proof. By induction on the structure of derivation of I" by ks A <. B. If it comes
from transitivity with the premises I’ "2/17;@:[(,2/2 A<, Cand I '_leysz_’E/z C <., B
then by IH, there exist A’,C",c},C", B’ ¢y st. bx A" <o C" and by O <., B’ and
I beexsy, A = AType, T bsy ks, B = B'Type, I bsy pxsy C = C":Type,
r FZ;’kZK’E/z C = C”ZTyp€7 r }_Ell,k:K,E’Q Cc1 = C/l(A)C and T’ '_le,k:K,Zé Co = C/Q(C)B
By transitivity of equality we have I' Fsy ki zy C' = C":T'ype. By lemma 16 we have that
I Ferase(s) kk,5y) C" = C":Type is derivable in IIg. Similarly, because s, C':Type and

Fs C":Type we have that Ferase(s) kK, 5)) C":Type and Ferase(s) kK, 5) C":Type are
derivable in IIg. From Strengthening Lemma([11]) which holds for ITg we have that
Ferasezy €' = C":Type. Again, by 16 we obtain Fx C' = C":Type. At last, we can
apply congruence and transitivity s A’ <epoct B.

Let us now consider the dependent product rule

r "2’1,1@:1(,2{2 A'<, AT "2’1,1“1(,2& B, B": (A)Type T,z:A’ "2’1,1@:1(,2/2 B'(x) <esla] B"(x)
T by gy (A, B') <c (A", B” 0 ¢1)

with A =T(A’, B"), B=TI(A",B" o¢y) and
c=[F: (A", BYAA",B" o ¢y, [x:A"]ca|z](app(A’, B, F, c1(x)))).

By IH, there exist Af, Ag, iy, By, By, ¢5 s.t. b Ay <g Ap, b B <., B” and
r "E’l,k:K,zg A" = Ag:Type, T "zg,k:K,zg A" = Ay Type,

U,a:A' by wesy B (2) = By:Type, T, a: A" by px sy, B'(x) = By:Type,
I FE’I,k:K,E’z c1 = Clli(A/l)A/ and F, fZ?ZA/ FE/I,k:K,E’Q CQ(IE) = cé:(B’(x))B"(x):Type.

We apply dependent product rule for the case when types are constants and obtain
F Ay — B} <. Ay — B{ with ¢ = [F : Ay — Bg][z:A{](c5 (F(c)(2)))).

By normal equality rules for dependent product and its terms we have that
r "E/IJC:K,Elz A6 — Bé = H(A/,B/), r l_E/l’k:Kvxlz Ag — Bg = H(AI/, B//) and
I'bskrsy ¢ = ¢H(II(A', B)IL(A", B") <
By repeatedly applying the previous lemma we obtain

» Corollary 24. For ¥ wvalid derivable in H%{;, Y =3%1,..., 8y, for any {Ti}icqo..ny Sequences
free of subtyping entries and {X}}icr1.my 8.t L1, 5 = B4,...., 5 for any i € {1.n}, if
I Frysy 0y 5o ls, Toamn D A <c B is derivable in H%{; then there exists A',c', B’ s.t.
Fs A" <o B, T'Fry s, r,50.Te,..Tno15, 00 A=A"Type, T Fry s, 1) 5000, T80T B =
B':Type and T Fry s, 1\ 55 Ts,...T,_ 15,1, ¢ = ¢ :(A)B derivable in TIFL .
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Next we prove that weakening does not break coherence:

» Lemma 25. For ¥ walid in HOS{;, if ¥ = X1,%9,%3 is coherent, for any X7,3} s.t.
Y =% and 1,39 = X, 35, for any ¢, K s.t. X, ¢:K,, %Y is valid, ¥, ¢: K, , X4 coherent.

Proof. Let us consider the derivable judgements I" FE/PC:K”% A<.BandT Fgll,C:K”Eé
A <4 B. Then we know from Lemma 24 that there exist A", B, A", B",c,d’ s.t. Fx, 5,
A <. B, Fs, 5, A" <y B", T |_2’1701K”E'2 A = AType, T }_le’C:K”EIZ B" = B:Type,
r }_E'l,c:K,,Eés B" = BType r "E/I’C:K”E/z Cc = C/I(A)B and I’ '_E/I’C:K”E/Z d= d/(A)B As
in the proof of the previous lemma, using Lemma 16 and Strengthening Lemma from [11]
we have that by, v, A" = A":Type, Fx, v, B = B":Type. By congruence we have that
Fs,5n, A <4 B’ is derivable in Hg{i. If ¥ is coherent then any prefix of it Xq,..., 3y is
coherent so -y, 5, ¢ = d':(A’)B’. Further, by weakening and Lemma 15, we have the desired
result. |

By repeatedly applying the previous lemma we obtain:

» Lemma 26. For Y valid in H%{i, if ¥ =3X4,...,2, is coherent, for any 1 < k < n, for any
{Ti}ieqo..xy sequences free of subtyping entries, for any {Zticrony st D1, B = X0, 8
for any i € {1..k} s.t. Tg,%1,T1,39, o, ..., T1, X, Ty 4s wvalid,

To,%1,11,39, 9, ..., Tk_1, Xk, 'k is coherent.

Finally, the following lemma describes the relation between parts of the context at the
lefthand side of the ; of judgements in II[Cx]; , and X. This is a very important result for
proving the coherence of Cy, based on the coherence of . It states that any such context is
in fact obtained from weakening of a prefix of ¥. In addition from this Lemma, because all
the derivable judgements in II[Cx];, that are not in IT* are subtyping judgements, we have
as a consequence that all the judgements of II[Cx]] - are equivalent to judgements in H%{i.

» Lemma 27. For ¥ a valid signature in HOS{(S, for any derivable judgement T'; T+ J in

H[Cs |,y there exists a partition of ¥ = ¥q,...,38,, 1 <k <n, Iy,.., Tk free of subtyping
entries and X9, ..., X with X4, .., X2 =51, 5] forany1 <i <k st I'=Tr, s, 0. 5T

Proof. By induction on the structure of derivation of the judgement in I[Cx ]} . We only
prove a case for third point when the judgement is I';T"' = A <. B. The only nontrivial case
is when the judgements follows from weakening. Let us assume it comes from a derivation
tree ending with

I, Ty T+ A<.B T};<>F K kind
,eK,I,:,T-A<. B

with IV = I', e: K, T's. By IH we know that there exists a partition of ¥ = ¥, ..., %,, and

1 <k<nandTy,..TI'yand 3},....,X} with X},...,% =X}, .., % forany 1 < i < k s.t.

I, T, = Lrosy om0, With Ibpg s py v py A < B. Let us consider the case when
We consider the partition of ¥ = X, ..., E}, IS YRR T VAN 3700 3. JUNND VD V TNID 3=
S, .S for any [ € lii—1, $q,..,80 = S, %V 5, L2 = 5 L ny s

and Xq,...,%; = X{,..,%] for any | € i+ 1.n and Ty,...,Ti_q, K, T, ..., st. TV =

Dro 21 hict B K 2 0, S Ty <

Y — Y A
' =Tr, s, r,,..1 .z and Iy = Iy g,

The next lemma refers to the ability to argue about coherence of a set of coercive
subtyping judgements corresponding to a signature.

5 Ty With X! = BV 3% for some 1 < i < k.
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» Theorem 28 (Equivalence of Coherence). Let X be a valid signature in I Then ¥ is
coherent in the sense of the Definition 1 iff Cx, is coherent for II[Cs];, in the sense of the
Definition 17.

Proof. Only if: Let I'';T' - A <. B and I'";T + A <; B be derivable in II[Cs]},. From
Lemma 27, it follows that there exists a partition of ¥ = ¥;,...,%,, and 1 < k < n and
To,.... T st. IV =Ty 5, 5.0, I X is coherent, then I'g, 31, ..., X, I'y, is coherent (from
Lemma 26). From Theorem 22, T';T -+ A <. B and I';T + A <; B are derivable in
HCs g i T Frg sy, s A<cBand '+ T, %, ..., 5;, Ty A <4 B are derivable in H%{;.
From coherence here we have I' bp, s, 5, 1. ¢ = d:(A)B which is derivable in H%{z iff
I';T F ¢ = d:(A)B is derivable in II[Cs ]}, (again by Theorem Theorem 22). -

If: By Theorem 22, I' by, A <. B:Type and I" by A <; B:Type are derivable in Hg{i
iff 'y;T'H A<, Band I's;T'+ A <4 B are derivable in II[Cx ] ;. Because Cy; is coherent,
I's;;I'F ¢ = d:(A)B is derivable in II[Cx ]}, which happens iff I" by, ¢ = d:(A)B is derivable
in ng{i <

To prove that the system IIg < is well behaved we first prove that it is well behaved when
all the signatures considered are valid in the restricted system H%{;. First we prove another
equivalence lemma for this situation.

» Theorem 29 (Equivalence for Il <). For ¥ wvalid in T, the following hold:
FI's; T is derivable in II[Cx) iff bx T is derivable in Ilg <
Iy; T+ J is derivable in I[Cs]’ iff T by J is derivable in Ilg <.

Proof. By induction on the structure of derivation. |

The following theorem shows that the system we defined here is well behaved and that
every coercive subtyping application is really just an abbreviation.

» Lemma 30. If a valid signature ¥ in Hg{i is coherent the following hold:

1. If b5 T is derivable in llg < then there exists T' s.t. Fs IV is derivable in H%{i and
Fe ' =1" is derivable in Ilg <. N

2. IfT'tx J is derivable in Ilg < then there exists I, J" s.t. I b5, J' is derivable in H%{g
and s ' =T and ' s J = J' are derivable in IIg <. N

Proof. By Theorem 28, since X is coherent in, Cx is coherent. If we look at the last case, by
Theorem 29, I' b5, J is derivable in IIg < iff I's; T - J is derivable in II[Cs]’. From [21, 33]
we know that, when Cyx, is coherent, any derivation tree of I'y; I' - J can be translated into
a derivation tree in II[Cx)], which concludes with the judgement definitionally equal to
I's;T'F J. So let us consider one such derivation tree, its translation and the definitionally
equal conclusion I's; A + J' (F I'y; <> is already derivable in II[Cx]j, so by inspecting
the definition of the translation in [21, 33] we observe that I's; will not be changed by the
translation). We have - I'y;T' = I's; A and I's;T' = J = J’ are derivable in II[Cs]’. From
Lemma 29 we know that in this case Fx I' = A and I' b5, J = J’ are derivable in IIg < so
the desired derivable judgement is simply A s J'. |

Note that the previous theorem covers the well-behavedness of judgements derived under
a signature that is valid in H%{i. We now prove further that any signature valid in IIg < is
definitionally equal to a signatﬁre valid in HOS{Q, then because of signature replacement we
have that any judgement derivable in in IIg < is_deﬁnitionally equal to a judgement derivable
in H%{g.
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» Lemma 31. For any signature ¥ valid in Ilg < there exists ¥/ valid in H%{; st.X=%
mn HS’,S

Proof. By induction on the length of ¥. We assume ¥ = ¥, c:K. By IH we have that
there exists Xf, valid in H%{i s.t. ¥p = X. By repeatedly applying signature replacement to
by, K kind we have by K kind is derivable in IIs <. By Theorem 30, we have that there
exists K’ s.t. Fsy K' kind is derivable in Hg{; with sy K = K’. That means we can derive,
in I, 3, :K' walid. Going back with context replacement we also have ks, K = K’
derivable, so %, c:K' is the signature we are looking for. |

We finish this section with the following theorem:

» Theorem 32. If a valid signature ¥ in llg < is coherent the following hold:

1. If ks T is derivable in Ilg < then there exists X', T s.t. sy IV is derivable in H%{g and
Y=Y andFx T =T are derivable in g <. -

2. If T ks J is derivable in g < then there exists X', 17, J" s.t. I bxv J' is derivable in
NYL and L =%, ks T =T" and T s J = J' are derivable in 1 <.

Proof. According to the Lemma 31 there exist ¥’ valid in H%KS s.t. ¥ =Y. If we consider
the last point, by signature replacement I' b5/ J is derivable IIg <. Because ¥’ valid in
H%{;, we can apply the Lemma 30 to obtain IV sy J' st. by I'=T" and I' by J = J' are
derivable in IIg <. Again by signature replacement Fxy I' =TIV and I' by, J = J'. |

Further, according to the lemma 16, the derivability of any nonsubtyping judgement in
H%K< is equivalent to the derivability of a judgement in IIg and any subtyping judgement in
HOS{i implies a judgement in Ilg.

3 Embedding Subsumptive Subtyping

In this section, we consider how to embed subsumptive subtyping into coercive subtyping.

To this end, we consider a subtyping system which is a reformulation of the one studied by
[2] and show how it can be faithfully embedded into our system of coercive subtyping.

We consider a system analogous to IIg with the difference that we leave out the signatures.

The types of judgements in this system are I" valid, I' I K kind, T'IF k:K, T'IF K = K’ and
I'IF k = k":K syntactically analogous to b~ I', T F~ K kind, T b~ k:K, 'y K = K’

respectively I' -~ k = k": K, baring rules analogous to the ones in the appendix and Figure 2.
Note that there will be no Signature Validity and Assumption rules as there are no signatures.

On top of these judgements we add I' I A < B type and I IF K < K’ obtained with the rules
from Figure 7. Besides the ordinary variables in II, we allow I" to have subtyping variables
like & < A. We name this extension Il<.

II< is the subsumptive subtyping system specified in LF that corresponds to the system
AP< in [2]. There are some subtle differences between Edinburgh LF (AP) [12] and the
logical framework LF we use (eg, the n-rule holds for the latter but not the former), but they
are irrelevant to the point we are trying to show: the subsumptive subtyping system can be
faithfully embedded in the coercive subtyping system.

Once we introduced this system we will proceed by giving an interpretation of it in the
coercive subtyping system that we introduced in section 2, namely we will show that this
calculus can be faithfully embedded in the coercive subtyping one.

We mentioned that, in this system, an important thing to note is how placing subtyping
entries in contexts interferes with abstraction and hence dependent types, specifically, the
abstraction is not allowed at the lefthand side of subtyping entries. We will give a mapping
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General Subtyping Rules

Ir'FrK=K' TWHFK<K TIK <K' TI-A= B:Type
'kK <K' 'K < K" T'lF A< B:Type

I'FA<BType TIFB<C:Type
I'FA<C:Type

Subtyping in Contexts

Tk A:Type a g FV(T) Ia< AT valid Ia < AT wvalid
I'a < A valid Na< ATV IFaType T,a< AT IFa< A:Type

Type Lifting and Subtyping

T'lF A< B:Type kK THFK<K TWkk=KK TFK<K'
'l El(A) < El(B) 'l kK I'Fk=k:K'

Dependent Product

T I-TI(A, B):Type TIFTI(A', B"):Type
TIFA < AType T, x:A'lF B < B":Type
TIF (A, B) < II(A', B ) Type

Figure 7 Inference Rules for Il<.

that sends the contexts with subtyping entries in the subsumptive system to signatures in
the coercive system, prove that these signatures are coherent, and, finally, that we can embed
the subsumptive subtyping system into the coercive subtyping system via this mapping.
We are motivated, on the one hand by giving a coercive subtyping system in which we
can represent this subsumptive system and at the same time allowing abstraction happen
freely and on the other hand by the fact that we could not employ coercive subtyping in
context as we could make coherent contexts incoherent with substitution. For example
if g <oy A, <., A, T is a coherent context (i.e. under this context any two coercions
between the same types are equal), by substitution we can obtain the incoherent context
a <, A a <., A ag/a)[as/all.

We will assume that A is an arbitrary context in II<. We can also assume without loss of
generality that A = Ay, a1 < Ay, ., Apy o < Ay Apgq, where {o; < Az‘}i:ﬁ are all of the
subtyping entries of A. If A, 11 is free of subtyping entries we can abstract over its entries
freely but the abstraction is obstructed by «, < A, for the entire prefix. We move this
prefix, together with the obstructing entry to the signature using constant coercions XA =
Ay, a1:Type, c1:(a1)Ar, 00 <¢p A1:Type, ..., Ay, an:Type, cni(an)An, an <., Ap:Type. We
map the left A, 1 to a context. This way we translate A = A, o1 < Ay, Ap, 0 <
Ap,Appr FJ in < to Apyy Fs, J in Ilg <, with ¥ as above. In the rest of the section
we shall prove that mapping subsumptive subtyping entries in context to constant coercions
in signature is indeed adequate. For this, we first prove that such a signature is coherent.

» Lemma 33. For any valid context A in Ill<, ¥ A is coherent w.r.t. 1lg <.

Proof. We need to show that, in Ilg <, if we have I' by, 11 <. Ty and I' k5, Th <o T3,

then ¢ = ¢/:(T1)T,. There are two cases:

1. T} = «a is a constant. By the validity of A, we have that, if a; < A4; and a; < A; are two
different subtyping entries in A, then a; # «;, therefore, if a; <., A; and «a; <., A; are
two different coercions in XA, then necessarily, a; # «;.
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2. Ty =1I(A, B) and Tp = II(A”, B”). In this case the non trivial situation is:

Ity (A, B) <., C Tty C <., (A" B")
[ Fy (A, B) <¢y00, (A", B")

and C is equal to dependent product too. What we need to show is that applying
dependent product rule followed by transitivity leads to the same coercion as applying

transitivity first and then the dependent product rule. Namely that, for some A’, B’ s.t.

F '_EA A// SCQ A/ Scl A F |_EA B Sdl B/ Sdz B/I
[k, H(4, B) <., (A, B') <, 1I(A”, B")

where, for F:A — B and G:II(4’, B’), e1(F) = Aa’:A’]d1 (app(F, c1(x"))) and e2(G) =
Az A"]da (app(G, ca(2”"))) applying transitivity rule, first to A, A’, A” and to B, B’,
B" and then to II(A, B), II(A’, B'), II(A”, B") results in the same coercion, that is:

ez 0e1 = eg(er(F))
= ANa":A")dz(app(e1 (F), ca(z")))
Aa"":A"]da(dy (app(F, c1(c2(2")))))
= dy o dy (app(F, c1(c2(z")))) <

Notation. IfI'Fy k:K and 'y K <. K’ are derivable in IIg <, we write I' by k :: K.

In what follows we essentially prove that we can represent the previously introduced
subsumptive subtyping system in our system with coercive subtyping in signatures, meaning
that we can argue about the former system with the sematic richness of the latter.

» Theorem 34 (Embedding Subsumptive Subtyping). Let A and I' be valid contexts in Il<,
such that T' does not contain any subtyping entries. Then we have:

If AT is valid in ll< then s, I' valid in 1lg <.

If AT IF K kind, thenI' by, K kind inIlg <.

IFATIFK =K', thenT by, K =K' inTlg<.

IfATIFEK, thenD by, k:K inllg <.

IFATIFE=K:K, thenT by, k=k:K inIlg<.

If AT IF A< B:Type thenT' b5, A <. B:Type for some coercion c:(A)B in IIg <.
IfATIFK <K', thenT Iy, K <. K' for some ¢:(K)K' inIlg <.

Nook,kwbh=

Proof. The proof proceeds by induction on derivations for all the points of the theorem and
we only exhibit it for the sixth point here and in particular when the last rule in the derivation
tree is the one for the dependent product. We have by IH that, for I' ks, II(A, B)::Type

and I' by, TI(A4', B')::Type we have I' by, A’ <. A:Type and T',x:A" b5, B <. B:Type.

Note that, if K <. Type, then K = Type, so I" by, II(A4, B)::Type is equivalent to I' by
II(A, B):Type, and I" by, II(A’, B')::Type with T by, TI(A’, B'):T'ype, hence we can directly
apply the rule for dependent product in IIg < to obtain I' b5, II(A4, B) <4 I(A’, B'):Type
where, for F:II(A, B), d(F) = Maz:A'ld (app(F, c(x))). <

4 Intuitive Notions of Subtyping as Coercion

In this section, we consider two case studies of how intuitive notions of subtyping may be
considered in the framework of coercive subtyping. The first is about type universes in
type theory and the second is about how injectivity of coercions may play a crucial role in
modelling intuitive notions of subtyping.
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4.1 Subtyping between Type Universes

A universe is a type of types. One may consider a sequence of universes indexed by natural
numbers Uy : Uy : Us : ...and Uy < U; < Uy < ...

Martin Lof [23] introduced two styles of universes in type theory: the Tarski-style and
the Russell-style. The Tarski-style universes are semantically more fundamental but the
Russell-style universes are easier to use in practice. In fact, the Russell-style universes are
a special case of subsumptive subtyping, which is incompatible with the idea of canonical
objects. As observed by the second author in [18], the two styles of universes are not
equivalent and the Russell-style universes can be emulated by Tarski-style universes with
coercive subtyping and this allows one to reason about Russell universes with the semantic
richness of Tarski universes, but without the overhead of their syntax.

Problem with Russell-style Universes. We extend the subsumptive subtyping system IT<
with Russell-style universes by adding the following rules (i € w):

I valid T'FA:U; I valid I’ valid
TIFU; : Type TIFA:Type TIFU;:Uipr TIFU; Ui

and the rules for the II-types:

T-A:U; TIB: (AU
T'I-TI(A,B) : U;

Unfortunately, as mentioned in the introduction, this straightforward formulation of universes
does not satisfy the properties of canonicity or subject reduction if one adopts the standard
notation of terms with full type information. For instance, the term AX:U;.Nat, where
Nat : Uy, would be represented as A\(Uy, [_:U;|Uy, [_:Ui]Nat), but this term, which is of
type Up — Uy (by subsumption, since U; — Uy < Uy — Uy by contravariance), is not
definitionally equal to any canonical term which is of the form A(Uy, ...). As explained in the
introduction, if one used terms with less type information (eg, pairs (a,b), as in HoTT [32],
rather than pair(A, B, a,b), there would be incompatible types of the same term and that
would cause problems in type-checking.

Tarski-style Universes with Coercive Subtyping. The Tarski-style universes are introduced
into IIg < by adding the following rules (i € w):

}_2 T r l_E a Uz l_g I
T'kx U; : Type Tty Ti(a) : Type Thys tiv1: (U)Uigq

where t;11 are the lifting operators,

Fx T Fe T
T l_E U; : U’H—l r l_E E+1 (ul) = Ul : Type

where u; is the name of U; in U, 41, together with the following rule for the names of II-types:

Phsa:U; T, z:Ti(a) by b(z): U
T "2 7ri(a7b) : (]Z

The following equations also need to be satisfied:
Tit1(tiv1(a)) = Ti(a):Type
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I by Ti(mi(a, b)) = (T (a), [2:T;(a)]T;(b(x))) : Type

[y tipa(mi(a, b)) = mip1 (tiva(a), [2:T5(a)]tir1 (0(2)) : Uisa

Furthermore, crucially, the lifting operators ¢;,1 are now declared as coercions by asking that
all the signatures start with the prefix ¥; = Uy <4, U1, ..., Ui—1 <¢, U; where 4 is bigger
than the largest universe index that is used in an application.

Use of Coercion-based Tarski-style Universes. If universes are specified in the Tarski-style
as above with the lifting operators declared as coercions, together with several notational
conventions (eg, T; is omitted, u; is identified with U;, etc.), they can now be used easily
in Russell-style. The lifting operators are not seen (implicit) by the users. In particular,
in this setting, all the Russell-style universe rules become derivable. Theorem 34 can now
be extended in such a way that the Russell-style universes are faithfully emulated by the
Tarski-style universes with coercive subtyping.

4.2 Injectivity and Constructor Subtyping

In subsumptive subtyping, A < B means that A is directly embedded in B. Intuitively, this
may imply that, for @ and a’ in A, if the images of them are not equal in B, then they are
not equal in A, either. If we consider coercive subtyping A <. B, this would imply that c is
injective in the sense that ¢(a) = ¢(a’) implies that @ = o’. In this section, we shall formally
discuss this issue in the context of representing intuitive subtyping notions by means of
coercions.

We shall consider constructor subtyping, studied by [4], in which an (inductive) type is
considered to be a subtype of another if the latter has more constructors than the former.
More precisely we shall discuss the example they start from, namely Even Numbers(Even)
being a subtype of Natural Numbers (Nat) with the argument that the constructors of
Even are 0 and successor of Odd, where Odd is given by the constructor successor of Fven.
Then, in Nat the successor constructor is overloaded to a lifting of these constructors as well.
Formally they write:

datatype 0dd = S of Even and Even = 0
IS of 0dd
datatype Nat = 0
|S of Nat
S of 0dd
IS of Even

The phenomenon we want to discuss here is injectivity, in particular the one related
to Leibnitz equality. Leibnitz equality is defined as follows: z = y if for any predicate P,
P(z) <= P(y). We denote by & =4 y for some type A the Leibnitz equality between x and
y related to a certain domain. Then, we have injectivity of subtyping if, given  =nq: y, with
x,y:Even it is the case that £ =gy, y. Namely, whether for any predicate Q: Even — Prop,
it is the case that Q(z) < Q(y). For this it is enough to show that any predicate
Q:Even — Prop admits a lifting Q':Nat — Prop s.t. for any z:Even, Q'(z) = Q(x).
We can easily define such a Q' as follows:

Q°(x) = Q) if x = 0
Q(S(n)) if x = S of n:0dd
true if x = S of n:Even
true if x = S of n:Nat
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Injectivity of the embedding holds here but it is not granted in coercive subtyping. For
functions f:(x:A)B we denote injective(f) =V, y:A.f(x) =p f(y) — x =4 y. A function
f is then injective if Ip:injective(f).

» Definition 35. We say a coercion 5, a< B 5, A <. B is injective with respect to =p
if there exist p s.t. s piinjective(c) is derivable.

For a constant coercions (namely of the form b5 c.(4)B,5,,4<.B,5,,5, 4 <c B) we can add
the assumption that they are injective b5 c.(4)B, 5, A<.B, 5 prinjective(c),5s A Zc B. If we
embed a subsumptive subtyping that propagates an equality from a type throughout its
subtypes, we represent it as a constant coercion, thus, all we need to do is add the assumption
that a coercion is injective. It is obvious that the transitivity and congruence preserve the
injectivity property.

An example of noninjective coercions is if we think of Nat and Fven as follows

Inductive Nat : Type :=

| 0 : Nat
| S : Nat -> Nat.
Inductive even : Nat -> Prop :=
| 01 : even O
| 02 : even O
| S1 : forall nl, even nl -> even (S (S ni1)).
Inductive Even := pair{n:Nat; e:even n}. Definition projl(ev:Even) :=
match
ev with pair n e => n
end .
Coercion projl : Even >-> Nat.

Note that the definition of Even changed and we refer to it as a feature of the natural
numbers rather than as a subset. In order for a natural number to be even we require a
proof of that.

The reason this coercion is not injective is that we can have two different proofs that 4
is even p1, pa:evend, and hence, two different pairs (4, p1), (4, p2): Even, both of them being
mapped to the same 4:Nat. Enforcing injectivity here is similar to enforcing proof irrelevance.

5 Conclusion and Future Work

In this paper, we have developed a new calculus of coercive subtyping and shown that
subsumptive subtyping can be faithfully embedded or represented in the calculus. The idea
of representing coercive subtyping relations in signatures has achieved a balance between
obtaining a powerful (and practical) calculus to capture intuitive notions of subtyping and
keeping the resulting calculus simple enough for meta-theoretic studies.

We intend to extend the calculus to a richer type theory like Martin-Lo6f’s type theory or
UTT where you have rich inductive types. We do not see any difficulty in doing so, but of
course, studies are needed to confirm this.

Specifying subtyping relations in signatures has changed the nature of ’basic subtyping
relations’ as studied in the earlier setting of coercive subtyping. The earlier setting allows
parameterised coercions such as n:Nat = Vect(Nat,n) <., List(Nat), which instantiates,
in particular, to = Vect(Nat,3) <) List(Nat). Note that here we don’t use parameterised
in the sense of Coq Proof Assistant. This new system does not cover this kind of coercions
at this point. It would be interesting to study a new mechanism to introduce parameterised
coercions by means of entries in signatures.
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The rules of II[C]: consists of those in Figures 8, Figure 9, Figure 10, Figure 11 and Figure 12.

Validity of Signature/Contexts, Assumptions

¥, <>k Kkind ¢ & dom(X)

- FYeK, YT
() FY K Y, eK, 3T FeK
X S;T'F K kind z & dom(X) Udom(T) BT K, T
F 350 XD, eK 510, 0:K, T oK
Weakening

,Y;THJ <>k K kind c¢¢&dom(Z,%)
Y, K, Y;TkFJ

O, EJ ST FK kind z & dom(T,TY)
oD, e K T - J

FEquality Rules

S TFK kind S TFK=K

S TFK=K XTFK =K"
STFK=K STFK =K

SiTFK=K"

T F kK »I'Fk=k:K
S, THFE=kK I HE =kK
S I-kK S5TI'FK=K'

XU+ kK!
Context Replacement

STrFk=K:K STHK =k"K

STFk=kK
STrk=k:K STHK=K
STFk=FkK

So,¢:L, S THJ Yok L=1L

S To,e:K,T1FJ S;ToFK=K'
Yo, L 3T HJ

Do, K/, T = J

Substitution Rules

FX Do, K, Iy 5;ToF kK
F%;To, [k/z]Ty
S:To,2:K,T1 F K' kind X;ToF k:K
3 To, [k/z]T1 b [k/2] K’ kind

SiTo,x:K, W L=L %TokF kK

% To, [k/z|T1 & [k/z]L = [k/x]L’
S:To,x:K, T FE:K' 3;ToF k:K ST, x:K,T1 Fl=1"K X;ToF kK

3 To, [k/z|T1 F [k/z)k":[k/z] K’ % To, [k/z|T1  [k/z]l = [k/x]l':[k/x] K’
¥ To,z:K,T1 - K' kind $;To-k=FK:K i To, oK, T1 FEK' STokk=k:K

3 To, [k/z]T1 F [k/z)K' = [k /2] K’ % To, [k/z|T1 & [k/z]l = [k /z]l:[k /] K’
Dependent Product Kinds
T+ Kkind 3T, 2:K F K' kind

S THK =K %T,2:K i+ K| =K)
5T F (2:K)K' kind

5Tk (2:K1)K; = (2:K2) K},
50,2 K - y:K' Y255 ITFK =Ky ST ,0:KiFk =k K
5T F oKy (v:K)K' 5T F [w:Ki)ky = [2:Koko:(2: K1) K
5Tk fi(m:K)K' 3T F kK S5k f=fiy(e:K)K' 3Tk ki = koK
T+ f(k):[k/z] K’ ST F f(k1) = f/(ke):[k1/x] K’
oK +-E:K STFEK STk fi(m:K)K' x¢€ FV(f)

ST F ([w:Kk') (k) = [k/x]k":[k/x] K’ 5Tk [2:K]f(z) = f:(x: K)K’
The kind Type

3T ¥ T'F A:Type
;T F Type kind 3;T'F El(A) kind

3;T'H A= B:Type
;T'F El(A) = El(B)

Figure 8 Inference Rules for LF".
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5TFA:Type ;T 2z:AtF B(z) : Type
;T HII(A, B) : Type
S I'FA:Type X;T'FB:(A)Type 5Tk f:(x:A)B(z)
ST EMNA, B, f) : II(A, B)
Tkg:II(A,B) %;Tha: A
;T app(A, B, g,a) : B(a)
T'FA:Type X;TF B:(A)Type
5 TkFf:(z:A)B(z) %;Tka:A
5T Fapp(A, B,A(A, B, f),a) = f(a) : B(a)

Figure 9 Inference Rules for IT'.

Subtyping Rules

S THFA<.BeC
S TFA<.B

Congruence

S THFAL.B:Type S;THFA=A :Type S;TFB=B :Type S;TFc=c:(A)B
;T A <. B':Type

Transitivity

S THA<L A :Type I;THA <. A" : Type
ST HA<go. A : Type

Weakening

S, THA<yB:Type L+ K kind
%, ¢K, T+ A<y B: Type

(c & dom(%, X))

STV A<y B:Type ;T F K kind
oK, I'+ A<y B:Type

(z & dom(I\, "))
Context Replacement

Yo,¢:L,S1;TFA<.B SoFL=L %Tox:K,T1FA<.B SiToF K=K
Yo,cL/, S, T FA<.B Y To,:K',I1 - A<, B

Substitution

i To,z: K\ Th A<, B %;ToF kK
E;Fo, [k/:E]F1 F [k/az]A S[k/z]c [k/:v]B

Identity Coercion

;' AType

Dependent Product

ST A<, A:Type I;T'+B,B" :(A)Type %;T,2:AF B(x) <eola] B'(x) : Type

;T F (A, B) <[Fi(A,BYA(A, B ocr , [w: AJea o] (app(A, B, Frer (2)))) TI(A", B 0 1) : Type

Figure 10 Inference Rules for II[C]) . (1).
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Basic Subkinding Rule and Identity

3, I'F A <. B:Type ;T'F K kind
Tk EI(A) <. El(B) E5IE K <pkje K

Structural Subkinding Rules

STHFEK I <. Ky S THEK =K S THFEKy=K, S;Tkce=c:(K1)Ks
LT Ky <o Kb

S THFK<. K S THK <, K"
ST EK <poc K”

2,0 THK <4 K' ¥;<>F Ko kind

dom(S, s
S, Ko, YT FK <4 K' (c 7 dom(%, X))

ST IVEK <gK' STk K, kind
S0 o:Ko, IV K <4 K’
Yo,:L,Y1;THFK <4 K' Yo;<>FL=L %To,z:K,T1FL<4L XToFK=K'
Yo, L YT HK <g K’ Xilo, oK'\ W H L <qg L'
Y To, o K\ Th H Ky <. Ky %5 ToFkK
Lo, [k/2]T1 F [k/2] K1 <(gja)e [k/2] K2
Subkinding for Dependent Product Kind

(z € dom (T, T"))

ST Ky <oy K1 5T, 2:K - Ko kind 23T, 2 : K1 F K5 kind 35T, 2: K1 - [e1(2') /2] K2 <ep K9

5T E (2K ) K Sipa0) Kalle K Jea (f (1 (27))) (z:K1)K>

Figure 11 Inference Rules for II[C]] ;. (2).

Coercive Application
STk fi(eK)K' ST FkeKo ST FKo<.K
;T f(ko):[e(ko) /x] K
STHf=f (KK %Tkko=k;:Ko ZTHKy<.K
35T F f(ko) = f'(ko):[c(ko) /] K

(CAy)

(CA2)
Coercive Definition

STk fi(m:K)K STk ke:Ko ST F Ko <o K
35Tk fko) = f(c(ko)):[c(ko)/x] K’

(CD)

Figure 12 The coercive application and definition rules in II[C]'.

13:31

TYPES 2016



	Introduction
	Coercive Subtyping in Signatures
	Pi_{S,<=}, a Type Theory with Subtyping in Signatures
	Logical Framework with Signatures
	Type Theory with Pi-types
	Subtyping Entries in Signatures

	Coherence for Kinds and Conservativity
	Coherence for Kinds
	Conservativity

	Justification of Pi_{S,<=} as a Well Behaved Extension
	The relation between Pi_{S,<=}^{0K} and Pi_S
	Pi[C]^{;}
	The relation between Pi[C]^{;} and Pi_{S,<=}


	Embedding Subsumptive Subtyping
	Intuitive Notions of Subtyping as Coercion
	Subtyping between Type Universes
	Injectivity and Constructor Subtyping

	Conclusion and Future Work
	Rules of Pi[C]^;

