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—— Abstract

Lempel-Ziv (LZ) factorization and Lyndon factorization are well-known factorizations of strings.
Recently, Karkkéinen et al. studied the relation between the sizes of the two factorizations, and
showed that the size of the Lyndon factorization is always smaller than twice the size of the non-
overlapping LZ factorization [STACS 2017]. In this paper, we consider a similar problem for the
overlapping version of the LZ factorization. Since the size of the overlapping LZ factorization is
always smaller than the size of the non-overlapping LZ factorization and, in fact, can even be an
O(logn) factor smaller, it is not immediately clear whether a similar bound as in previous work
would hold. Nevertheless, in this paper, we prove that the size of the Lyndon factorization is always
smaller than four times the size of the overlapping LZ factorization.
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1 Introduction

A factorization of a string w is a sequence of non-empty substrings of w such that the
concatenation of the substrings in the sequence is w. Various types of factorizations of
strings have been proposed so far, and most, if not all, of them are categorized into two
(not necessarily disjoint) categories. One is to factorize a given string w into combinatorial
objects such as squares (square factorization [9, 18]), repetitions (repetition factorization [14]),
palindromes (palindromic factorization [13, 10, 4, 2]), closed words (closed factorization [1]),
and Lyndon words (Lyndon factorization [6]), while the other is to factorize a given string
w as efficient preprocessing for text processing, in particular, text compression [21, 22, 20].
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Amongst the variety of string factorizations, the Lyndon factorization [6] and the Lempel-
Ziv (LZ for short) factorization [21] are probably those that are most well-known and
extensively studied from the above categories, respectively, and this paper also deals with
these factorizations.

As will be seen below, the definitions of LZ and Lyndon factorizations are rather different,
and hence the results of these factorizations of the same string can also be very different. On
the other hand, quite interestingly, both LZ and Lyndon factorizations have been used as
efficient preprocessing for linear-time computation of runs or mazimal repetitions in a given
string [16, 5, 7, 3, 17, 11, 8]. Another connection between LZ and Lyndon factorizations is
that both of the sizes of the LZ and Lyndon factorizations of a string w are lower bounds of
the output size of any grammar compression for w [19, 12]. Here, by the size of a factorization
we mean the number of factors in the factorization. Now, a natural question would be: How
much the sizes of the LZ and Lyndon factorizations of the same string can differ?

This question was first considered by Kéarkkéinen et al. [15] for the non-overlapping
variant of LZ factorization. The non-overlapping LZ factorization of a string w is a sequence
Di,---,Dz,, Of 2no factors such that each p; is a single character if it is the first occurrence
of the character in w, or p; is the longest prefix of p;---p,,  that has an occurrence in
p1---pi—1. A string £ is said to be a Lyndon word, if ¢ is lexicographically smaller than
all of its non-empty proper suffixes. A factorization f{*,..., f& is said to be the Lyndon
factorization of a string w if f; is a Lyndon word, e; > 1, and f; is lexicographically larger
than f;41 for all <. For many strings, the size m of Lyndon factorization is smaller than the
size z,, of non-overlapping LZ factorization. However, they showed that there is a series
of strings for which m = 2z,, + ©(y/Zn,) holds. In addition, they proved that the inequality
m < 2z, holds for any string.

In this paper, we consider the relationship between the size of overlapping variant of
LZ factorization and Lyndon factorization of the same string. The non-overlapping LZ
factorization of a string w is a sequence ¢, ..., q, of z factors such that each ¢; is a single
character if it is the first occurrence of the character in w, or ¢; is the longest prefix of
g+ qz,, that has another occurrence in w beginning at a position within g; - --¢;—1. It is
known that z < z,, always holds, and there are cases where z is by a factor of O(logn)
smaller than z,,: E.g., for a trivial string o™, z = 2 while z,, = O(logn). These facts make
it more challenging to show an upper bound for m in terms of z. Still, in this paper, we
prove that the inequality m < 4z holds for any string. Our proof generally follows the scheme
introduced by Kérkkéinen et al. [15], but our analysis leading to the inequality m < 4z is
original and seems to be interesting.

2 Preliminaries

2.1 Strings

Let ¥ be an ordered alphabet. An element of ¥* is called a string. The length of a string w is
denoted by |w|. The empty string ¢ is a string of length 0. Let ©T be the set of non-empty
strings, i.e., X7 = X* — {¢}. For a string w = zyz, x, y and z are called a prefiz, substring,
and suffix of w, respectively. The i-th character of a string w is denoted by wl[i], where
1 <4 < |w|. For a string w and two integers 1 < ¢ < j < |w|, let wli..j] denote the substring
of w that begins at position ¢ and ends at position j. For convenience, let wli..j] = ¢ when
k—1 ks a

i > j. For any string w let w! = w, and for any integer k > 2 let w* = ww*~ 1, ie., w

k-times repetition of w.
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If character a is lexicographically smaller than another character b, then we write a < b.

For any strings z, vy, let lcp(z,y) be the length of the longest common prefix of z and y. We
write z < y iff either z[lep(x, y) + 1] < y[lep(x,y) + 1] or = is a proper prefix of y.

2.2 Lyndon words and Lyndon factorization of strings

A string w is said to be a Lyndon word, if w is lexicographically strictly smaller than all of
its non-empty proper suffixes. The Lyndon factorization of a string w is the factorization

Ty, fem of w, such that each f; € £ is a Lyndon word, e; > 1, and f; = fi41 for all
1 < i < m. We call m the size of the Lyndon factorization of w. We also refer to each f; as
a Lyndon factor and each F; = f{* as a Lyndon run of w.

2.3 Lempel-Ziv factorization of strings

The overlapping Lempel-Ziv factorization (LZ factorization for short) of a string w is the
factorization pq,...,p, of w such that either p; is a character which does not appear in
P1 -+ Pi—1 or p; is the longest prefix of p; - - - p, which has another occurrence to the left. We
refer to each p; as an LZ phrase. For any substring w[i..j] (1 <i < j <|w|) in w, w[i..j] is
said to contain an LZ phrase boundary if there exists an LZ phrase which begins in [, j].

3 Tools for non-overlapping LZ factorization

In this paper, we give the following result.

» Theorem 1. Let m be the size of the Lyndon factorization of a string w and z the size of
the (overlapping) LZ factorization of w. For any string w, m < 4z holds.

We prove Theorem 1 in Section 4. Our proof follows similar techniques for non-overlapping
version which was introduced by Kérkkéainen et al. [15]. In this section, we explain their
techniques which can be also applied for overlapping version.

3.1 Leftmost occurrence and factorizations

Each factorization catches the leftmost occurrences of particular substrings. Lemma 2 can
be easily obtained by the definition of LZ factorization.

» Lemma 2. If a substring wli..j] does not have any occurrence to the left, wli..j] contains
an LZ phrase boundary.

» Lemma 3 (Lemma 4 of [15]). Let d > 1 and 1 < i < m —d+ 1, and assume that
F; - Fiyq—1 has an occurrence to the left of the trivial one in w. Then:

1. The leftmost occurrence of Fy--- Firq_1 5 a prefiz of f; for some j < i;

2. F;---Fiyq1 is a prefic of every fr, with j < k <i.

3.2 Domains

Due to Lemma 3, each concatenation of several Lyndon runs has a range such that every
Lyndon run in the range has the concatenation as a prefix.

» Definition 4 (Definition 5 of [15]). Letd > 1 and 1 < i < m —d+ 1. d-domain of a
Lyndon run F;, denoted by domg(F;), is the substring Fj--- F;_1 where F; is the Lyndon
run starting at the same position as the leftmost occurrence of F; - F;1q—1 in w. Note that
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2
1,2,3

w:abbéabbabacabacbabacaba|
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

Figure 1 All non-empty domains in string w = abbabbabacabacbabacaba are illustrated. Since
the leftmost occurrence of w[20..22] in w is w[7..9], 2-domain of Lyndon run w[20..21] is w[7..19].
Moreover, w[7..9] is associated with this 2-domain. (This figure imitates Figure 1 of [15].)

if Fy -+ Fiiq_1 does not have any occurrence to the left of the trivial one then domy(F;) = e.
The integers d and i — j are called the order and size of the domain, respectively. The
extended d-domain of F; is the substring extdomg(F;) = domgy(F;) - F; - Fiyq—1 of w.

By the definition and Lemma 2, each domain contains an LZ phrase boundary. For any
domain domg(F;), we say that the leftmost occurrence of F; - - F; 441 is associated with
domy(F;) (Definition 7 of [15]).

» Lemma 5 (Lemma 8 of [15]). Each substring associated with a domain contains an LZ
phrase boundary.

We show an example of domains in Figure 1.

3.3 Tandem domains

» Definition 6 (Definition 9 of [15]). Let d > 1 and 1 < i < m —d. A pair of domains
domgi1(F;),domg(Fit1) is called a tandem domain if domgy1(F;) - F; = domy(F;y1) or,
equivalently, if extdomgy1(F;) = extdomy(F;y1). Note that we permit domgiq(F;) = €.

Let domgy1(F;),domg(F;41) be a tandem domain. By Lemma 3, F; can be written as
Fi = FiJrl s Fier - x for some = € E+. ThUS, Fl s Fier = Fi+1 cee Fi+d c X Fi+1 ce Fi+d~
We say that the occurrence of = - Fjy1 -+ F;y4 in the leftmost occurrence of F; - -- F; 4 is
associated with the tandem domain domgi1(F;),domg(F;+1) (Definition 10 of [15]).

In Figure 1, a pair of 3-domain of Lyndon run w[16..19] and 2-domain of Lyndon run
w[20..21] is a tandem domain. Moreover, w[10..13] is associated with the tandem domain.

3.4 Groups

» Definition 7. Letd > 1,2 <p<m,and1 <i<m-—d—p+2. A set of p domains
domgyp—1(F), ..., domg(Fitp—1) is called a p-group if for allt = 0,...,p — 2 the equal-
ity domgip—1—¢(Fige),domgpp_o_i(Fite41) hols or, equivalently, extdomgy,—1(F;) = ... =
extdomg(Fiyp—1). Note that we permit domgi,—1(F;) = €.

Let domgyp—1(F;),...,domg(F;1,_1) is a p-group. F; has Fi4p_1 -+ Fiypyq—2 as a prefix
by Lemma 3. Then, Fi cee Fi+p+d—2 = Fi+p—1 s Fi+p+d—2 X Fi-i—l s Fi+p+d—2 for some
x € X*. We say that the occurrence of = - Fj; - Fi{piq—2 in the leftmost occurrence of
Fy - Fiiptd—2 is associated with the group.

» Lemma 8 (Lemma 16 of [15]). The substring associated with a p-group is the concatenation,
in reverse order, of the p — 1 substrings associated with the tandem domains belonging to the

p-group.



Y. Urabe, Y. Nakashima, S. Inenaga, H. Bannai, and M. Takeda

d+1
d+2
/[
Jy
F,

Fo | Foly] Foo | Fa ]| Fa o ]z]0 ]z
F; l Fis Fiop Fiy Fil"'lFdel

o a2 Yy

Figure 2 This figure illustrated 3-group domgo(Fi—2),domgi1(Fi—1),domg(F;). a1(= zy) is the
substring associated with tandem domain domg1(F;—1),domg(F;), and aa(= 2'yzy) is the substring
associated with tandem domain domg4a(Fs—2),domgi1(Fs—1). Moreover, a1z is the substring
associated with the 3-group. (This figure imitates Figure 2 of [15].)

Two groups domgi,—1(F}),...,domy(Fitp—1) and domg iy —1(Fk), ..., domy (Fryp—1)
are said to be disjoint if i+p—1 < k or k+p’ — 1 < 4. For any disjoint groups, the following
property holds.

» Lemma 9 (Lemma 18 of [15]). Substring associated with disjoint groups do not overlap.

3.5 Subdomains

» Definition 10 (Definition 19 of [15]). dom.(F%) is said to be a subdomain of domgy(F;) =
Fj---Fi_y if either

k=1iande=d, or

Jj <k <i and extdom.(Fy) is a substring of extdomy(F;).

» Lemma 11 (Lemma 20 of [15]). Let dom.(Fyt1),dom.y1(F)) be a tandem domain. If
dom.(Fy11) and dom.y1(Fg) are both subdomains of a domain domy(F;), then the substring
associated with domy(F;) does not overlap the substring associated with tandem domain
dom,(Fj41),domeyq(Fy).

From this lemma, if every domain in a group is a subdomain of domain domy(F;), the

substring associated with domgy(F;) does not overlap the substring associated with the group.

3.6 Canonical subdomains

For any domain domy(F;) = Fj - -- F;_1, we define canonical subdomain C; 4 as follows. C; 4

is the set of subdomains of domg(F;) which can be obtained by the following conditions.

Initially, we set § =d + 1,0l =4 — 1. When [ = j, then we finish the operations.

If doms(F}) = Fj - -- Fi_1, we add doms(F}) into the set C; 4, and set § =0+ 1,0 =1—1.

If doms(Fy) = Fjr -~ Fi_q (j < j'), we add domg(F}) into the set C; 4, and set 6 = 1,1 =
j"— 1. All domains that were added to the set in this case are called loose subdomains.

We refer to each set of consecutive non-loose subdomains as a cluster. Note that the
number of clusters is the number of loose subdomains plus one. Since domg (F;) = €, the
domain w.r.t. F} is always a cluster.

Let t be the number of loose subdomains in canonical sundomains C; 4 of domain

domg(F;). We can discuss the number of LZ phrase boundaries contained in extdomgy(F;).

Let domg, (F3,),...,domg, (F;,) (i1 < ... < i) be the sequence of loose subdomains, and
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extdom;(Fs) extdom,(Fp) extdoms(F,)

Figure 3 This figure illustrates the canonical subdomains of domq(Fis) = Fi - -+ Fi5. (This figure
imitates Figure 3 of [15].)

[ (> 1) the number of Lyndon runs in the leftmost cluster. By the definition of loose
subdomains, we have the following equality.

extdomg(F;) = Fj - - - Fjq;_1 - extdomg, (F;,) - - - extdomg, (F},) (1)

Let S be the sum of the number of the LZ phrase boundaries contained in substrings associated
with each clusters of C; 4. By Lemma 9, these substrings do not overlap each other, and they
are in F --- Fj1;_1. Moreover, they do not overlap the substring associated with domy(F;)
since they are also subdomains of domy(F;) (by Lemma 11). Thus, by Lemma 5, there
exists an LZ phrase boundary in F}--- Fj;;_; which was not counted in S. Let n;, be the
number of LZ phrase boundaries which is contained in extdomg, (F;, ). It is clear that these
boundaries are not in Fj - - - Fj4;—1. Thus, they do not overlap the substring associated with
the group and domg(F;), respectively. Finally, we can discuss the number N; 4 of LZ phrase
boundaries in extdomy(F;) by using Equality (2):

t
Nia>1+Y ny+6. (2)
h=1

4 Proof for overlapping LZ factorization

In this section, we prove Theorem 1. Our proof follows a general scheme introduced by
Karkkéinen et al. [15]. However, our analysis leading to the inequality m < 4z is original
and seems to be interesting.

4.1 Number of LZ phrase boundaries in groups

In the proof for non-overlapping version, Corollary 17 of [15] is one of the important properties.
However, the corollary does not hold for overlapping version of LZ factorization. We want to
introduce a new lemma as Lemma 13 for our problem. We start from the following lemma.

» Lemma 12. FEach substring associated with a 3-group contains an LZ phrase boundary.
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d
d+1
d+2

/ s
y |z
Foly 2]y [z E

Fo |F.ily Folyvlz]y]z

F | Fiy Foy | F Py
Fily Y
s’
Figure 4 An illustration of the first case of proof for Lemma 12.
d
d+1
d+2

/ S
y |z
Folylzlyle E

Fisy Fii |y Fi ylzj J’|Z

| F; | Fiy Fi | F; |'"|Fi+d*1
2Ly | -

5

N

Figure 5 An illustration of the second case of proof for Lemma 12.

Proof. Let domgia(F;—2),domgy1(F;_1),domg(F;) be a 3-group. By the definition of groups,
F;_1 can be written as Fy---F; 41 - z for some z € T, and F,_5 can be written as
F, o = F;,_1-- 'Fierfl 2= F;-- 'Fi+d71 -z Fye- 'Fi+d71 - 2 for some 2z’ € ¥t. For
convenience, y = Fy - Fiyq_1. Then, F;_o---Fiiq 1=y -2-y-2 -F,_1-y.

The substring associated with the 3-group is the suffix z -y - 2’ - F;_1 - y of the leftmost
occurrence of F;_o---F;4-1. s denotes the occurrence (see Figure 4). Suppose that
z-y-2z' - F;_1-y does not have any LZ phrase boundaries at the occurrence. By the definition
of LZ factorization, z -y - 2’ - F;_1 - y has an occurrence to the left. Let s’ be one of such
occurrences of z -y - 2’ - F;_1 - y. We consider the suffix F;_; -y of s’. If a prefix of this
suffix F;_; -y overlaps a suffix of F;_s(see Figure 4). This fact implies that f;_s has a prefix
of F;_1 -y as a suffix since F;_5 = fj”;. On the other hand, f;_s has F;_; -y as a prefix
by Lemma 3. Hence, f;_s has a prefix of F;_; -y as a prefix and also a suffix. This fact
contradicts that f;_o is a Lyndon word. Thus, the distance between s and s’ has to be at
least |F;_1 - y| + 1. However, this fact also contradicts the leftmost occurrence of y (the
leftmost occurrence of y is a prefix of F}j in fact, see also Figure 5). Therefore, every substring
associated with a 3-group contains an LZ phrase boundary. |

By using this lemma, we can easily obtain the following key lemma.

» Lemma 13. Each substring associated with a p-group contains at least L%J LZ phrase
boundaries.

Proof. From Lemma 8, the substring associated with a p-group is the concatenation of p — 1
substrings associated with tandem domains. The substring associated with 3-group contains
an LZ phrase boundary by Lemma 12. Let = and y be the consecutive substrings which are
associated with two consecutive tandem domains. Then, either = or y contains an LZ phrase
boundary. Therefore, there exists at least |25+ | LZ phrase boundaries. <
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4.2 Number of LZ phrase boundaries in extended domains

» Lemma 14. Let domy(F;) be a domain of size k > 0. extdomy(F;) contains at least
[21] 4+ 1 LZ phrase boundaries (namely N;q > [532] +1).

Proof. Let domy(F;) = Fj--- F;—1 be a domain of size k =i — j. We prove this lemma by
induction on k. If k = 0, then the substring associated with domy(F;) contains an LZ phrase
boundary and the statement holds. Now we assume that k£ > 1 and the lemma holds for all
k < k' for some k'.

Firstly, we consider the case when C; 4 does not have loose subdomain. In that case,
domgii(Fy),...,domgy(F;) is a (k + 1)-group. By Lemma 5, the substring associated with
domg(F;) contains an LZ phrase boundary. On the other hand, by Lemma 13, the substring
associated with the (k + 1)-group contains |4 | LZ phrase boundaries. Since every domain
in the group is a subdomain of domy(F;), the substring associated with domg(F;) does
not overlap each of them by Lemma 11. Thus, extdomy(F;) contains L J + 1 LZ phrase

boundaries. The statement of the lemma holds for this case since [ |+1> [ ] + 1.

Suppose that C; 4 has ¢ (> 1) loose subdomains. Let domg, (F;, ), ..., domg, (F;,) be the ¢
loose subdomains of C; 4 and kj, the size of loose subdomain domdh( ) forany 1 <h <t.
We can see a lower bound of N; 4 by using Equation (2). For the second term of Equation (2),
np > {%1 + 1 holds by an induction hypothesis. Now we analyze the sum of kj for all h.
Let [ be the number of domains in the leftmost cluster. Then,

Zkh—kz—l—Zdh—dt (3)

h=1

holds. Next, we analyze the third term of Equation (2). Notice that S is the sum of the
number of LZ phrase boundaries which are contained in substrings associated with each
group that is a cluster in C; 4. The leftmost cluster is a I-group, the rightmost cluster is a
(d¢ — d)-group, and each of other clusters is (dp — 1)-group. For convenience, we consider
1-group as a single domain and 0-group as an empty set of domains. It is clear that substrings
associated with each of them has no LZ phrase boundary. Thus, S can be written as

t—1

o V—IJ z_:{ dh—l—[dh>1])J+Vt_2d_1J (4)

by using Knuth’s notation [predicate]| for the numerical value (0 or 1) of the predicate in
brackets. We partition (¢ — 1) clusters (which are not the leftmost and the rightmost) into

two sets as;
Ty = {hl|d,>3,he[l,t—1]},and
T = {h|dh<3,h€[1,t—1]}.

For any non-negative integer e, || > & — 1 holds. By using this inequation, the second

term in the right-hand side of Equation (4) can be written as
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o~
|

IB (dp —1— dh>1])J

h=1
1 1 Ty
= “(dp —1— 1 - —1- 1) - =4
{2 h [dn > ])J 5 > (dn [dn > 1]) = =
heTy heTy
-1 = ldy, > 1] +12d |T|>12d Ty |
= 2 h 3 h 1| = 3 h 1]
heT, heTy heT,

Thus, S can be also written as

SZ:I))Zdh|T1|+OZ(Oé V21J+{dt2le).

heTy

Moreover, Equation (2) can be written as

1+hz;([kh 1} +1>+S

t—1
3 1
> 1+4t+4< —1=Y dy+d dt>+5
h=1
3 1 1
heTy hGTz hGTl
> 1+7t+1(k—l+d—d _&‘L*Zd — Ty +a
= 1T t) P
heT,
3 1 T. T
> 1 [ T+ |Ta) + (k=1 +d—di) — ‘22|+Q—|T|+
701 1—1 dy—d—1
> —_ —_ — [— .
> 4—|—4(k‘ l+d dt)—&-{ 5 J‘f‘{ 9 J

Let B =1+ 1(k—1l+d—d)+|F]+ 45|, We can prove 8 > 52
three cases as follows. If [ = 1, then

7T 1 di—d—-1 1
> 4 (k— _ ot -
8 > 1 4(k I+d—di)+ 5 3
B §+k‘—1+dt—d>k—l+1
4 4 4 — 4 ’
Ifi>1land d; —d—1=1, then
7T 1 -1 1
> 4 Z(k— _ -z
Bz H+k—l+d—d)+— 5
k—1 [l—(d¢—d) _ k-1
= > .
1+ 1 + 1 Z +1
Ifil>1and d; —d—1> 1, then
7 1 -1 1
> -4 (k— _ - _Z
g > 4+4(k l+d—dy)+ 5 5
d—d-1 1
2 2
B k—1+£+dt d>/€—1_+_1
4 4 4 — 4

Therefore, N; 4 > [*%72] + 1 holds.

L 1 1 for each of
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4.3 Proof of Theorem 1

Now, we are ready to prove Theorem 1.

Proof of Theorem 1. A string s can be written as the sequence of 1-domains, namely s =
extdomy (F;, ) - - - extdomy (F;,) where iy = m. Let kp, be the size of dom(F;, ). By Lemma 14,
extdom (F;, ) contains [£:=1] + 1 LZ phrase boundaries. It is clear that >, _, k, =m — t.
Therefore,

kpn—1 m — 2t m
> 1) > —
Z_Z(’V 1 —‘—F)_ 1 —|—t>4

h=1

holds. |

5 Conclusion

We discussed the relationship between the size z of overlapping variant of LZ factorization
and the size m of Lyndon factorization of the same string. We showed that the inequality
m < 4z holds for any string. One of the interesting open questions is whether there exists a
better bound. Finally, we conjecture that the inequality m < 2z holds for any string.
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