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—— Abstract

Let G be a directed graph with n vertices and m edges, embedded on a surface S, possibly with
boundary, with first Betti number 3. We consider the complexity of finding closed directed walks
in G that are either contractible (trivial in homotopy) or bounding (trivial in integer homology)
in S. Specifically, we describe algorithms to determine whether G contains a simple contractible
cycle in O(n 4+ m) time, or a contractible closed walk in O(n + m) time, or a bounding closed walk
in O(B(n + m)) time. Our algorithms rely on subtle relationships between strong connectivity in G
and in the dual graph G*; our contractible-closed-walk algorithm also relies on a seminal topological
result of Hass and Scott. We also prove that detecting simple bounding cycles is NP-hard.

We also describe three polynomial-time algorithms to compute shortest contractible closed walks,
depending on whether the fundamental group of the surface is free, abelian, or hyperbolic. A key
step in our algorithm for hyperbolic surfaces is the construction of a context-free grammar with
O(g?L?*) non-terminals that generates all contractible closed walks of length at most L, and only
contractible closed walks, in a system of quads of genus g > 2. Finally, we show that computing
shortest simple contractible cycles, shortest simple bounding cycles, and shortest bounding closed
walks are all NP-hard.
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1 Introduction

A key step in several algorithms for surface-embedded graphs is finding a shortest closed walk
and/or simple cycle in the input graph with some interesting topological property. There is a
large body of work on finding short interesting walks and cycles in undirected surface graphs,
starting with Thomassen’s seminal 3-path condition [49,55]. For example, efficient algorithms
are known for computing shortest non-contractible and non-separating cycles [7,12,27,28,46],
shortest contractible closed walks [10], simple cycles that are shortest in their own homotopy
class [11], and shortest closed walks in a given homotopy [18] or homology class [29], and for
detecting simple cycles that are either contractible, non-contractible, or non-separating [9].
On the other hand, several related problems are known to be NP-hard, including computing
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shortest splitting closed walks [13], computing shortest separating cycles [6], computing
shortest closed walks in a given homology class [14], and deciding whether a surface graph
contains a simple separating or splitting cycle [9].

Directed surface graphs are much less understood, in part because they do not share
convenient properties of undirected graphs, such as Thomassen’s 3-path condition [49, 55],
or the assumption that if shortest paths are unique, then two shortest paths cross at most
once [26]. The first progress in this direction was a pair of algorithms by Cabello, Colin
de Verdiére, and Lazarus [8], which compute shortest non-contractible and non-separating
cycles in directed surface graphs, with running times O(n?logn) and O(g'/?n%/2logn).
Erickson and Nayyeri described an algorithm to compute the shortest non-separating cycles
in 2°Wnlogn time [29]. Later Fox [33] described algorithms to compute shortest non-
contractible cycles in O(3%nlogn) time and shortest non-separating cycles in O(3%nlogn)
time on surfaces with first Betti number 5. (As in previous papers, the input size n is the
total number of vertices and edges in the input graph.)

This paper describes the first algorithms and hardness results for finding topologically
trivial closed walks in directed surface graphs. Our results extend similar results of Cabello,
Colin de Verdiere, and Lazarus [6,9] for undirected surface graphs; however, our algorithms
require several new techniques, both in design and analysis. (On the other hand, our NP-
hardness proofs are actually simpler than the corresponding proofs for undirected graphs!)

We present results for eight different problems, determined by three independent design
choices. First, we consider two types of “trivial” closed walks: contractible walks, which can
be continuously deformed to a point, and bounding walks, which are weighted sums of face
boundaries. (See Section 2 for more detailed definitions.) Second, like Cabello et al. [6,8,9],
we carefully distinguish between closed walks and simple cycles throughout the paper. Finally,
we consider two different goals: deciding whether a given directed graph contains a trivial
cycle or closed walk, and finding the shortest trivial cycle or closed walk in a given directed
graph (possibly with weighted edges). Crucially, our algorithms do not assume that the faces
of the input embedding are open disks. Our results are summarized in Table 1.

Table 1 Our results; S is the first Betti number of the underlying surface.

Structure . Surface Any Shortest

Simple contractible cycle : any O(n) NP-hard
" Contractible closed walk . annulus | O(n) . O(n’loglogn)
. torus O(n) O(n®loglogn)

boundary O(n) O(B%n?)

. other O(n)  0(8%)

Simple bounding cycle any NP-hard NP-hard
""" Bounding closed walk . any | O(8n) . NP-hard

In Section 3, we describe linear-time algorithms to determine whether a directed surface
graph contains a simple contractible cycle or a contractible closed walk, matching similar
algorithms for undirected graphs by Cabello et al. [9]. Our algorithms are elementary: After
removing some obviously useless edges, we report success if and only if some face of the input
embedding has a (simple) contractible boundary. However, the proofs of correctness require
careful analysis of the dual graphs, and the correctness proof for contractible closed walks
relies on a subtle topological lemma of Hass and Scott [38]. These two problems are nontrivial
for directed graphs even if every face of the input embedding is a disk; see Figure 1.
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Figure 1 A cellularly embedded directed graph with no contractible or bounding closed walks.

In Section 4, we describe an algorithm to determine whether a directed surface graph
contains a bounding closed walk in O(f8n) time. We exploit a careful analysis of the interplay
between strong connectivity in the input graph G and its dual graph G*. With some
additional effort, our algorithm can return an explicit description of a bounding closed walk
in O(n?) time if one exists; in the full paper [30, Section 4.2] we prove that this quadratic
upper bound is optimal. This problem can be reduced to finding zero cycles in periodic (or
“dynamic”) graphs [17,40,45]; a periodic graph is a graph whose edges are labeled with integer
vectors; a zero cycle is a closed walk whose edge labels sum to the zero vector. However, all
algorithms known for finding zero cycles rely on linear programming, and thus are much
more complex and much less efficient than the specialized algorithm we present.

Next, we propose three polynomial-time algorithms to compute shortest contractible
closed walks. Each of our algorithms is designed for a different class of surfaces, depending
whether the surface’s fundamental group is abelian (the annulus and the torus), free (any
surface with boundary), or hyperbolic (everything else). Our algorithm for the annulus
and torus uses a standard covering-space construction, together with a recent algorithm of
Mozes et al. [50]. For graphs on surfaces with boundary, we exploit the fact that the set of
trivial words for any finitely-generated free group is a context-free language [51,54]; this

observation allows us to reduce to a small instance of the CFG shortest path problem [3,4,56].

We describe these two algorithms in detail in the full paper [30, Section 6]. In Section 5,
we describe our algorithm for hyperbolic surfaces, which also reduces to CFG shortest

paths; the main technical hurdle is the construction of an appropriate context-free grammar.

Specifically, for any integers g > 2 and L > 0, we construct a context-free grammar with
O(g?L?) nonterminals, in Chomsky normal form, that generates all contractible closed walks
of length L, and only contractible closed walks, in a canonical genus-g surface map called
a system of quads [31,47]. Our construction exploits well-known geometric properties of
hyperbolic tilings.

Finally, in the full paper [30, Section 5|, we prove that detecting simple bounding
cycles, finding shortest simple contractible cycles, and finding shortest bounding closed
walks are all NP-hard. Cabello [6] described a polynomial-time algorithm to compute the
shortest simple contractible cycle in an undirected surface graph; thus, our reduction for
that problem makes essential use of the fact that the input graph is directed. Cabello [6]
and Cabello et al. [9] proved that the other two problems are NP-hard in undirected surface
graphs. Our NP-hardness proofs closely follow theirs but are slightly simpler.

2 Background

Directed graphs. Let G be an arbitrary directed graph, possibly with loops and parallel
edges. Each edge of G is directed from one endpoint, called its tail, to the other endpoint,
called its head. An edge is a loop if its head and tail coincide. At the risk of confusing the
reader, we sometimes write u—v to denote an edge with tail v and head v.
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A walk in G is an alternating sequence of vertices and edges vg—vi— -+ —vp, where
v;—v;+1 is an edge in G for each index ; this walk is closed if vg = vy. A simple cycle is a
closed walk that visits each vertex at most once. An edge cut in a directed graph G is a
nonempty subset X of edges such that G\ X has two components, one containing the tails
of edges in X, and other containing the heads of edges in X. A directed graph is strongly
connected if it contains a walk from any vertex to any other vertex, or equivalently, if it
contains no edge cuts.

An (integer) circulation in a directed graph G is a function ¢: E(G) — N that satisfies
the balance constraint ), é(u—v) =3 ¢(v-w) for every vertex v. The support of ¢
is the subset of edges e such that ¢(e) > 0. An Fuler tour of ¢ is a closed walk that traverses
each edge e exactly ¢(e) times; such a walk exists if and only if the support of ¢ is connected.

Surfaces, embeddings, and duality. A surface is a 2-manifold, possibly with boundary.
A surface is orientable if it does not contain a M&bius band; we explicitly consider only
orientable surfaces in this paper.A closed curve on a surface S is (the image of) a continuous
map v: St < S; a closed curve is simple if this map is injective. The boundary 05 of S
consists of disjoint simple closed curves; the interior of S is the complement S° = S\ 9S.
The genus of S is the maximum number of disjoint simple closed curves in S° whose deletion
leaves the surface connected. Up to homeomorphism, there is exactly one orientable surface
with genus g and b boundary cycles, for any non-negative integers g and b. The first Betti
number of an orientable surface is either 2g if b =0, or 29 +b—1if b > 0.

An embedding of G on a surface S is a continuous map that sends vertices of G to distinct
points in S°,; and sends edges to interior-disjoint simple paths in S° from their tails to their
heads. In particular, if G contains two anti-parallel edges u—v and its reversal v—u, those
edges are embedded as interior-disjoint paths. The embedding of G maps every (simple)
closed walk in G to a (simple) closed curve in S°; we usually do not distinguish between a
closed walk in G and its image in S.

We explicitly consider graphs with loops and parallel edges; however, without loss of
generality, we assume that no loop edge is the boundary of a disk, and no two parallel edges
are the boundary of a disk. With this assumption, Euler’s formula implies that a graph with
n vertices on a surface with first Betti number S has at most O(n + () edges.

A face of an embedding is a component of the complement of the image of the graph.
An embedding is cellular if every face is homeomorphic to an open disk. Unlike most
previous papers, we explicitly consider non-cellular graph embeddings; a single face can have
disconnected boundary and/or positive genus. Each directed edge e in a surface graph lies
on the boundary of two (possibly equal) faces, called the left shore and right shore of e. We
sometimes write f1f’ to denote a directed edge whose left shore is f and whose right shore
is f'. A boundary face of the embedding is any face that intersects the boundary of S.

A dual walk is an alternating sequence of faces and edges fo1f11--- 1 fe¢, where f;1fi11 is
an edge in G for each index i. A dual walk is closed if its initial face fy and final face f,
coincide; a dual walk is simple if the faces f; are distinct (except possibly fo = f¢). A simple
closed dual walk is called a cocycle. A minimal edge cut in a surface graph is the disjoint
union of at most g + 1 cocycles.

Every surface embedding of a directed graph G defines a directed dual graph G*, with
one vertex f* for each face f of G, and one edge e* for each edge e of G. Specifically, for any
edge e in G, we have tail(e*) = left(e)* and head(e*) = right(e)*, as shown in Figure 2. We
will treat G* exclusively as an abstract directed graph. Every dual walk in G corresponds to
a walk in G*; in particular, every cocycle in G corresponds to a cycle in G*.



J. Erickson and Y. Wang

Figure 2 Duality in directed surface graphs.

Contractible and bounding. Let a: [0,1] — S and 8: [0,1] — S be two (not necessarily
simple) paths in S with the same endpoints. A homotopy between « and S is a continuous
function h: [0,1]% — S such that h(s,0) = a(0) = 3(0) and h(s,1) = a(1) = B(1) for all s,
and h(0,t) = «(t) and h(1,t) = B(¢t) for all t. Two paths are homotopic, or in the same
homotopy class, if there is a homotopy between them. A closed curve v in S (or a closed
walk in a surface graph G) is contractible if it is homotopic to a constant function. A simple
closed curve (or a simple cycle in G) is contractible in S if and only if it is the boundary of a
disk in S [25].

Mirroring classical terminology for curves in the plane [1,52], an Alezander numbering for
a surface graph G is a function «: F(G) — Z that assigns an integer to each face of G, such
that a(f) = 0 for every boundary face f. The boundary O« of an Alexander numbering « is a
circulation da: E(G) — Z, defined by setting da(e) = a(left(e)) — a(right(e)). A closed walk
is bounding if and only if it is an Euler tour of some boundary circulation. Equivalently, a
closed walk (or its underlying circulation) is bounding if and only if its integer homology class
is trivial. (We refer to reader to Hatcher [39], Giblin [35], or Edelsbrunner and Harer [23] for
a more through introduction to homology.) On the sphere or the plane, every closed walk is
bounding, and every circulation is a boundary circulation; however, these equivalences do
not extend to other surfaces. (See Figure 1!) A simple cycle «y in G is bounding in S if and
only if S\ « is disconnected; simple bounding cycles are often called separating cycles.

3 Contractible Cycles and Walks

3.1 Simple Cycles

» Lemma 1. Let G be a directed graph embedded on an orientable surface, and let e be a
directed edge that lies in a directed cocycle of G. No bounding closed walk (and in particular,
no simple contractible cycle) in G traverses e.

Proof. Let A be a directed cocycle in GG, and let w be a bounding closed walk. Let
¢: E(G) — N be the boundary circulation defined by setting ¢(e) to the number of times

that w traverses e, and let a: F'(G) — N be an Alexander numbering of w (so that ¢ = da).

We immediately have Y- ., ¢(e) = >, (a(right(e)) — a(left(e))) = 0. Because ¢(e) > 0
for every edge e in G, it follows that ¢(e) = 0 for every edge e € A. <

In light of this lemma, we can assume without loss of generality that G contains no
directed cocycles; in particular, no edge of G has the same face on both sides.

The boundary of a face f, denoted Jf, is the set of edges that have f on one side.

The boundary of f is oriented clockwise if f is the right shore of any edge in Jf, and
counterclockwise if f is the left shore of any edge in df. Each face in G with counterclockwise
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boundary appears as a source in the dual graph G*; each face of G with clockwise boundary
appears as a sink in G*. We call a face coherent if its boundary is oriented either clockwise
or counterclockwise, and incoherent otherwise. See Figure 3.

Y

Figure 3 A simple clockwise contractible cycle (bold green) in a directed surface graph, enclosing
four coherent faces: two counterclockwise (shaded blue) and two clockwise (shaded pink).

» Lemma 2. Let G be a directed graph with no cocycles, embedded on an orientable surface S.
If G contains a simple contractible directed cycle, then G has a face whose boundary is a
simple contractible directed cycle.

Proof. Let v be a simple contractible cycle in G. This cycle is the boundary of a closed
disk D [25]. Without loss of generality, assume +y is oriented clockwise around D, so the right
shore of every edge in v is a face in D.

A dual walk that starts at a face inside D cannot visit the same face more than once,
because G has no cocycles (G* has no cycles), and cannot cross v, because « is oriented
clockwise (all its dual edges point into D). Thus, D must contain at least one face f with
clockwise boundary (a sink in G*). The closure of f is a subset of the closed disk D, so it
must be homeomorphic to a closed disk with zero or more interior holes.

If Of is a simple directed cycle, we are done. Otherwise, 0f is the union of two or more
edge-disjoint simple directed cycles; consider the non-simple shaded face in Figure 3. Each
of these cycles is contractible, because it lies in D. Any simple cycle in 0f that is not the
original cycle v (for example, the boundary of any hole in the closure of f) encloses strictly
fewer faces than . The lemma now follows immediately by induction on the number of
enclosed faces. |

» Theorem 3. Given an arbitrary directed graph G embedded on an arbitrary orientable
surface, we can determine in O(n) time whether G contains a simple contractible cycle.

Proof. The algorithm proceeds as follows. First, we compute the strong components of the
dual graph G* in O(n) time. An edge e of G lies in a cocycle if and only if both endpoints of
the dual edge e* lie in the same strong component of G*; we remove all such edges from G
in O(n) time. Finally, we examine each face of the remaining subgraph by brute force, in
O(n) time. If any face is an open disk whose boundary is a simple directed cycle, we output
TRUE; otherwise, we output FALSE. Correctness follows from Lemmas 1 and 2. <

3.2 Non-simple Closed Walks

It is easy to construct directed surface graphs that contain contractible closed walks but no
simple contractible cycles. For example, the one-vertex graph in Figure 4 has two Eulerian
circuits, both of which are contractible, but the only simple cycles consist of single edges,
none of which are contractible.
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<>

Figure 4 A surface graph with contractible closed walks but no simple contractible cycles.

We detect contractible closed walks using essentially the algorithm described in the
previous section: After removing all cocycle edges, we look for a face whose boundary is
coherent and whose interior is an open disk. However, proving this algorithm correct requires
more subtlety. Here we only sketch a proof of correctness, deferring full details to the full
version [30, Section 3.2].

First, we observe that some shortest contractible closed walk in G is weakly simple,
meaning it can be perturbed in a small neighborhood of the graph into a simple closed
curve [15]. Let w be a shortest contractible closed walk in G, and let @ be a generic
perturbation of w on the surface. A seminal result of Hass and Scott [38, Theorem 2.7]
implies that if @ is not already simple, then it contains either a simple contractible closed
subpath, which we call a monogon, or a pair of simple interior-disjoint subpaths that bound
a disk, which we call a bigon. We call a bigon coherent if one subpath is homotopic to the
reverse of the other, and incoherent otherwise. See Figure 5. If w contained a monogon
or a coherent bigon, smoothing its endpoint(s) would give us shorter contractible closed
walk than w, which is impossible. Smoothing the corners of incoherent bigons removes all
self-intersections from w; we can mirror this smoothing by reordering subpaths of the walk w.

QL O XX O XX X

Figure b Shortening or simplifying a contractible closed curve by smoothing at points of self-
intersection. From left to right: A monogon, a coherent bigon, and an incoherent bigon.

A simple winding-number argument implies that any weakly simple bounding walk in G
traverses each edge at most once.

Finally, we prove that if a graph G with no cocycles has a contractible closed walk,
then the boundary of some face of G is contractible, using a similar induction argument as
Lemma 2. If some weakly simple contractible closed walk w encloses more than one face,
then it must enclose a face f with coherent boundary (a source or sink in G*). If face f is a
disk, we are done; otherwise, f is a disk with holes, and the boundary of any hole is another
weakly simple contractible closed walk that encloses fewer faces.

» Theorem 4. Given a directed graph G embedded on any surface, we can determine in
O(n) time whether there is a contractible closed walk in G.

If the face f has an interior hole, then the graph G must be disconnected, because the
interior of f is a subset of the open disk A. Thus, it may tempting to simplify our argument
by assuming “without loss of generality” that the graph G is connected. Unfortunately,
we cannot simultaneously assume that G is connected and that G contains no cocycles.
Resolving this tension lies at the core of our algorithm for finding bounding closed walks,
which we describe next.
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4 Bounding Closed Walks

To simplify our presentation, we assume in this section that our input graphs are embedded
on surfaces without boundary; this assumption is justified by the following observation. Let G
be a directed graph embedded on a surface S with b > 0 boundary cycles, and let S*® be the
surface without boundary obtained from S by attaching a single disk with b — 1 holes to all
boundary cycles of S. All boundary faces of G on the original surface S are contained in a
single face of G on S°®. If S has first Betti number (§, then S*® has genus O(f).

» Lemma 5. A closed walk w in G is bounding in S if and only if it is bounding in S°®.

Proof. Any Alexander numbering for w on S is also an Alexander numbering for w on S°.
Let a be any Alexander numbering for w on S°®. For any integer k, the function a + k
defined as (a+ k)(f) = a(f) + k for every face is also an Alexander numbering for w on S°.
Thus, there is an Alexander numbering a® of w such that a®(f) = 0 for the single face of G
containing S*® \ S. The function «® is an Alexander numbering for w on S. <

Our algorithm for detecting bounding closed walks relies on two elementary observations.
First, we can assume without loss of generality that G is strongly connected, because any
closed walk in the input graph G stays within a single strong component of G. On the other
hand, Lemma 1 implies that we can assume without loss of generality that the input graph G
has no cocycles; otherwise, we can remove all cocycles in O(n) time by contracting each
strong component of the dual graph G* to a single dual vertex. Indeed, if the input graph
satisfies both of these conditions, finding bounding closed walks is trivial.

» Lemma 6. Let G be a strongly connected surface graph with at least one edge, whose dual
graph G* is acyclic. There is a bounding closed walk in G.

Proof. For each face f of G, let a(f) be the rank of the dual vertex f* in an arbitrary
topological sort of the dual graph G*. For each edge e in G, we have a(left(e)) > a(right(e)).
Thus, the function da: e — a(left(e)) — a(right(e)) is a positive integer boundary circulation
with connected support. Any Euler tour of this circulation is a bounding closed walk. <«

Kao and Shannon [41,43,44] observed that these two assumptions are actually identical
for planar graphs; a planar directed graph G is strongly connected if and only if its dual
graph G* is acyclic. (This important observation is the basis of several efficient algorithms
for planar directed graphs [2,41-44,53].) And indeed, finding bounding closed walks in planar
graphs is trivial, because every closed walk in a planar graph is bounding.

However, this equivalence does not extend to directed graphs on more complex surfaces;
a strongly connected directed surface graph can contain many directed cocycles. Moreover,
deleting all the directed cocycles from a strongly connected surface graph can disconnect
the graph. More subtly, if H is a disconnected surface graph without cocycles, the induced
embeddings of the individual components of H can contain cocycles. See Figure 6.

Our algorithm repeatedly applies both of these simplifications, alternately removing
cocycle edges and separating components, eventually reporting success if it ever finds a
component that is both strongly connected and cocycle-free. Each iteration can be performed
in O(n) time, and each iteration removes at least one edge, so conservatively, our algorithm
runs in O(n?) time. But in fact, our algorithm converges after only O(g) iterations. We only
sketch a proof of this claim in this extended abstract; see the full paper [30, Section 4.1] for
complete proofs.
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Figure 6 A strongly connected directed graph on the torus with cocycles (bold red). Deleting
all cocycles disconnects the graph. The components of the disconnected graph have more cocycles.
(Only one cocycle is emphasized in each component.)

» Lemma 7. Let H be a directed surface graph without cocycles. Every weak component
of H is strongly connected.

Proof. If a weak component of H is not strongly connected, then H contains a non-empty
directed edge cut. Every non-empty directed edge cut is the disjoint union of cocycles. <«

We call any face of G simple if it is homeomorphic to an open disk and non-simple
otherwise. (The boundary of a simple face is not necessarily a simple cycle.)

» Lemma 8. Let G be a strongly connected surface graph, let H be the subgraph of G obtained
by deleting all cocycles, and let G' be a (strong) component of H. Every simple face of G' is
also a simple face of G.

» Corollary 9. Let G be a strongly connected surface graph, let H be the subgraph of G
obtained by deleting all cocycles, and let G' be a (strong) component of H. Every directed
cocycle in G’ wvisits at least one non-simple face of G'.

We define the footprint [G] of a directed surface graph G as the union of the vertices,
edges, and simple faces of G. For example, the footprint of the middle graph in Figure 6 is
the disjoint union of two annuli. The embedding of G is cellular if and only if [G] is the
entire surface. Let 8yo(G) denote the number of (weak) components of G, or equivalently,
the number of components of its footprint [G]. Let 51 (G) denote the first Betti number
of [G], which is the rank of the first homology group of [G]. If G has at least one non-simple
face, then £1(G) := Bo(G) — v(G) + e(G) — fo(G), where v(G), e(G), and fy(G) denote the
number of vertices, edges, and simple faces of G, respectively. If G (and therefore [G]) is
disconnected, then 31(G) is the sum of the first Betti numbers of its components.

» Lemma 10. Let G be a strongly connected surface graph, let H be the subgraph of G
obtained by deleting all cocycles, let G' be a (strong) component of H, and let H' be the
subgraph of G' obtained by deleting all cocycles. If H' # G', then 51(H') < 51(G’).

» Theorem 11. Given a directed graph G embedded on any surface with genus g, we can
determine in O(gn) time whether there is a bounding closed walk in G.

Proof. Assume G is strongly connected, since otherwise, we can consider each strong
component of G separately. Let H be the graph obtained by deleting all cocycles of G. We
can construct H in O(n) time by computing the strong components of G* in linear time, and
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then deleting any edge of G whose incident faces lie in the same strong component of G*.
Lemma 1 implies that any bounding closed walk in G is also a bounding closed walk in H.

If H has no edges, we return FALSE. If H is weakly connected and has at least one edge,
then, following Lemmas 6 and 7, we immediately return TRUE. Otherwise, we recursively
examine each (strong) component of H. Each vertex of the input graph G participates in
only one subproblem at each level of recursion, so the total time spent at each level is O(n).
Finally, Lemma 10 implies that the depth of the recursion tree is at most O(g). |

5 Shortest Contractible Closed Walks

Finally, we describe polynomial-time algorithms to compute the shortest contractible closed
walk in a directed surface graph with weighted edges. In this extended abstract, we describe
only our algorithm for surfaces without boundary and with genus g > 2. These are precisely
the surfaces whose fundamental groups are hyperbolic in the sense of Gromov [37], but not
free; as already observed by Dehn [19], the natural geometry for the universal cover of these
surfaces is the hyperbolic plane. (See Figure 8 below.) We describe our (simpler) algorithms
for other types of surfaces in the full paper [30, Section 6].

Ultimately, our algorithm reduces the problem of finding the shortest contractible cycle
to the CFG shortest path problem, introduced by Yannakakis [56]. Given a directed graph
G = (V, E) with weighted edges, a labeling ¢: E — X U {e} for some finite set 3, and a
context-free grammar G over the alphabet 3, the CFG shortest path problem asks for the
shortest walk (if any) in G whose label is in the language generated by G. An algorithm of
Barrett et al. [3] solves the CFG shortest path problem in O(N Pn?) time, where N and P
are the numbers of nonterminals and productions in G, respectively, and n is the number of
vertices in GG, when the grammar G is in Chomsky normal form and all edge weights in G are
non-negative. (Their algorithm was extended to graphs with negative edges but no negative
cycles by Bradford and Thomas [4].) The main difficulty in our algorithm is the construction
of an appropriate context-free grammar.

Fix a directed graph G with non-negatively weighted edges, embedded on an orientable
surface S with genus g > 2 and no boundary. Unlike previous sections, it will prove convenient
in this section to treat G as undirected, but with asymmetric edge weights, as proposed by
Cabello et al. [10]. That is, each undirected edge uv in G is composed of two darts u—v and
v—u with independent weights; a walk is alternating series of vertices and darts; and the
length of a walk is the sum of the weights of its darts, counted with appropriate multiplicity.
We also assume without loss of generality that the given embedding of G is cellular, meaning
every face is homeomorphic to an open disk. These assumptions can be enforced if necessary
by adding at most O(m) directed edges with (symbolically) infinite weight.

5.1 Edge Labeling

The first step in our algorithm is to label the edges of G so that the labels along any closed
walk encode its homotopy type. In principle, we can derive such a labeling by reducing G
to a system of loops [12,22,46]; however, this labeling leads to a less efficient algorithm.!
Instead, we reduce G to a different canonical surface decomposition called a system of quads,
as proposed by Lazarus and Rivaud [47] and Erickson and Whittlesey [31].

1 Specifically, the running time of the resulting algorithm has an extra facotr of g°(9) in the running time.
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Let (T, L,C) be an arbitrary tree-cotree decomposition of G, which partitions the edges
of G into a spanning tree T, a spanning tree C* of the dual graph G*, and exactly 2g leftover
edges L [24]. Contracting every edge in T and deleting every edge in C reduces G to a
system of loops, which has one vertex a, one face f, and 2g loops L. To construct the system
of quads @, we introduce a new vertex z in the interior of f, add edges between z and every
corner of f, and then delete the edges in L.

Next we label each directed edge e in G with a directed walk (e) in Q as follows. Every

walk (e) starts and ends at a and thus has even length. If e € T, then (e) is the empty walk.

Otherwise, after contracting T', edge e connects two corners of f; we define (e) as the walk
of length 2 in @ from the back corner of e, to z, and then to the front corner of e. (If e € L,
there are two such walks; choose one arbitrarily.)

Figure 7 Left: A fundamental polygon for a surface of genus 2, obtained by contracting a spanning
tree and cutting along a system of loops. Right: Mapping a directed non-tree edge to a path of
length 2 in the corresponding system of quads.

Finally, for any closed walk w in G, let (w) denote the closed walk in @ obtained by
concatenating of the labels of edges in w in order. The closed walks w and (w) are freely
homotopic in S; in particular, w is contractible if and only if (w) is contractible. Moreover,
the number of edges in (w) is at most twice the number of edges in w.

The universal cover @ of a system of quads @ is isomorphic to a regular tiling of the
hyperbolic plane by quadrilaterals meeting at vertices of degree 4¢; see Figure 8. The covering
map from @ to @ is a graph homomorphism (mapping vertices to vertices and edges to
edges), which (at the risk of confusing the reader) we also denote (-): Q — Q. A closed walk
in @ is contractible if and only if it is the projection of a closed walk in @ Thus, a closed
walk w in G is contractible if and only if there is a closed walk & in Q such that (@) = (w).

5.2 Hyperbolic Geometry

Our algorithm exploits two well-known geometric properties of regular hyperbolic tilings:
the area of any ball in a hyperbolic tiling grows exponentially with its radius [36, 48], and
the area enclosed by any simple cycle grows at most linearly with the cycle’s length [20,21].
In particular, we rely on the following immediate corollary of these two properties: The
distance from any point in the interior of a simple cycle in a regular hyperbolic tiling is at
most logarithmic in the length of that cycle; see Figure 9.

Classical results already imply this qualitative behavior for all regular hyperbolic tilings;
indeed, Chepoi et al. [16] have derived tight asymptotic bounds. However, we require precise
upper bounds for growth, isoperimetry, and in-radius in the specific tiling @; the running
time of our algorithm ultimately depends exponentially on the constants in those bounds.

For any positive integer r, let N(r) denote the number of vertices at distance at most r

~

from an arbitrary basepoint vertex a of @; we derive tight bounds on N (r) from a recurrence
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Figure 8 The universal cover of a genus-2 system of quads. (Compare with Figure 7.)

Figure 9 Simple closed curves in hyperbolic tilings have logarithmic in-radius.

of Floyd and Plotnick [32]. We derive our isoperimetric inequalities using the “spur and
bracket” analysis of Erickson and Whittlesey [31, Section 4.2], which is based in turn on
results of Gersten and Short [34], along with classical results of Dehn [20,21]. Our inradius
bound then follows immediately. See the full paper [30, Section 7.2] for further details.

» Lemma 12. N(r) ~ BA" for some constants 1 < f < 2 and 49 —3 < A < 4g—2. In
particular, N(r) > A" for allr > 0.

» Lemma 13. Any simple cycle of length L in @ has less than 3L/2 faces of@ in its interior.

» Lemma 14. Any simple cycle of length L in @ has less than 2L /g vertices of @ in its
interior.

» Lemma 15. Let v be a simple cycle in @ with length at most L. Every tiling vertex in the
interior of v has distance at most p = [log,(2L/g)] from at least one vertex of ~.

5.3 Triangulation

Now let w be a closed walk in @ with a distinguished vertex a called its basepoint. Following
Muller and Schupp [51], define a k-triangulation of w is a continuous map 7T from a reference
triangulation T of a simple polygon P to CAQ with the following properties:

T maps vertices of P to vertices of w.

T maps a distinguished edge of P, called the root edge, to the basepoint a.
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T maps the boundary of P continuously onto the walk w; in particular, every edge of P

except the root edge is mapped to a single edge of w.

Finally, 7 maps each diagonal edge in T to a walk of length at most k in @
This map is not necessarily an embedding, even locally. The diagonal walks may intersect
each other or w, even if w is a simple cycle; moreover, some diagonal walks may have length
zero if w is not simple.

Figure 10 Any closed walk in a hyperbolic tiling can be “triangulated” by paths of logarithmic
length.

» Lemma 16. Fvery simple cycle of length L in @ has a (2p + 2)-triangulation, where
p = [logy(2L/g)].

Proof. Let « be a simple cycle of length L in @, and let I' denote the closed disk bounded
by ~. Intuitively, we construct a “Delaunay triangulation” of the vertices of v inside I'.

For each tiling vertex x in T', let nn(z) denote its nearest neighbor on 7, measuring
distance by counting edges in @ and breaking ties arbitrarily. In particular, if = € «y, then
nn(x) = x. Lemma 15 implies that the distance from any vertex z to its nearest neighbor
nn(zx) is at most p. Arbitrarily triangulate each tile in T' to obtain a triangulation A. Let M
denote the set of all edges zy in A such that nn(z) # nn(y). (Intuitively, M is a “discrete
medial axis” of T [5].) For each edge zy in M, let o(z,y) denote a shortest path in Q
from nn(x) to nn(y); in particular, if xy is an edge of v, then o(x,y) = zy. The triangle
inequality implies that each shortest path o(x,y) has length at most 2p + 2. The shortest
paths {o(x,y) | zy € M} are the paths of a (2p + 2)-triangulation of . <

b

Figure 11 Top: Extending a k-triangulation across a spur. Bottom: Merging two k-triangulations
across a generic repeated vertex.
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We extend the previous construction to non-simple closed walks using a straightforward
induction argument. Any non-simple closed walk can be decomposed into two shorter closed
walks at a repeated vertex. The induction hypothesis gives us two (2p + 2)-triangulations
for the shorter closed walks, which we can extend or combine into a (2p + 2)-triangulation
for w by case analysis, as suggested by Figure 11. We defer further details to the full
paper [30, Section 7.3].

» Lemma 17. Every closed walk of length L in @ has a (2p + 2)-triangulation, where
p = [log\(2L/g)].

5.4 Context-Free Grammar

Now finally we reach the key component of our algorithm: the construction of a small
context-free grammar G in Chomsky normal form such that the shortest contractible closed
walk in G is also the shortest walk whose label is in the language generated by G.

» Lemma 18. For any positive integer L, there is a context-free grammar G in Chomsky
normal form with O(g?L?) non-terminals, such that (1) Every string generated by G describes
a contractible closed walk in Q, and (2) every contractible closed walk in Q of length at
most L is generated by G.

Proof sketch. We closely follow a construction of Muller and Schupp [51, Theorem 1]. The
alphabet for our grammar consists of all 8g darts in ). The variables of G correspond to
homotopy classes of walks of length at most 2p + 2 in Q); in particular, the starting variable
corresponds to the class of contractible walks from vertex a to vertex a. The number of
nonterminals is

2N(2p+2) = ON¥F2) < O\l CL/9TY) = O((2L/g)* X') = O(¢°L?)

by Lemma 12 and the definition of p. The non-terminal productions in G correspond to
concatenation of homotopy classes; crudely, there are at most O(g*L*) such productions.
Finally, the grammar includes a terminal production for the homotopy class of each dart. For
any closed walk w of length L, and for any (2p+2)-triangulation 7 of w, the dual tree of T is a
parse tree for w in this grammar. We defer further details to the full paper [30, Section 7.4]. <

» Theorem 19. Let G be a directed graph with m non-negatively weighted edges, embedded on
the orientable surface of genus g with no boundary. We can compute the shortest contractible
closed walk in G in O(g°m?) time.

Proof. We construct the system of quads @ and label the edges of G in O(m) time. If
necessary, subdivide edges of G so that each edge is labeled with either the empty walk or a
single dart in Q. After subdivision, G has at most 2m edges, and therefore (because G is
symmetric) at most 2m vertices.

Then we build a context-free grammar G that generates only contractible walks in @
and generates all non-empty contractible walks in @ of length at most 2m, as described in
Lemma 18. This grammar has N = O(g?m?) nonterminals and P = O(g*m*) productions.
Recall from Section 3.2 that some shortest contractible walk in G is weakly simple, and
therefore has at most 2m edges. It follows that G generates the label of some shortest
contractible walk in G.

Finally, we compute the shortest closed walk in G whose label is generated by G, using
the CFG-shortest-path algorithm of Barrett et al. [3], in O(NP(n')3) = O(¢®m?) time. <«
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