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—— Abstract

We study here the so called subsequence pattern matching also known as hidden pattern matching in

which one searches for a given pattern w of length m as a subsequence in a random text of length
n. The quantity of interest is the number of occurrences of w as a subsequence (i.e., occurring in
not necessarily consecutive text locations). This problem finds many applications from intrusion
detection, to trace reconstruction, to deletion channel, and to DNA-based storage systems. In all of
these applications, the pattern w is of variable length. To the best of our knowledge this problem
was only tackled for a fixed length m = O(1) [6]. In our main result Theorem 5 we prove that
for m = o(nl/ 3) the number of subsequence occurrences is normally distributed. In addition, in
Theorem 6 we show that under some constraints on the structure of w the asymptotic normality
can be extended to m = o(y/n). For a special pattern w consisting of the same symbol, we indicate
that for m = o(n) the distribution of number of subsequences is either asymptotically normal or
asymptotically log normal. We conjecture that this dichotomy is true for all patterns. We use
Hoeffding’s projection method for U-statistics to prove our findings.
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1 Introduction and Motivation

One of the most interesting and least studied problem in pattern matching is known as
the subsequence string matching or the hidden pattern matching [11]. In this case, we
search for a pattern w = wiws - w,, of length m in the text =Z" = & ...&, of length n
as subsequence, that is, we are looking for indices 1 < 47 < i3 < -+ < i, < n such that
&, = w1, &, = ws, ..., &, = Wy We say that w is hidden in the text =". We do not put
any constraints on the gaps 4,41 — ¢;, so in language of [6] this is known as the unconstrained
hidden pattern matching. The most interesting quantity of such a problem is the number of
subsequence occurrences in the text generated by a random source. In this paper, we study
the limiting distribution of this quantity when m, the length of the pattern, grows with n.

Hereafter, we assume that a memoryless source generates the text =, that is, all symbols
are generated independently with probability p, for symbol a € A, where the alphabet A
is assumed to be finite. We denote by p,, =[] ; Pu; the probability of the pattern w. Our
goal is to understand the probabilistic behavior, in particular, the limiting distribution of
the number of subsequence occurrences that we denote by Z := Z=(w). It is known that
the behavior of Z depends on the order of magnitude of the pattern length m. For example,
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for the ezact pattern matching (i.e., the pattern w must occur as a string in consecutive
positions of the text), the limiting distribution is normal for m = O(1) (more precisely, when
NP, — 00, hence up to m = O(logn)), but it becomes a Pélya—Aeppli distribution when
np, — A > 0 for some constant A, and finally (conditioned on being non-zero) it turns
into a geometric distribution when np,, — 0 [11] (see also [1]). We might expect a similar
behaviour for the subsequence pattern matching. In [6] it was proved by analytic combinatoric
methods that the number of subsequence occurrences, Zz(w), is asymptotically normal when
m = O(1), and not much is known beyond this regime. (See also [2]. Asymptotic normality
for fixed m follows also by general results for U-statistics [9].) However, in many applications
— as discussed below — we need to consider patterns w whose lengths grow with n. In this
paper, we prove two main results. In Theorem 5 we establish that for m = o(nl/ 3) the
number of subsequence occurrences is normally distributed. Furthermore, in Theorem 6 we
show that under some constraints on the structure of w, the asymptotic normality can be
extended to m = o(y/n). Moreover, for the special pattern w = a™ consisting of the same
symbol repeated, we show in Theorem 4 that for m = o(y/n), the distribution of number
of occurrences is asymptotically normal, while for larger m (up to cn for some ¢ > 0) it
is asymptotically log-normal. We conjecture that this dichotomy is true for a large class
of patterns.

Regarding methodology, unlike [6] we use here probabilistic tools. We first observe that Z
can be represented as a U-statistic (see (2)). This suggests to apply the [9] projection method
to prove asymptotic normality of Z for some large patterns. Indeed, we first decompose
Z into a sum of orthogonal random variables with variances of decreasing order in n (for
m not too large), and show that the variable of the largest variance converges to a normal
distribution, proving our main results Theorems 5 and 6.

The hidden pattern matching problem, especially for large patterns, finds many applica-
tions from intrusion detection, to trace reconstruction, to deletion channel, to DNA-based
storage systems [8, 5, 3, 11, 16]. Here we discuss below in some detail two of them, namely
the deletion channel and the trace reconstruction problem.

A deletion channel [5, 3, 4, 13, 16, 17] with parameter d takes a binary sequence Z" =
& -+ &, where & € A as input and deletes each symbol in the sequence independently with
probability d. The output of such a channel is then a subsequence ( = ((x) = &;,...&;,, of
=, where M follows the binomial distribution Binom(n, (1 — d)), and the indices i1, ..., i
correspond to the bits that are not deleted. Despite significant effort [3, 13, 14, 16, 17] the
mutual information between the input and output of the deletion channel and its capacity are
still unknown. We hope to provide a more detailed characterization of the mutual information
for memoryless sources using results of this and forthcoming papers. Indeed, it turns out
that the mutual information I(Z";((E")) can be exactly formulated as the problem of the
subsequence pattern matching. In [5] it was proved that

I(E"¢(EM) =) d" 11 - &) |(E[Zzn (w)log Zzn(w)] —E[Zzn (w)] log E[Zzn (w)]), (1)

where the sum is over all binary sequences of length smaller than n and Zzn»(w) is the

number of subsequence occurrences of w in the text Z".

As one can see, to find precise
asymptotics of the mutual information we need to understand the probabilistic behavior of
Z for m < n and typical w, which is our long term goal. The trace reconstruction problem
[10, 15, 18] is related to the deletion channel problem since we are asking how many copies
of the output deletion channel we need to see until we can reconstruct the input sequence

with high probability.
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2 Main Results

In this section we formulate precisely our problem and present our main results. Proofs are
delayed till the next section.

2.1 Problem formulation and notation

We consider a random string 2" = &£ ...&, of length n. We assume that &1,&s, ... are i.i.d.
random letters from a finite alphabet A; each letter &; has the distribution P(§; = a) = p,
where a € A, for some given vector p = (pg)ac.a; We assume p, > 0, a € A.

Let w = wy - - - w,, be a fixed string of length m over the same alphabet A. We assume
n > m. Let p, := H;nzl Puw;, Which is the probability that &; - -+ &, equals w.

Let Z = Z,, (&1 - - - &) be the number of occurrences of w as a subsequence of &; - - - &,.
For a set S (in our case [n] or [m]) and k > 0, let (‘,j) be the collection of sets a C S with
la| = k. Thus, |[(§)| = (§). For k =0, (§) contains just the empty set 0. For k = 1, we
identify (§) and S in the obvious way. We write v € (") as {a, ..., a4}, where we assume
that ay < -+ < ag. Then

m

7 = Z I,, where I, = H o, =wit, a1 <...<amp. (2)

ae(l) j=1

m

» Remark 1. In the limit theorems, we are studying the asymptotic distribution of Z. We
then assume that n — oo and (usually) m — oo; we thus implicitly consider a sequence of
words w(™ of lengths m,, = |w(™|. But for simplicity we do not show this in the notation.

We have E I, = p,, for every a. Hence,

n

EZ = Z El, = <m)pw~ (3)
O‘e([:;i])

Further, let Y, := p,'l,, so EY, = 1, and

7" ::p;lZ: Z Y., (4)
a€([:'l])

so EZ* = (:fl) and

Z*—EZ* =py'Z - <"> = 3 (Ya-1). (5)

m
aE([::l])

We also write [|Y], :== (E|Y|?) P for the LP norm of a random variable Y, while ||x||
is the usual Euclidean norm of a vector x in some R™. C denotes constants that may be
different at different occurrences; they may depend on the alphabet A and (pg)eca, but
not on n, m or w. Finally, 4 and -2 mean convergence in distribution and probability,
respectively.

We are now ready to present our main results regarding the limiting distribution of Z,
the number of subsequence w = ag,...a,, occurrences when m — oco. We start with a simple
example, namely, w = a™ = a---a for some a € A, and show that depending on whether
m = o(y/n) or not the number of subsequences will follow asymptotically either the normal
distribution or the log-normal distribution.

Before we present our results we consider asymptotically normal and log-normal distribu-
tions in general, and discuss their relation.
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2.2 Asymptotic normality and log-normality

If X,, is a sequence of random variables and a,, and b,, are sequences of real numbers, with
by, > 0, then X,, ~ AsN(ay,b,) means that

Xn_an
Vb

We say that X, is asymptotically normal if X, ~ AsN(ay,b,) for some a, and b,, and
asymptotically log-normal if In X,, ~ AsN(ay,,by,) for some a,, and b,, (this assumes X,, > 0).
Note that these notions are equivalent when the asymptotic variance b,, is small, as made

-4 N(0,1). (6)

precise by the following lemma.

» Lemma 2. If b, — 0, and a,, are arbitrary, then
In X,, ~ AsN(a,, b,) <= X, ~ AsN(e"", b,e?*"). (7)

Proof. By replacing X,, by X, /e®", we may assume that a,, = 0. If In X,, ~ AsN(0,b,)
with b, — 0, then In X,, == 0, and thus X,, - 1. Tt follows that In X,,/(X,, — 1) 2> 1
(with 0/0 := 1), and thus

X,—1 X,—1lnX, 4
b}/Q T n X, b}/g — N(Oa 1)7 (8)
and thus X,, ~ AsN(1,b,). The converse is proved by the same argument. <

» Remark 3. Lemma 2 is best possible. Suppose that In X,, ~ AsN(ay,b,). If b, — b > 0,
then In(X,/e*) =In X, —a, 4, N(0,b), and thus
Xpfetm S e, ¢~ N(0,0). 9)

In this case (and only in this case), X,, thus converges in distribution, after scaling, to a
log-normal distribution. If b,, — oo, then no linear scaling of X,, can converge in distribution
to a non-degenerate limit, as is easily seen.

2.3 A simple example

We consider first a simple example where the asymptotic distribution can be found easily by
explicit calculations. Fix a € A and let w = a™ = a-- - a, a string with m identical letters.
Then, if N = N, is the number of occurrences of a in &; - - - §,, then

2= (%), a0

We will show that Z is asymptotically normal if m is small, and log-normal for larger m.

» Theorem 4. Suppose that m < np,, with np, — m > n'/2.
(i) Then

InZ ~ AsN(ln (”ﬁa), n‘ln(l - nT;) ‘2pa(1 - pa)). (11)

(it) In particular, if m = o(n), then

InZ ~ AsN (I ("p“), (va' - 1)"%2). (12)

m
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(iii) If m = o(n'/?), then this implies

2

] 1M
ZJEZ ~ AbN(l, (' = 1) ) (13)
and thus
2
4 m 5
Z ~ AsN(EZ, (' = 1) " (E2) ) (14)

Proof. (i) We have N, ~ Bin(n,p,). Define Y := N, — np,. Then, by the Central Limit
Theorem,

Y ~ AsN(0,npa(1 — pa)). (15)
By (10), we have
InZ —1n (npa> =In (npa + Y) —In (npa>
m m m
=InT(np, +Y +1) —InT(np, + Y —m+ 1) — lnm!
— (InT(npy + 1) —InT(np, — m + 1) — Inm!)

Y 0
= / / (InT)"(nps + = +y + 1) dz dy. (16)
y x

=0 =—m

We fix a sequence w,, — 00 such that np, —m > w, > n'/?; this is possible by the assumption.

Note that (15) implies that Y/w, —= 0, and thus P(|Y| < w,) — 1. We may thus in the
sequel assume |Y| < w,. We assume also that n is so large that np, —m > 2w, > 0.

Stirling’s formula implies, by taking the logarithm and differentiating twice (in the
complex half-plane Rez > £, say)

X

(InT)"(z) = i +0(%) ! (1 +0(%)), x> 1. (17)

Consequently, (16) yields, noting the assumptions just made imply |Y| < w,, < %(npa —m),

Y 0
Y 1 1
nZ—1In ("p > :/ / —(1+O(7))dxdy
m y=0 Ja=—m "WPa tr+y+1 NpPqg — M
Y 0
:/ / ! (l—i-O(win))dxdy
y=0 Jo=—m MPa + Npg — M

0
_ (1 n O(F:ﬁ m>)Y/m:_m npa1+ —da

— NPq
= (140(1))YIn p— (18)
Consequently, using also (15), we obtain
InZ —1In (":;“) B Y 4
n1/2|ln(1 _ 7$U,)| - (1 + Op(l))m — N(O,pa(l _pa))7 (19)

which is equivalent to (11).

17:5
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(i) If m = o(n), then |In(1 — 22 )| ~ 2 and (12) follows.

NPa npa’

(iii) If m = o(n'/?), then (ii) applies, so (12) holds; hence Lemma 2 implies

2

Z/ (npa> N AsN(l, (pa ' — 1)m—) (20)

m n
Furthermore,
m,0(m?/n) m
ny ,, n'e m no
EZ = ( )pa =7 Pa ~ _FPa (21)
m m! m!
and, similarly, ("P%) ~ % Hence, EZ ~ ("P*) and (13) follows from (20); (14) is an
immediate consequence. <

2.4 General results

We now present our main results. However, first we discuss the road map of our approach.
First, we observe that the representation (2) shows that Z can be viewed as a U-statistic.
For convenience, we consider Z* in (4), which differs from Z by a constant factor only,
and show in (41) that Z* — EZ* can be decomposed into a sum Y, V; of orthogonal
random variables V; such that, when m is not too large, Vaur(ZZ;2 W) = o(Var V7). Next,
in Lemma 11 we prove that V; appropriately normalized converges to the standard normal
distribution. This will allow us to conclude the asymptotic normality of Z.

In this paper, we only consider the region m = 0(n1/2). First, for m = 0(n1/3) we claim
that the number of subsequence occurrences always is asymptotically normal.

» Theorem 5. If m = o(nl/g), then
n 2 2
7 ~ AsN(( >pw,01pw)7 (22)
m
where
o= >
i=1 acA

Furthermore, E Z = ( )pw and Var Z ~ p2o?.

n
m

2

> ()G0)) 6o -

J: wij=a

In the second main result, we restrict the patterns w to such that are not typical for the
random text; however, we will allow m = o(n!/2).

» Theorem 6. Let q = (qa)aca be the proportions of the letters in w, i.e., q, =

% Z;”:l 1{w; = a}. Suppose that liminf,_ . ||q — p|| > 0. If further m = o(nl/Q), then the

asymptotic normality (22) holds.

3 Analysis and Proofs
In this section we will prove our main results. We start with some preliminaries.
3.1 Preliminaries and more notation
Let, for a € A,

pal@) == p; Lz =a} — 1. (24)
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Thus, letting £ be any random variable with the distribution of &;,

E (&) =0, ac A (25)
Let p, := min, p, and

B:=p; ' —1. (26)

» Lemma 7. Let ¢, and B be as above.
(i) For every a € A,

E[pa(§)?] =pa' ~1<B. (27)
(ii) For some c1 > 0 and every a € A,
lea(@)llz = (pa* = 1) 2 1. (28)

(iii) For any vector r = (rg)aca with Y, rq =1,

|32 repat®), 2 e —pll = (3 e —pal?) " (29)

acA acA

Proof. The definition (24) yields

E[pa(£)?] = p,” Var[1{¢ = a}]| = p,*pa(1 —pa) = p, ' — 1. (30)

Hence, (27) and (28) follow, with B given by (26).
Finally, for every « € A, by (24) again,

Z Ta@a(z) = Txp;1 - Z Ta = T'x/px -1 (31)
acA acA
and thus
E(Z 7’aﬁaa ) Z pa 7ﬂa/pa - 1 Z Pa Ta a (32)
acA acA acA
and (29) follows. <

3.2 A decomposition

The representation (2) shows that Z is a special case of a U-statistic. For fixed m, the
general theory of [9] applies and yields asymptotic normality. (Cf. [12, Section 4] for a related
problem.) For m — oo (our main interest), we can still use the orthogonal decomposition of
[9], which in our case takes the following form.

By the definitions in Section 2.1 and (24),

m

= [[(put1{&a, = w;}) = H (Pu; (€ay) +1). (33)

By multiplying out this product, we obtain

- Z Hsﬁwj(éaj). (34)

yC[m] i€y

17:7
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Hence,
el
Z" = Z Yo = Z Z H Pw, (50‘_7’) = Z Z H Pw,, (fa%)~ (35>
ac (1) ae(1) 7Clml i€ ae (1) 7Clm] k=1
We rearrange this sum. First, let £ := || € [m], and consider all terms with a given ¢. For
each a and v, with |y| = ¢, let
]
ayi={0y,, ..., } € (6 . (36)

For given v € ([7]) and 8 € ([Z]), the number of a € ([:1]) such that o, = (3 equals the
number of ways to choose, for each k € [£ + 1], 75 — k-1 — 1 elements of « in a gap of length
Bk — Pr—1 — 1, where we define Sy = v9 = 0 and By11 = n+ 1, y¢41 = m + 1; this number is

£+1
=TT (207, (37)
k=1

Ve — Ye—1— 1

Consequently, combining the terms in (35) with the same .,

S D D IRIORD ) LA (33)
k=1

=0ve(T) se()

We define, for 0 </ <m and 3 € ([”])

4
Vigi= > B ]] ew, (€s) (39)

~ve () k=1
and
> Vig (40)
se('y)

Thus (38) yields the decomposition

m

AR (41)
For ¢ =0, ([”]) contains only the empty set ), and

Vo = Vo = <:1> ~EZ*. (42)

Furthermore, note that two summands in (38) with different 8 are orthogonal, as a con-
sequence of (25) and independence of different &;. Consequently, the variables V4 5 (¢ € [m],
B e ([Z‘])) are orthogonal, and hence the variables V; (¢ = 0,...,m) are orthogonal.

Let

of =Var(Vy) =EVZ = Y EVZ, 1<(<m (43)
se(")
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Note also that by the combinatorial definition of ¢(3,7) given before (37), we see that
n
pe('y)
since this is just the number of a € ([:1]), and

3 o= (n70). (45)

since this sum is the total number of ways to choose m — £ elements of the n — ¢ elements of
« in the gaps.

3.3 The projection method

We use the projection method used by [9] to prove asymptotic normality for U-statistics.

Translated to the present setting, the idea of the projection method is to approximate
Z* —EZ* = Z* — Vy by Vi, thus ignoring all terms with £ > 2 in the sum in (41). In order
to do this, we estimate variances.

First, by (27) and the independence of the &;,

‘ ¢
o\ 1/2
[T 2w, 0], = (TT Elwn, (€00l) < B2, (46)
k=1 k=1
By Minkowski’s inequality, (39), (46) and (45),
n—~{
Wislla < 3 clpnp =5 (")) (47)
()
or, equivalently,
evz, < (") (48)
6Lp = m—4£)
This leads to the following estimates.
» Lemma 8. For1 </<m,
n\ (n—0\°

Proof. The definition of V; in (40) and (48) yield, since the summands V; g are orthogonal,
n n—0\>
of =EVZP= ) Ew?ﬁ<<€)B‘<m_€> , (50)
pe()
as needed. <

Note that, for 1 < £ < m,

2

~2 n n—~—0—1 9
41 _ (£+1) (1) =L m— L\ m
52 P g T €—|—1(n—€) *Bm' (51)
‘ (2) Gnz)

17:9
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» Lemma 9. If m < B~Y2n1/2 then

—1\?
Var(Z* — Vi) < B*m? (7’; - 1) . (52)

Proof. By (51) and the assumption, for 1 < ¢ < m,

~9
Ogp1 1 1
e 53
0’% T4+ 1 72 (53)
and thus, summing a geometric series,
Var(2* V1) =Y Var(Vy) <) 67 < 2*7'53 < 253
£=2 £=2 £=2
n—2\2 n—1\°
= B%n(n—1 < B*m? . 54
- (n75) w7 (54)
<

3.4 The first term V;

For ¢ = 1, we identify ([Z]) and [n], and we write V1 ; := Vj g;3. Note that, by (37),

c(i.j) = e({i}. (1)) = (j B D (” _i)- (55)

m—j

Thus (40) and (39) become

Vi=) Vi (56)
i=1
with, using (55),
m o m Z _ 1 n— Z
Vi = Yocliom (6= 3 (2 (h2)emte 57)

Note that Vj; is a function of ;, and thus the random variables V; ; are independent.
Furthermore, (25) implies EV; ; = 0. Let 77 := Var Vi ; = EV?,. Then, see (43),

of =VarV; = ZVar Vii= ZT? (58)
i=1 i=1

Observe that it follows from (57) and (24) that

2

g (£ (06) G

acA Jj: wi=a

Taking ¢ = 1 in (48) yields the upper bound

~1\?
2 =RV < B(:z— 1) . ien (60)
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Summing over %, or using (49), we obtain
n—1\°
o =RV <57 = Bn( ) . (61)
m
We notice that the upper bound is achievable. Indeed, for w = a---a, by (59) and (58),

] (At I BT G (62)

We show also a general lower bound.

» Lemma 10. There exists c,c’ > 0 such that

2

C o ,nfn—1
e — ) 63
1= 0T Cm(ml) (63)

Proof. We consider the first term in the sum in (57) separately, and write

Vii = c(i, D), (&) + V14, (64)
where
Vlz':ZCZ 7) Pw; (&i)- (65)
Jj=2

We have, by (55), ¢(i,1) = (1~ 1) Consequently, for any i € [n],

ei)) _ (nZi) ;"_:3<n—z'—k>m‘2(1i1)
c(LD) (27 IIin—1—k) n—1-k
= i1 m(i — 1)
Zl_znfl—kzl_n7m+1' (56)

k=0

Let 6 < 1/4 be a fixed small positive number, chosen later. Assume that ¢ <1+ dn/m.

In particular, either ¢ = 1 or m < m(i — 1) < on < n/2, and thus (66) implies

By (45), (67) implies

m

3 (i, j) = (:1_11> — (i, 1) = e(1,1) — e(i, 1) < 26¢(1,1). (68)

j=2
Hence, by (65), Minkowski’s inequality and (27), cf. (47),

m

IVill, < D7 clillow, G, < D eli, f)BY? < 26B2¢(1,1). (69)
j=2 j=2

Furthermore, (28) and (67) yield

l|e(i, Dw, (&)||, = c(i, Der > 1 (1 —26)e(1,1) > Fere(1, 1). (70)

17:11

AofA 2020



17:12

Hidden Words Statistics for Large Patterns

Finally, (64) and the triangle inequality yield, using (70) and (69),
Vaslly = [leti Dpwn ()], = IViill, = (Ger = 20BY%)e(1, 1).

We now choose ¢ := ¢;/(8B'/?), and find that for some ¢y > 0,
2= |[Vills > eoc(1,1)?, i <1+ dn/m.

Consequently, by (58),

n 5 ~1 2
o? = ZTZ-Q > £020(171)2 = 03;;<n ) .

m—1
i=1

This proves (63), with ¢ := ¢3 and ¢ = ¢//B.

The next lemma is proved in the Appendix in which we verify Lyapunov’s condition to

prove asymptotic normality of V;.

» Lemma 11. Suppose that m = o(n). Then Vi is asymptotically normal:

Vi/or -5 N(0,1).

3.5 Proofs of Theorem 5 and 6

(74)

We next prove a general theorem showing asymptotic normality under some conditions.

» Theorem 12. Suppose that n — oo and that

m? (;:11)2 — o(0?).

Then
Var Z = p2, Var Z* ~ p2 0%

and

7 —-KEZ*
= L N(,1),
01

Z—-EZ zZr—-EZ* g

(Var Z)1/2 — (Var Z*)1/2 -
Proof. By Lemma 9 and (75),

N(0,1).

<B m 1
O’% - J% _O( )

Var(Z* — Vl) _ Var(Z* — V1)

g1

Hence, recalling EV; =0,
zZ*—EZ* -V
2 - =4 TV Py,

g1

Combining (74) and (80), we obtain (77).

Furthermore, by (79), and since the terms in (41) are orthogonal,

Var Z* = Var V; + Var(Z* — V1) = o] + o(0}) ~ o7,

(81)

which yields (76), and also shows that we may replace oy by (Var Z*)'/2 in (77), which yields

(78); the equality in (78) is a trivial consequence of (4).

<
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Now we are ready to prove our main results.

Proof of Theorem 5. By Lemma 10,

m?("71) ? m3
— = < C— =o(1). 82
o? T on o(1) (82)
Thus (75) holds, and the result follows by Theorem 12 together with (3) and (4). <

Recall that in Theorem 6, the range of m is improved, assuming that w is not typical for
the random source with probabilities p = (ps)ac.a that we consider.

Proof of Theorem 6. By Theorem 12, with (75) verified by Lemma 13 below. <

» Lemma 13. Let q = (qu)aca be the proportions of the letters in w. Then

m2 (n 2 n—1 2
2> —pl* = —pll% 83
ot =" (") - wlp=n(2 ")) la- vl (53)
Proof. Let
m
=iy §)pu, (@ (84)
Jj=1

Thus (57) is V1, = 1(&), and (58) is, since Ev;(§) =0,
o2 =VarVy = ZIE Vi(&)? Ezwz . (85)
Hence, by the Cauchy—Schwarz inequality,
no? =nEY ()’ > E(i b)) (86)
i=1 i=1

Furthermore, by (84) and (44)

gwi(w) = anzm:c (i, ) puw, (x i ( )wa = (:) > mgaga(). (87)

=1 j=1 j=1 acA

Hence, (29) yields

[ wto], =m() [ weate)], = m (1ol (89
Combining (86) and (88) yields (83). <
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A  Appendix
A.1 Proof of Lemma 11

We show that the central limit theorem applies to the sum V; =3, Vi ; in (56). The terms
Vi, are independent and have means E V; ; = 0. We verify Lyapunov’s condition.

The random variable ¢ is defined on some probability space (2, F, P) and takes values
in the finite set \A. Thus the linear space V of functions 2 — R of the form f(£) has finite
dimension | A|. Moreover, every function in V is bounded. The L? and L? norms || - [|2 and
I - ||s are thus finite on V, and are thus both norms on the finite-dimensional vector space V;
hence there exists a constant C' such that for any function f,

£z < ClFE)ll2- (89)
In particular, since the definition (57) shows that Vi, is a function of §; 2 £,

V1,

ls < C||Villz = Cm, 1<e<n. (90)

Furthermore, by (60) and (63),

) 2 B n—1 2
maX; T; < (mfl) s = CT — 0(1) (91)
R
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Consequently, using (90), (58) and (91),

S BVl Y IViall3 cCXin 7} < A Ti D T
— < S

a o o o
=BT _ o). (92)
o

This shows the Lyapunov condition, and thus a standard form of the central limit theorem,
[7, Theorem 7.2.4 or 7.6.2], yields (74).
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