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—— Abstract

We study the Fourier spectrum of functions f: {0,1}™* — {—1,0,1} which can be written as a
product of k Boolean functions f; on disjoint m-bit inputs. We prove that for every positive integer d,

Z |fs\ = O(min{m, \/mlog(2k)})d.

SC[mk]:|S|=d

Our upper bounds are tight up to a constant factor in the O(-). Our proof uses Schur-convexity, and
builds on a new “level-d inequality” that bounds above Z|S\=(i f52 for any [0, 1]-valued function f
in terms of its expectation, which may be of independent interest.

As a result, we construct pseudorandom generators for such functions with seed length O(m +
log(k/e)), which is optimal up to polynomial factors in logm, loglogk and loglog(1/e). Our
generator in particular works for the well-studied class of combinatorial rectangles, where in addition
we allow the bits to be read in any order. Even for this special case, previous generators have an
extra O(log(1/¢)) factor in their seed lengths.

We also extend our results to functions f; whose range is [—1, 1].
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1 Introduction

In this paper we study tests on n bits which can be written as a product of £ bounded
real-valued functions defined on disjoint inputs of m bits. We first define them formally.

» Definition 1 (Product tests). A function f:{0,1}"™ — [-1,1] 4s a product test with k
functions of input length m if there exist k disjoint subsets I, Io, ..., I, C {1,2,...,n} of
size < m such that f(x) = [[,< fi(xr,) for some functions f; with range in [-1,1]. Here
xy, are the |I;| bits of x indexed by I;.
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More generally, the range of each function f; can be C<; := {z € C : |z| < 1}, the
complex unit disk [22, 26], or the set of square matrices over a field [44]. However, in this
paper we only focus on the range [—1,1]. As we will soon explain, our results do not hold for
the broader range of C<;.

The class of product tests was first introduced by Gopalan, Kane and Meka under the
name of Fourier shapes [22]. However, in their definition, the subsets I; are fixed. Motivated
by the recent constructions of pseudorandom generators against unordered tests, which are
tests that read input bits in arbitrary order [8, 28, 44, 50], Haramaty, Lee and Viola [26]
considered the generalization in which the subsets I; can be arbitrary as long as they are of
bounded size and pairwise disjoint.

Product tests generalize several restricted classes of tests. For example, when the range of
the functions f; is {0,1}, product tests correspond to the AND of disjoint Boolean functions,
also known as the well-studied class of combinatorial rectangles [4, 40, 41, 30, 20, 7, 36, 56,
23, 25]. When the range of the f; is {—1,1}, they correspond to the XOR of disjoint Boolean
functions, also known as the class of combinatorial checkerboards [57]. More importantly,
product tests also capture read-once space computation. Specifically, Reingold, Steinke and
Vadhan [44] showed that the class of read-once width-w branching programs can be encoded
as product tests with outputs {0, 1}**%, the set of w x w Boolean matrices.

In the past year, the study of product tests [26, 33] has found applications in con-
structing state-of-the-art pseudorandom generators (PRGs) for space-bounded algorithms.
Using ideas in [23, 25, 33, 14], Meka, Reingold and Tal [38] constructed a pseudorandom
generator for width-3 read-once branching programs (ROBPs) on n bits with seed length
O(log nlog(1/¢)), giving the first improvement of Nisan’s generator [40] in the 90s. Building
on [44, 26, 14], Forbes and Kelley significantly simplified the analysis of [38] and constructed
a generator that fools unordered polynomial-width read-once branching programs. Thus,
it is motivating to further study product tests, in the hope of gaining more insights into
constructing better generators for space-bounded algorithms, and resolving the long-standing
open problem of RL vs. L.

In this paper we are interested in understanding the Fourier spectrum of product tests.
We first define the Fourier weight of a function. For a function f: {0,1}™ — R, consider its

Fourier expansion f =) SC[n] f SXS-

» Definition 2 (dth level Fourier weight in Lg-norm). Let f: {0,1}" — C<1 be any function.
The dth level Fourier weight of f in Lg,-norm is

Woalfl = Y Ifsl.

1S|=d

We denote by Wy <qlf] the sum Z?:o Wo.elf]-

Several papers have studied the Fourier spectrum of different classes of tests. This
includes constant-depth circuits [37, 51], read-once branching programs [44, 50, 14], and
low-sensitivity functions [24]. More specifically, these papers showed that they have bounded
Ly Fourier tail, that is, there exists a positive number b such that for every test f in the
class and every positive integer d, we have

Wialf] < b,

One technical contribution of this paper is giving tight upper and lower bounds on the L
Fourier tail of product tests.
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» Theorem 3. Let f: {0,1}" — [—1,1] be a product test of k functions f1,..., fr with input
length m. Suppose there is a constant ¢ > 0 such that |E[f;]| <1 —27" for every f;. For
every positive integer d, we have

Waalf] < (72(ve-m))".

Theorem 3 applies to Boolean functions f; with outputs {0,1} or {—1,1}, for which we
know a bound on c. Moreover, the parity function on mk bits can be written as a product
test with outputs {—1, 1}, which has f[mk] = 1. So product tests do not have non-trivial Ly
Fourier tail. (See [51] for a definition.)

We also obtain a different upper bound when the f; are arbitrary [—1, 1]-valued functions.

» Theorem 4. Let f: {0,1}" — [—1,1] be a product test of k functions f1,..., fx with input
length m. Let d be a positive integer. We have

Wr.alf] < (85y/mIn(4ek))”.

We note that Theorems 3 and 4 are incomparable, as one can take m = 1 and k = n, or
m=mnand k = 1.

> Claim 5. For all positive integers m and d, there exists a product test f: {0,1}™* — {0, 1}
with k = d - 2™ functions of input length m such that

Wialf] = (m/e*/?).

This matches the upper bound Wy 4[f] = O(m)? in Theorem 3 up to the constant in
the O(+). Moreover, applying Theorem 4 to the product test f in Claim 5 gives W1 4[f] =
O(y/mlog(2k))* = O(m + v/mlogd)®. Therefore, for all integers m and d < 2°(™) there
exists an integer k and a product test f such that the upper bound Wi 4[f] = O(y/mlog(2k))?
is tight up to the constant in the O(-).

We now discuss some applications of Theorems 3 and 4 in pseudorandomness.

Pseudorandom generators

In recent years, researchers have developed new frameworks to construct pseudorandom
generators against different classes of tests. Gopalan, Meka, Reingold, Trevisan and Vad-
han [23] refined a framework introduced by Ajtai and Wigderson [5] to construct better
generators for the classes of combinatorial rectangles and read-once DNFs. Since then, this
framework has been used extensively to construct new PRGs against different classes of
tests [53, 22, 25, 44, 50, 15, 26, 27, 46, 33, 14, 21, 38, 19]. Recently, a beautiful work by
Chattopadhyay, Hatami, Hosseini and Lovett [12] developed a new framework of constructing
PRGs against any classes of functions that are closed under restriction and have bounded L
Fourier tail. Thus, applying their result to Theorems 3 and 4, we can immediately obtain a
non-trivial PRG for product tests. However, using the recent result of Forbes and Kelley [21]
and exploiting the structure of product tests, we use the Ajtai-Wigderson framework to
construct PRGs with much better seed length than using [12] as a blackbox.

» Theorem 6. There exists an explicit generator G: {0,1}* — {0,1}" that fools the XOR
of any k Boolean functions on disjoint inputs of length < m with error € and seed length
O(m + log(n/¢e))(logm + loglog(n/e))? = O(m + log(n/c)).

7:3
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Here O(1) hides polynomial factors in log m, loglog k, loglogn and loglog(1/c). When
mk =n or e = n~() the generator in Theorem 6 has seed length O(m + log(k/¢)), which
is optimal up to O(l) factors.

We now compare Theorem 6 with previous works. Using a completely different analysis,
Lee and Viola [33] obtained a generator with seed length O((m + logk))log(1/¢). When
m = O(logn) and k = 1/e = n®*(") this is O(log? n), whereas the generator in Theorem 6
has seed length O(log n). When each function f; is computable by a read-once width-w
branching program on m bits, Meka, Reingold and Tal [38] obtained a PRG with seed
length O(log(n/¢))(logm + loglog(n/e))?*+2. When m = O(log(n/¢)), Theorem 6 improves
on their generator on the lower order terms. As a result, we obtain a PRG for read-once
Fa-polynomials, which are a sum of monomials on disjoint variables over Fo, with seed length
O(logn/¢)(loglog(n/e))?. This also improves on the seed length of their PRG for read-once
polynomials in the lower order terms by a factor of (loglog(n/e))*.

Our generator in Theorem 6 also works for the AND of the functions f;, corresponding
to the class of unordered combinatorial rectangles. Previous generators [11, 17] use almost-
bounded independence or small-bias distributions, and have seed length O(log(n/e))(1/e).
While several papers [36, 56, 23, 25, 22] have improved the seed length for this model in the
fized order setting, our generator is the first improvement for the unordered setting and has
nearly-optimal seed length. In fact, we have the following more general corollary.

» Corollary 7. There exists an explicit pseudorandom generator G: {0,1}* — {0, 1}" with
seed length O(m+log(n/e)) such that the following holds. Let fi,..., fr: {0,1}¢ — {0,1} be
k Boolean functions where the subsets I; C [n] are pairwise disjoint and have size at most m.
Let g: {0,1}F — C<y be any function and write g in its Fourier expansion g = ngk] Jsxs-
Then G fools g(f1,- .., fr) with error Li[g] - &, where Li[g] := 3 g_4|9s|-

Proof. Let G be the generator in Theorem 6. Note that xs(f1(zr,),--., fe(z1,)) is a product
test with outputs {—1,1}. So by Theorem 6 we have

|E[g(fl(U11)a .- 7fk(UIk)) - E[g(fl(Gll)ﬂ .- -afk(le)”
< Z'gSHE[XS<f1(U11)7 .- afk(UIk))] - E[XS(fI(Gh)’ - 7fk7(GIk)”

S
< Ly[g] - . <

Note that the AND function has L;[AND] < 1, and so the generator in Corollary 7 fools
unordered combinatorial rectangles.

When the functions f; in the product tests have outputs [—1,1], we also obtain the
following generator.

» Theorem 8. There exists an explicit generator G: {0,1}* — {0,1}" that fools any prod-
uct test with k functions of input length m with error ¢ and seed length O(logmk)((m +

log(k/€))(logm + loglog(k/e)) + loglogn) = O(m + log(k/e)) log k.

When m = o(logn) and k =1/ = 20(\/@), Theorem 8 gives a better seed length than
Theorem 6. Thus the generator in Theorem 8 remains interesting for f; € {—1,1} when a
product test f depends on very few variables and the error ¢ is not so small.

Previous best generator [33] has an extra O(log(1/¢)) in the seed length. However, the
generator in [33] works even when the f; have range C<q, which implies generators for several
variants of product tests such as generalized halfspaces and combinatorial shapes. (See [22]
for the reductions.)
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Finally, when the subsets I; of a product test are fixed and known in advanced, Gopalan,
Kane and Meka [22] constructed a PRG of the same seed length as Theorem 6, but again
their PRG works more generally for the range of C<; instead of {—1,1}.

F4-polynomials

Chattopadhyay, Hatami, Lovett and Tal [13] recently constructed a pseudorandom generator
for any class of functions that are closed under restriction, provided there is an upper bound
on the second level Fourier weight of the functions in Li-norm. They conjectured that every
n-variate Fo-polynomial f of degree d satisfies the bound W1 »[f] = O(d?). In particular, a
bound of n'/27°(1) would already imply a generator for polynomials of degree d = Q(logn),
a major breakthrough in complexity theory. Theorem 4 shows that their conjecture is true
for the special case of read-once polynomials. In fact, it shows that Wy ¢[f] = O(d") for every
positive integer ¢. Previous bound for read-once polynomials gives Wi ;[f] = O(log* n)t [14)].

The coin problem

Let X, = (X1,...,Xy) be the distribution over n bits, where the variables X; are indepen-
dent and each X; equals 1 with probability (1 —¢)/2 and 0 otherwise. The e-coin problem
asks whether a given function f can distinguish between the distributions X,, . and X, ¢
with advantage 1/3.

This central problem has wide range of applications in computational complexity and
has been studied extensively for different restricted classes of tests, including bounded-depth
circuits [2, 54, 3, 6, 55, 47, 1, 56, 16], space-bounded algorithms [9, 49, 16], bounded-depth
circuits with parity gates [47, 32, 45, 35|, Fo-polynomials [35, 13] and product tests [34].

It is known that if a function f has bounded L, Fourier tail, then it implies a lower bound
on the smallest €* of € that f can solve the e-coin problem.

» Fact 9. Let f: {0,1}" — C<1 be any function. If for every integer d € {0,...,n} we have
Wh.alf] < b?, then f solves the e-coin problem with advantage at most 2be.

Proof. We may assume be < 1/2; otherwise the result is trivial. Observe that we have
E[xs(Xy,.c)] = €!¥! for every subset S C [n]. Thus,

[BLf (X0n.2)] = ELf (Xn0)]| = |3 FoBlXn]

S#0
n n n
SZ Z |fs|-ad:Z(be)d Sba-ZZ*(dfl) < 20be. <
d=118|=d d=1 d=1

Lee and Viola [34] showed that product tests with range [—1,1] can solve the e-coin
problem with ¢* = ©(1/y/mlog k). Hence, Fact 9 implies that Theorem 4 recovers their lower
bound. Moreover, their upper bound implies that the dependence on m and k in Theorem 4
is tight up to constant factors when d is constant. Claim 5 complements this by showing
that the dependence on d in Theorem 4 is also tight for some choice of k.

The work [34] also shows that when the range of the functions f; is C<1, the right answer
for e* is ©(1/v/mk). Therefore, one cannot hope for a better tail bound than the trivial
bound of (v/mk)? when the range is C<;.

1.1 Techniques

We now explain how to obtain Theorems 3 and 4 and our pseudorandom generators for
product tests (Theorems 6 and 8).

7:5
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1.1.1 Fourier spectrum of product tests

The high-level idea of proving Theorems 3 and 4 is inspired from [34]. For intuition, let us
first assume that the functions f; have outputs {0,1} and are all equal to f; (but defined
on disjoint inputs). It will also be useful to think of the number of functions k being much
larger than input length m of each function. We first explain how to bound above W1 1[f].
(Recall in Definition 2 we defined W, 4[f] of a function f to be Z|S|:d‘fs|q.)

Bounding W1 1[f]

Since the functions f; of a product test f are defined on disjoint inputs, each Fourier coefficient
of f is a product of the coefficients of the f;, and so each weight-1 coefficent of f is a product
of k — 1 weight-0 and 1 weight-1 coefficients of the f;. From this, we can see that Wy 1[f] is
equal to

k _ _
(1) Wialhl- WiolAl* = k- Wialfi]-E[A]F (1)
Because of the term E[f1]*~!, to maximize Wy 1[f] it is natural to consider taking f; to be a
function with expectation E[f1] as close to 1 as possible, i.e. the OR function. In such case,
one would hope for a better bound on Wi 1[fi1]. Indeed, Chang’s inequality [10] (see also [29]
for a simple proof) says that for a [0, 1]-valued function g with expectation o < 1/2, we have

Waalg] < 202 In(1/a).

(The condition < 1/2 is without loss of generality as one can instead consider 1—g.) It follows
by a simple application of the Cauchy—Schwarz inequality that Wi 1[g] < O(v/n) - ay/In(1/«)
(see Fact 12 below for a proof). Moreover, when the functions f; are Boolean, we have
27 < E[f;] <1—2"", and so y/In(1/a) < /m. Plugging these bounds into Equation (1),
we obtain a bound of O(m) - k(1 —E[f1]) E[f1]*~!. So indeed E[f1] should be roughly 1 —1/k
in order to maximize Wi 1[f], giving an upper bound of O(m). For the case where the f;
can be different, a simple convexity argument shows that Wi 1[f] is maximized when the
functions f; have the same expectation.

Bounding W1 4[f] for d > 1

To extend this argument to d > 1, one has to generalize Chang’s inequality to bound
above Ws 4[g] for d > 1. The case d = 2 was already proved by Talagrand [52]. Following
Talagrand’s argument in [52] and inspired by the work of Keller and Kindler [31], which
proved a similar bound in terms of a different measure than E[g], we prove the following
bound on Wy 4[g] in terms of its expectation.

» Lemma 10. Let g: {0,1}" — [0,1] be any function. For every positive integer d, we have
d
Wa.alg] < 4E[g]* (2¢In(e/ Elg]"/*)".

We note that the exponent 1/d of E[g] either did not appear in previous upper bounds
(mentioned without proof in [29]), or only holds for restricted values of d [42]. This exponent
is not important for proving Theorem 3 , but will be crucial in the proof of Theorem 4, which
we will explain later on.

For d > 1, the expression for W1 4[f] becomes much more complicated than Wi 1[f], as it
involves W1 ,[f1] for different values of z € [m]. So one has to formulate the expression of
Wi 4[f] carefully (see Lemma 13). Once we have obtained the right expression for W1 4[f],
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the proof of Theorem 3 follows the outline above by replacing Chang’s inequality with
Lemma 10. One can then handle functions f; with outputs {—1,1} by considering the

translation f; — (1 — f;)/2, which only changes each Wy 4[f;] (for d > 0) by a factor of 2.

We remark that Theorem 3 is sufficient for constructing the generator in Theorem 6.

Handling [—1, 1]-valued f;

Extending this argument to proving Theorem 4 poses several challenges. Following the
outline above, after plugging in Lemma 10, we would like to show that E[f;] should be
roughly 1 —1/k to maximize W1 4[f]. However, it is no longer clear why this is the case even
assuming the maximum is attained by functions f; with the same expectation, as we now do
not have the bound /In(1/a) < /m, and so it cannot be used to simplify the expression
of W1 q[f] as before. In fact, the above assumption is simply false if we plug in the upper
bound in Lemma 10 with the exponent 1/d omitted to the Wy ., [fi].

Using Lemma 10 and the symmetry of the expression for Wy 4[f], we reduce the problem
of bounding above Wi 4[f] with different f; to bounding the same quantity but with the
additional assumption that the f; have the same expectation E[f1]. This uses Schur-convexity
(see Section 2 for its definition). Then by another convexity argument we show that the
maximum is attained when E[f;] is roughly equal to 1 — d/k. Both of these arguments
critically rely on the aforementioned exponent of 1/d in Lemma 10.

1.1.2 Pseudorandom generators

We now discuss how to use Theorems 3 and 4 to construct our pseudorandom generators for
product tests. Our construction follows the Ajtai-Wigderson framework [5] that was recently
revived and refined by Gopalan, Meka, Reingold, Trevisan and Vadhan [23].

The high-level idea of this framework involves two steps. For the first step, we show
that derandomized bounded independence plus noise fools f. More precisely, we will show
that if we start with a small-bias or almost-bounded independent distribution D (“bounded
independence”), and select roughly half of D’s positions T pseudorandomly and set them to

uniform U (“plus noise”), then this distribution, denoted by D + T A U, fools product tests.

Forbes and Kelley [21] recently improved the analysis in [26] and implicitly showed that
d-almost d-wise independent plus noise fools product tests, where d = O(m + log(k/e)) and
§ = n~ ¥4 Using Theorem 4, we improve the dependence on ¢ to (mIn k)~
the following theorem.

and obtain

» Theorem 11. Let f: {0,1}" — [—1,1] be a product test with k functions of input length
m. Let d be a positive integer. Let D and T be two independent d-almost d-wise independent
distributions over {0,1}™, and U be the uniform distribution over {0,1}"™. Then

[E[f(D+T AU)] - E[f(U)]| <k- (V5 (170 - /mIn(ek))? + 27 (4=m)/2),
where “+” and “A” are bit-wise XOR and AND respectively.

The second step of the Ajtai—~-Wigderson framework builds a pseudorandom generator
by applying the first step (Theorem 11) recursively. Let f: {0,1}™ — {0,1} be a product
test with k functions of input length m. As product tests are closed under restrictions (and
shifts), after applying Theorem 11 to f and fixing D and T in the theorem, the function
for: {0,137 — {0,1} defined by fpr(y) :== f(D +T Ay) is also a product test. Thus
one can apply Theorem 11 to fp r again and repeat the argument recursively. We will use

different progress measures to bound above the number of recursion steps in our constructions.

We first describe the recursion in Theorem 8 as it is simpler.

77
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Fooling [—1, 1]-valued product tests

Here our progress measure is the number of bits that are defined by the product test f.
We show that after O(log(mk)) steps of the recursion, the restricted product test is defined
on at most O(m + log(k/e)) bits with high probability, which can then be fooled by an
almost-bounded independent distribution. This simple recursion gives our second PRG
(Theorem 8).

Fooling Boolean-valued product tests

Our construction of the first generator (Theorem 6) is more complicated and uses two
progress measures. The first one is the maximum input length m of the functions f;, and
the second is the number k of the functions f;. We reduce the number of recursion steps
from O(log(k/e))logm to O(logm). This requires a more delicate construction and analysis
that are similar to the recent work of Meka, Reingold and Tal [38], which constructed
a pseudorandom generator against XOR of disjoint constant-width read-once branching
programs. There are two main ideas in their construction. First, they ensure k£ < 16™ in each
step of the recursion, by constructing another PRG to fool the test f for the case k > 16™.
We will also use this PRG in our construction. Next, throughout the recursion they allow
one “bad” function f; of the product test f to have a longer input length than m, but not
longer than O(log(n/e)). Using these two ideas, they show that whenever m > loglogn
during the recursion, then after O(1) steps of the recursion all but the “bad” f; have their
input length restricted by a half, while the “bad” f; always has length O(log(n/c)). This
allows us to repeat O(logm) steps until we are left with a product test of ¥’ < polylog(n)
functions, where all but one of the f; have input length at most m’ = O(loglogn).

Now we switch our progress measure to the number of functions. This part is different
from [38], in which their construction relies on the fact that the f; are computable by
read-once branching programs. Here because our functions f; are arbitrary, by grouping
¢ functions as one, we can instead think of the parameters ¥’ and m’ in the product test
as k" = k'/c and m” = em/, respectively. Choosing ¢ to be O(logn/loglogn), we have
m” = O(logn) and so we can repeat the previous argument again. Because each time k' is
reduced by a factor of ¢, after repeating this for O(1) steps, we are left with a product test
defined on O(logn) bits, which can be fooled using a small-bias distribution. This gives our
first generator (Theorem 6).

Organization

In Section 2 we prove Theorems 3 and 4. In Section 3 we construct our pseudorandom
generators for product tests, proving Theorems 6 and 8. In Section 4 we prove Lemma 10,
which is used in the proof of Theorem 4.

2  Fourier spectrum of product tests

In this section we prove Theorems 3 and 4. We first restate the theorems.

» Theorem 3. Let f: {0,1}"™ — [—1,1] be a product test of k functions f1,..., fr with input
length m. Suppose there is a constant ¢ > 0 such that |E[f;]| <1 —27" for every f;. For
every positive integer d, we have

Wialf] < (12(ve - m))".
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» Theorem 4. Let f: {0,1}" — [—1,1] be a product test of k functions f1,..., fx with input
length m. Let d be a positive integer. We have

W.alf] < (85y/mIn(4ek))”.

Both theorems rely on the following lemma which gives an upper bound on W3 4[g] in
terms of the expectation of a [0, 1]-valued function g. The case d = 1 is known as Chang’s
inequality [10]. (See also [29] for a simple proof.) This was then generalized by Talagrand to
d =2 [52]. Using a similar argument to [52], we extend this to d > 2.

» Lemma 10. Let g: {0,1}" — [0,1] be any function. For every positive integer d, we have
d
Waalg] < 4]E[g]2(2eln(e/E[g]1/d)) _

We defer its proof to Section 4. We remark that a similar upper bound was proved by
Keller and Kindler [31]. However, the upper bound in [31] was proved in terms of Y ., I;[g]?,
where I;[g] is the influence of the ith coordinate on g, instead of E[g]. A similar upper bound
in terms of E[g] can be found in [42] under the extra condition d < 21n(1/E[g]).

We will also use the following well-known fact that bounds above Wy 4[f] in terms of

Wa.alf].
» Fact 12. Let f: {0,1}" — R be any function. We have Wy 4[f] < n¥/?\/Wo 4[f].

Proof. By the Cauchy—Schwarz inequality,

Wialf]= Y Ifsl < ( > > 3 <n? Wl f]. <

|S|=d |S|=d

» Lemma 13. Let f: {0,1}" — [—1,1] be a product test of k functions fi,..., fr with input
length m, and o; = (1 — E[fi])/2 for every i € [k]. Let d be a positive integer. We have

Wr.alf] < (V3263m)?g(an, ..., ar),

where the function g: (0,1]% — R is defined by

k d 1/z;\\2i/2
glag,...,a) = 6_221=1a"’z Z Z H(ai(ln(e/ai/ )) / )

=1 SC[k] ze[m]® i€S

i

Proof. For notational simplicity, we will use Wy[f] to denote W1 4[f]. Write f = Hle fi
Without loss of generality we will assume each function f; is non-constant. Since f; and — f;
have the same weight Wy[f;], we will further assume E| fz] [0,1). Note that for a subset
S =8 x---x 8, C({0,1}™)%, we have fs—]_[Z 1f,S

wifl= Y =3 S (Twatn- [Iwls).

2€{0,...,m}"* =1 £=1SC[k] ze[m]S €S igS

Zi z;=d IS|= Zzlz =

Since # =1 — (1 —2) < e~ (172 for every x € R, for every subset S C [k] of size at most d,
we have

HWO[fi] <e > g (1= Wolfil) <e Digs(ImWOlhD) | 30, Wolfi] <elem > (A=Wolfil).
igsS
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Hence
d
Wd[f]zz Z Z (HW21 fl HWsz)
(=1 SCIk] »g[m]S i€S igs
|S]= Zizizd
& d
<el.em LTS ST ST TTw (1), (2)
(=1 ]S'Q‘[k] z€[m]S €S
=t Zi:d

Define f! := (1—f;)/2 € [0,1]. Let o; := E[f!] = (1-E[f;])/2 € (0,1/2]. Applying Lemma 10
and Fact 12 to the functions f/, we have for every subset S C [k] of size at most d,

Z HWzi[fz/] < Z H(2m27/2 2€1n(e/a1/z'))zi/2>

z€[m]® €S z€[m]S i€S
> T (os(m(e/ai™) "),
ze[m]s i€S
Zi zi=d

Note that for every integer d > 1, we have Wy[f;] = 2Wy[f/]. Plugging the bound above into
Equation (2), we have

Walf] < (2¢)*- _2211 ZZ Z Hsz (V32e3m )d (a1, Q)

£=1 SC[k] ze[m]® i€S

|S|=¢ Z zi=d
where the function g: (0,1]* — R is defined by
—QZk o d 1/2i\\%i/2
glag,...,ar) i=e i=1 Z Z Z H(ai(ln(e/ai ) ) <
=1 SC[k] ze[m]® i€S

i

We now prove Theorems 3 and 4. For every (a,...,ax) € (0,1]%, let o := Ele a;/k €
(0,1]. We note that the upper bound in Theorem 3 is sufficient to prove Theorem 6.

Proof of Theorem 3. We will bound above g(aq,...,ax) in Lemma 13. Recall that «; =
(1—E[f])/2. Since |E[f;]] < 1—27™ we have a; > 271 and so In(1/a;) < em+1. For
every subset S C [k], the set {z € [m]® : >, 2; = d} has size at most (ISI ') < 2. Hence,
> TL0n(1/a0)™" < 2%em +1)%2.

z€[m]® €S

5, semd
By Maclaurin’s inequality (cf. [48, Chapter 12]), we have

k ¢
S e < (e/0) (Z ai) = (e/0) (ka)".
SCI ]zES i=1

|S]=
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Because the function  — e~2?2¢ is maximized when x = £/2, it follows that

U
U

d d
Ze_%c‘ Z Hal < Z “2ka e /0)Y( Z (e/0)*(£/2)" = 224 <1
=1

=1 sC| k] ies =1 =1
|S|=

Therefore,

(=1 SClk] ze[m]® €S

\S\:ZZ 2i=d
<2d cm+1 d/226_2k0‘ Z Hal

SC[k] i€s
IS|=

< 2%(em +1)4/2.
Plugging this bound into Lemma 13, we have

Wialf] < (V32e3m )d (V4(em + 1))d < (72(Ve- m))d. <

We now prove Theorem 4. Recall that we let a := Zle a;/k € (0,1] for every
(ai,...,a3) € (0,1]*. We will show that the maximum of the function g defined in Lemma 13
is attained at the diagonal (o,...,a). We state the claim now and defer the proof to the
next section.

> Claim 14. Let g be the function defined in Lemma 13. For every (as,...,ax) € (0,1]%,
we have g(aq,...,ax) < g(a,...,q).

Proof of Theorem 4. We first apply Claim 14 and obtain

glag,...,ar) < gla,...,qa) —672’“‘2 Z Z H In e/al/zl z1/2

=1 5C| k] z€[m]S €S

|S|= 21 zi=d

We next give an upper bound on g(a, ..., a) that has no dependence on the numbers z;. By
the weighted AM-GM inequality, for every subset S C [k] of size ¢ and numbers z; such that

Dies % =4,

g(ln(e/al/z ol (le 2 In( 6/041/2))d/2
G b))
zES
:( ln 1/a) v
= (In (l‘f/az/d))d/2
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For every subset S C [k], the set {z € [m] : 3, 2; = d} has size at most (\SI ') <27 Thus,

g(a,... 72]““2 z Z ln e/o//d d/2

=1 SC[k] z€[m)®

< QdZe—Qka Z o/(ln(e/o//d))dm

d : —2ka 6k70‘ ¢ ¢/d d/2
<2 Ze ( 7 ) (In(e/a )™~ (3)

=1

For every ¢ € [k], define g;: (0,1] — R to be

ge(z) == o2k (eICTx)Z (ln(e/xe/d))dﬂ.

We now bound above the maximum of g, over x € (0,1]. One can verify easily that the

derivative of g is

go(z) = mﬁi%(ln(l/x%/d)(f — 2kz) + (0 — 4kx)).

Observe that when = < ¢/4k, then gy(x) > W(“n(l/xQ”/d)) > 0. Likewise,

when z > £/2k, then gj(z) < #}2’/”)( ¢) < 0. Also, we have ¢g,(0) = 0. Hence,

ge(x) < ge(Bel/4k) for some By € [1,2], which is at most

e t/2 . (e/2)£ . (1n(e(4k/€)£/d))d/2.

(In the case when £/4k > 1, we have g¢(x) < go(1) < e2¥(ek/l)*.) Therefore, plugging this
back into Equation (3),

d

d
gla,...,a) < 2d Zgg(a) <24 de(ﬁé£/4k)

=1 =1
P /2
< o Z e~H2 . (e/2)t . <ln(e(4k/€)e/d)>
d
< Zd eln(4ek) d/222 ‘
=1
< ( 4e ln(4ek)) .

Putting this back into the bound in Lemma 13, we conclude that

Wi alf] < (84y/mIn(4ek))”,

proving the theorem. <
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2.1 Schur-concavity of g
We prove Claim 14 in this section. First recall that the function g: (0,1]* — R is defined as
d
CRRLOEDID DD RN | CCHE
=1 SClk] ze[m]® i€S

where for every positive integer z, the function ¢,: (0,1] — R is defined by

¢:(z) = zIn(e/x'/*)/2,

The proof of Claim 14 follows from showing that g is Schur-concave. Before defining it,

we first recall the concept of majorization. Let x,y € R* be two vectors. We say that y
magjorizes x, denoted by x < y, if for every j € [k] we have

] J
ch(z < Z Y(i)s

and Zle(xi —¥;) = 0, where z(;) and y(;) are the ith largest coordinates in x and y
respectively.

A function f: D — R where D C R* is Schur-concave if whenever x < y we have
f(@) > f(y). We will show that g is Schur-concave using the Schur-Ostrowski criterion.

» Theorem 15 (Schur—Ostrowski criterion (Theorem 12.25 in [43])). Let f: D — R be a
function where D C R¥ is permutation-invariant, and assume that the first partial derivatives
of f exist in D. Then f is Schur-concave in D if and only if

=) g3, = i) =0

for every x € D, and every 1 <i # j < k.

Claim 14 then follows from the observation that (3, x;/k,...,> . x;/k) < x for every
z € [0,1]%.

> Claim 16. For every z € (0,1] we have
L ¢:(z) >
2. ¢l(z )_ 11n( /z)ln( 16/2)2/2 ! > 0, and
z/2-2 e 2
3. ¢N = sz ( ) / ( (ml/z) +(§ )hl( 2/2)) SO

Proof. The derivatives of ¢, and the non-negativity of ¢, and ¢, can be verified easily. It is
also clear that ¢ is non-positive when z > 2. Thus it remains to verify ¢} (z) < 0 for every
x. We have

1) = — L () am (&) = L £
1) = 2x ln(x) <2ln(a:) 2111(332)).
It follows from 3 In(e/z?) < In(e?/2?) = 2In(e/z) that ¢f(z) < 0. <

» Lemma 17. g is Schur-concave.
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Proof. Fix 1 <wu # v < k and write g = g1 + g2, where

d
g1(ag,...,ax) ::Z Z Z Hqﬁzi(ai)

=1 SCI],IS|= se[m)S i€s
(S2uNSFv)V(SFuASDV) Z zi=d

and

M=

> > II#a(a).

1 SCIk],|S|=¢ ze[m]® €S
(S2uASV)V(SFuASHV) $ 5 —g

g2(ag, ..., ap) =

~
[

We will show that for every o € (0, 1]*, whenever a, < v, we have (1) (%—%) () <0

and (2) (692 - ggi ) (o) <0, from which the lemma follows from Theorem 15.

Oauy,
For g1, since ¢ < 0 and o, < oy, we have ¢, () > ¢/, (). Moreover, as ¢, > 0 and
¢, > 0, we have

d
g Z 3 L ()
1 S H (bzl az Zu u) : ,Zu -
80¢u z (Oéu)
=1 SC[k],|S|=¢ ze[m]s i€S u
(s;ms;u)z e 47

d
Z Z Z H(vbzl az /z“ av)

Clk],|S|=¢ ze[m]s €S
(59uAs;u) Sz g7

d
D IEED B AOES

Clk],Is|=¢ ze[m]s i€s
(SmAs;u)Z zimd Y

where in the second equality we simply renamed z, to z,.

We now show that (% — %) () < 0 whenever a, < «,. For all positive integers z

and w, define 1, ,,: (0,1]2 = R by

V0 (2,y) = OL(2)uw(y) + 01 (2)0:(y) — ¢=(2) 0, (¥) — Pu(@) (y)-

Note that when x = y we have 9, ,(z,z) = 0. Moreover, when z = w we have ¢, ,(x,y) =
2(¢ ()b (y) — ¢.(x)P.(y)). For every x,y € (0,1], by Claim 16 we have

a%wz,w@c, y) = 6L (2)d (1) + S (2)B.(y) — 62 (1) (1) — bu(@)d(y) > 0.

Since ¥, z, (Qu, ) = 0, we have ¢, . (a, o) < 0 whenever «,, < vy, and so
892 892 ) .
(Bau 0oy () =

[T6-(@) tes(@man)/ze > [ én(@) bern(@uan) <0

(=2 SCJk] z€[m]S €S z€[m]S €S

Ny iy g S _ginu

S3uASSv ; ZiT % i#Y ; FiTdiAEY
Zu=Z2v Zu<ZzZy

because the values ¢,, are non-negative. |
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2.2 Lower bound

In this section we prove Claim 5. We first restate our claim.

> Claim 5. For all positive integers m and d, there exists a product test f: {0,1}™* — {0,1}
with k = d - 2™ functions of input length m such that

Wialf] = (m/e?/?).

Proof. Let k = d-2™ and fi,..., fx: {0,1}™" — {0,1} be the OR function on k disjoint
sets of m bits. It is easy to verify that f;(#) =1 — 2™ and |f;(S)| = 2™ for every S # 0.
Consider the product test f := Hle fi. Using the fact that 1 —z > e=*(+%) for z € [0,1/2],
we have

(1- 2—m)k > 2" 42Tk 5 —d(14277) 5 —3d/2

Hence,

k

Wiafl= > [Iwlsl

2€{0,...,m}* i=1

Zizi:d
> Z (H Wialfi] HWLO[fi])

|S|=d i€S igS

= (Z) S(m27m™) L. (1 —27m)kd

2 (55

= (m/e/?)4. <

3 Pseudorandom generators

In this section, we use Theorem 4 to construct two pseudorandom generators for product
tests. The first one (Theorem 8) has seed length O(m + log(k/e))logk. The second one
(Theorem 6) has a seed length of O(m + log(n/e)) but only works for product tests with
outputs {—1,1} and their variants (see Corollary 7). We note that Theorem 6 can also be
obtained using Theorem 3 in place of Theorem 4.

Both constructions use the Ajtai-Wigderson framework [5, 23], and follow from recursively
applying the following theorem, which roughly says that 2~(m+log(k/)) _almost O(m +
log(k/¢))-wise independence plus constant fraction of noise fools product tests.

» Theorem 11. Let f: {0,1}" — [—1,1] be a product test with k functions of input length
m. Let d be a positive integer. Let D and T be two independent d-almost d-wise independent
distributions over {0,1}™, and U be the uniform distribution over {0,1}"™. Then

|E[f(D+T AU)] —E[f(U)]] < k- (V5 (170 - \/mIn(ek))* +27(4=m)/2),
where “+7” and “A” are bit-wise XOR and AND respectively.

Theorem 11 follows immediately by combining Theorem 4 and Lemma 18 below.
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» Lemma 18. Let f: {0,1}" — [—1,1] be a product test with k functions of input length m.
Let d be a positive integer. Let D, T,U be a 6-almost (d + m)-wise independent, a y-almost
(d + m)-wise independent, and the uniform distributions over {0,1}", respectively. Then

E[f(D +T AU —E[f(U)]| < k- (V- Whcarmlf] + 2742 + 7),
where “+7” and “A” are bit-wise XOR and AND respectively.

Proof. We slightly modify the decomposition in [21, Proposition 6.1] as follows. Let f
be a product test and write f = Hle fi- As the distribution D + T A U is symmetric,
we can assume the function f; is defined on the ith m bits. For every ¢ € {1,...,k}, let

fSi = [[;<; fj and = [1;-, fj- We decompose f into

k
f=lo+L+> Hf™, (4)
i=1
where
L= Y
ae{0,1}mk
0<|al<d
and

H;, .= Z Aagixa.
a=(ai,...,a;)€{0,1}™%
the dth 1 in « appears in «;
We now show that the expressions on both sides of Equation (4) are identical. Clearly, every
Fourier coefficient on the right hand side is a coefficient of f. To see that every coefficient
of f appears on the right hand side exactly once, let a = (ay,...,ax) € {0,1}™¥ and
fo = Hle fi(ei) be a coefficient of f. If || < d, then f, appears in fy or L. Otherwise,
|a| > d. Then the dth 1 in « must appear in one of aq,...,a,. Say it appears in «;. Then
we claim that o appears in H; f>%. This is because the coefficient indexed by (aq, ..., q;)
appears in H;, and the coefficient indexed by (a1, ...,ax) appears in f>*. Note that all
the coefficients in each function H; have weights between d and d + m, and because our
distributions D and T are both almost (d + m)-wise independent, we get an error of 2-¢ +
in Lemma 7.1 in [21]. The rest of the analysis follows from [21] or [26]. <

3.1 Generator for product tests
We now prove Theorem 8.

» Theorem 8. There exists an explicit generator G: {0,1}* — {0,1}" that fools any prod-
uct test with k functions of input length m with error € and seed length O(logmk)((m +
log(k/¢))(logm + loglog(k/e)) + loglogn) = O(m + log(k/e)) log k.

The high-level idea is very simple. Let f be a product test. For every choice of D and T
in Theorem 11, the function f’: {0,1}7 — [—1,1] defined by f/(y) := f(D + T Ay) is also a
product test. So we can apply Theorem 11 again and recurse. We show that if we repeat this
argument for ¢t = O(log(mk)) times with ¢ independent copies of D and T, then for every
fixing of Dq,..., D; and with high probability over the choice of T1,..., T}, the restricted

t
product test defined on {0, 1}/\i=1 i is a product test defined on at most O(m + log(k/e))
bits, which can then be fooled by an almost O(m + log(k/e))-wise independent distribution.
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Proof of Theorem 8. Let C be a sufficiently large constant. Let d = C(m + log(k/¢)),
§ =d % and t = Clog(mk) = O(log k). Let Dy,...,Dy,Ty,...,T; be 2t independent
S-almost d-wise independent distributions over {0,1}". Define D) := D; and DU+ .=
D1+ Ty ADW,

Let D:= D® T := A\!_ T;. Let G’ be a §-almost d-wise independent distribution over
{0,1}". For a subset S C [n], define the function PADg(x): {0,1}/5I — {0,1}" to output n
bits of which the positions in S are the first || bits of 20/l and the rest are 0. Our generator
G outputs

D+ T APAD(G').

We first look at the seed length of G. By [39, Lemma 4.2], sampling the distributions D;
and T; takes a seed of length

s:=t-0(dlogd + loglogn)
=t-O((m + log(k/e))(logm + loglog(k/e)) + loglog n)
=t-O(m+log(k/e)).

Sampling G’ takes a seed of length O((m +1log(k/e))(logm +loglog(k/e)) +1oglogn). Hence
the total seed length of G is O(m + log(k/¢)) log k.

We now look at the error of G. By our choice of § and applying Theorem 11 recursively
for t times, we have

|E[f(D+T AU)]—E[f(U)]| <t k- (\/S. (170 - \/m1In(ek))? + 2*<d*m>/2)
<tk ((170\/n;ln(ek))d N 2_Q(d))

<t-27%D < /9,

Next, we show that for every fixing of D and most choices of T, the function fp r(y) :=
f(D+T Ay) is a product test defined on d bits, which can be fooled by G'.

Let I = Ule I;. Note that |I| < mk. Because the variables T; are independent and each
of them is d-almost d-wise independent, we have

PI‘HI ﬂT| > d] < <|fl|> (27d + 5)t < 2dlog(mk) . 2*&2(dlog(mk)) < 5/4

It follows that for every fixing of D, with probability at least 1 — /4 over the choice of T,
the function fp r is a product test defined on at most d bits, which can be fooled by G’ with
error €/4. Hence G fools f with error e. |

3.2 Almost-optimal generator for XOR of Boolean functions

In this section, we construct our generator for product tests with outputs {—1,1}, which
correspond to the XOR of Boolean functions f; defined on disjoint inputs. Throughout this
section we will call these tests {—1,1}-products. We first restate our theorem.

» Theorem 6. There exists an explicit generator G: {0,1}* — {0,1}" that fools the XOR
of any k Boolean functions on disjoint inputs of length < m with error € and seed length
O(m + log(n/¢e))(logm + loglog(n/e))? = O(m + log(n/c)).
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Theorem 6 relies on applying the following lemma recursively in different ways. From
now on, we will relax our tests to allow one of the k£ functions to have input length greater
than m, but bounded by O(m + log(n/¢)).

» Lemma 19. There exists a constant C' such that the following holds. Let m and s be two
integers such that m > C'loglog(n/e) and s = 5(m+log(n/¢c)). If there is an explicit generator
G’ {0,1} — {0,1}" that fools {—1,1}-products with k' < 16™T functions, k' —1 of which
have input lengths < m/2 and one has length < s, with error & and seed length €', then there
is an explicit generator G: {0,1}* — {0,1}" that fools {—1,1}-products with k < 162m+1
functions, k — 1 of which have input lengths < m and one has length < s, with error & + ¢
and seed length £ = ¢’ + O(m + log(n/c))(logm + loglog(n/e)) = £ + O(m + log(n/e)).

The proof of Lemma 19 closely follows a construction by Meka, Reingold and Tal [38].
First of all, we will use the following generator in [38]. It fools any {—1, 1}-products when
the number of functions k is significantly greater than the input length m of the functions f;.

» Lemma 20 (Lemma 6.2 in [38]). There exists a constant C such that the following holds.
Let n, k,m, s be integers such that C'loglog(n/e) < m <logn and 16™ < k < 2-16%™. There
exists an explicit pseudorandom generator Ggmany: {0,1}¢ — {0,1}" that fools {—1,1}-
products with k non-constant functions, k — 1 of which have input lengths < m and one has
length < s, with error e and seed length O(s + log(n/e)).

Here is the high-level idea of proving Lemma 19. We consider two cases depending on
whether k is large with respect to m. If k¥ > 16™, then by Lemma 20, the generator Ggmany
fools f. Otherwise, we show that for every fixing of D and most choices of T, the restriction
of f under (D,T) is a {—1,1}-product with k& functions, k — 1 of which have input length
< m/2 and one has length < s. More specifically, we will show that for most choices of T,
the following would happen: for the function with input length < s, at most s/2 of its inputs
remain in 7T'; for the rest of the functions with input length < m, after being restricted by
(D,T), at most [s/2m] of them have input length > m/2, and so they are defined on a total
of $/2 positions in T. Now we can think of these “bad” functions as one function with input
length < s, and the rest of the at most k “good” functions have input length m/2. So we
can apply the generator G’ in our assumption.

Proof of Lemma 19. Let C be the constant in Lemma 20 and C’ be a sufficiently large
constant.

Let d = C's and § = d~2%. Let Dy,...,Dso, T4, ..., s be 100 independent §-almost d-
wise independent distributions over {0,1}". Define D) := D; and DU+ := D; 1 +T;AD®.

Let D := DGO T .= /\?21 T; and Ggmany be the generator in Lemma 20 with respect
to the values of n, k,m, s given in this lemma. For a subset S C [n], define the function
PADg(z): {0,1}!51 — {0,1}™ to output n bits of which the positions in S are the first | S|
bits of 20!5! and the rest are 0. Our generator G outputs

(D +TA PADT(G/)) + G@Many-

We first look at the seed length of G. By Lemma 20, Ggmany uses a seed of length
O(s +1log(n/e)) = O(m + log(n/e)). By [39, Lemma 4.2], sampling the distributions D; and
T; takes a seed of length

O(slogs) = O(m +log(n/e))(logm + loglog(n/e)) = O(m + log(n/e)).

Hence the total seed length of G is ¢ + O(m + log(n/e))(log m + loglog(n/e)) = ¢ + O(m +
log(n/e)).
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We now show that G fools f. Write f = Hle fi, where f;: {0,1}¢ — {—1,1}. Without
loss of generality we can assume each function f; is non-constant. We consider two cases.

k is large

If k > 16™, then for every fixing of D, T and G’, the function f'(y) := f(D+TAPAD7(G')+y)
is also a {—1, 1}-product with the same parameters as f. Note that we always have k < n
and so m < logn. Hence it follows from Lemma 20 that the generator Ggmany fools f’ with
error €. Averaging over D, T and G’ shows that G fools f with error €.

k is small

Now suppose k < 16™. For every fixing of Ggmany, consider f'(y) := f(y + GoMany). Again,
f"is a {—1,1}-product with the same parameters as f. In particular, it is a {—1, 1}-product
with £ functions with input length s. So, by our choice of § and applying Theorem 11
recursively for 50 times, we have

|E[f'(D+T AU)|—E[f'(U)]] <50 k- (JS- (170 - /sIn(ek)) " + 2—<d—8>/2)
<50-2°- ((1703/d)d + 2—9<S>)

<27 < /2.

Next, we show that for every fixing of D and most choices of T', the function f, 7(y) :=
f'(D+T Ay)isa{-1,1}-product with k functions, k — 1 of which have input lengths < m/2
and one has length < s, which can be fooled by G’.

Because the variables T; are independent and each of them is d-almost d-wise independent,
for every subset I C [n] of size at most d, we have

50
PrT NI =1 =[][PrinI=1< (2 " +6)>> < (3/4)7%1
i=1

Without loss of generality, we assume Iq,...,I;_1 are the subsets of size at most m and
I}, is the subset of size at most s. We now look at which subsets 7'M I; have length at most
m/2 and which subsets do not. For the latter, we collect the indices in these subsets.

Let G:={ie[k—-1:|TNnL <m/2}, B:={ie k-1 :|TNIL > m/2} and
BV :={jen]:jeUpep(TnI)}. We claim that with probability 1 — /2 over the
choice of T, we have |BV| < s. Note that the indices in BV either come from I, or I; for
i € [k — 1]. For the first case, the probability that at least s/2 of the indices in I} appear in
BV is at most

<sj/k2|> (3/4)77%° < 2°- (3/4) 7 < ¢/4.

For the second case, note that if at least s/2 of the variables in Uie[k_l} I; appear in BV,
then they must appear in at least [s/2m] of the subsets TN1y,...,TNI;_1. The probability
of the former is at most the probability of the latter, which is at most

((f/gé]) (m . Lj/22m1) (3/4)—255 < 16m<(s/2m+1) .27n-(s/2m+1) . (3/4)—255 < 6/4,

because k£ < 16™ and m < s. Hence with probability 1 — /2 over the choice of T, the
function f7, 7 is a product g - h, where g is a product of |G| < k —1 functions of input length
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m/2, and h is a product of |B| + 1 functions defined on a total of |BV| < s bits. Recall that
k <16™, so by our assumption G’ fools f7, ;- with error &’. Therefore G fools f with error
e+e. <

We obtain Theorem 6 by applying Lemma 19 repeatedly in different ways.

Proof of Theorem 6. Given a {—1,1}-product f: {0,1}" — {—1,1} with k functions of
input length m, we will apply Lemma 19 in stages. In each stage, we start with a {—1,1}-
product f with k; functions, k; — 1 of which have input lengths < m; = max{m, 2log(n/e)}
and one has length < s := 5(m + log(n/e)). Note that k; < 16211, Let C be the constant
in Lemma 19. We apply Lemma 19 for ¢ = O(logmq) times until f is restricted to a
{=1,1}-product f’ with ks functions, k3 — 1 of which have input lengths < ms and one has
length < s, where my = Cloglog(n/e), ky < 16*m21 < (log(n/e))", and r := 8C + 4 is a
constant. This uses a seed of length

t-O(m +log(n/e))(logm + loglog(n/e)) < O(m + log(n/c))(logm + loglog(n/e))?
O(m + log(n/e)).

At the end of each stage, we repeat the above argument by grouping every [log(n/e)/ms]
functions of f’ that have input lengths < my as one function of input length < 2log(n/e), so
we can think of f’ as a {—1,1}-product with k3 := ka/[m2/(logn)] < (log(n/c))"~!loglogn
functions, k3 — 1 of which have input lengths < log(n/e) and one has length < s.

Repeating above for r +1 = O(1) stages, we are left with a {—1, 1}-product of two
functions, one has input length < C'loglog(n/e), and one has length < s, which can then be
fooled by a 2~%(*)-biased distribution that can be sampled using O(m + log(n/c)) bits [39].
So the total seed length is O(m 4+ log(n/c))(logm 4+ loglog(n/c))? = O(m + log(n/¢c)), and
the error is (r + 1) - t - €. Replacing e with €/(r + 1)t proves the theorem. <

4 Level-d inequalities

In this section, we prove Lemma 10 that gives an upper bound on the dth level Fourier
weight of a [0, 1]-valued function in Le-norm. We first restate the lemma.

» Lemma 10. Let g: {0,1}™ — [0,1] be any function. For every positive integer d, we have
d
Wa,alg] < 4E[g)* (2eIn(e/ Elg]'/))".

Our proof closely follows the argument in [52].

> Claim 21. Let f: {0,1}" — R have Fourier degree at most d and ||f|]l2 = 1. Let
g: {0,1}" — [0,1] be any function. If ¢y > 2e%/2, then

— _d 42/d
E[g(z)|f(x)|] < Elglto + 2ety /e~ 3t

To prove this claim, we will use the following concentration inequality for functions with
Fourier degree d from [18].

» Theorem 22 (Lemma 2.2 in [18]). Let f: {0,1}" — R have Fourier degree at most d and
assume that || f|a := Y g f2 = 1. Then for any t > (2¢)%/2,

2/d

Pr[|f]| > t] <e 3"
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We also need to bound above the integral of e — gt

> Claim 23. Let d be any positive integer. If o > (2¢)%2, then we have
/ e~ 3t gt < 9etl /e metd”
to

%tQ/d and

Proof. First we apply the following change of variable to the integral. We set s = 3
obtain

/oo —itZ/dd _ (ﬁ)dﬂ_l/wsd/Q—le—st
to d S0

where sg = d t2/d Define

Fso(d)z/ s le~%ds.

S0
(Note that when sg = 0 then T'g(d) is the Gamma function.) Using integration by parts, we
have

Ty, (d) = 587 te ™ 4 (d — )Ty, (d — 1). (5)

Moreover, when d < 1, we have Ty, (d) < sd ! foo e %ds = sl e,
Note that if ¢y > (2¢)%2, then sy > d — 2. Hence, if we open the recursive definition of
T's,(d/2) in Equation (5), we have

[é1-1 i
Ty (d/2) < e S s¢* 7 T](d/2 - j)

i=0 j=1
r41-1

ey d/2—1 (d/Q - 1)i
<e g _
s d/2—-1
< 2e 050/ ,

because the summation is a geometric sum with ratio at most 1/2. Substituting so with ¢,
we obtain

dj2—1 o0 dj2—1
e<%) / s le=sqs < 26( ) 675083/2_1
d so d

1-2/d — d42/d
= 2et,, /e zeto’ |

Proof of Claim 21. We rewrite |f(z)| as f‘fﬁ)l Ldt = [;° 1(|f(z)| > t)dt and obtain
lg()1f ()]

m~{o 1}n mw{%l}n [/ODO g(@)1(|f(x)] = t)dt}
0 [/OOO min{g(z), 1(|f(z)| = t)}dt}

z~{0,1}"

| min{Btg prllso)] = 0}
0
g/OOE[g]dt+/ Pr[|f(z)| > t]dt

to

IN

< E[glto +/ e 3t gt
to

Since £ > (2¢)%/2, by Claim 23 this is at most E[g]to + 2ets >/ ‘e -y
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Proof of Lemma 10. Define f to be f(x) := 3754 fsxs(x), where fs = gs(zmzd g%)flm.
Note that || f|l2 = 1, and we have

Elg(z)f(z)] = Y5 9s Elg(z)xs()] _ (Z §2>1/2.

N 2 S
(Zmzd 9%)1/ |S|=d

Let to = (2eln(e/E[g]Y/?))#? > (2¢)¥?2. By Claim 21,

(30 a2)"" = Elola)f ()] < Elg(a)| )] < Biglto + 20ty e #15"

1S|=d

By our choice of tg, the second term is at most

et e < (om0 TR ey ()"
0 = E[g]!/ ed = I Rlg7d)

9]

which is no greater than the first term. So

(3 a2)" < 2Bl (e m(e/Elg) /)",
|S|=d
and the lemma follows. <
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