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Preface

The Annual Symposium on Combinatorial Pattern Matching (CPM) is the international
research forum in the areas of combinatorial pattern matching, string algorithms and related
applications. The studied objects include strings as well as trees, regular expressions, graphs,
and point sets, and the goal is to design efficient algorithms and data structures based on their
properties, in order to design efficient algorithmic solutions for the addressed computational
problems. The problems this conference deals with include those in bioinformatics and
computational biology, coding and data compression, combinatorics on words, data mining,
information retrieval, natural language processing, pattern matching and discovery, string
algorithms, string processing in databases, symbolic computation, and text searching and
indexing.

This volume contains the papers presented at the 31st Annual Symposium on Combinat-
orial Pattern Matching (CPM 2020) held on June 17-19. The conference was planned to be
held in Copenhagen, but due to the Covid-19 pandemic the conference was instead held online
using Zoom. The conference program includes 28 contributed papers and three invited talks
by Barna Saha (University of California Berkeley), Karl Bringmann (Max-Planck-Institut
fiir Informatik), and Thore Husfeldt (IT University of Copenhagen and Lund University).
For the second time, CPM includes the “Highlights of CPM” special session, for presenting
the highlights of recent developments in combinatorial pattern matching. In this second
edition we have invited Shay Golan to present his SODA 2020 paper “Locally consistent
parsing for text indexing in small space”, Tomasz Kociumaka to present his STOC 2019
paper “String synchronizing sets: sublinear-time BWT construction and optimal LCE data
structure”, and Pawel Gawrychowski (University of Wroctaw, Poland) to present his paper
“Computing quartet distance is equivalent to counting 4-Cycles”.

The contributed papers were selected out of 49 submissions, corresponding to an accept-
ance ratio of about 57%. Each submission received at least three reviews. We thank the
members of the Program Committee and all the additional external subreviewers that are
listed below for their hard, invaluable, and collaborative effort that resulted in an excellent
scientific program.

The Annual Symposium on Combinatorial Pattern Matching started in 1990, and has
since then taken place every year. Previous CPM meetings were held in Paris, London (UK),
Tucson, Padova, Asilomar, Helsinki, Laguna Beach, Aarhus, Piscataway, Warwick, Montreal,
Jerusalem, Fukuoka, Morelia, Istanbul, Jeju Island, Barcelona, London (Ontario, Canada),
Pisa, Lille, New York, Palermo, Helsinki, Bad Herrenalb, Moscow, Ischia, Tel Aviv, Warsaw,
Qingdao, and Pisa. From 1992 to the 2015 meeting, all proceedings were published in the
LNCS (Lecture Notes in Computer Science) series. Since 2016, the CPM proceedings appear
in the LIPIcs (Leibniz International Proceedings in Informatics) series, as volume 54 (CPM
2016), 78 (CPM 2017), 105 (CPM 2018), and 128 (CPM 2019). The entire submission and
review process was carried out using the EasyChair conference system. We thank the CPM
Steering Committee for their support and advice in this year’s unusual circumstances.
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Algebraic Algorithms for Finding Patterns in
Graphs

Thore Husfeldt

IT University of Copenhagen, Denmark
Lund University, Sweden
thore@itu.dk

—— Abstract

I will give a gentle introduction to algebraic graph algorithms by showing how to determine if a
given graph contains a simple path of length k. This is a famous problem admitting a beautiful
and widely-known algorithm, namely the colour-coding method of Alon, Yuster and Zwick (1995).
Starting from this entirely combinatorial approach, I will carefully develop an algebraic perspective
on the same problem. First, I will explain how the colour-coding algorithm can be understood as
the evaluation of a well-known expression (sometimes called the “walk-sum” of the graph) in a
commutative algebra called the zeon algebra. From there, I will introduce the exterior algebra and
present the algebraic framework recently developed with Brand and Dell (2018).

The presentation is aimed at a combinatorially-minded audience largely innocent of abstract
algebra.

2012 ACM Subject Classification Theory of computation — Fixed parameter tractability; Math-
ematics of computing — Paths and connectivity problems; Mathematics of computing — Graph
algorithms

Keywords and phrases paths, exterior algebra, wedge product, color-coding, parameterized com-
plexity

Digital Object Identifier 10.4230/LIPIcs.CPM.2020.1
Category Invited Talk

Funding Thore Husfeldt: Supported by the Swedish Research Council grant VR-2016-03855 “Al-
gebraic Graph Algorithms” and the Villum Foundation grant 16582 “Basic Algorithms Research
Copenhagen (BARC)”.
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Finding the Anticover of a String

Mai Alzamel Alessio Conte
Department of Informatics, Dipartimento di Informatica,
King’s College London, UK Universita di Pisa, Italy
Department of Computer Science, conte@di.unipi.it

King Saud University, KSA
mai.alzamel@kcl.ac.uk

Shuhei Denzumi Roberto Grossi

Graduate School of Information Science and Dipartimento di Informatica,

Technology, The University of Tokyo, Japan Universita di Pisa, Italy
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Costas S. Iliopoulos Kazuhiro Kurita

Department of Informatics, IST, Hokkaido University, Sapporo, Japan
King’s College London, UK k-kurita@ist.hokudai.ac.jp

costas.iliopoulos@kcl.ac.uk

Kunihiro Wasa
National Institute of Informatics, Tokyo, Japan
wasa@nii.ac.jp

—— Abstract
A Ek-anticover of a string = is a set of pairwise distinct factors of x of equal length k, such that
every symbol of z is contained into an occurrence of at least one of those factors. The existence of
a k-anticover can be seen as a notion of non-redundancy, which has application in computational
biology, where they are associated with various non-regulatory mechanisms. In this paper we address
the complexity of the problem of finding a k-anticover of a string x if it exists, showing that the
decision problem is NP-complete on general strings for & > 3. We also show that the problem
admits a polynomial-time solution for £ = 2. For unbounded k, we provide an exact exponential
algorithm tokﬁnd a k-anticover of a string of length n (or determine that none exists), which runs in
O*(min{?)%, (@)ﬁl}) time using polynomial space.

2012 ACM Subject Classification Mathematics of computing — Combinatorics on words
Keywords and phrases Anticover, String algorithms, Stringology, NP-complete

Digital Object Identifier 10.4230/LIPIcs.CPM.2020.2

1 Introduction

The notion of periodicity in strings is well studied in many fields like combinatorics on
words, pattern matching, data compression and automata theory (see [16], [17]), because it
is of paramount importance in several applications, not to talk about its theoretical aspects.
Algorithms and data structures for finding repeating patterns or regularities in strings (see
[9], [12]) are central to several fields of computer science including computational biology,
pattern matching, data compression, and randomness testing. The nature and extent of
periodicity in strings is also of immense combinatorial interest in its own right [17].

The notion of cover belongs to the area of quasiperiodicity, that is, a generalization of
periodicity in which the occurrences of the period may overlap [3]. We call a proper factor
u of a nonempty string y a cover of y, if every letter of y is within some occurrence of u
in y. A cover u of y needs to be a border (i.e. a prefix and a suffix) of y. A cover of a
string s is a string that covers all positions of s with its occurrences. Intuitively, s can be
generated by overlapping/concatenating copies of its cover u. Covers in strings were already

© Mai Alzamel, Alessio Conte, Shuhei Denzumi, Roberto Grossi, Costas S. Iliopoulos, Kazuhiro
B Kurita, and Kunihiro Wasa,;
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Finding the Anticover of a String

extensively studied. A linear-time algorithm finding the shortest cover of a string was given
by Apostolico et al. [4] and later on improved into an on-line algorithm by Breslauer [20].
A linear-time algorithm computing all the covers of a string was proposed by Moore and
Smyth [19]. Afterwards an on-line algorithm for the all-covers problem was given by Li and
Smyth [15]. Similar combinatorial covering problems have been studied on graphs [8, 21], and
other types of quasiperiodicities include seeds [13], as well as variants including approximate
and partial covers and seeds.

A power of order k is defined by a concatenation of k identical blocks of symbols, where &
is at least 2: it is evident how a covers are generalizations of powers. Powers in various forms
later came to be important structures in computational biology, where they are associated
with various regulatory mechanisms and play an important role in genomic fingerprinting (for
further reading see, e.g., [14] and references therein). Antipowers are an orthogonal notion to
that of powers, that were introduced recently by Fici et al. in [6, 10]. In contrast to powers,
antipowers insist instead on the diversity of consecutive blocks: an antipower (antiperiod) of
order k is a concatenation of k pairwise distinct strings of equal length. A linear algorithm
for computing the antiperiods was given in [1], and online algorithms are given in [2].

We define an anticover as a generalization of the notion of antipower: an anticover of
a string x is a set of pairwise distinct factors of x of equal length, such that every symbol
of x is within some occurrence of one of those factors. Equivalently,  can be generated by
overlapping/concatenating a set of pairwise distinct strings of equal length. Some practical
motivation for this problem can be found in Mincu and Popa [18], that considers the similar
problem of partitioning a string into distinct factors: they show that this problem is motivated
by an application in the DNA compositions, a short DNA fragment can be obtained that
can be self-united into the desired DNA structure. They present that to produce the wanted
DNA structure, it is mandatory that no two fragments are equal.

In this paper we show that the computation of a 2-anticover of a string x of length n
over an alphabet ¥, if it exists, can be done in O(n|3|) time and space. For the general
case, given k > 3, we show that checking whether a tring = has a k-anticover is NP-complete.
Moreover, we provide an exact exponential algorithm to find a k-anticover of  (or determine
that none exists), which runs in O*(min{3%k, (@)ﬁ}) time using polynomial space.

In the literature Condon et al. [7] studied the complexity of partitioning problems for
strings. In particular, they introduced the Equality-Free String Partition problem, which
requires to partition a string x into factors fifs - - fe, each factor f; of length at most k, so
that factors are pairwise different f; # f; for ¢ # j. Among the results, they proved that this
problem is NP-complete for k¥ = 2 and unbounded alphabet. We observe that our notion of
k-anticover requires the factors to be of length exactly k, and thus the problem of finding
an anticover is different from Equality-Free String Partition problem. First, checking if a
partition of factors of length k is equality-free can be trivially done in nearly linear time.
Second, there are strings that admit a solution for one of the two problems, but not the other
(e.g., ababa for k = 3 admits the equality-free partition ab - a - ba, but not an anticover).

2 Preliminaries

Let X be a finite ordered alphabet. A string is defined as a sequence of zero or more symbols
from Y. An empty string is a string of length 0, denoted by e. A string x of length n is
represented by the sequence z = z1x2 - - - x,. We use the notation z[i... j] as a shorthand
for z;x;41 -+ - x; and call it a factor or substring of x with length j —i 4 1. We also say that
a nonempty string s is a factor or substring of x with length k <n if s =z[i...i+k — 1] for
an integer 7 € [1,n — k + 1]; in that case, s occurs in x at position 4. The factor z[1...j] is a
prefiz of x and the factor x[j...n] is a suffiz of x.
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» Definition 1. Given an integer k > 2 and a string x of length n >k, let S = {i1,i9,...4¢}
be an ordered set of positions in x chosen from {1,2,...,n —k+ 1}. We say that S is a
k-anticover of x if
(i) any two factors [i; ...i; +k — 1] and x[ip, .. .0, + k — 1] are different, for j # h, and
(i) any position in x is covered, namely, iy =1, iy =n—k+1, and ij41 —i; < k for
1<j<n-—k.

» Example 2. For x = abbbaaaaabab and k = 3, the ordered set S = {1,3,5,9,11} denotes
a 3-anticover of z: abbbaaaaabab. We remark that the indices i1 = 1 and iy = n — k + 1
must be part of any k-anticover, as they represent the only ways of covering the first and
last symbol of x.

In this paper we consider the following problem.

k-ANTICOVER
Input: A string © = x5 ... 2, and an integer k > 2, where n > k.
Output: Does a k-anticover S of x exist?

It is obvious that any k-length substring that only occurs once in x can be included “for
free” in any k-anticover without risk of redundancy. We call free factors the corresponding
factors, and remark that we can consider trivially covered the symbols that they span.

In the following, we identify i; € S with its factor z[i; ...i; + k — 1], and sometimes we
say that x[i;...7; + k — 1] belongs to an anticover S, actually meaning that i; € S.

3 Hardness of k-Anticover for &k > 3

In this section we show that solving k-ANTICOVER, namely, deciding whether a string x of
length n has a k-anticover, is NP-complete for k > 3.

Firstly, observe that we can easily test in polynomial time whether S is a k-anticover,
by checking that each pair of corresponding factors is distinct and, for each position p €
{1,...,n}, that S contains a factor that covers z (i.e., some i; € {p —k+1,...,p}); thus
k-ANTICOVER € NP.

We prove its completeness for k¥ = 3 by a polynomial time reduction from 3-SAT to
3-ANTICOVER, i.e., given a 3-CNF boolean formula F, we build a string X (in polynomial
time) that admits a 3-anticover if and only if F is satisfiable. For k > 3, we remark that the
techniques utilized could be adapted to reduce a k-SAT instance to k-ANTICOVER, although
we omit this analysis for space reasons.

More in detail, we focus on a peculiar variant of 3-SAT, still NP-complete, where each
literal in F is restricted to appear at most 3 times. This variant has been addressed in [22,
Theorem 2.1], where it is shown that SAT “is NP-complete when restricted to instances with
2 or 3 variables per clause and at most 3 occurrences per variable”. Hence 3-SAT with at
most 3 occurrences per variable is NP-complete.!

In the following, let C4,...,C; be the clauses of F, and v1,...,v,, its variables. For a

variable v;, we refer to the 3 occurrences of its positive literal as v}, vZ, and v, and the ones
) ; .

of its negative literal as —v}, =02, and —v}, meaning that each v! (and each —w]) appears at

most once in F.

! For the sake of completeness, we observe that 3-SAT with ezactly 3 occurrences per variable is always
satisfiable as consequence of [22, Theorem 2.4].
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3.1 Overview of the reduction

We here introduce the structure and components of the reduction, which we then explain in
detail.
The string X' is divided in two parts:
The first one models the clauses of F, where literals correspond to specific factors, and
using a factor in the cover of X means using the corresponding literal in F. In essence,
each clause contains three factors corresponding to the occurrences of its literals (where
the three different occurrences of the same literal will correspond to different factors),
and in order to cover all elements of a clause gadget we will need to use at least one of
such factors.
The second one contains coherence gadgets, which in essence enforce us to use factors in
a way coherent with truth assignments (i.e., if factors ¢ and j in the first part correspond
to v, and —wy, then 7 and j cannot be used at the same time in the cover). Say we want
to cover a clause using the factor corresponding to v3: the coherence gadgets will force
us to use the strings corresponding to —wi, —v?, and —v$ to cover the second part of the
string, meaning they cannot be used anymore in the first one (or they would break the
non-redundancy constraint of the anticover).

We present X as a collection of smaller strings corresponding to gadgets, delimited by
what we call jolly characters: these allow us to essentially ignore the order in which the
pieces of the strings are re-combined and prevent any interaction between adjacent gadgets.

Jolly characters. To simplify the explanation, we use the jolly character “x”: in essence,
each single % represents a unique character that does not appear anywhere else in the string,
i.e., we can imagine that at the end of the reduction each * is then iteratively replaced with
a unique distinct character not appearing in the string.
Jolly characters give us 2 useful properties for k = 3:
All factors including x are free factors, so the & — 1 symbols preceding and succeeding a %
are trivially covered by free factors.
In the string A x B, then the k-length factors of A and B that are not free do not overlap:
if % occurs at X'[i], the right-most factor of A and left-most of B that could be non-free
are, respectively, at positions i — k + 1 and 7 + 1.
As a corollary, Ax B and B+ A have the same answer to k-ANTICOVER. More in general,
if we have a collection of strings of the form xA* (starting and ending in %), and we want
to append them to create a single string (X), the order we chose does not impact the
answer of k-ANTICOVER on the string.

3.2 The clauses part

We now detail the clause gadget of X. Firstly, let pé- and n; be symbols in 3 representing,
respectively, the literals vzj and —wzj .

Let Cj be an arbitrary clause of F, say, (—v§ V v} V vl), corresponding to the third
occurrence of the negative literal of v, and the first occurrences of the positive literals of vs
and v7. Then the corresponding gadget is

Cp, = *##hhn3 x #4hhpt x ##hhpix

where
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n3, pt, and pl are the characters representing the corresponding occurrences of the literals,
as described above.

h is a character representing Cj, (i.e., is different in every clause), whereas the character
# is the same across all clauses, and * are jolly characters.

Now observe that the only characters we need to cover are the first i of each pair hh:
Indeed the 2 symbols following and preceding each * can be trivially covered by free factors,
as shown in the example below:

s h I hhp LA

As k = 3, we have 3 possible factors we can use to cover each of these h symbols; in
particular, the first with {##h, #hh, hhn3}, the second with {##h, #hh, hhpt}, and the
third with {##h, #hh, hhpt}.

As h is clause-specific, the two strings ##h and #hh in each set only appear here, and
no constraint is imposed on their usage. However, as the anticover can contain each string at
most once, it will have to include at least one string among hhn$, hhpl, and hhp?.

In essence, adding this occurrence of hhp} to the anticover will correspond to assigning
“true” to wvy.

The first part of X will thus correspond to the gadgets corresponding to all clauses

C4,...,C; appended after each other in sequence (as discussed above, the order is irrelevant).

In the second part of X, we will then enforce coherence of assignments, i.e., using hhpl
to cover Cp, must forbid us from using the factors corresponding to the literal —w7 in the rest
of the clause part.

3.3 Auxiliary gadgets

In order to explain the coherence part, we first detail the auxiliary gadgets that compose it.

Gadget forbid(abc). Suppose we want to make sure that some string of length 3, say, abc,
cannot be used to cover rest of the string. Then we can place the following gadget in A

forbid(abc) = x$abcd x $abe$ x SabeSx

where again the % are jolly characters, but $ is a gadget-specific character, i.e., each occurrence
of a forbidding gadget has a unique character in place of the §.

Similarly to above, we can observe that all characters are covered by free factors except
the b characters in the middle, which can be covered by the strings $ab, abc, bc$: as we need
to cover 3 characters, we must use all three of these strings. In turn, this means the string
abc can not be used anywhere else in X'. We refer to this gadget as forbid(abc).

An important observation is that all factors used except for abc are either free factors, or
contain the character $, meaning those strings will not appear anywhere else and thus not
affect our choices while covering the rest of the string.

Gadget one-of(abc, def). Suppose now we have two strings abc and def, and we want to
make sure that at most one of the two may be used in the cover of the rest of the string.
Then we can place the following gadget in X

one-of (abe, def) = forbid(c€d) x be€de * abc€def*

2:5
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Here too, € is a gadget-specific character which is used only in this specific instance of this
gadget (same as the $ above, we differentiate so as to avoid confusion with the forbid(c€d)
gadget).

Let’s analyze it from left to right. Firstly, we forbid the string c€d so it cannot be used
in the rest of the string. Then, to cover the € in the central part ... x bc€de « ..., we must
use either bc€ or €de. Finally, in the right part ... x abc€defx we need to cover the three
symbols ...c€d...: if bc€ was used in the central part, we cannot use it now, and since we
cannot use c€d either, to cover the ¢ symbol we must use abc (while we can use €de to cover
the remaining two symbols). Symmetrically, if we used €de in the central part of the gadget
instead, we must use def to cover the right part.

It follows that to cover one-of(abe, def) we must use either abc or def, meaning we can
only use one of them in the rest of the string.

As above, all other factors used are either free or include €, so they do not impact the
rest of the string.

Gadget amplifier(abc, def). Finally, the amplifier gadget is the core of our coherence
enforcement. It corresponds to the following string:

amplifier(abe, def) = forbid(cde) * abedef*

Differently from the gadgets above, this one does affect strings other than the input ones:
we call bed the trigger of the amplifier. Specifically this is the word made from the last two
characters of the first string abc, and the first of the second string def. Furthermore, note
how the string cde made of the third character of the first string, and the first two of the
second, becomes forbidden.?

Focus now on the right part: in ... x abedef* only the symbols ...cd... are not covered by
free factors. Since cde is forbidden, to cover them we have two ways:

use the trigger string bed.

use both abc and def.

As the name suggests, this gadget amplifies the effects of using the trigger cde elsewhere
in X, as it will then force us to use both abc and def to cover amplifier(abe, def). Note
that this gadget does create and affect factors that are not free and may occur somewhere
else, so we will analyze its usage carefully.

3.4 The coherence part

Let v; be a variable of F. In the clauses part, its literals can appear in up to six clauses. Let
w.l.o.g. the symbols 1...6 represent the identifiers of these clauses: the factors representing
the literals will thus be {11p}, 22p?,33p?} for the positive ones, and {44n}, 55n2,66n3} for
the negative.?

As explained above, say that the gadget of clause C} contains an occurrence of the factor
22p?: we want to say that using this occurrence of the factor in the anticover means that
v; is set to true (thus C}, is satisfied by v;). In order to enforce coherence, and make the
anticover correspond to a satisfying assignment, we must then make it impossible to use a
factor corresponding to a negative value of v; anywhere in the clauses part.

2 Note that amplifier(def, abc) is a different gadget: it will forbid fab and its trigger will be efa.
3 If a literal, say pg, does not appear in a clause of F, let it be represented by x pg‘
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More formally, we want to create a gadget for a variable v; which, to be covered, forces
us to use either all of {11p},22p?,33p3}, or all of {44n},55n2,66n3} (this way, one set of
strings is fully “burned” to cover this gadget, and only elements from the other set may be
used in the rest of the string).

Gadget enforce(v;). We do so by using the one-of gadget and a nested use of the
amplifier gadget, with the following gadget made of 5 parts, which we call enforce(v;):
amplifier(11p},2p?3)

amplifier(22p?,33p3)

amplifier(44n},5n26)

amplifier(55n?, 66n)

one-of (1p}2,4n}5)

Al e

Now, key observations are that 2p?3 in gadget 1 is the trigger of gadget 2, while 5n26 in
gadget 3 is the trigger of gadget 4, and finally, the arguments of gadget 5 are the triggers of
gadgets 1 and 3.

In order to cover one-of(1p}2,4nl5) we must use (at least) one between 1p;2 and 4n}5.
If we choose 1p}2 to cover gadget 5, this triggers gadget 1, so to cover gadget 1 we must use
both 11p} and 2p?3; in turn, this triggers gadget 2, forcing us to use both 22p? and 33p?; on
the other hand, gadgets 3 and 4 can be covered using their respective triggers, meaning that
all strings corresponding to positive literals {11p}, 22p?, 33p3} are used by the cover, but it
is not necessary to use any of the negative ones {44n}, 55n2, 6613}, which can be used in the
clauses part. If, instead, we cover gadget 5 using 4n}5, the situation is exactly symmetrical:
we burn all the negative literals {44n}, 55n2,66n;} on gadgets 3 and 4, but we may cover
1 and 3 using the triggers, and using the positive literals {11p}, 22p?, 33p?} in the clauses
part.* We have thus proven the following result.’

» Theorem 3. F is satisfiable if an only if X has a 3-anticover. As a consequence, problem
k-ANTICOVER is NP-complete for k > 3.

4 Polynomial-Time Algorithm for k = 2

In this section, we show that that 2-ANTICOVER can be reduced to 2-SAT in O(n|X]) time
and space, obtaining the following result.

» Theorem 4. Problem 2-ANTICOVER can be solved in O(n|X|) time and space.

Proof. We run first a preliminary test to see if the input string = contains a factor of length 3
that occurs three or more times in it. A 2-anticover cannot exist a 2-ANTICOVER in this
case, and we answer no. Indeed, let abc be a a factor that occurs three or more times in x.
Since the position corresponding to b can be covered either by the factors of length 2, ab or
be, when we find the third occurrence of abe, we cannot use ab or be as it would be chosen
twice. Hence, there is no way to cover the position of b in the third occurrence of abc in any
2-ANTICOVER. Running this test can be easily done in O(nlog|X|) time [12].

For completeness, we remark that it is crucial to use amplifier(l 1p},2p?3) instead of
amplifier(2p?3,11p}): the latter one forbids the string 311, which does not contain % nor char-
acters representing the literal and might affect other coherence gadgets. Instead amplifier(11p;,2p?3)
forbids p} Qp?, which is safe as it may not appear in other coherence gadgets.

Again, we remark that all the gadgets in this reduction can be extended to any k rather than just 3,
although we omit this for space reasons.
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Instead, if this preliminary test is positive, we build a 2-SAT formula as follows. Let i be
any position in the string x, and p; the Boolean variable denoting whether or not the factor
a[i...i+ 1] is chosen in the 2-ANTICOVER.

We have a first group of clauses C;, for 1 < i < n, where C; says that the first (i = 1) and
last (i = n) positions must be covered by the only possible factors z[1...2] and z[n—1...n],
respectively, and any other position must be covered by the factor(s) of length k = 2 starting
at position 7 — 1 or 2:

Ci=(m) (1)
Cn - (pnfl) (2)
Ci=(@pi-1Vp) 2<i<n-—1 (3)

Furthermore, when x[i...i+ 1] = x[j...j + 1] for ¢ # j, we should take at most one of
them, and so we cannot take both, giving the second group B;; of clauses:

Bi; = (—p; V —pj) 1<i<j<nsuchthat z[i...i+1]=x[j...j+1] (4)

Let F be the 2-SAT formula obtained by putting the clauses C; and B;; in logical A. We
observe that F contains n clauses C; and O(n|X|) clauses B;;. Recall that each factor of
length 3 can occur at most twice in . Thus, given any position i, we claim that there are
at most 2|X| 4+ 1 positions j # i such that z[i...i 4+ 1] = z[j...j + 1]. Indeed, any other
occurrence of s = xz[i...i+ 1] is followed by a third symbol, say, ¢ (unless that occurrence is
a suffix of ). But sc is a factor of length 3, and can appear at most twice. Since we have at
most |X| choices for ¢ plus the end of string case, this gives the desired upper bound. As
there are at most n positions i, and for each of them there are at most 2|%| + 1 positions j
where the same factor of length 2 occurs, we conclude that there are O(n|X|) clauses B;;.
Summing up, F has O(n|X]|) size and it can be built O(n|X|) time.

It is straightforward to see that F is satisfied if and only if there is a 2-ANTICOVER for
string . Since 2-SAT can be solved in linear time in the size of the formula F [5], we obtain
the bounds stated in the theorem. <

5 Exact Exponential-Time algorithms for k£ > 3

In this section we consider a better algorithm than a brute-force algorithm for solving
k-ANTICOVER. The task of k-ANTICOVER is finding a subset of positions satisfying the
given constraint. By trying all subsets of positions, we can solve k-ANTICOVER. Since
the number of subset of positions is O(2"~%), the brute-force algorithm runs in O*(2"~%)
time, where the O*(-) notation ignores poly(n) factors. Note that |X| and k is bounded by
n. Thus, O*(-) notation ignores poly(|X]) and poly(k) factors. In this section, we give two
exponential time algorithms. The former algorithm breaks the trivial 2" ~*-barrier for any
k > 3. The latter algorithm is clearly better than the brute-force algorithm and, in addition,
it outperforms the former algorithm when £ > 9.

5.1 Breaking the trivial barrier

Let = be a string with length n and k£ be an integer. We consider a set of positions of x
from 1 to n — k + 1. We partition this set as follows: Let S = {S1,...,S¢} be a partition of
positions 1,2,...,n — k4 1. For any two substring y,y’ with length k starting from position
j and j’ respectively, both j and j' are in S; if and only if y = 3. That is, each partition
corresponds to some substring with length &k in z. For example, given a string abcabca and

k=3,8={{1,4},{2,5},{3}}.
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We describe our proposed algorithm. Let S; € S be the set containing position 1. We
first pick position 1 to cover the 1-st character on x. Hence, after choosing 1, we need to
solve at most |S7| subproblems. Note that for each subproblem, the first k letters are already
covered, and thus, we have k options for covering the (k + 1)th letter in each subproblem.

Since we cannot pick positions which already are picked, the time complexity T'(-) of this
algorithm satisfies the following inequality: T(n —k 4+ 1) < ¢T'(n — k + 1 — ¢), where ¢ is the
size of partition from which we pick a substring. Since the sum of the size of the partitions

is n — k, the time complexity is O* (¢™=¢).

It is known that this formula takes its maximum when ¢ = 3 [11]. Hence, the time
n—k+1

complexity of this algorithm is O*(3"75 ) = 0*(3"5") time.

» Theorem 5. k-ANTICOVER can be solved in O*(3HT%) time and polynomial space.

5.2 A better upper bound for large k

In this subsection, we give a faster algorithm when £ is large. Now we first introduce some

terminologies. A set S = {s1,...,s¢} is a k-cover if U, ,{sis---,si +k} = {1,...,n}.

Hence, a trivial k-cover is {1,1+ k,1 4+ 2k, ... }. Note that each s; corresponds to a position
of x but a k-cover may have two positions which derives from the same substring. A k-cover
S is minimal if there is no subset of S which is a k-cover. We say that s; is redundant in S
if S\ {s;} is also a k-cover.

» Lemma 6. Let x be a string and k be an integer. Then, if x has a k-anticover, then there
18 a minimal k-cover S such that S is also a k-anticover.

Proof. Let S = {s1,...,5¢} be a k-anticover. Since S is a k-anticover, S\ {s;} is also
k-anticover if S\ {s;} is a k-cover of z. Hence, S becomes a minimal cover by removing
redundant elements one by one. Hence, the statement holds. <

From Lemma 6, we can determine whether x has a k-anticover by enumerating all minimal
k-covers. Hence, in the following, we propose an enumeration algorithm for all minimal
k-covers.

We firstly give an upper bound of the number of all minimal k-covers of substrings with
length k£ + 1 such that each minimal k-cover has no redundant positions. Assume that by
concatenating these [n/(k + 1)] substrings, we can reconstruct the input string. Let us
consider the following problem COVER(z, k): given a string x of length k + 1, the task is to
enumerate all minimal k-covers in it under the assumption, for 0 < ¢ < k — 1, that we can

select the length of a first interval s; between 1 to k and we can pick the last k£ — 1 characters.

For example, we consider an instance = abed and k = 3. The subproblem COVER(z, 3) has
the following six solutions: abed, abed, abed, abed, abed, and abed. The next lemma, shows
the upper bound:

@ minimal k-covers.

» Lemma 7. Problem COVER(z,k) has at most

Proof. Let i be the length of a first interval. Since we cover all characters, we have to choose
a position 1. In addition, we pick the second position between 2 and i 4+ 1. Since the length
of x is k + 1, then it is a minimal k-cover. Hence, we have i choices for each i. Therefore, we

have > o, ot = k(k;l) solutions and the statement holds. <
From the above lemma, the number of solutions in each subproblem is at most w

In addition, the number of subproblems is 747 + 1. Now, we can obtain all minimal k-covers
which have no redundant positions between c¢(k+1) 41 to (¢4 1)(k+ 1) for any non-negative

integer ¢ by trying all the combinations of concatenating solutions of all the subproblems.

Because any k-anticover has no redundant positions, the following theorem holds.
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1
Table 1 The list of values of (@) k1 We round the base of the exponent up to the fourth
digit after the decimal point. Note that 33 is approximately equal to 1.4423.

k | 3 5 9 10 20 30
k(k+1) \ FrT
(B 1.5651 1.5705 1.4633 1.4396 1.2900 1.2192

n

» Theorem 8. There is an algorithm solving k-ANTICOVER in O*((@) R
polynomial space.

! ) time and

From Theorem 8 and Table 1, the latter algorithm is better than the former algorithm if £ is
larger than 9. Combining two theorems, we obtain the following theorem.

» Theorem 9. Problem k-ANTICOVER can be solved in O*(min{3ngk7 (@)ﬁl }) time,
using polynomial space.

6 Concluding remarks

In this paper we proposed the k-ANTICOVER problem, a natural combinatorial problem
on strings with applications to fields such as computational biology. We have shown that
finding whether a string of length n can be covered by (possibly overlapping) distinct factors
of length k is polynomial for k = 2, and NP-complete otherwise.

We have also shown how to design exact exponential algorithms for general k, which
improve upon a trivial brute-force approach and get progressively more efficient for larger
values of k.

A question that remains open is whether the proposed algorithms match the inherent
computational complexity of the problem or whether faster solutions exist. Another is
whether the problem remains NP-complete under natural restrictions, such as an alphabet of
constant size.
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1 Introduction

A tandem repeat, or square, is a string which consists of two consecutive identical occurrences
of a substring or root, e.g. abab. Finding all tandem repeats in a given string is a well-studied
problem with many applications in diverse areas such as biological sequence analysis and
data compression. A maximal run in a string S is a substring of S that is periodic and
cannot be extended at all to the right or left, e.g. ababa is a maximal run in the string
abaababac. A maximal run in a string represents contiguous tandem repeats, all with periods
conjugates of each other, and as such, maximal runs have been used to succinctly encode all
tandem repeats. For example, the maximal run ababa represents consecutive tandem repeats
with roots ab and ba.

In this paper, we consider the problem of finding tandem repeats in input that consists
of two parallel strings. We define a double string, and introduce the corresponding notions
of tandem repeat and run in a double string. Double strings are ubiquitous in nature,
as molecules such as DNA come in pairs.! Hence, the problem considered is interesting
from both a theoretical and practical perspective. However, the strength of this paper’s
contribution lies in its applicability to unrelated variants of the tandem repeats problem. We
show how the solution to the double string tandem repeats problem can be used to solve two
different problems. The first is finding 2D corner-sharing tandems, and the second is finding
all scaled tandem repeats. We are confident that more applications of double string pattern
matching will be discovered in the future.

In Section 2 we present precise definitions and examples of tandem repeats and runs in
a double string, and then prove upper and lower bounds on the number of occurrences of
such runs. In Section 3 we present an O(nlogn) time algorithm for locating all double string
tandem repeats. We then extend this algorithm to deal with double string tandem repeats
while allowing k& mismatches. In Section 4 we provide a reduction of the 2-dimensional (2D)
corner-sharing tandem problem to the double string tandem repeats problem. We thus obtain
a more efficient algorithm for locating all corner-sharing tandems in a 2D text, both with
and without mismatches. Finally, in Section 5 we solve the scaled tandem repeats problem by
reducing it to a tandem repeats problem on double strings.

2 Definition and Characterization of Double String Tandem Repeats

We use S]i] to denote the ith character of a string .S, and S[i...j] to denote the substring of
S from S[i] through S[j].

» Definition 1. A double string of length n consists of two parallel sequences over a given
alphabet, each of length n, indexed by 1...n. We call the two strings S1 and Ss.

» Example 1. A double string of length 5, with S; = aabca and Se = ccbba.

12345
aabca
ccbba

» Definition 2. A double string tandem repeat (2-str TR) is a substring of S1 and a
substring of S that are identical and consecutive. As in one string, we call the repeating

! In DNA there are specific relationships between corresponding bases, while our definition of a double
string does not imply any such relationship.
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substring the root or period of the 2-str TR. Specifically, a 2-str TR with length 2p beginning
at location i in Sy, implies that the substring Si[i...i+ p — 1] is identical to the substring
Sali+p...i4+2p—1]. A 2-str TR beginning at location j in So implies that Sa[j...j5+p—1]
is identical to the substring S1[j+p...J + 2p —1].

» Example 2. A double string tandem repeat with root abc begins at location 2 in S.

12345678
aabcaabb
ccbbabcd

For the remainder of the paper, we assume that the 2-str TR begins in S7; all lemmas
and algorithms apply with minor modifications to indices for those beginning in Ss.

» Definition 3. A 2-str run (i, 4,p) in a double string (S1,S52) of lengthn, 1 < i < j <
n—2p+1,1<p<n/2 is a sequence of one or more 2-str TR’s with period size p beginning
at each location i < £ < j in S1. The run is said to be maximal if it cannot be extended to
the left or right, i.e. both (i —1,4,p) and (i,j + 1,p) are not 2-str runs.

» Example 3. A maximal run with period size 3 occurs at locations 1...8 in Sy and 4...11
in Sy. It can be represented by the triple (1,6, 3), since 1 is the start of the leftmost tandem,
6 is the start of the rightmost tandem, and 3 is the period size.

1234567891011
abcabxyzzz z
aaaabcabxy z

Although all of the consecutive 2-str TR’s in a 2-str run have the same period size, the
actual characters in the periods can be different for different tandems in the same run, as is
evident in Example 3. Thus, transitivity in equality of location ¢ with location ¢ — p and

i+ p, for period p, which holds trivially for a run in a string, does not hold for a 2-str run.

Nevertheless, 2-str runs can still be used as an efficient encoding of consecutive 2-str TR’s,
and as we show in the next subsection, there cannot be too many of them.

2.1 The number of maximal 2-str runs in a double string

» Lemma 4. Two distinct mazimal 2-str runs in a double string, with the same period size,
cannot overlap within S1 or Ss.

Proof. Let p be the period size of two distinct maximal 2-str runs in a given double string, and
let j be the rightmost location of the 2-str run that has the leftmost starting location. Due to
the maximality, there must be a mismatch following the first run, thus S1[j+1] # So[j+p+1],

and location j + 1 cannot be included in any 2-str run with period p due to the mismatch.

Therefore, the second 2-str run must start to the right of location j + 1 in S; and hence
cannot overlap. |

Note that in one string, two maximal runs with the same period size may overlap, as long
as the overlap is shorter than the period size, for e.g. abcabcxbez.

» Lemma 5. There can be O(nlogn) mazimal 2-str runs in a double string of length n.

Proof. For a given period p there are no more than n/p maximal 2-str runs since they cannot
overlap by Lemma 4. Since p can be 1...n/2, this yields E;fln/p, a harmonic series which
is bound by O(nlogn). <

3:3
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» Lemma 6. There can be Q(n) mazimal 2-str runs in a double string of length n.

Proof. If we take any S; that contains ©(n) runs (e.g. Fibonacci string [9]), and then set
S1 = So, we will get a double string with ©(n) 2-str runs, since the first period of each run
in S; will pair up with the second period in Ss. <

Remark: We point out that the gap of logn between the upper and lower bound remains
an open problem.

2.2  Primitivity in 2-str TR’s and Runs

A string S is primitive if it cannot be expressed in the form s = u/, for some integer j > 1
and some prefix u of S. For example, ababa is primitive, but abab is non-primitive. The
notion of primitivity is very relevant to tandem repeats, since tandem repeats with primitive
roots are really the only interesting tandem repeats. In fact, in a string, a maximal run with
a primitive root encodes the information about all tandem repeats that span its substring, for
e.g. ababababababa encodes consecutive tandems with periods 2, 4, and 6. We can encode this
output as a triple (4, j,p), where i is the start location of the leftmost tandem, j is the start
of the rightmost tandem, and p is the smallest period (in the above example it is (1, 10, 2)).
This encoding is commonly used in algorithms that report all tandem repeats in a string.
On the other hand, the concept of primitivity in a 2-str TR is more subtle. We cannot
say that we are only interested in TR’s with primitive roots, as we will miss some TR’s in
the double string (see Example 4). Furthermore, a non-primitive TR may be a substring of
a longer run as in Example 5. This non-primitivity certainly should not disqualify the run.

» Example 4. The 2-str TR beginning at location 1, of length 8, has non-primitive root
abab. This is not implied by the 2-str TR at location 3 with primitive root ab.

12345678910
ababcccccec
ccccababab

» Example 5. The TR at location 1 has primitive root zbab, the TR’s at locations 2, 3, and
4 have non-primitive roots baba, abab. There is also a 2-str run of period 2 beginning at
location 4, which in a sense encodes the TR of period 4 beginning at location 4.

1234567891011
xbabababab c
ccccxbabab a

We conclude that since some non-primitive TR’s must be reported, an algorithm that
locates all 2-str TR’s must search for these TR’s. Hence, our algorithm finds and reports all
2-str TR’s, including those that have non-primitive roots. For example, when searching the
double string Sy = Sy = a”, | 5| maximal 2-str runs will be found, one for each period size.
If necessary, those that are not interesting can be filtered out by finding all 1d runs in each
string, and merging this with the output of our algorithm, since every 2-str TR that has a
non-primitive root will be part of a run in each individual string of the double string.

3 The Algorithm

A common idea used in algorithms that find tandem repeats in a string, is to search for all
tandem repeats that cross a given point (see for e.g. [11, 15]). Instead of fixing the starting
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point of a tandem, and searching for xx, the algorithm fixes certain points that the set of
contiguous tandems must cross, and searches for all tandems that cross that point. We use
this idea, searching for each period size separately, and reporting consecutive tandem repeats
as a single run. We follow the framework of the Main-Lorentz algorithm [16] (see pseudocode
in Algorithm 1). Given an input double string (S, S2) of length n, in the first iteration,
all runs that cross the center of the string are found. In the following iteration, (S, Sa) is
split into two halves, and each one is searched individually. (To simplify the presentation
we assume that n is a power of 2.) As implemented in Algorithm 1, this continues for logn
iterations.

The runs that cross the center are classified into two groups. A right run has more than
half of its characters to the right of the center of the string, and a left run has the majority
of its characters to the left of the center. Algorithm 2, together with Figure 1, describes the
procedure that finds all right runs; by symmetry, all left runs can be found.

The novel idea of Algorithm 2 is that computing the longest common extensions using
two different strings yields the desired results. The forward comparisons are done with a
substring of S; against a substring S3, and the same for the reverse comparisons. These
extensions define which runs occur in the double string crossing the midpoint. The standard
KMP algorithm [10] is used to compute all of the forward and reverse extensions in linear
time, as done in [16]. The input pattern to KMP for the forward extensions is the string
S1[5 ...n] and the text is S[§ 4+ 1...n]. Conversely the reverses of Si[1...% — 1] and
Sa[1...n] are used as input to KMP for the reverse extensions. To ensure maximality, the
2-str runs that reach the end of the substring being processed can be discarded in every
iteration other than the top level, since they are non-maximal and will be found in a different
iteration. This will ensure in practice that each 2-str run will be found only once.

Algorithm 1 Find Runs in a Double String.

Input: double string (S7,.S2) of length n
Output: all runs that occur in the double string

for ¢ = logyn downto 1 do > for logn iterations of ML framework
for /=0 ton/2" — 1 do > for each piece of the input of width 2
FindRightRuns((S1, S2) , £2¢ + 1, (£ + 1)2%)
FindLeftRuns((S1, S2) , £2° + 1, (£ + 1)2%)
end for
end for

1)
5, 3
51 E n
S,
L
52 ——

Figure 1 Computing right runs: The figure shows the first iteration, where beg = 1 and end = |S1].
91 is the length of the forward extension that results from matching Si[% ...n] to S2[5 +p...n]. b2
is the length of the reverse extension of Si[1... 4 — 1] and S2[1... % +p—1]. If 61 + d2 > p, then
there are tandem repeats with period size p beginning from location Sl[g —02... % + 1 — 1]. These
are reported by the algorithm as a single run.

3:5

CPM 2020



3:6

Double String Tandem Repeats

Algorithm 2 FindRightRuns.

Input: double string (S, 52), beg, end (beginning and end indexes of substring to search)
Output: all right runs that occur in the double string that cross the midpoint.

n =end — beg + 1

mid = (beg + end) /2

for p=1ton/2do > find runs with period p

01 = length of longest common prefix of Si[mid...end] and Sa[mid +p...end]
> Forward Extension
02 = length of longest common suffix of Si[beg...mid — 1] and Sa[beg...mid + p — 1]
> Reverse Extension

if 91 + 02 > p then > Check length
if 01 <n/2 AND 62 <n/2 —1 then > Check for maximality
report run (mid — do, mid + §; — 1,p)
end if
end if
end for

» Lemma 7. Algorithm 1 finds all 2-str runs in a double string (S1,S2) in O(nlogn) time.

Proof. Every run within (57, S2) crosses the center of a substring of S at some point in the
algorithm. As proof of this, consider a run that does not cross the center of Sy, and hence is
not found in the first iteration. The run will be divided among different substrings at some
point since in the final iteration the input strings are of length 1. In the step prior to its
division, a given run must cross the center since the center becomes the splitting point of the
following iteration. In each iteration, only one 2-str run of a given period can cross the center,
since no two runs of the same period size can overlap by Lemma 4. Since the algorithm
checks each possible period size, all 2-str runs will be found by the algorithm. Since there
are O(logn) iterations, and each iteration takes O(n) time, the total time complexity of
Algorithm 1 is O(nlogn). <

3.1 Tandem Repeats in a Double String with k-mismatches

The Hamming distance between two strings of equal length is the number of positions at
which the corresponding characters are different. Allowing a Hamming distance up to k
between the two occurrences of the root results in a k-mismatch 2-str TR. (The concept
of a k-mismatch run applies as well, where a run includes consecutive k-mismatch tandem
repeats, i.e. each repeat in the run has at most & mismatches, and overall the number of
mismatches in the run is not relevant.) In this section we discuss a method for searching for
2-str TR’s with up to k& mismatches.

» Example 6. A double string tandem repeat with & = 1 mismatch begins at location 2
in Sl-

12345678
aabcaabb
ccbbbbcd

Just as we were able to directly extend the Main and Lorentz idea in the previous section,
we are able to extend the algorithm of [12] which solves the tandem repeats with k-mismatches
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problem in 1 string. First, instead of using KMP to find the longest common extenstions,
the algorithm uses the “kangaroo method” that relies on suffix trees and Lowest Common
Ancestor (LCA) queries to give the position of the first mismatch between strings [6].

Hence, suffix trees in both the forward and reverse direction must be constructed for each
S7 and S, and preprocessed for LCA to allow constant time Longest Common Prefix (LCP)
queries [8, 14].

As in the previous algorithm, there are O(logn) iterations and in each iteration, the
repeats that cross the center are found by using the forward and reverse extensions. However,
in this case the comparisons are done allowing up to k errors in each direction. Specifically,
each possible period p is searched for separately. For a given p, each LCP query returns a
position of mismatch, and when the k 4 1st mismatch is encountered, we stop. Finally, the
algorithm considers each pair, (k',k — k') for 0 < k¥’ < k. For each pair, we check whether a
2-str TR, exists when allowing k&’ mismatches in the reverse extension and k — k' mismatches
in the forward extension.

Time Complexity: The number of iterations is slightly smaller than in the previous
algorithm, since for substrings with length < k, our algorithm should not be run, but a
simple O(k) time method should be used. In each iteration, there are O(k) LCP queries
done for each possible period size. In addition, before reporting in a particular period, we
consider O(k) pairs, allowing a number of mismatches to the left and right. Hence, each
iteration takes O(nk) time, while the overall runtime is O(nklog(n/k)).

4 Application 1 - Corner Sharing Tandems

» Definition 8. A 2D corner-sharing tandem (cs-tandem) in a 2D array, is a configuration
consisting of two occurrences of the same subarray that share one corner (see Figure 2).

In [2], Apostolico and Brimkov mention that all primitive corner-sharing tandems can
be found in O(n*) time using similar techniques to their algorithm that they presented for
side-sharing tandems. In this section, we reduce the problem of finding all corner-sharing
tandems in a 2D array to the problem of finding tandems in a double string. We thus obtain
an O(n®logn) time algorithm for this problem. Although the actual output may be of size
O(n*) cs-tandems, we can reasonably represent the set of cs-tandems with the set of maximal
cs-runs, which has size at most O(n3logn). For the special case of tandems that are square
(i.e. of size p x p), the algorithm acheives O(n?logn). Finally, the algorithm that allows
mismatches in a 2-str TR is also extended to 2D cs-tandems with mismatches, as described
in Section 4.3.

Figure 2 The two configurations of a 2D cs-tandem.

» Definition 9. A 2D corner-sharing horizontal run (cs-run) is a sequence of one or more
corner sharing tandems with the same period size occurring consecutively.
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» Lemma 10. There can be O(n®logn) and Q(n?®) mazimal cs-runs in a 2D array of size n?.

Proof. The proof will be included in the full version of the paper. |

4.1 Reduction

The technique of naming in 1d is that of consistently replacing identical substrings with
an integer called the name. We use the following 2D naming technique to reduce the 2D
corner sharing tandem problem to the 2-str tandem problem. Given an input 2D text T,
we construct n/2 2D texts by naming all subcolumns of T. We create a new text called T},
for each 1 < h < n/2, such that Ty[r, c] is the name of the height h substring in column ¢
beginning at row 7.

Each two rows, ¢ and i + h, in each text of names T}, 1 < h < n/2, is input as a double
string to the algorithm that finds tandem repeats in a double string. Since we have a text
of names for each height, every corner sharing tandem of height h’, will appear as a 2-str
tandem in the text of names for T},. See Figure 3 for an example.

The time complexity for the reduction is O(n?) since we construct O(n) texts, each in
time linear to the size of T', as the naming can be done during construction of a suffix tree of
all columns [17]. Algorithm 3 presents pseudocode for the corner-sharing tandem problem.
Algorithm 1 is called O(n) times for each of the O(n) texts, and each running of Algorithm 1
takes O(nlogn) time. Overall, the 2D corner-sharing tandem problem is solved in O(n?logn)
time.

Algorithm 3 Corner Sharing Tandems Algorithm in 2D Text.

Input: 2D text T of size n x n
Output: all corner-sharing tandems in T’

Preprocessing: Construct n/2 texts of names, Tj,, 1 < h < n/2

Text Scanning:

for h =1ton/2 do > for each height h
forr=1ton—2h+1do > for each row r in T},
call Algorithm 1 with rows r and r + h in T}, as Sy, S respectively.
end for
end for

4.2 Corner-Sharing Square Tandems

If the problem of finding all corner-sharing tandems is limited to those tandems whose roots
are of size p X p, we can improve our algorithm to run in O(n?logn) time. We will have
to show two things: 1: a transformation of the input 2D text into input to the double
string problem in less time. 2. The search phase of the algorithm can be improved. The
transformation can be done using the techniques of [7] for finding 2D palindromes, while the
search phase can be shown to be faster using a counting trick. Details are omitted due to
lack of space.
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Figure 3 Input text T is shown on the left, containing a run with period size 3 x 4, beginning at
its upper left corner. The two corresponding rows in 75 can be viewed as a double string, and the
2-str run with period 4 found with substring “123451” in Sy directly corresponds to the cs-run in 7.

4.3 Corner Sharing Tandems with k-mismatches

A 2D corner sharing tandem that allows up to k& mismatches between copies is called a k-
mismatch cs-tandem. A k-mismatch cs-run can be defined analogously as a set of contiguous
k-mismatch cs-tandems, such that each individual cs-tandem contains at most & mismatches.
The algorithm described in Section 3.1 searches for tandem repeats in a double string allowing
k mismatches. The reduction of Section 4.1 can be used in a similar manner to reduce
the k-mismatch cs-tandem problem to the k-mismatch double string problem. However,
each mismatch between names in the 2D text may consist of one or more mismatches in
the column, and will therefore need further investigation. Hence, we will need to process
the mismatching columns when attempting to discover the actual tandems. Details will be
included in the full version of the paper.

5 Application 2 - Scaled Tandem Repeats

5.1 Definitions and Properties

Denote the string aa . .. a, where a repeated r times, by a”. Let S = aj'a3? ... a;j be a string
for which a; # ai11. Let e € N, we say that Sl is an e-scaling of S if Sl¢l = aitcayre. .. agj'e

» Definition 11. A scaled tandem repeat is a string UU’ where U’ is an e-scaling of U for
some integer e, i.e. U' = U, We call the period of a scaled tandem repeat the length of the
first copy, i.e. |U|.

We say that a scaled tandem repeat is sharp if the the last letter of U is not equal to the
first letter of U’. Similarly, we say that scaled tandem repeat UU’ occurring within text T is
a sharp occurrence, if the character in 7" prior to U differs from the first character of U, and
the following character in T" differs from the last character of U’. Using the techniques of [1]
it is possible to show that any solution to the problem of finding sharp occurrences of sharp
scaled tandem repeats yields a solution to the general scaled tandem problem with the same
complexity. Thus, we solve the following problem.

Problem Definition. Given a 1-dimensional text T =ty ...t,, find all sharp occurrencces
of sharp scaled tandem repeats (SSTR) that are substrings of T
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We assume that the number of distinct characters in a sharp tandem repeat is at least
two, otherwise it would not be sharp. We also assume that the scaled tandem repeats we are
seeking are of scale e > 1, since for e = 1 this is the known case of regular tandem repeats.

Define 7" as the run-length encoding (RLE) of the given text T, where each sequence of

characters is replaced with a character and exponent. T, . is the string of characters of the

har

RLE of T, and T/,,, is the string of exponents of 7. In a similar manner to [5] we define

the quotient array Sg[l..n — 1] of array of numbers S[1..n] as follows: Sg[i] = S[i + 1]/S[i].
» Lemma 12. No more than O(nlogn) SSTR can occur in a string T of length n.

Proof. Every SSTR in T must correspond to a tandem repeat in T.,,.. By the Three
Squares Lemma [4], each location in 77, = can have at most O(logn) tandem repeats. We
conclude that there are O(nlogn) SSTR’s in T <

The naive algorithm for the problem would consider every substring of the input text T’
and check whether it is an SSTR resulting in time O(n?). Known methods of using suffix
trees and LCA’s on the character and quotient arrays of the string (see e.g. [13]) , allow
checking in constant time, for every substring U of T, whether the subsequent substring of
T is a scaled copy of U. Thus the time complexity of straight-forward improvements for
finding all scaled tandem repeats would be O(n?).

In the next subsection we solve the SSTR problem in a more efficient way by reducing
the problem into a tandem problem on double strings. To this end, we first generalize the
definition of a run as a concatenated string of repeats, so that the problem can fit into the
framework described in Sections 2 and 3.

» Definition 13. Let T be a string, 1 <i < j <n. We say that there is a scaled run from
T[] to T[j) if there are k,t; i < k <€ < j, for which Je,T[k...j]=Tli... 0]l e is called
the scale of the run. The period of the run is the period of the leftmost scaled tandem repeat
in the run. A scaled run with scale e is maximal if it cannot be extended by one character
either to the right or the left, i.e. there are no scaled runs from T[i] to T[j + 1], from T[i — 1]
to T[j], nor from T[i — 1] to T[j + 1] with scale e.

[ ]
k
R : j
ababaabbaabbaaaabbbbaaaabbbbaaaaaaaabbbbbbbbaaaaaaaabbbbbbbb

Figure 4 An example of a scaled run.

5.1.1 The Compact Region Idea for Scaling

In [3], Butman, Eres and Landau showed a linear-sized data structure of compact regions of
text T that enables efficient work on scaled matching problems. The idea is to construct n/2
collections of strings 71, ..., T}, /2, where the sum of the lengths of the substrings in all T}’s is
O(n). We will then seek dual tandems of each such substring S in the T;’s and a substring
of T whose length is O(]S]).

We provide below the definition of the compact regions data structure, which is based
upon the following observation.

» Observation 1. If a substring S scaled to e occurs sharply in o7 - - op% then js,. .., jk
are multiples of e.



A. Amir, A. Butman, G. M. Landau, S. Marcus, and D. Sokol

Following the above observation, the compact regions structure computes for each scale e
a compact text T, in the following two steps:
Step 1: Locate all the regions in T' where the symbols appear in scale e. Add the symbol $
as a separator between the regions.
Step 2: Expand these regions to include the symbols on their boundaries. In 9rder to simplify
the computation of Stage 2, a symbol ¢;7 of T' is replaced in T, by thTJJ. Butman et
al. [3] showed that the total length of all regions is O(n), and that the compact regions data
structure can be constructed in linear time.

T = a?b®a®c®b*a®b®a®c’b%a*c®a’b a’h®c’h®

T, = a'b?$b%a*c3b2a*b*$b*a'$atc3$cibla®ctat$at$a$atb3c*$ctb*$b*
Ty = $b'$b'a’$a?c3b$b a?$a’b3atc?$c?$at$atc?$c?a®$al b?c3h3

T, =$b*$b'a?c'$c bl a?b?$b2$c $c' $atc?a?$a?$b*$b c2$c?b2$b?

Ts = $bla'$alc$cl$a’$ab*$b$ct$cr$ctal$a$b b ct$ctbi$ht

Te = Sa'$a'c'$a'$albr$b $c $ct$clsclal$a$h1ct$ct b $ht

T, = Sa'$a'$a’$a'b'$b $ct$ct$ctat$a$cr$ct b1 $h?

Tg = Sa'$a'b'$b'$ctat$a$c$cibi$h?

T, = $b'$al$ctpt

Figure 5 compact regions data structure example.

5.2 The Reduction

The reduction is based on the following lemma.

» Lemma 14. Let T be a text and assume that there is a scaled tandem to scale e > 1
starting in index i of T, where the length of the period is p. Then the scaled part of the
tandem is represented by a substring of a single compact region in T.. In fact, the substring
in T, is precisely the period.

Proof. Since the scale of the period is e, then e divides the exponent of every symbol in the
scaled part of the tandem. We write in T, the scales divided by e therefore what is written
in T, is precisely the period. |

Assume that a compact region C in T, starts at location 7 of the RLE T” of T. Lemma 14
assures us that any scaled tandem whose scaled repetition occurs in C' cannot start in any
index smaller than ¢ — |C| and cannot end in any index larger than i+|C/|. Let X be the string

composed of |C| occurrences of o', where o is a symbol not in the alphabet. Let C’ = XC.

Then every double string tandem between the strings 7"[i — |C|..i 4 |C|] and C”’ is an e-scaled
tandem in 7. The figure below illustrates this. Both abaabb and abaabbccaabbaaaabbbbecce
are 2-scale tandems. They both appear as double string tandems between the appropriate
substring of 77 and C".
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index i
Mny Ny, M3 Ny Ns Ng N
Tr=a11a22a33a44a55a66a77a1 bl a2b2C2a2b2a4b4C4d4
~
=~ l\_l N
[ O e 5 JL-> J
§ \‘ \\

N o N
C'= ol ol ¢! 0! ot 0! ot ot oPalbielalbhla?h?i2d?
—_ ]

L )

Cin TZ

Figure 6 2-scale tandems as double tandems.

Time: The compact regions data structure is created in time O(n). For every region C

the double string tandem repeats are found in time O(|C|log|C]). Since > |C| = O(n)
the total time is O(nlogn).
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—— Abstract
We study a document retrieval problem in the new framework where D text documents are organized
in a category tree with a pre-defined number h of categories. This situation occurs e.g. with
taxomonic trees in biology or subject classification systems for scientific literature. Given a string
pattern p and a category (level in the category tree), we wish to efficiently retrieve the ¢ categorical
units containing this pattern and belonging to the category. We propose several efficient solutions
for this problem. One of them uses n(logo(1 4+ o(1)) + log D + O(h)) + O(A) bits of space and
O(|p| + t) query time, where n is the total length of the documents, o the size of the alphabet used
in the documents and A is the total number of nodes in the category tree. Another solution uses
n(logo(1+o0(1)) +O(log D)) + O(A) + O(D log n) bits of space and O(|p| + tlog D) query time. We
finally propose other solutions which are more space-efficient at the expense of a slight increase in
query time.
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1 Introduction

Data is often structured using category hierarchies represented by trees. In many applications,
such hierarchies play a crucial guiding role: for example, the International Classification of
Diseases (ICD) provides a hierarchical classification of all human disesases and constitues a
common reference for diagnostics. In this paper, we are interested in sequence data, such as
biological sequences or text documents, that are linked to a given hierarchy. More precisely,
in our framework sequences are associated to leaves of a hierarchy, and tree nodes are mapped
to several fixed levels, also called ranks.

This situation is common and occurs in several important applications. One is biology
where species are classified according to the famous Linnaean taxonomy including eight
common taxonomic ranks: species, genus, family, order, class, phylum, kingdom, domain.
Then, given a set of sequences (DNA, RNA or protein) belonging to known species, one can
associate them to the corresponding leaves of the taxonomic tree. Such a structure is used,
for example, for phylogeny-based metagenomic classification where one considers the tree of
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known genomic sequences as a reference for classifying sequences of a metagenomic sample,
see e.g. [23]. A classification procedure may involve queries asking for the taxonomic units
(i.e. internal nodes of the tree) of a certain rank whose sequences contain a given pattern, or
similar type of queries.

Another example is provided by text documents such as scientific papers. The latter
are usually annotated by subjects belonging to a fixed hierarchical nomenclature, such as
ACM Computing Classification System (CCS) or Mathematics Subject Classification (MSC).
Those subject hierarchies have a predefined number of levels: four levels for CCS and three
for MSC. Given a corpus of scientific papers, one could ask about subject categories at a
certain level whose documents contain a given pattern. This is a natural information retrieval
scenario.

Here we study this problem from the stringology perspective (see e.g. [14, 8]). Assume
we are given a set of D documents of total length n over an alphabet of size o, organized in
a tree of height h. The tree has D leaves, each associated with a distinct document, and the
leaves are all at level h of the tree. The total number of nodes in the tree is denoted by A.
The tree specifies a hierarchy of categories: each level of the tree corresponds to a category,
and each internal node corresponds to a categorical unit.

The basic type of query we study in this paper is the following.

Given a pattern p, and a tree level (rank) ¢ € [1..h], return all nodes (categorical
units) dy, - -+ ,d; at level ¢ that have at least one leaf (document) in their subtree that
contains pattern p.

For example, given a large collection of genomic sequences organized in a taxonomic tree
(for example, all known animal genomes), one may ask which animal families have a given
sequence in the genomes of their members. Or, given a large hierarchy of documents (for
example, all Computer Science papers), one may wonder in which subfields of Computer
Science (corresponding to a certain level of the hierarchy) the term ’suffix tree’ is used. This
basic type of queries can be further extended in different ways. For example, one may impose
an additional requirement of the mimimum number of documents of the categorical unit
containing the given pattern. In this first study, we focus on the basic query type.

In this work, we propose several algorithms for this problem. Our first solution (Section 3)
is based on the approach of Muthukrishnan [16] to the document retrieval problem. By
combining several algorithmic tools - efficient text index, colored range reporting queries, and
level ancestor queries - we obtain a solution with n(logo(1 + o(1)) +log D + O(h)) + O(A)
bits of space and O(|p| + t) query time, where ¢ is the output size, i.e. the number of
retrieved categorical units. To improve the space bound, in particular to get rid of the
O(nh) term which can be as big as O(nD), we then develop a solution based on a wavelet
tree built on top of the input category tree (Section 4). On this way, we first obtain a
solution taking n(logo + log D) + O(Dlogn) bits and O(|p| +t - hlog D) query time. We
further improve it using the technique of heavy path decomposition, to obtain a solution
in n(logo (1 + o(1)) + log D) + O(A) bits of space and O(|p| + tlog D) query time. In the
final part of the paper (Section 5), we focus on solutions using succinet and compressed data
structures, on top of the input data. That is, our main goal here is to replace the nlog D
bits by respectively nlogo or by nHy + o(nlog o) in representing the document array. We
obtain memory-time trade-offs showing how this goal can be achieved at the price of a slight
increase of query time.
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We summarize our main results in the following table.

algorithm space (bits) query time
based on colored n(logo(1l+ o(1)) +log D + O(h)) O(lp| +1)
range queries (Sect. 3) +0(A)
based on wavelet n(logo(1 4+ o(1)) + O(log D)) O(|p| + tlog D)
tree (Sect. 4) +O(A) + O(Dlogn)
compact space (Sect. 5) O(nlogo) O(lp| + (t+1) -log°n(1 + %))
compressed space (Sect. 5) nHy + o(nlogo) + O(D logn) O(|p| + t - hlog n(loglogn)?)

2 Preliminaries

We first briefly present main algorithmic tools used by our algorithms.

2.1 Level ancestor queries on trees

Consider a rooted tree. To each node in the tree we associate its level so that the level of the
root is 1, and the level of a child node is 1 more than the level of its parent. The height of a
tree is defined as the maximal level of any node in the tree. We denote by ¢, the level of a
node a.

We will use the implementation of level ancestor queries specified by the following lemma.

» Lemma 1 ([19]). There exists a data structure that represents a tree with n nodes within
space 2n + o(n) and allows answering the following queries in constant time:

1. given a level £ and a node o at level at least £, return the ancestor node 8 of « at level £,
2. given an integer i, return the node o where v is the leaf number i in left-to-right order.

We denote by LAQ(«, i) the query which asks for the ancestor at level i of node a.. We
denote by leafselect(i) the query which returns the i-th leaf of the tree in left to right
order.

2.2 rank/select queries and wavelet trees

rank and select queries on sequences constitute basic building blocks of many succinct data
structures [13]. Given a string S[1..n] on an alphabet X, a query rank.(S, ), with ¢ € ¥ and
i € [1..n], asks for the number of occurrences of ¢ in S[1..i] and select.(S, ) asks for the
unique position ¢ such that S[i] = ¢ and rank.(S,4) = j.

Consider first the important case of binary sequences (bitvectors). The following result is
well-known, see [18].

» Lemma 2. A bitvector B[l..n] can be represented using n + o(n) bits of space, so that
queries rank and select are answered in constant time.

In the case of non-binary alphabet, rank/select queries can be efficiently answered using
wavelet trees. The wavelet tree has been formally introduced in [9], but a similar structure

has been used earlier [3]. Suppose we are given a sequence S of length n over an alphabet X.

The (binary) wavelet tree is a binary tree representation of S that is defined recursively as

follows. Let 3¢ # () and X1 # @ form a partition of ¥ (that is, ¥ = LqUX; and g Ny = 0).

Then the root of the binary wavelet tree will contain a binary vector B, such that B[i] =0
iff S[i] € ¥g. Let the sequence Sy (resp., S1) be formed by keeping only the elements of S
that belong to Xg (resp., X1), in the same order. Then, the left (resp., right) child is defined
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recursively using Sy (resp., S1) and a binary partition of Xy (resp., ¥1). The recursion stops
whenever we reach a leaf that corresponds to a singleton subset of ¥. Such nodes will form
the leaves of the wavelet tree. We refer the reader to the survey [17] for more details about
wavelet trees. We will make use of the following lemma:

» Lemma 3 ([9]). The wavelet tree over the alphabet [1..0] can be represented using n(logo +
0(1)) + O(ologn) bits of space, supporting rank and select queries in O(logo) time.

The definition of binary wavelet tree can be readily generalized to the non-binary case.
As in the binary case, to any node « labeled by an interval ¥, is (implicitly) associated the
sequence S, which is the subsequence of S[1..n] consisting of all characters belonging to 3.
If a node « of a wavelet tree has d children, then the alphabet interval ¥, C [1..0] assigned
to « is partitioned into d disjoint subintervals instead of two, and « stores a sequence C,
over alphabet [1..d] of length [S,| such that C,[i] = j iff S,[j] € X, .

2.3 Text indexes

We assume familiarity with main text indexing structures: suffix trees, suffix arrays and
BWT-indexes. Here we only recall some basic facts about them.

Given a text T over an alphabet ¥ = [1..0], a suffix tree [22] is a tree data structure that
stores in its leaves the suffixes of T'$, where $ is a special character that does not appear in
T and is lexicographically smaller than any character of T'. Each suffix is associated with its
starting position in T'$. Suffix tree allows answering basic string pattern matching queries:
given a pattern p, return the set of starting positions of p in 7.

The suffix array of T is a related but more space-efficient data structure defined as the
array SA[l..n + 1] obtained by sorting all the suffixes of T'$ in lexicographic order and setting
SA[i] = j if and only if the suffix T[j..n|$ has lexicographic rank ¢ among all suffixes of T'$.

A suffix tree occupies O(nlogn) bits of space and a matching query needs access to the
original text T in addition to the suffix tree. The query time is O(|p|logo). The suffix
array [15] is an alternative to the suffix tree which occupies the same O(nlogn) bits of space,
but has lower constant factors in space and supports matching queries in O(|p| + logn) time.

The BWT-index (FM-index) is a space-efficient alternative to suffix arrays and suffix trees
which uses O(nlog o) bits of space only. It was originally proposed in [4] and has seen many
improvements. We will use the following version of BWT-index with alphabet-independent
query time.

» Lemma 4 ([1]). Given a text T of length n over alphabet [1..0], we can build a BWT-index
which occupies nlogo(1+ o(1)) bits of space and supports computing the range of suffizes
prefized by a pattern p in time O(|p|).

Note that computing the range of suffixes answers also whether the pattern occurs in the
text at all, and if so, reports the number of its occurrences (the size of the lexicographic
order interval). For this reason, the query presented in the lemma above is usually refered to
as a count query. The BWT-index is usually augmented with position information so that
it becomes able to report the location of each occurrence of the pattern in addition to the
number of occurrences. This can be achieved using fo the example the compressed suffix
array representation:

» Lemma 5 ([10]). Given a text T of length n over alphabet [1..0] and a constant € > 0,
we can build a data structure which occupies O(nlogo) bits of space and that returns SA[i]
for any i € [1..n] in time O(log n).
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All the above-mentioned text indexes can trivially be extended to support the same
type of queries on a collection of documents instead of a single document. More precisely,
given a collection of texts 131,75, ..., Tp over the same alphabet X, the same queries can be
supported by constructing an index of the string 7187y ... Tp$.

2.4 Colored range reporting and document retrieval

Muthukrishnan [16] was the first to study the problem of efficiently retrieving documents
containing a given string pattern. Through the use of a text index, he reduced the problem
to the one of color range reporting, i.e. reporting all distinct values (“colors”) occuring in
a given interval of an array. His data structure relies on the use of range minimum query
data structures — a data structure that can find in constant time the smallest element in an
sub-range of an array. His algorithm was subsequently improved in terms of space (Theorem
4 in [20]). We will use the following result on color range reporting, which can be obtained
by using the optimal range-minimum query data structure [5] in the method of [20]:

» Lemma 6. Given an array A[l..n] € [1..0]", we can build a static data structure that
occupies 2n + o(n) bits that allows reporting all d distinct values occurring in a query interval
Ali..j] in time O(d) (O(1) time per reported value). The query will make read-only access to
the data structure, read-only random access to elements of the array A and read-write access
to a bitvector B of size 0. The bitvector needs to be initalized to zero before the first query
and is reset to zero at the end of each query.

In combination with text indexing, colored range reporting allows supporting document
retrieval queries. More precisely, define the document array as follows: given a collection of
D documents T1,T5 ... Tp of total length n, lexicographically sort all the suffixes of the text
T* =T1$75% ... Tp$, and set A[i] = j iff the suffix of T* of lexicographic rank i starts inside
T; (if the suffix starts with §, then set A[i] = 0). Document array A can be easily obtained
from a text index of T* = T1$75$ ... Tp$. For this, one can construct a bitmap of length |7*|
with 1’s at positions of § in 7* and 0’s otherwise. Then A[i] = rank;(A, SA[{]) + 1 for ¢ > D
and A[i] =0 for ¢ < D. It is then immediate that using these data structures, Lemmas 4, 5,
and 6 lead to solving the document retrieval problem in time O(|p| + dlog® n), where d is the
number of resulting documents. For this, we can use the document alphabet-independent
BWT index to compute the range [i..j] of occurrences of p in O(|p|) time and then report
the d distinct documents that appear in the range Afi..j] in O(dlog®n) time.

3 Solution based on Muthukrishnan’s data structure

Our first solution will be a combination of tools presented in the previous section. We first
build a text index for the concatenation of documents T1$7T5 ... Tp$. More specifically, we
build an instance of the text index of Lemma 4 which occupies nlogo (1l + o(1)) bits and

allows to locate the interval of all suffixes of the documents that start with p in time O(|p|).

We also build the document array A[l..n], of size nlog D, indexed by the document suffixes
sorted in lexicographic order and storing the documents each of the suffixes belongs to.

We further store h instances C4,...C} of the data structure of Lemma 6, one instance
per level of the tree, defined as follows. Consider d (virtual) arrays A;[1..n], one per level
i € [1..h] of the tree, such that A;[j] stores the ancestor at level i of document A[j]. Then,
each C; is the data structure of Lemma 6 for supporting range reporting queries on array
A;. Thus, C; allows to return, for any interval [r..f], all distinct elements in A;[r..f] in
constant time per element provided that a random-access to each element in A; is supported
in constant time.
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Note that according to Lemma 6, a query will need to use D bits of working space? since
it will need to use a temporary bitvector B of size D; < D where D; is the number of nodes
at level i of the tree®. By Lemma 6, each C; occupies only 2n + o(n). Finally, in order to
simulate constant-time random access to entries of arrays A;, 1 < i < h, we build a data
structure for constant-time level ancestor queries on the category tree (Lemma 1). Notice
that we can access cell A;[j] using the formula A;[j] = LAQ(leafselect(A[j]),7). The data
structure will occupy 2A + o(A) bits of space, where A is the total number of nodes in the
tree.

To answer a query consisting of a pattern p and level i, we proceed as follows. We first
compute, in time O(|p|), the interval [(..r] of suffixes using the BWT-index (Lemma 4).
The documents containing p are then those contained in A[f..r]. We then have to output
all distinet ancestors at level i of documents A[{..r], i.e. all distinct elements of A;[¢..r].
This is done in constant time per reported element using C;, as follows from Lemma 6 and
constant-time access to elements of A; using LAQ and leafselect queries.

The document array occupies nlog D bits of space. The text index is built on top of the
nlogo(l 4 o(1)) bits. Each of the h instances of the data structure of Lemma 6 will occupy
2n+ o(n) bits of space each for a total space of 2nh + o(hn) bits of space. The data structure
built on top of the category tree occupies 2A + o(A) bits of space.

We thus have proved the following theorem:

» Theorem 7. Given a collection of D documents of total length n over alphabet [1..0] so that
the documents are organized in a hierarchy of documents represented by a tree of total size A
and of height h, we can build a data structure of size n(logo(14o0(1)) +1log D+ O(h)) +O(A)
bits of space that, given a pattern p, can find all t categories of documents at a given level i
that have at least one document that contains the pattern in total time O(|p| + t).

This data structure will be good enough whenever h is small, for example, when h = log D,
which holds for example when each internal node in the tree has at least two children.

4 Wavelet-tree-based solution

If each node of our tree is branching, i.e. has two or more children, then h = O(log D) and
the solution of Secton 3 takes O(n(logo + log D)) bits of space. (Recall that all leaves of
our tree occur at level h) However, this may not be the case as the tree may have many
non-branching (unary) nodes. In the extreme case, we may have h = Q(D) and the space of
Theorem 7 will become Q(nD) which can be too large if D is large. In this section, we deal
with this issue and present solutions based on wavelet trees.

As in Secton 3, we assume that we first located an interval [¢..r] in the document array
A that corresponds to the occurrences of the query pattern p. The goal is then to return all
internal nodes at level ¢ containing documents from A[l..r] in their subtree. In Section 4.1,
we present the first "warm-up” solution that we subsequently improve in Section 4.2.

2 We define the working space as a writable space that is only used during queries and is restored to its
initial state at the end of the query

3 We can use the same bitvector B (Lemma, 6) of size D for all h levels: for a query on level 4, the first
D; bits of B are initally set to zero and are reset to zero at the end of the query
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4.1 Basic wavelet-tree-based solution

We build our wavelet tree on top of the input tree representing the hierarchy of the documents.

Therefore, our initial wavelet tree is generally non-binary and non-balanced. As does the
input tree, our wavelet tree has height h and O(A) nodes in total. To save space, we
will eliminate unary nodes from the wavelet tree (such a node « stores a trivial sequence
C, = 115 see Section 2.2) and only encode O(D) branching nodes. For each branching
node « we store its depth denoted .. Besides the wavelet tree, we will need a data structure
for level ancestor queries (Lemma 1) for the input tree that occupies O(A) bits of space and
answers queries in constant time.

Our alphabet ¥ will be defined to be the set of documents [1..D]. The alphabet interval
Y, assigned to a node a will be the indices of documents occurring in the subtree rooted at
a. The string S for which the tree is built will be the document array A[l..n].

Our wavelet tree may have nodes with more than two children and we implement them
by local binarization. If a node has d children, we will encode it using a binary wavelet
tree of log d levels, called a local wavelet tree. In total, the wavelet tree occupies n(hlog D)
bits, since the tree contains h levels and each of the n elements of the document array will
contribute at most log D bits to each level.

Consider now a query which is defined by a pattern p and a level ¢ in the input tree.

Once we computed the document array interval corresponding to p, say A[l..r], we use our
wavelet tree to identify the desired nodes at level i. Starting from the root, we traverse the
tree top-down through all the nodes « whose assigned sub-alphabet X, C [1..D] intersects
with elements of A[¢..r]. This is done by recomputing the current interval for each traversed
node. An invariant of this computation is that querying a node « with an interval [i..j]
ensures that all elements of A[¢..r] N X, are within S,[i..j]. Interval computation is done
using rank queries on binary vectors B, stored at nodes « of the wavelet tree, we refer to
[7] where this computation is described in detail. We stop the traversal at a node « as soon
as 0, > ¢ and report its ancestor at level ¢ using the level ancestor data structure.

The original tree has at most h levels and each node is replaced by a local wavelet tree
with at most log D levels, therefore a root-to-leaf path in the wavelet tree has at most hlog D
nodes, and the total worst-case query time will be O(hlog D) per reported node.

We now analyse the space usage of the data structure. Since the wavelet tree has D
leaves and all nodes are branching, the total number of nodes is O(D). Thus, the total space
used by the wavelet trees is n(hlog D)(14 o(1)) + O(Dlogn) bits (see Lemma 3). The space
used by the BWT-index is nlogo(1 + o(1)) (Lemma 4) and the space used by the document
array is nlog D bits. The space used by the data structure for level-ancestor queries is O(A)
bits (Lemma 1). We thus proved the following theorem.

» Theorem 8. Given a collection of D documents of total length n over alphabet [1..0] and so
that the documents are organized in a hierarchy of documents represented by a tree of height
h, we can build a data structure of size n(logo + (h+1)log D)(140(1)) 4+ O(Dlogn)+ O(A)
bits of space that can, given a pattern p, find all t categories of documents at level i that have
at least one document that contains the pattern in total time O(|p| + ¢ - hlog D).

4.2 Solutions based on heavy path decomposition

We now describe a more sophisticated solution based on the heavy path decomposition [21, 11]
of the wavelet tree from the previous section. Here we present a high-level description of our
algorithms, full details will be given in the extended version of the paper.
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There are several variants of the definition of heavy path decomposition, with slight
differences between the variants. In what follows we will use the following variant. With
each node « of a given tree T, we associate a weight w(a) equal to the number of leaves in
the subtree rooted at . The heavy child B of « is the child of o with the greatest weight,
with ties resolved arbitrarily. The other children of « are called light. The edge between «
and its heavy child is called a heavy edge, whereas all the other edges from « to its children
are called light edges.

The heavy path decomposition of a tree T is a decomposition of T into paths defined
recursively as follows. We first compute the heavy path (i.e. a path consisting of heavy edges)
from the root of T to a leaf, and then recursively apply the decomposition to all subtrees
rooted at all light children of the heavy path nodes. An interesting property of the heavy
path decomposition is that the number of light edges on any root-to-leaf path is at most
log D, where D is the number of leaves in the tree.

4.2.1 First solution based on heavy path decomposition

Our first solution will be neither space- nor time-optimal. For each heavy path starting at a
node « for which the number of light children of nodes of the path is £,, the alphabet will
be of size ¢,. We can order the nodes (light children) by increasing depths. The sequence S,
that is associated with a heavy path o = «, . .. o, will be of length n,, over alphabet [1..4,],
where n,, is the total number of occurrences of leaves (documents) in the subtree rooted at «
in the document array A. That is, the sequence will be a subsequence of A[l..n], where only
the documents that belong to the leaves under « are kept, and the encoding of each element
in the subsequence will be the index of the (light) children of the heavy path nodes under
which the document appears. Let the depths of the nodes in the heavy path be denoted by
dy < ... < dg. We additionally store a bitvector B, marking the node depths of the different
nodes. That is, we initialize the bitvector B, by all zeros and then set B,[d;] = 1 for every
ie[l.K].

A query for level 7 will now proceed as follows. We traverse the tree top-down. For each
heavy path, we do the following.

1. We first use the bitvector that marks the node depths to determine a subrange [1..r] of
the alphabet that will be used for the query (the light nodes included in the range will
have depths at most ¢, whereas the nodes in the range [r + 1..h] will have depth more
than 7).

2. We traverse the wavelet tree of the current heavy path. Such a query will spend time
O(tlogt,) for a heavy path with ¢, light children, in which ¢ distinct light children
appear in the sequence.

It is easy to see that the total space will be O(n log? D) bits, since the alphabet size is
O(log ¢,) for each node a with n,, stored elements and each element of A will incur at most
log D elements in the wavelet trees stored in the heavy paths of the tree. The query time
can be bounded to be O(log2 D) per reported document by a similar argument (we traverse
log D heavy paths and each traversal costs log D time).

We thus obtain the following result.

» Theorem 9. Given a collection of D documents of total length n over alphabet [1..0] so
that the documents are organized in a hierarchy of documents represented by a tree of total
size A, we can build a data structure of size O(n log? D + A) bits of space that can, given
a pattern p, find all t categories of documents at level i that have at least one document
containing the pattern in total time O(|p| + tlog® D).
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4.2.2 Second solution based on heavy path decomposition

Our second solution based on heavy path decomposition will rely on a more fine-grained
encoding. We will make use of Huffman-shaped wavelet tree [6] for each heavy path, such
that the wavelet tree node corresponding to a light node of relative weight w (the weight
light node divided by weight of the root of heavy path) will be encoded using log(1/w)+ O(1)
bits and the correponding wavelet tree leaf will be at depth log(1/w) 4+ O(1). It is now easy
to see that the encoding of each element of A will take O(log D) bits and, furthermore, the
cost of a query can be upper-bounded by just O(log D). Both bounds rely on a telescoping
argument. We have the following result.

» Theorem 10. Given a collection of D documents of total length n over alphabet [1..0] and
so that the documents are organized in a hierarchy of documents represented by a tree of total
size A, we can build a data structure of size n(log o(1+0(1))+O(log D)) +O(A)+O(Dlogn)
bits of space that can, given a pattern p, find all t categories of documents at a level i that
have at least one document that contains the pattern in total time O(|p| + tlog D).

5 Compact and compressed data structures for categorical data
queries

In this section we explore more space-effcient versions of the problem. More in detail, we are
interested in studying the problem under succinct and compressed-space constraints. Namely,
our aim is to use O(nlog o) bits for the succinct case and nHy + o(nlog o) + O(D logn) bits

of space for the compressed case. To achieve this, we will improve the solution of Section 3.

More precisely, we avoid the storage of the document array and simulate direct access to
the document array using Lemma 5. As a consequence, we can achieve time O(log® n) to
get the given document index A[i] for any ¢ € [1..n]. This will reduce the space to represent
the document array from O(nlog D) to O(nlogo) bits. Now the space used by the range
minimum query data structures will become the bottleneck. To reduce the space usage we will
make use of sparsification. More precisely, we will divide the document array into blocks and
sample just the values of the A array that are the smallest in each block. The space becomes
O(n/«a) bits where « is the sparsification factor. For details on how the sparsification is
used to simulate the reporting of distinct documents that appear in interval Afi..j], we refer
the reader to [2, 12]. Here we just mention that the time per reported document becomes
O(alog®n) and entails O(«a) accesses to the document array, each of which requires O(log* n)
time. We thus have the following result.

» Theorem 11. Given a parameter a > 1 and a collection of D documents of total length
n over alphabet [1..0] and so that the documents are organized in a hierarchy of documents
represented by a tree of height h, we can build a data structure of size O(nlogo) + O(nh/«)
bits of space that can, given a pattern p, find all t categories of documents at level i that have
at least one document that contains the pattern in total time O(|p| +t - alog®n).

logal we get space O(nlog o) bits and query time O(|p| + (¢t + 1) logn -

1+ logg )). We thus have the following corollary.

By setting a = [

» Corollary 12. Given a parameter o and collection of D documents of total length n
over alphabet [1..0] and so that the documents are organized in a hierarchy of documents
represented by a tree of height h, we can build a data structure of size O(nlogc) bits of space
that can, given a pattern p, find all t categories of documents at level i that have at least one
document that contains the pattern in total time O(|p| + (t 4+ 1) - log® n(1 + 2-)).

log o
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Whenever h =log D (e.g. every internal node is branching), the query time simplifies to
O(|p| + (t+1) -log, D -log®n) € O(|p| + (t + 1) log' ™ n). We can also get compressed space.
Namely, we can use a compressed suffix array [9] with query time logn loglogn and space
nHy, + o(n) to represent the document array. We will combine the compressed suffix array
with the alphabet-independent variant of BWT-index presented in [1]. We then get an index
that uses space nHj, + o(nlog o) with query time O(|p|) to find the suffix array interval of a
pattern and O(lognloglogn) time to access an element of the suffix array. Notice that we
can translate access to a suffix array element to an access to a document array element using
O(Dlogn) bits of space. Summing up, we get the following theorem.

» Theorem 13. Given a parameter « and a collection of D documents of total length n
over alphabet [1..0] and so that the documents are organized in a hierarchy of documents
represented by a tree of height h, we can build a data structure of size nHj, + o(nlogo) +
O(Dlogn) + O(nh/«a) bits of space that can, given a pattern p, find all t categories of
documents at level © that have at least one document that contains the pattern in total time
O(|p| +t - alognloglogn).

By setting o = h - loglogn, we get space nHy, 4+ o(nlogo) + O(D logn) bits and query time
O(|p| +t - hlogn(loglogn)?). The latter becomes O(|p| + tlog D log n(loglogn)?) whenever
h = O(log D).

6 Conclusions

In this paper, we proposed several solutions for the problem of categorical retrieval. Possible
extensions of our work include the case when the document hierarchy is a DAG rather than
a tree. This situation occurs, for example, with phylogenetic networks. The solution in
Section 3 could easily be extended to DAG structured categories if there was an efficient
support for level ancestor queries on DAGs. Other possible extensions includes top-k queries
in which categories are either ordered by a static order or by the total frequency of the
pattern in the documents that belong to the reported categories.
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—— Abstract
We consider the problem of finding, given two documents of total length n, a longest string occurring
as a substring of both documents. This problem, known as the LONGEST COMMON SUBSTRING
(LCS) problem, has a classic O(n)-time solution dating back to the discovery of suffix trees (Weiner,
1973) and their efficient construction for integer alphabets (Farach-Colton, 1997). However, these
solutions require ©(n) space, which is prohibitive in many applications. To address this issue,
Starikovskaya and Vildhgj (CPM 2013) showed that for n?/2 < s < n, the LCS problem can be
solved in O(s) space and (’)(%) time.! Kociumaka et al. (ESA 2014) generalized this tradeoff to
1 < s < n, thus providing a smooth time-space tradeoff from constant to linear space. In this paper,
we obtain a significant speed-up for instances where the length L of the sought LCS is large. For
1 < s < n, we show that the LCS problem can be solved in O(s) space and @(f—i +n) time. The
result is based on techniques originating from the LCS wiTH MISMATCHES problem (Flouri et al.,
2015; Charalampopoulos et al., CPM 2018), on space-efficient locally consistent parsing (Birenzwige
et al., SODA 2020), and on the structure of maximal repetitions (runs) in the input documents.
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1 Introduction

The LONGEST COMMON SUBSTRING (LCS) problem is a fundamental text processing problem
with numerous applications; see e.g. [1, 39, 22]. Given two strings (documents) Sy, S, the
LCS problem asks for a longest string occurring in S; and S;. We denote the length of the
longest common substring by les(Sy, S2).

The classic text-book solution to the LCS problem is to build the (generalized) suffix
tree of the documents and find the node that corresponds to an LCS [40, 26, 17]. While
this can be achieved in linear time, it comes at the cost of using 2(n) words (of O(logn)

L The O notation hides logo(l) n factors.
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bits each) to store the suffix tree. In applications with large amounts of data or strict space
constraints, this renders the classic solution impractical. To overcome the space challenge
of suffix trees, succinct and compressed data structures have been subject to extensive
research [25, 35]. Nevertheless, these data structures still use (n) bits of space in the
worst-case. Starikovskaya and Vildhgj [36] showed that for n?/3 < s < n, the LCS problem
can be solved in (9(%2 + slogn) time using O(s) space. Kociumaka et al. [31] subsequently
improved the running time to O(”;) and extended the parameter range to 1 < s < n.
These previous works also considered a generalized version of the LCS problem, where
the input consists of m documents Si,Ss, ..., S, (still of total length n) and an integer
2 < d < m. The task there is to compute a longest string occurring as a substring of at
least d of the m input documents. In this setting, Starikovskaya and Vildhgj [36] achieve
O(%(dlogzn + d?)) time and O(s) space for n?/? < s < n, whereas Kociumaka et
al. [31] showed a solution which takes (9(”—;) time and O(s) space for 1 < s < n. The cost of
this algorithm matches both a classic ©(n)-space algorithm [27] and the time-space tradeoft
for d = m = 2. Nevertheless, in this paper we focus on the LCS problem for two strings only.
Kociumaka et al. [31] additionally provided a lower bound which states that any determ-
inistic algorithm using s < - space must cost Q(n+/log(n/(slogn))/loglog(n/(slogn)))
time. This lower bound is actually derived for the problem of distinguishing whether
les(S1,.52) = 0, i.e., deciding if the two input strings have any character in common. This
state of affairs naturally leads to a question of whether distinguishing between lcs(S7, Sa) < £
and lcs(S7, S2) > £ gets easier as £ increases, or equivalently, whether L := lcs(S7,.S2) can be
computed more efficiently when L is large. This case is relevant for applications since the

existence of short common substrings is less meaningful for measuring string similarity.

1.1 Our Results

We provide new sublinear-space algorithms for the LCS problem optimized for inputs with a
long common substring. The algorithms are designed for the word-RAM model with word
size w = O(logn), and they work for integer alphabets ¥ = {1,2,...,729(M}. Throughout the
paper, the input strings reside in a read-only memory and any space used by the algorithms
is a working space; furthermore, we represent the output by witness occurrences in the input
strings so that it fits in O(1) machine words. Our main result is as follows:

» Theorem 1. Given s with 1 < s <n, the LCS problem with L =1lcs(S1,S2) can be solved
n?lognlog* n
s-L

(’)("1{# + nlogn) time with high probability using a Las-Vegas randomized algorithm.

deterministically in O(s) space and O( +nlogn) time,® and in O(s) space and

We remark that Theorem 1 improves upon the result of Kociumaka et al. [31] whenever

5 < logn and L > lognlog*n (or L > logn if randomization is allowed).
We also show that the log factors can be removed from the running times in Theorem 1

if s = ©(1). In fact, this yields an improvement upon Theorem 1 as long as s < lognlog™ n.

» Theorem 2. The LCS problem can be solved deterministically in O(1) space and (9(%2)
time, where L = lcs(St, Sa).

As a step towards our main result, we solve the LC'S; problem defined below.

2 The iterated logarithm function log* is formally defined with log*2z = 0 for < 1 and log*z =
1+log*(logz) for x > 1. In other words log* n is the smallest integer k£ > 0 such that log®™ 2z < 1.
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LONGEST COMMON SUBSTRING WITH THRESHOLD ¢ (LCSy)
Input: Two strings S; and Sy (of length at most n), an integer threshold ¢ € [n]

Output: A common substring G of S; and Sy such that:
1. if ¢ <les(Sh, S2) < 24, then |G| = les(Sq, S2);
2. if les(Sy, S2) > 24, then |G| > 2¢.

If les(S1, S2) < £, then LC'S, allows for an arbitrary common substring in the output.

» Remark 3. Note the following equivalent characterization of the output G of LC'S,: for
every common substring 7" with ¢ < |T'| < 2¢, the common substring G is of length |G| > |T|.

nlog* n

» Theorem 4. The LCS; problem can be solved deterministically in O(*—) space and
O(nlogn) time, and in O(%) space and O(nlogn) time with high probability using a Las-
Vegas randomized algorithm.

1.2 Related work

The LCS problem has been studied in many other settings. Babenko and Starikovskaya [6],
Flouri et al. [20], Thankachan et al. [38], and Kociumaka et al. [30] studied the LCS with &
mismatches problem, where the occurrences in S; and S5 can be at Hamming distance up to
k. Charalampopoulos et al. [11] showed that this problem becomes easier when the strings
have a long common substring with k& mismatches (similarly to what we obtain for LCS with
no mismatches). Thankachan et al. [37] and Ayad et al. [5] considered a related problem with
edit distance instead of the Hamming distance. Alzamel et al. [2] proposed an O(n)-time
algorithm for the Longest Common Circular Substring problem, where occurrences in S; and
S can be cyclic rotations of each other.

Amir et al. [3] studied the problem of answering queries asking for the LCS after a
single edit in either of the two original input strings. Subsequently, Amir et al. [4] and
Charalampopoulos et al. [12] considered a fully dynamic version of the problem, in which
the edit operations are applied sequentially, ultimately achieving (7)(1) time per operation.

1.3 Algorithmic Overview

We first give an overview of the algorithm of Theorem 4. Then, we derive Theorem 1 in two
steps, with an O(s)-space solution to the LC'S; problem as an intermediate result.

An O(n/£)-space algorithm for the LC'S; problem. In Section 3, we define an anchored
variant of the LONGEST COMMON SUBSTRING problem (LCAS). In the LCAS problem, we
are given two strings S7, S and sets of positions A; and As, and we wish to find a longest
common substring which can be obtained by extending (to the left and to the right) S1[p1]
and Sa[ps] for some (p1,p2) € A; x As. We then reduce the LCAS problem to the Two
STRING FAMILIES LCP problem, introduced by Charalampopoulos et al. [11] in the context
of finding LCS with mismatches.

In Section 4, we show how to solve the LC'Sy problem by selecting positions in A; and As
so that every common substring T of Sy and Se with |T| > ¢ can be obtained by extending
S1[p1] and Sa[ps] for some (p1,p2) € A1 x Az. To make this selection, we use partitioning
sets by Birenzwige et al. [9], which consist of O(%) positions chosen in a locally consistent
manner. However, since partitioning sets do not select positions in long periodic regions,
our algorithms use mazimal repetitions (runs) [32, 7] and their Lyndon roots [13] to add
O(%) extra positions. Overall, we get an @(%)—space and O(n)-time algorithm for the LC'S,
problem.
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An O(s) space algorithm for the LCS, problem. In Section 5, we give a time-space
tradeoff for the LC'Sy problem. The algorithm partitions the input strings into overlapping
substrings, executes the algorithm of Section 4 for each pair of substrings, and returns the
longest among the common substrings obtained from these calls. For a tradeoff parameter
1 < s <, the algorithm takes O(s) space and @@i@ + n) time.

A solution to the LCS problem. In Section 6, we show how to search for LCS by repeatedly
solving the LC'S, problem with different choices of . We get an algorithm that takes O(s)

space and (7)(% + n) time, where L = lcs(S1, S2), as stated in Theorem 1.

2 Preliminaries

For 1 < ¢ < j <, denote the integer intervals [i..j] = {i,i+1,...,5} and [k] = {1,2,...,k}.

A string S of length n = |S] is a finite sequence of characters S[1]S[2]---S[n] over an
alphabet ¥; in this paper, we consider polynomially-bounded integer alphabets ¥ = [1..n°W)].
The string S™ = S[n]S[n — 1] --- S[1] is called the reverse of the string S.

A string T is a substring of a string S if T' = S[z]S[z+1] - - S[y] for some 1 <z <y < |S].
We then say that T occurs in S at position z, and we denote the occurrence by S[x..y]. We
call S[z..y] a fragment of S. A fragment S[x..y] is a prefix of S if x = 1 and a suffiz of S
if y = |S]. These special fragments are also denoted by S[..y] and S[z..], respectively. A
proper fragment of S is any fragment other than S[1..|S|]. A common prefix (suffix) of two
strings S1, .S is a string that occurs as a prefix (resp. suffix) of both S; and S2. The longest
common prefix of S7 and S is denoted by LCP(S7,52), and the longest common suffix is
denoted by LCP" (S, S2). Note that LCP"(Sy, S2) = (LCP(ST,5%))".

An integer k € [|S]], is a period of a string S if S[i] = S[i + k| for i € [|S| — k]. The
shortest period of S is denoted by per(S). If per(S) < %|S|, we say that S is periodic. A
periodic fragment S[i .. j] is called a run [32, 7] if it cannot be extended (to the left nor to the
right) without increasing the shortest period. For a pair of parameters d and p, we say that
arun S[i..j]is a (d, p)-run if |S[i..j]| > d and per(S[i..j]) < p. Note that every periodic
fragment S[i’ .. j'] with |S[i’..J']| > d and per(S[i’..j']) < p can be uniquely extended to a
(d, p)-run S[i .. j] while preserving the shortest period per(SJi..j]) = per(S[ .. j']).

Tries and suffix trees. Given a set of strings F, the compact trie [34] of these strings is
the tree obtained by compressing each path of nodes of degree one in the trie [10, 21] of the
strings in F, which takes O(|F|) space. Each edge in the compact trie has a label represented
as a fragment of a string in F. The suffix tree [40] of a string S is the compact trie of all
the suffixes of S. The sparse suffix tree [29, 8, 28, 24| of a string S is the compact trie of
selected suffixes {S]i..] : i € B} specified by a set of positions B C [|S]].

3 Longest Common Anchored Substring problem

In this section, we consider an anchored variant of the LONGEST COMMON SUBSTRING
problem. Let A; and As be sets of distinguished positions, called anchors, in strings S;
and S, respectively. We say that a string T' is a common anchored substring of S; and
Sy with respect to A; and A, if it has occurrences Si[i1..j1] = T = Salia..jo] with a
synchronized pair of anchors, i.e., with some anchors p; € A; and py, € As such that
pP1— 1= P2 — i9 € [0, |TH3

3 Note that the anchors could be at positions p1 = j1 + 1 and p2 = jo + 1 (if p1 — i1 = p2 — i2 = |T|).
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LONGEST COMMON ANCHORED SUBSTRING (LCAS)

Input: Two strings Sy, Sz (of length at most n) and two sets of anchors A; C [|S1]],
Az C [|52]]-
Output: A longest common anchored substring of S; and Sy with respect to Ay, As.

We utilize the following characterization of the longest common anchored substring.

» Fact 5. The length of a longest common anchored substring of two strings S1 and So (with
respect to anchors at Ay and As) is

max{|LCP(S1[p1 . .],Sg[pz . ])| + |LCPT(51[ .p1— 1],52[. .p2 — 1]>| ipp € Ay,po € AQ}

Moreover, for any (p1,p2) € A1 X As mazimizing this expression, a longest common anchored
substring is the concatenation LCP"(S1[..p1 — 1], S2[..p2 — 1]) - LCP(S1[p1 . ], S2[p2 - .])-

The characterization of Fact 5 lets us use the following problem, originally defined in a
context of computing LCS with mismatches.

Two STRING FAMILIES LCP (Charalampopoulos et al. [11])
Input: A compact trie 7 (F) of a family of strings F and two sets P,Q C F2.
Output: The value maxPairLCP(P, Q), defined as

maxPairLCP(P, Q) = max{|LCP(P;, Q1)|+|LCP(P2, Q2)| : (P1, P2) € P, (Q1,Q2) € Q},

along with pairs (P1, P») € P and (Q1,Q2) € Q for which the maximum is attained.

Charalampopoulos et al. [11] observed that the Two STRING FAMILIES LCP problem
can be solved using an approach by Crochemore et al. [14] and Flouri et al. [20].

» Lemma 6 ([11, Lemma 3]). The Two STRING FAMILIES LCP problem can be solved in
O(|F| + Nlog N) time using O(|F| + N) space*, where N = |P| + |Q|.

By Fact 5, the LCAS problem reduces to the Two STRING FAMILIES LCP problem with:

F={S1p-]:pe A} U{(Si[..p—1])" :p€ A1}

U{Sg[p..}:pEAQ}U{(SQ[..p—l])rZpEAQ}, (1)
P={(Silp..],(S1[..p—1])") : p € A1}, (2)
Q={(Sz2[p..],(S2[..p—1])") : p € Az} (3)

The following theorem provides an efficient implementation of this reduction. The most
challenging step, to construct the compacted trie T (F), is delegated to the work of Birenzwige
et al. [9], who show that a sparse suffix tree of a length-n string S with B C [n] can be
constructed deterministically in O(nlog r757) time and O(|B| 4 logn) space.

» Theorem 7. The LONGEST COMMON ANCHORED SUBSTRING problem can be solved in
O(nlogn) time using O(|A1| + |Az| + logn) space.

4 The original formulation of [11, Lemma 3] does not discuss the space complexity. However, an inspection
of the underlying algorithm, described in [14, 20], easily yields this additional claim.
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Proof. We implicitly create a string S = 57357855855 and construct a sparse suffix tree of
S containing the following suffixes: S1[p..]$57$5285% and (S1[..p — 1])7$52857 for p € A4,
as well as Sa[p..]$S%5 and (Sa[..p — 1])" for p € A;. We then trim this tree, cutting edges
immediately above any $ on their labels, which results in the compacted trie T (F) for the
family F defined in (1). We then build P and Q according to (2) and (3), respectively, and
solve an instance of the TwWO STRING FAMILIES LCP problem specified by T (F), P, Q. This
yields pairs in P and Q for which maxPairLCP(P, Q) is attained. We retrieve the underlying
indices p; € A; and ps € As and derive a longest common anchored substring of S; and Sy
according to Fact 5: LCP"(S1[..p1 — 1], Sa[. . p2 — 1]) - LCP(S1[p1 - ], S2[p2 - ])-

With the sparse suffix tree construction of [9] and the algorithm of Lemma 6 that solves
the Two STRING FAMILIES LCP problem, the overall running time is O(n log 5+ N log N) =
O(nlogn) and the space complexity is O(N + logn), where N = |Aq| + | A2]. <

4 Space-efficient O (n)-time algorithm for the LC'S, problem

Our approach to solve the LC'Sy problem is via a reduction to the LCAS problem. For this,
we wish to select anchors A; C [|S1]] and Az C [|S2|] so that every common substring 7" of
length at least £ is a common anchored substring. In other words, we need to make sure that
T admits occurrences S[iy ..j1] =T = Salia .. j2] with a synchronized pair of anchors.

As a warm-up, we describe a simple selection of O(n/v/¢) anchors based on difference
covers [33], which have already been used by Starikovskaya and Vildhgj [36] in a time-space
tradeoff for the LCS problem. For every two integers 7,m with 1 < 7 < m, this technique
yields a set DC-(m) C [m)] of size O(m/+/T) such that for every two indices i1,i2 € [m—71+1],
there is a shift A € [0..7 — 1] such that ¢; + A and iz + A both belong to DC-(m). Hence,
to make sure that every common substring of length at least £ is anchored, it suffices to select
all O(n/\/€) positions in DCy(n) as anchors: A; = [|S1]]N DCy(n) and Ay = [|S2|] N DCy(n).

We remark that such selection of anchors is non-adaptive: it does not depend on contents
of the strings S; and Sy, but only on the lengths of these strings (and the parameter £). In
fact, any non-adaptive construction needs Q(n/v/¢) anchors in order to guarantee that every
common substring 7" of length at least ¢ is a common anchored substring. In the following,
we show how adaptivity allows us to achieve the same goal using only O(n/¢) anchors.

4.1 Selection of Anchors: the non-periodic case

We first show how to accommodate common substrings T of length |T'| > ¢ that do not
contain a (%6, %6)—run. The idea is to use partitioning sets by Birenzwige et al. [9].

» Definition 8 (Birenzwige et al. [9]). A set of positions P C [n] is called a (7, 0)-partitioning

set of a length-n string S, for some parameters 7,6 € [n], if it has the following properties:

Local Consistency: For every two indices i,j € [1+d..n — 0] such that S[i —§..i+ 0] =
Slj—0..5+ 9], we have i € P if and only if j € P.

Compactness: If p; < p;11 are two consecutive positions in P U{1,n+ 1} such that p;11 >
p; + 7, then uw= S[p; ..piy1 — 1] is periodic with period per(u) < 7.

Note that any (7, §)-partitioning set is also a (7/, §’)-partitioning set for any 7/ > 7 and
0" > 4. The selection of anchors is based on an arbitrary (%E, %E)—partitioning set P of the
string S155: for every position p € P, p is added to A; (if p < |S1|) or p — |S1]| is added to
Ay (otherwise). Below, we show that this selection satisfies the advertised property.

» Lemma 9. Let T be a common substring of length |T| > £ which does not contain a
(%E, %E)—run. Then, T is a common anchored substring with respect to Ay, Ay defined above.
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Proof. Let Si[iy .. 1] and Sa[is . . jo] be arbitrary occurrences of T in Sy and Ss, respectively.
If there is a position p; € Ay with p; € [i1 + .. j1 — 0], then the position py =i + (p1 — 71)
belongs to As by the local consistency property of the underlying partitioning set, due to
Silpr —6..p1 + 8] = Sa[pa — §..pa + 8]. Hence, (p1,p2) is a synchronized pair of anchors
and T is a common anchored substring with respect to A, As.

If there is no such position p; € Ay, then Si[iy +d..j1 — 0] is contained within a block
between two consecutive positions of the partitioning set. The length of this block is at least
|T|—26 > gﬁ > 7, so the block is periodic by the compactness property of the partitioning
set. Hence, per(T[1+6..|T| —6]) = per(Si[iy +0..j1 —8])) <7 < 0. A (20, 10)-run in
T can thus be obtained by maximally extending T'[1 + .. |T| — 6] without increasing the
shortest period. Such a run in 7 is a contradiction to the assumption. |

Birenzwige et al. [9] gave a deterministic algorithm that constructs a (7,7log" n)-
partitioning set of size O(Z) in O(nlog ) time using O(Z +log 7) space. Setting appropriate
T =0O({/log" n), we get an (£¢, +{)-partitioning set of size (’)("lolﬁ).

Furthermore, Birenzwige et al. [9] gave a Las-Vegas randomized algorithm that constructs
a (7, 7)-partitioning set of size O(2) in O(n + rlog®n) time with high probability, using
O(Z +logn) space. Setting 7= 1/, we get an (¢, 1¢)-partitioning set of size O(%).

4.2 Selection of anchors: the periodic case

In this section, for any parameters d,p € [n] satisfying d > 3p — 1, we show how to
accommodate all common substrings containing a (d, p)-run by selecting O(%) anchors. This
method is then used for d = %E and p = %é to complement the selection in Section 4.1.

Let T be a common substring of S; and Sy containing a (d, p)-run. We consider two cases
depending on whether the run is a proper fragment of 7" or the whole T'. In the first case, it
suffices to select as anchors the first and the last position of every (d, p)-run.

» Lemma 10. Let A; and As contain the boundary positions of every (d, p)-run in Sy and
Sa, respectively. If T is a common substring of S1 and Se with a (d, p)-run r as a proper
fragment, then T is a common anchored substring of S1 and Sy with respect to Ay, As.

Proof. In the proof, we assume that r = T'[i .. j] with ¢ # 1. The case of j # |T| is symmetric.

Suppose that an occurrence of T in S; starts at position i;. The fragment matching r,
ie, S1[i1 +1—1..i; + 7 — 1], is periodic, has length at least d and period at most p, so
it can be extended to a (d, p)-run in S;. This run in S; starts at position i; +i — 1 due
to T[i — 1] # T[i + per(r) — 1], so p1 :== 41 +i — 1 € A;. The same argument shows that
p2i=ig+1—1¢€ Ay if T occurs in Sy at position 2. Hence, (p1,p2) is a synchronized pair
of anchors and T is a common anchored substring with respect to Ay, As. <

We are left with handling the case when the whole T is a (d, p)-run, i.e., when T is
periodic with |T'| > d and per(T') < p. In this case, we cannot guarantee that every pair of
occurrences of T'in A; and A has a synchronized pair of anchors. For example, if T' = a?
and S; = Sy = a™ with n > 2d, this would require Q(n/v/d) anchors. (There are (n?) pairs
of occurrences, and each pair of anchors can accommodate at most d + 1 out of these pairs.)

Hence, we focus on the leftmost occurrences of T and observe that they start within the
first per(T') positions of (d, p)-runs. To achieve synchronization in these regions, we utilize the
notion of the Lyndon root [13] lyn(X) of a periodic string X, defined as the lexicographically
smallest rotation of X[1..per(X)]. For each (d, p)-run x, we select as anchors the leftmost
two positions where lyn(z) occurs within = (they must exist due to d > 3p — 1).

5:7

CPM 2020



5:8

Time-Space Tradeoffs for Finding a Long Common Substring

» Lemma 11. Let Ay and As contain the first two positions where the Lyndon root occurs
within each (d, p)-run of Sy and Ss, respectively. If T is a common substring of S1 and Ss
such that the whole T is a (d, p)-run, then T is a common anchored substring of S1 and Ss.

Proof. Let k be the leftmost position where lyn(T") occurs in T" and T' = Si[i; .. j1] be the
leftmost occurrence of T' in Sy. Since T is a (d, p)-run, Si[i; .. j1] can be extended to a
(d, p)-run z in Sy. Note that Sq[i; .. j1] starts within the first per(T') positions of z; otherwise,
T would also occur at position i; —per(T"). Consequently, position i1 +k — 1 is among the first
2per(T') positions of z, and it is a starting position of lyn(z) = lyn(T"). As the subsequent
occurrences of lyn(x) within x start per(T') positions apart, we conclude that i; + k& — 1 is
one of the first two positions where lyn(z) occurs within . Thus, p; :=i; +k—1 € A;.
Symmetrically, ps := i3 + k — 1 is added to As. Hence, (p1,p2) is a synchronized pair of
anchors and T is a common anchored substring with respect to A, As. |

It remains to prove that Lemmas 10 and 11 yield O(%) anchors and that this selection
can be implemented efficiently. We use the following procedure as a subroutine:

» Lemma 12 (Kociumaka et al. [19, Lemma 6]). Given a string S, one can decide in O(|S])
time and O(1) space if S is periodic and, if so, compute per(S).

First, we bound the number of (d, p)-runs and explain how to generate them efficiently.

» Lemma 13. Consider a string S of length n and positive integers p,d with 3p—1 < d < n.
The number of (d, p)-runs in S is O(%). Moreover, there is an O(1)-space O(n)-time
deterministic algorithm reporting them one by one along with their periods.

Proof. Consider all fragments u, = S[kp.. (k +2)p — 1] with boundaries within [n]. Observe
that each (d, p)-run v contains at least one of the fragments uy: if v = S[i..j], then uy with
k = [i/p] starts at kp > i and ends at (k+2)p—1 <i+p—14+2p—1=i+3p—2 <i+d—1 <.
Moreover, if v contains uy, then wy, is periodic with period per(uy) = per(v) < p = 1|uy|
(the first equality is due to |ux| = 2p > 2per(v) and the periodicity lemma [18]), and v can
be obtained by maximally extending uj without increasing the shortest period.

This leads to a simple algorithm generating all (d, p)-runs, which processes subsequent
integers k as follows: First, apply Lemma 12 to test if uj is periodic and retrieve its period
pi- If this test is successful, then maximally extend uj while preserving the period pg, and
denote the resulting fragment by vg. If |vg| > d, then report vy as a (d, p)-run. We also
introduce the following optimization: after processing k, skip all indices k&’ > k for which uy/
is still contained in vg. (These indices k' are irrelevant due to vy = v and they form an
integer interval.)

The algorithm of Lemma 12 takes constant space and O(Jug|) time, which sums up to
O(n) across all indices k. The naive extension of u to vy takes constant space and O(|vg|)
time. Due to the optimization, no two explicitly generated extensions vy contain the same
fragment ug . Hence, the total length of the fragments vy (across indices k which were not
skipped) is O(n). Thus, the overall running time is O(n) and the number of runs reported is
O(%). <

We conclude with a complete procedure generating anchors in the periodic case.

» Proposition 14. There exists an O(1)-space O(n)-time algorithm that, given two strings
S1, Sy of total length n, and parameters d, p € [n] with d > 3p — 1, outputs sets Ay, Aa of size
O(%) satisfying the following property: If T is a common substring of S1 and Sy containing
a (d, p)-run, then T is a common anchored substring of S1 and Sy with respect to Ay, As.
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Proof. The algorithm first uses the procedure of Lemma 13 to retrieve all (d, p)-runs in S;
along with their periods. For each (d, p)-run Si[i..j], Duval’s algorithm [16] is applied to
find the minimum cyclic rotation of Si[i..i + per(Si[i..j]) — 1] in order to determine the
Lyndon root lyn(Si[i..j]) represented by its occurrence at position ¢ + A of Sy. Positions i,
i+ A, i+ 2A, and j are reported as anchors in A;. The same procedure is repeated for S,
resulting in the elements of A5 being reported one by one.

The space complexity of this algorithm is O(1), and the running time is O(n) (for
Lemma 13) plus O(p) = O(d) per (d, p)-run (for Duval’s algorithm). This sums up to O(n)
as the number of (d, p)-runs is O(%). For the same reason, the number of anchors is O(%).

For each T, the anchors satisfy the required property due to Lemma 10 or Lemma 11,
depending on whether the (d, p) run contained in T is a proper fragment of T or not. <

4.3 O(n/L)-space algorithm for arbitrary £

The LCS; problem reduces to an instance of the LCAS problem with a combination of
anchors for the non-periodic case and the periodic case. This yields the following result:

nlog*n

» Theorem 15. The LCS, problem can be solved deterministically in O(*3—" + logn)
space and O(nlogn) time, and in O(% +logn) space and O(n logn 4 £log® n) time with high
probability using a Las-Vegas randomized algorithm.

Proof. The algorithm first selects anchors A; and A, based on a (%E, %E)—partitioning set,
as described in Section 4.1 (the partitioning set can be constructed using a deterministic or
a randomized procedure). Additional anchors A} and A} are selected using Proposition 14
with d = %E and p = %E. Finally, the algorithm runs the procedure of Theorem 7 with
anchors A; U A} and As U A} and forwards the obtained result to the output.

With this selection of anchors, every common substring 7" of length |T'| > £ is a common
anchored substring. Depending on whether T contains a (%E, %E)—run or not, this follows
from Proposition 14 and Lemma 9, respectively. Consequently, the solution to the LCAS
problem is a common substring of length at least |T'|.

Proposition 14 yields O(%) anchors whereas a partitioning set yields O(
O(%) anchors, depending on whether a deterministic or a randomized construction is used.
Consequently, the space and time complexity is as stated in the theorem, with the cost

dominated by both the partitioning set construction and the algorithm of Theorem 7. <«

nlog*n
=28-1) or

» Remark 16. Note that the algorithms of Theorem 15 return a longest common substring
as long as les(S1, S2) > £ (and not just when ¢ < les(S7,.S2) < 2¢ as LC'Sy requires).

4.4 (O(1)-space algorithm for £ = Q(n)

In Theorem 15, the space usage involves an O(logn) term, which becomes dominant for very
large £. In this section, we design an alternative O(1)-space algorithm for ¢ = Q(n). Later,
in Theorem 19, we generalize this algorithm to arbitrary ¢, which lets us obtain an analog of
Theorem 15 with the O(logn) term removed from the space complexity.

Our main tool is a constant-space pattern matching algorithm.

» Lemma 17 (Galil-Seiferas [23], Crochemore-Perrin [15]). There exists an O(1)-space O(|P|+
|T|)-time algorithm that, given a read-only pattern P and a read-only text T, reports the
occurrences of P in T in the left-to-right order.

» Lemma 18. The LCS; problem can be solved deterministically in O(1) space and O(n)
time for £ = Q(n).
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Proof. We show how to find O(1) anchors such that if T is a common substring of S; and
Sy of length |T'| > ¢, then T is a common anchored substring of S; and Ss.

We first use Proposition 14 with d = %K and p = %E to generate anchors A} and A for
the periodic case. The set of these anchors has a size of O(%) = O(1), and, if T contains a
(gf, %E)—run, then T is a common anchored substring of S; and Sy with respect to A}, Aj.

In order to accommodate the case where T does not contain any (%é, %E)-run, we construct
sets Ay and A, as follows. Consider all the fragments u, = Si[kf..(k 4+ 3)f — 1] with
boundaries within [n]. For each such fragment, add ké into A;. In addition, use Lemma 17
to find all occurrences of uy in Ss, and add all the starting positions of the occurrences to As,
unless the number of occurrences exceeds % (then, per(uy) < %) The number of fragments
ug is (’)(ULS) = O(1), so the sets A; and As contain O(1) elements.

Let T = Sq[i1 .. j1] = Salia .. ja] be arbitrary occurrences of T in S; and Ss, respectively.
Then for k = f;/—15], the fragment uy, is contained within Si[iy .. j1]. If per(ug) < %ﬁ, then
the occurrence of uy in T can be extended to a (2¢, £¢)-run in T (and that case has been
accommodated using A} and A}). Otherwise, py := ké € A; and all the positions where uy,
occurs in So, including py := is + (ké — 1), are in Ay. Therefore, (p1,p2) is a synchronized
pair of anchors and T is a common anchored substring with respect to Ay, As.

The number of pairs (p1,p2) € (41 U A]) x (A3 U A}) is O(1). For each such pair, the
algorithm computes |LCP(S[p; ..}, S2[p2..])| + [LCP"(S1[..p1 — 1], S2[..p2 — 1])| naively,
and returns the common substring corresponding to a maximum among these values. The
computation for each pair takes O(n) time. By the argument above, the algorithm finds a
common substring of length at least |T'| for every common substring T with |T'| > ¢. <

5 Time-space tradeoff for the LC'S, problem

In this section, we show how to use the previous algorithms in order to solve the LCS,
problem in space O(s), where s is a tradeoff paramater specified on the input. Our approach
relies on the following algorithm which, given a paramter m > ¢, reduces a single arbitrary
instance of LC'Sy to O([27?) instances of LC'S; with strings of length O(m).

Algorithm 1 Self-reduction of LC'S; to many instances on strings of length O(m).

1 foreach ¢; € [|S1]] s.t. g1 =1 (mod m) and g2 € [|S2]] s.t. g2 =1 (mod m) do
2 Solve LC'S; on S1[qy .. min(qq +3m —1,|S1])] and S2[g2 .. min(gs + 3m — 1, |Sa|)];
3 return the longest among the common substrings reported;

Algorithm 1 clearly reports a common substring of S; and Ss. Moreover, if T" is a common
substring of S and S satisfying ¢ < |T'| < 2¢, then T is contained in one of the considered
pieces Si[q1 .. min(qy + 3m — 1, |S1])] (the one with g1 = 1+m[Z ] if T = Sy[iy .. j1]) and
T = Saliz .. j2] is contained in one of the considered pieces Sa[gz .. min(gz + 3m — 1, S]]
(the one with g2 = 1+ m/[ % | if T = Ss[iz .. jo]). Thus, the common substring reported by
Algorithm 1 satisfies the characterization of the LC'S; problem given in Remark 3.

» Theorem 19. The LC'S; problem can be solved deterministically in O(1) space and (’)("Tf)
time.
Proof. We apply the self-reduction of Algorithm 1 with m = £ to the algorithm of Lemma 18.

2

The running time is O((2)?m) = O(%) = (’)("Tf) and the space complexity is constant. <«

This result allows for the aforementioned improvement upon the algorithms of Theorem 15.
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» Theorem 4. The LCS; problem can be solved deterministically in O(w) space and

O(nlogn) time, and in O(%) space and O(nlogn) time with high probability using a Las-
Vegas randomized algorithm.

Proof. If £ > {72, we use the algorithm of Theorem 19, which costs (9(%) = O(nlogn)
time. Otherw1se we use the algorithm of Theorem 15. The running time is O(nlogn +
flog”’n) = O(nlogn), and the space complexity is O("log  + logn) = O(%) or
O(% +logn) = O(%), respectively. <

A time-space tradeoff is, in turn, obtained using Algorithm 1 on top of Theorem 4.

» Theorem 20. Given a parameter s € [1,n], the LC'S; problem can be solved determinist-
2 *

ically in O(s) space and O(% +nlogn) time, and in O(s) space and O(w +

nlogn) time with high probability using a Las-Vegas randomized algorithm.

Proof. For a randomized algorithm, we apply the self-reduction of Algorithm 1 with m = ¢-s
to the algorithm of Theorem 4. The space complexity is O('}) = O(s), whereas the running
time is O(nlogn) if m > n and O((Z)? - mlogm) = (9("21%) = O(%) otherwise.

A deterministic version relies on the algorithm of Theorem 19 for s < log™ n, which costs

O(”Tf) = (9(”21;75”) time. For s > log™ n, we apply the self-reduction of Algorithm 1 with

m — log — to the algorithm of Theorem 4. The space complexity is O(w) = O(s),
whereas the running time is O(nlogn) if m > n and O((£)? - mlogm) = O(M%) =
O(n%g+log*n) otherwise. °

6 Time-space tradeoff for the LCS problem

In order to solve the LCS problem in time depending on lcs(S,S2), we solve LCS, for
exponentially decreasing thresholds ¢.

Algorithm 2 A basic reduction from the LCS problem to the LC'S, problem.

{=mn;
do

L=10/2;

T = LCS[(Sl, 52);
while |T| < ¢,
return 77

[ I B N VN

In Algorithm 2, as long as ¢ > lcs(S1, S2), LC'Sy clearly returns a common substring shorter
than ¢. In the first iteration when this condition is not satisfied, we have £ < lcs(S1, S2) < 24,
so LC'S; must return a longest common substring.

If the algorithm of Theorem 19 is used for LC'Sy, then the space complexity is O(1), and

the running time is O(Zrlog zl n’;;) = (Z“Og 2. 24) = O(”—;),Where L =les(Sq, S2).

» Theorem 2. The LCS problem can be solved deterministically in O(1) space and (9(%2)
time, where L = les(St,S2).

The O(1)-space solution is still used if the input space restriction is s = O(logn).
Otherwise, we start with £ = ©(%) (in the randomized version) or £ = @("10%) (in the
deterministic version) and a single call to the algorithm of Theorem 15. This is correct due to
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Remark 16, the space complexity is O(s), and the running time is O(nlogn). In subsequent

iterations, the procedure of Theorem 20 is used, and its running time is dominated by the first
2 2 *

term: O(%) or O(%), respectively. These values form a geometric progression

n? logn)

for exponentially decreasing £, dominated by the running time of the last iteration: O(*2%

and O(%), respectively. This analysis yields our main result:

» Theorem 1. Given s with 1 < s <n, the LCS problem with L =lcs(S1,S2) can be solved

n?lognlog* n

deterministically in O(s) space and O( + nlogn) time, and in O(s) space and

(9("2;# +nlogn) time with high probability using a Las-Vegas randomized algorithm.
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—— Abstract

The last decade brought a significant increase in the amount of data and a variety of new inference
methods for reconstructing the detailed evolutionary history of various cancers. This brings the
need of designing efficient procedures for comparing rooted trees representing the evolution of
mutations in tumor phylogenies. Bernardini et al. [CPM 2019] recently introduced a notion of the
rearrangement distance for fully-labelled trees motivated by this necessity. This notion originates
from two operations: one that permutes the labels of the nodes, the other that affects the topology
of the tree. Each operation alone defines a distance that can be computed in polynomial time, while
the actual rearrangement distance, that combines the two, was proven to be NP-hard.

We answer two open question left unanswered by the previous work. First, what is the complexity
of computing the permutation distance? Second, is there a constant-factor approximation algorithm
for estimating the rearrangement distance between two arbitrary trees? We answer the first one by
showing, via a two-way reduction, that calculating the permutation distance between two trees on n
nodes is equivalent, up to polylogarithmic factors, to finding the largest cardinality matching in a
sparse bipartite graph. In particular, by plugging in the algorithm of Liu and Sidford [ArXiv 2020],
we obtain an @(n4/ 3+°(1) time algorithm for computing the permutation distance between two trees
on n nodes. Then we answer the second question positively, and design a linear-time constant-factor
approximation algorithm that does not need any assumption on the trees.
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1 Introduction

Phylogenetic trees represent a plausible evolutionary relationship between the most disparate
objects: natural languages in linguistics [22,36,44], ancient manuscripts in archaeology [12],
genes and species in biology [25,26]. The leaves of such trees are labelled by the entities
they represent, while the internal nodes are unlabelled and stand for unknown or extinct
items. A great wealth of methods to infer phylogenies have been developed over the
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On Two Measures of Distance Between Fully-Labelled Trees

decades [19,42], together with various techniques to compare the output of different algorithms,
e.g., by building a consensus tree that captures the similarity between a set of conflicting
trees [11,20,27,28] or by defining a metric between two trees [10,16-18,39,40].

Fully-labelled trees, in opposition to classical phylogenies, may model an evolutionary
history where the internal nodes, just like the leaves, correspond to extant entities. An
important phenomenon that fits this model well is cancer progression [23,37]. With the
increasing amount of data and algorithms becoming available for inferring cancer evolution [6,
7,29,34,46], there is a pressing need of methods to provide a meaningful comparison among
the trees produced by different approaches. Besides the well-studied edit distance for
fully-labelled trees [35,38,43,47], a few recent papers proposed ad-hoc metrics for tumor
phylogenies [13,15,21,31]. Taking inspiration from the existing literature [4,8,14,42] on
phylogeny rearrangement, the study of an operational notion of distance for rearranging a
fully-labelled tree is of great interest, and there are still many unexplored questions to be
answered.

Following this line of research, we revisit the two notions of operational distance between
fully-labelled trees recently introduced by Bernardini et al. [5]. We consider rooted trees on
n nodes labelled with distinct labels from [n] = {1,2,...,n}, and identify nodes with their
labels. We recall the following two basic operations on such trees:

link-and-cut operation: given u, v and w such that v is a child of v and w is not a
descendant of v, the link-and-cut operation v |u — w consists of two suboperations: cut
the edge (v, u) and add the edge (v,w), effectively switching the parent of v from u to w.

permutation operation: apply some permutation 7 : [n] — [n] to the nodes. If a node

u was a child of v before the operation, then after the operation m(u) is a child of 7(v).
The size || of a permutation is the number of elements z s.t. 7(z) # z. Two trees T} and
T5 are isomorphic if and only if one can reorder the children of every node so as to make the
trees identical after disregarding the labels. The permutation distance d.(T1,Ts) between
two isomorphic trees is the smallest size |7| of a permutation 7 that transforms T; into T%.
Bernardini et al. [5] designed a cubic time algorithm for computing the permutation distance.

The size of a sequence of link-and-cut and permutation operations is the sum of the
number of link-and-cut operations and the total size of all permutations. The rearrangement
distance d(T1,T») between two (not necessarily isomorphic) trees with identical roots is
the smallest size of any sequence of link-and-cut and permutation operations that, without
permuting the root, transform 77 into T5. Bernardini et al. [5] proved that computing the
rearrangement distance is NP-hard, but for binary trees there exists a polynomial time
4-approximation algorithm.

We consider two natural open questions. First, what is the complexity of computing
the permutation distance? Second, is there a constant-factor approximation algorithm for
estimating the rearrangement distance between two arbitrary trees? For computing the
permutation distance, in Section 3 we connect the complexity to that of calculating the
largest cardinality matching in a sparse bipartite graph. By designing two-way reductions
we show that these problems are equivalent, up to polylogarithmic factors. Due to the
recent progress in the area of fine-grained complexity we now know, for many problems
that can be solved in polynomial time, what is essentially the best possible exponent in
the running time, conditioned on some plausible but yet unproven hypothesis [45]. For
max-flow, and more specifically maximum matching, this is not the case yet, although we
do have some understanding of the complexity of the related problem of computing the
max-flow between all pairs of nodes [1,2,32]. So, even though our reductions don’t tell us
what is the best possible exponent in the running time, they do imply that it is the same
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as for maximum matching in a sparse bipartite graph. In particular, by plugging in the
asymptotically fastest known algorithm [33], we obtain an @(n4/ 3+°(1)) time algorithm for
computing the permutation distance between two trees on n nodes. The main technical
novelty in our reduction from permutation distance is that, even though the natural approach
would result in multiple instances of weighted maximum bipartite matching, we manage to
keep the graphs unweighted.

For the rearrangement distance, in Section 4 we design a linear-time constant-factor
approximation algorithm that does not assume that the trees are binary. The algorithm
consists of multiple phases, each of them introducing more and more structure into the
currently considered instance, while making sure that we don’t pay more than the optimal
distance times some constant. To connect the number of steps used in every phase with the
optimal distance, we introduce a new combinatorial object that can be used to lower bound
the latter inspired by the well-known algorithm for computing the majority [9].

2 Preliminaries

Let [n] = {1,2,...,n}. We consider rooted trees and forests on nodes labelled with distinct
labels from [n], and identify nodes with their labels. The parent of w in F' is denoted pr(u),
and we use the convention that pp(u) = L when w is a root in F. F|u denotes the subtree
of F rooted at u, childrenp(u) stands for the set of children of a node u in F, and level z(u)
is the level of w in F' (with the roots being on level 0).

Two trees 17 and T» are isomorphic, denoted T} = T, if and only if there exists a
bijection p between their nodes such that, for every w € [n] with pp, (u) # L, it holds
that p(pr, (u)) = pr, (u(uw)), implying in particular that x4 maps the root of T; to the root
of Ty. Let Z(T1,T>) denote the set of all such bijections pu. Given two isomorphic trees

Ty and T, we seek a permutation m with the smallest size that transforms T) into T5.

This is equivalent to finding p € Z(T1,T%) that maximises the number of conserved nodes
conserved(i1) = {u : u = p(u)}, as these two values sum up to n.

When working on the rearrangement distance, for ease of presentation, instead of the
link-and-cut operation we will work with the cut operation defined as follows:

cut operation: let u,v be two nodes such that v is a child of u. The cut operation

(v T u) removes the edge (v,u), effectively making v a root.

The size of a sequence of cut and permutation operations is defined similarly as for a sequence
of link-and-cut and permutation operations. Since a permutation operation is essentially just
renaming the nodes, we can assume that all permutation operations precede all link-and-cut
(or cut) operations, or vice versa. Furthermore, multiple consecutive permutation operations
can be replaced by a single permutation operation without increasing the total size.

This leads to the notion of rearrangement distance between two forests F; and Fp. We
write Fy ~ Fy to denote that, for every u € [n], at least one of the following three conditions
holds: (i) pp, (v) = pp,(uw), (ii) pr (v) = L, or (iii) pp,(u) = L. The rearrangement
distance J(Fl, F>) is the smallest size of any sequence of cut and permutation operations
that transforms Fy into F| such that F| ~ Fy. This is the same as the smallest size of any
sequence of cut and permutation operations that transforms F» into F3 such that Fy ~ Fj,
as both sizes are equal to the minimum over all permutations 7 that fix the original root of
the following expression

s () # |+ {u s pr (0) # piy(T(w) A pr () £ LA piy((u)) # LY.

Consequently, d defines a metric. The original notion of rearrangement distance d between
two trees was similarly defined as the smallest size of any sequence of link-and-cut and
permutation operations that transforms 77 into 75, under the additional assumption that
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the roots of 77 and T4 are identical (so d(717,T») is well-defined) and cannot participate in
any permutation operation [5]. In Section 4 we connect d(Ty,Ts) and d(Ty,Ts), and then
work with the latter.

A matching in a bipartite graph is a subset of edges with no two edges meeting at the same
vertex. A maximum matching in an unweighted bipartite graph is a matching of maximum
cardinality, whereas a maximum weight matching in a weighted bipartite graph is a matching
in which the sum of weights is maximised. Given an unweighted bipartite graph with m
edges, the well-known algorithm by Hopcroft and Karp [24] finds a maximum matching in
O(m!®) time. This has been recently improved by Liu and Sidford to O(m?*/3+°(1)) [33].

A heavy path decomposition of a tree T is obtained by selecting, for every non-leaf node
u € T, its heavy child v such that T|v is the largest: there will be some subtlety in how
to resolve a tie in this definition that will be explained in detail later. This procedure
decomposes the nodes of T" into node-disjoint paths called heavy paths. Each heavy path p
starts at some node, called its head, and ends at a leaf: headr(u) denotes the head of the
heavy path containing a node u in 7. An important property of such a decomposition is
that the number of distinct heavy paths above any leaf (that is, intersecting the path from a
leaf to the root) is only logarithmic in the size of T' [41].

3 A Fast Algorithm for the Permutation Distance

Our aim is to find p € Z(Ty,T») that maximises conserved(u), that is v(T1,T2) =
max{conserved(u) : p € Z(T1,T»)}. To make the notation less cluttered, we define
v(x,y) = v(T1|x, To|y). Let us start by describing a simple polynomial time algorithm
which follows the construction of [5]. We will then show how to improve it to obtain a
faster algorithm that uses unweighted bipartite maximum matching. Finally, we will show
a reduction from bipartite maximum matching to computing the permutation distance,
establishing that these two problems are in fact equivalent, up to polylogarithmic factors.

3.1 Polynomial Time Algorithm

We first run the folklore linear-time algorithm of [3] for determining if two rooted trees
are isomorphic. Recall that this algorithm assigns a number from {1,2,...,2n} to every
node of T} and T5 so that the subtrees rooted at two nodes are isomorphic if and only if
their numbers are equal. The high-level idea is then to consider a weighted bipartite graph
G(u,v) for each u,v € [n] such that levelp, (u) = levelp, (v) and Tj|u = T |v. The vertices of
G(u,v) are childreny, (u) and childrent, (v), and there is an edge of weight v(u',v") between
u’ € childreny, (u) and v’ € childreng, (v) if and only if T;|u’ = Ta|v” and (v, v") > 0. We
call such graphs the distance graphs for Ty and T and denote them collectively by G(T7,T3).

~(u,v) is computed as follows, with M(G(u,v)) denoting the weight of a (not necessarily
perfect) maximum weight matching in G(u,v), I'(u,v) = 1 if u = v and I'(u, v) = 0 otherwise.

| M(G(u,v)) +T(u,v) if T1|u = Tslv,
V(u,0) = { 0 otherwise. (1)

The overall number of edges created in all graphs is O(n?). Indeed, for each u € [n] such that
levelr, (u) = levelr, (u) and Ty |u = Ts|u, and for each pair of ancestors z of v in 77 and w of
w in Ty such that levelr, (z) = levelr, (w) and Ti|z = Te|w, we possibly add an edge (z,w) to
the graph G(pr, (2), pr, (w)). Since there are up to n pairs of ancestors on the same level for
each label, and the labels are n, there are O(n?) edges overall.
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Figure 1 G(a,a) (type 1), G'(a,a), G"(a,a) and G(b,c) (type 3) for T1 and T on the left. The
special edge in each graph is dashed.

We then start from the deepest level in both trees, and we move up level by level towards
the roots in both trees simultaneously. For each level k, we consider all pairs of isomorphic
subtrees rooted at level k, build the corresponding distance graphs, and use Equation

(1) to weigh the edges. After having reached the roots, we return the value of (71, T5).

The correctness of the algorithm follows directly from Lemma 13 of [5], stating that the
permutation distance is equal to the minimum number of labels that are not conserved by
any isomorphic mapping, i.e., d.(T1,T2) = n — (11, T>). The running time is polynomial if
we plug in any polynomial-time maximum weight matching algorithm.

In the next subsection we show how to obtain a better running time by constructing a
different version of distance graphs, so that the total weight of their edges will be subquadratic,
and replacing maximum weight matching with maximum matching.

3.2 Reduction to Bipartite Maximum Matching

We start by finding a heavy path decomposition of 77 and T, with some extra care in
resolving a tie if there are multiple children with subtrees of the same size, as follows. Recall
that we already know which subtrees of 77 and T5 are isomorphic, as the algorithm of [3]
assigns the same number from {1, 2, ..
For every u,v € [n] such that T1|u = Ts|v, we would like the heavy child v’ of w in T} and v’
of v in Ty to be such that Ty|u’ = Ty|v’. This can be implemented in linear time: it suffices
to group the nodes with isomorphic subtrees together, and then make the choice just once
for every such group.

Consider a graph G(u,v) for some u,v € [n]: the edge corresponding to the heavy child
u’ of w in Ty and the heavy child v’ of v in T4 is called special (note that this edge might not
exist). The key observation is that the properties of heavy path decomposition allow us to
bound the total weight of non-special edges by O(nlogn).

» Lemma 1. The total weight of all non-special edges in G(T1,Ts) is O(nlogn).

Proof. Consider any u € [n] such that levelr, (u) = levely, (u) and T;|u = Ty |u. For each pair
of ancestors z of v in T} and w of w in Ty such that levelr, (z) = levelr, (w), T1|z = Ta|w and
either headr, (2) = z or headr, (w) = w, u will contribute 1 to the weight of an edge (z,w) in
G(pr,(2),pr, (w)). Because there are at most logn heavy paths above any node of Ty or Ty,
each label u € [n] contributes 1 to the weight of at most 2logn non-special edges, making
their total weight O(nlogn) overall. <

We divide the graphs in G(77,7T%) into three types: see Figure 1 for an example.
Type 1: graphs G(u,v) with at least one non-special edge.
Type 2: graphs G(u,v) with no non-special edges, and T'(u,v) = 1.

Type 3: graphs G(u,v) with no non-special edges, and I'(u,v) = 0.

.,2n} to nodes of T7 and T with isomorphic subtrees.
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We will construct only the graphs of type 1 and 2, and extract from them the information
that the graphs of type 3 would have captured. In what follows we show how to construct
the graphs of type 1 and 2 in O(n log? n) time.

Constructing the Graphs of Type 1 and 2. The first step is to find all pairs of nodes that
correspond to graphs of type 1 or 2, and store them in a dictionary D implemented as a
balanced search tree with O(logn) access time. The second step is to find the non-special
edges of these graphs, and store them in a separate dictionary, also implemented as a balanced
search tree with O(logn) access time. Note that the weights will be found at a later stage of
the algorithm. We assume that both trees have been already decomposed into heavy paths,
and we already know which subtrees are isomorphic. This can be preprocessed in O(n) time.

» Lemma 2. All graphs of type 1 and 2 can be identified in O(nlog®n) time.

Proof. We consider every u € [n] such that levelp, (u) = levelr, (u) and Ti|u = Ta|u in two
passes. In the first pass, we need to iterate over every ancestor z of u in 77 and w of u in T3
such that levelp, (z) = levelr, (w), Ti|z = T|w and either headr, (z) = z or headr, (w) = w,
and if additionally T4 |pr, (2) = Ta|pr, (w) then designate G(pr, (), pr, (w)) to be a graph of
type 1 and insert it into D. As a non-special edge (z,w) of a graph G(pr, (2), pr, (w)) is such
that either z or w are not on the same heavy path as their parents, this correctly determines
all graphs of type 1.

To efficiently iterate over all such z and w given u, we assume that the nodes of every
heavy path of a tree T are stored in an array, so that, given any node u € T', we are able to
access the node that belongs to the same heavy path as v and whose level is £ in constant
time, if it exists. We denote such operation accessr(u,f). Given two nodes u € T} and
v € Ty on the same level, the procedure below shows how to iterate over every ancestor z of
u and w of v such that levely, (2) = levely, (w) and either headr, () = z or headr, (w) = w,
in O(logn) time, implying that all graphs of type 1 can be identified in O(nlog®n) time.

1 while u # L and v # 1 do
if levely, (headr, (u)) < levelr, (headr,(v)) then
output accessr, (u, levelr, (headr, (v))) and headr, (v)
v  pr, (headr, (v))
if levelr, (headr, (u)) > levelr, (headr,(v)) then
output headr, (u) and accessr, (v, levelr, (headr, (u)))
u < pr, (headr, (u))
else
output headr, (u) and headr, (v)
U < pry (headTl (u))
v  pr, (headr, (v))

© w0 N O oA~ W N

=
= O

In the second pass, for each u € [n] such that levelp, (u) = levely, (u) and Ti|u = Tsu,
we designate G(u,u) to be a graph of type 2, unless it has been already designated to be a
graph of type 1. <

» Lemma 3. All graphs of type 1 and 2 can be populated with their edges in O(nlog2 n)
time.

Proof. For each such graph G(u,v) such that none of u, v is a leaf, let v’ be the unique heavy
child of u, and v’ be the unique heavy child of v. We add the special edge (v/,v") to G(u,v).
To find the non-special edges, we again consider every u € [n] such that levelp, (u) = levelr, (u)



G. Bernardini, P. Bonizzoni, and P. Gawrychowski

and Ti|u = Ty|u: we iterate over the ancestors z of u in 77 and w of u in Ty such that
levelr, (z) = levely, (w), Ti|z = TaJw and either headr, () = z or headr, (w) = w, and if

additionally T1|pr, (2) = Tz |pr, (w) then add a non-special edge (z,w) to G(pr, (2), pr, (W)) .

This takes O(nlog?n) time overall. <

Processing the Graphs of Type 1 and 2. Having constructed the graphs of type 1 and 2
in O(nlog®n) time, we process them level by level. Consider G(u,v): for each of its edges
(u,v") corresponding to u' € children, (u) and v" € childrenr, (v), we need to extract its
weight y(u',v"). If G(u',v’) is of type 1 or 2, the graph can be extracted from the dictionary
in O(logn) time. Otherwise, G(u’,v") is of type 3 and we need to make up for not having
processed such graphs.

To this aim, we associate a sorted list of levels with each pair of heavy paths of T} and
Ts. The lists are stored in a dictionary indexed by the heads of the heavy paths. For every
u,v € [n] such that G(u,v) is of type 1 or 2, we append the levels of u and v to the lists
associated with the respective heavy paths. The lists can be constructed in O(n log? n) time
by processing the graphs level by level, and allow us to efficiently use the following lemma.

» Lemma 4. Consider u,v € [n] such that levelp, (u) = levelp, (v) and Thlu = Ta|v, but
G(u,v) is of type 3. Fither both u and v are leaves and y(u,v) = 0, or the heavy child of u
is u’, the heavy child of v is v', and y(u,v) = y(u',v").

Proof. First observe that u # v, as otherwise G(u, v) would be of type 2. Becase T1|u = Th|v,
either both u and v are leaves or none of them is a leaf. In the former case, G(u,v) is empty
and 7y(u,v) = 0. By how we resolve ties in the heavy path decomposition, in the latter
case we have Th|u’ = Tz|v’, where «’ is the heavy child of u and v’ is the heavy child of
v. G(u,v) consists of the unique special edge corresponding to the heavy child ' of u and
v of v, so M(G(u,v)) is equal to the cost of the special edge, and by (1) we obtain that

V(u,v) =~y (u',0"). <

Given u,v € [n] such that levelr, (u) = levelr, (v) = £ and T} |u = Ta|v, we extract y(u,v)
by accessing the sorted list associated with the heavy paths of w and v: we binary search for
the smallest level ¢/ > ¢ such that the heavy paths of u and v respectively contain a node u’
and v, both on level ¢/, with G(u’,v’) of type 1 or 2. Then Lemma 4, together with the fact
that in our heavy path decomposition the subtrees rooted at the heavy children of two nodes
with isomorphic subtrees are also isomorphic, implies that v(u,v) = v(u/,v").

It remains to describe how to compute M(G(u,v)) for every graph G(u,v) of type 1 and
2. We could have used any maximum weight matching algorithm, but this would result in a
higher running time. Our goal is to plug in a maximum matching algorithm. This seems
problematic as G(u,v) is a weighted bipartite graph, but we will show that maximum weight
matching can be reduced to multiple instances of maximum matching. However, bounding
the overall running time will require bounding the total weight of all edges belonging to
graphs of type 1 and 2. By Lemma 1 we already know that the total weight of all non-special
edges is O(nlogn), but such bound doesn’t hold for the special edges. Therefore, we proceed
as follows. Let u’ be the heavy child of u and v’ be the heavy child of v. We construct
G’ (u,v) by removing the special edge from G(u,v). We also construct G (u, v) from G(u,v)
by removing all the edges incident to «’ and v’ (see Figure 1 for an example). Equation (1)
can then be rewritten as follows:

y(u, v) = max{M(G'(u,v)), M(G" (u,v)) +vy(u',v")} + T'(u,v). (2)
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This is because a maximum weight matching in G(u,v) either includes the special edge
(u’,v"), implying that no other edges incident to u’ and v’ can be part of the matching and
thus M(G(u,v)) = M(G"(u,v)) +v(u,v"), or it does not include it, thus M(G(u,v)) =
M(G'(u,v)). Since the graphs G'(u,v) and G”(u,v) contain only non-special edges, the
overall weight of all edges in the obtained instances of maximum weight matching is O(nlogn).

We already know that constructing all the relevant graphs takes O(n log? n) time. It
remains to analyze the time to calculate the maximum weight matching in every G’(u,v) and
G"(u,v). We first present a preliminary lemma that connects the complexity of calculating
the maximum weight matching in a weighted bipartite graph to the complexity of calculating
the maximum matching in an unweighted bipartite graph.

» Lemma 5 ([30]). Let G be a weighted bipartite graph, and let N be the total weight of all
the edges of G. Calculating the mazimum weight matching in G can be reduced in O(N) time
to multiple instances of calculating the mazimum matching in an unweighted bipartite graph,
in such a way that the total number of edges in all such graphs is at most N.

Proof. Using the decomposition theorem of Kao, Lam, Sung, and Ting [30], we can reduce
computing the maximum weight matching in a weighted bipartite graph such that the total
weight of all edges is N to multiple instances of calculating the largest cardinality matching
in an unweighted bipartite graph. The total number of edges in all unweighted bipartite
graphs is ), m; = N and the reduction can be implemented in O(N) time by maintaining a
list of edges with weight w, for every w =1,2,..., N. |

» Theorem 6. Let f(m) be the complexity of calculating the mazimum matching in an
unweighted bipartite graph on m edges, and let f(m)/m be nondecreasing. The permutation
distance can be computed in O(f(n)) time.

Proof. The total number of edges in all constructed graphs is O(nlogn), and the total time
to construct the relevant graphs and extract the costs of their edges is O(n log? n). Thus, the
total running time is @(nlog? n) plus the time to compute the maximum weight matching in
every graph of type 1 and type 2. Let N; be the total weight of all non-special edges in the
i-th of these graphs. By Lemma 1, >, N; = O(nlogn). Additionally, N; < n. Let m; ; be
the number of edges in the j-th instance of unweighted bipartite matching for the i-th graph.
By Lemma 5, the overall time is hence }_, ; f(m; ;), where >, ;m;; <37, N; = O(nlogn)
and m; ; < N; < n. We upper bound }_, ; f(m; ;) using the assumption that f(m)/m is
nondecreasing as follows:

D fmig) = miy- f(mig)/mi; < maj- f(n)/n=O(f(n)logn). <
i,j i,j 2]
» Corollary 7. The permutation distance can be computed in O(n*/3+°M) time.

3.3 Reduction from Bipartite Maximum Matching

We complement the algorithm described in Subsection 3.2 with a reduction from bipartite
maximum matching to computing the permutation distance: see Figure 2 for an example.

» Theorem 8. Given an unweighted bipartite graph on m edges, we can construct in O(m)
time two trees with permutation distance equal to the cardinality of the maxzimum matching.

Proof. We first modify the graph so that the degree of every node is at most 3. This can
be ensured in O(m) time by repeating the following transformation: take a node u with
neighbours vy, vs, ..., vk, k > 4. Replace v with u’ and u” both connected to a new node v,
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Figure 2 The two trees built for the graph on the left, according to Theorem 8.

connect u’ to vy, vs,...,vk_2 and u” to vg_1,vk. It can be verified that the cardinality of
the maximum matching in the new graph is equal to that in the original graph increased by
1. By storing, for every node, the incident edges in a linked list, we can implement a single
step of this transformation in constant time, and there are at most m steps.

We will now first construct two unlabelled trees and then explicitly assign appropriate
labels to their nodes. Without loss of generality, let the nodes of the graph be uy,us, ..., um,
and v1,va,...,Vy. In the first tree we create m nodes, labelled with uy, us, ..., 4., connected

to a common unlabelled root. In the second tree we do the same with nodes vy, va, ..., Up,-

Then, for every edge (u;,v;) of the graph, we attach a new leaf to u; in the first tree and to
v; in the second tree, and assign the same label to both of them. Finally, we attach enough
unlabelled leaves to every u; and v; to make their degrees all equal to 3. To make both trees
fully-labelled on the same set of labels, we further attach 1 +m 4+ 3m —m = 3m + 1 extra
leaves to the roots of both trees. For every unlabelled leaf attached to uq,us, ..., u,, of the
first tree, we choose an unlabelled extra leaf of the second tree, and assign the same label to
both of them. We then assign the same label to the root of the first tree and an extra leaf of
the second tree, and label the last m extra leaves of the second tree with uy, us, ..., uy. We
finally swap the trees and repeat the same procedure: see Figure 2 for an example.

The permutation distance between the two trees is equal to the cardinality of the maximum
matching. Indeed, the trees are clearly isomorphic; moreover, any isomorphism must match
extra leaves with extra leaves, and every u; to a v ), for some permutation m on [m]. The
extra leaves do not contribute to the number of conserved nodes, while u; and v, ;) contribute
1 if and only if (u;,vr(;)) was an edge in the original graph. Thus, the distance is equal to
the maximum over all permutations 7 of the number of edges (u;, vr(;)). This in turn is
equal to the cardinality of the maximum matching in the original graph. <

4 A Constant-Factor Approximation Algorithm for the
Rearrangement Distance

A linear-time algorithm that, given two trees T} and Tb, approximates d(77,7,) within a
constant factor, was known for the case where at least one of the trees is binary [5]: here
we do not make any assumptions on the degrees. Throughout this section, we actually
consider ci(F 1, F»), and show how to approximate it within a constant factor. This allows us
to approximate d(7T7,T>) within a constant factor using the following procedure. First, we
add n leaves n + 1,n + 2,...,n attached to the (identical) roots of T} and T to obtain T}
and T3, respectively. We call the resulting trees anchored. Because T; and T, are assumed to
have the same root that cannot be permuted, we have d(T3,T») = d(T7,T4). We claim that
d(T},T}) = d(T},T3). Intuitively, in one direction it suffices to replace every link-and-cut
operation v |u — w with a cut operation (v { u); for the other direction, we argue that it
does not make sense to permute the root, and every cut operation (v { u) can be replaced by
v|u — w, where w = prp,(v), and such link-and-cut operations are reordered so as not to
make w a descendant of v.
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» Lemma 9. For any two anchored trees Ty and T, d(Ty,Ts) = d(T1,T»).

We can thus approximate d(T7,T4) within a constant factor to obtain a constant factor
approximation of d(Ty,T»). In the remaining part of this section we design an approximation
algorithm for J(Fl, F,), where Fy and F» are two arbitrary forests.

We start with describing the notation. Consider two forests Fy and F». For every i € [n],
let afi] € [n] be the parent of a non-root node ¢ in Fy, and ali] = 0 if ¢ is a root in Fj.
Formally, ali] = pp, (i) when pp, (i) # L and a[i] = 0 otherwise; b[i] is defined similarly but
for Fp. We think of a and b as vectors of length n.

The algorithm consists of four steps, with step j transforming forest FY ™' into FJ
by performing ALG(j) operations, starting from F{ = F;. We will guarantee that
ALG(j) = O(d(F/™' F,)). Then, by triangle inequality and symmetry, d(F/,F,) <
Ad(FIN F)Y + d(F7Y ) < ALG(j) 4+ d(FV7 Fy) = O(d(FV™', F,)), so by induction

d(F}, Fy) = O(d(Fy, F»)). Consequently, ALG(j) = O(d(Fy, F»)), making the overall cost
>-; ALG(j) = O(d(F1, F2)) In the j-th step of the algorithm a[i] refers to the parent of i in
Ff 1 To analyse each step of the algorithm we will use the following two structures, the

first of which is a streamlined version of family partitions defined in the previous paper [5].

» Definition 10 (family partition). Given two forests Fy and Fy, the family partition P(Fy, Fy)
is the set {(a[i],bd]) : ali],bli] #0 A afi] # bli]}.

» Definition 11 (migrations graph). Given two forests Fy and Fs, the migrations graph
MG(Fy, Fy) consists of edges {(i,j) : alil, alj],bli],blj] #0 A ali] = alj] A bli] # blj]}-

For a multiset S, let |S| denote its cardinality, that is, the sum of multiplicities of all
distinct elements of S. The mode of S, denoted mode(.S), is any element s € S with the
largest multiplicity freqgq(s). We will use the following combinatorial lemma.

» Lemma 12. Given any multiset S, let f = min{|S| — freqq(mode(S)), ||S]/2]}. All |S]
elements of S can be partitioned into f pairs (x1,y1),...,(xf,yr), Ti # yi, for every i € [f],
and the remaining |S| — 2f elements.

‘-Vl ‘ S2 ‘s; ‘ ‘s,»‘ ‘Aus\/z\‘ }S\SH" LY\SFZLY\S\*I‘S\S\‘ 151 ‘Sz ‘ 53 ‘ EE ‘»\'freqﬁ(medem)“ ‘fusvzj ‘-"USVZHI ‘-"USVZHZ‘ ‘S\S\‘
L ]

T T
si = mode(S) s; = mode(S)

Figure 3 Pairing in the case f = |S| — freqg(mode(S)) (left) and f = [|S|/2] (right).

Proof. Number the elements of S so that s; = ... = Sfreq,(mode(s)) = Mmode(S) and all of
the others are sorted and numbered from freqg(mode(S)) + 1 to |S| accordingly. Then, if
[ =S| —freqg(mode(S)), pairs (si, s|5)—i+1), i € [f] are s.t. s; # sgj—i+1 (Figure 3, left); if
f=115]/2], pairs (Si,SHSI/2J+Z‘), i €[]]S]/2]] are s.t. s; # S|18]/2]+i (Figure 3, right). |

41 Step1l

Roughly speaking, the aim of the first step is to ensure that all nodes that might be possibly
involved in a permutation, i.e., the nodes with different children in F; and F5, are roots.
This is so that we do not need to worry about the relationship with their parents. For every
i € [n] such that a[i] and b[i] are both defined and different, we cut the edges from ali] and
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a = [0]1]1121212121515131717|7/7|7) b = [0]1]1]313171215151713131312I7]

Figure 4 F, and F,. The family partition is P = {(2, 3), (2,7), (3,7),(7,3),(7,2)}.

bi] to their parents in Fi, thus making both of them roots. In other words, for every i such
that ali], b[i] # 0 and a[i] # b[i], we cut edges (a[i], alali]]) and (b[i], a[b[i]]). The resulting
forest F has the following property: for each i € [n] such that the parents of i in F}' and in
F, are both defined and different, a[a[i]] = a[b[{]] = L.

The number of cuts in this step is by definition at most twice the size of the family
partition P(Fy, F3). Bernardini et al. [5] already showed that |P(Ty,T2)| < 2d(T1,Tz) for
two trees T; and Th. We show that this still holds for forests and d: for completeness, we
provide a self-contained proof (cf. Lemma 16 in [5]).

» Lemma 13. |P(Fy, Fy)| < 2d(Fy, Fy), implying ALG(1) < 4d(Fy, Fy).

Proof. It is enough to verify that applying a single cut operation might decrease the size
of the family partition by at most one, while applying a permutation operation 7 might
decrease the size of the family partition by at most 2s, where s = |[{u: u # 7(u)}|.
Consider a cut operation (v u). The only change to a is that a[v] becomes 0, so indeed
the size of the family partition might decrease by at most one.
Now consider a permutation 7. After applying 7, an edge (4, a[i]) becomes (7 (i), w(ali])),
making 7(a[7~1(4)]) the parent of i. This transforms the family partition P into

P ={(m(ali]), b[x(D)]) : ali] #0 A b[x(i)] #0 A m(ali]) # blm(i)]}.

To lower bound the size of |P’|, we first focus on the subset of P corresponding to the nodes
that are fixed by m. We therefore define

Py ={(a[i],bz]) : ali] #0 A b[i] #£0 A ali] #b[i] A (i) =1}
By definition, we can equivalently rewrite Py as
Py ={(ali], b[w(9)]) : ali] # 0 A blw(i)] #0 A ali] # blw(i)] A =(i) = i}.

Now consider all pairs with the same second coordinate y in Py: (z1,y), (z2,9),- -, (Tk, ),
where z; # y for every ¢ € [k]. P’ contains all pairs (m(x;),y) such that n(x;) # y. If
m(y) = y then 7(x;) = y cannot happen and P’ contains all pairs with the second coordinate
y from Py; otherwise, P’ contains all such pairs except possibly one. Overall, |P’| > |Pf| — s,
and |Pf| > |P| — s so indeed |P’| > |P| — 2s. <

» Example 14. Consider F} and F, depicted in Figure 4. Step 1 consists of cut operations
(211) (because, e.g., a[4] # b[4] and a[4] = 2), (371) (because b[4] = 3) and (7 7 2) (because,
e.g., a[11] # b[11] and a[11] = 7). The resulting forest F is shown in Figure 5a.
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b B ='n@ﬁ= b gy
18] [9] [11][12][13][14][15] 8] ﬂ... (9] [11][12][13][14][15] 18] 9] [1] ..
a= [0|0|0|2\2|2|0|5\5|3|7|7\7|7|7] a= [0|0|0\2|2|0|0|5|5|3\7|7|7|0\0] a= [0\0\0|0|0\0|0|5|5\3|7|7|7|0|0] a= 0\O|0\0\0\0\0\5\5\7\3\3\3[0\0
(a) Fi. (b) FZ. (c) F?. (d) Fi.

Figure 5 The forests obtained after Step 1 (5a), Step 2 (5b), Step 3 (5¢) and Step 4 (5d).

4.2 Step 2

Consider u € [n], and let childrenpi(u) = {v1,...,vx}. We define the multiset B(u) = {b[v;] :
b[v;] # 0} containing the parents in Fy of the children of u in F}l. Recall that mode(B(u))
is the most frequent element of B(u) (ties are broken arbitrarily). We cut all edges (v;, u)
such that b[v;] # 0 and b[v;] # mode(B(u)), and define, for each u € [n], its representative
rep(u) = mode(B(u)). Intuitively, rep(u) is the node that might be convenient to replace u
with using a permutation. Roughly speaking, in this step we get rid of all of the children of u
that would be misplaced after permuting u and rep(u), for each u € [n]. The resulting forest
F? has the following property: for each u € [n], for any child v of u in FZ, either b[v] =0 or
b[v] = rep(u), i.e., the children of each node u of F? have all the same parent rep(u) in Fj.
To bound the number of cuts in this step we first need a technical lemma relating the
rearrangement distance of two forests and the size of any matching in their migrations graph.

» Lemma 15. Consider two forests Fy and Fy and their migrations graph M G(Fy, Fy). For
any matching M in MG(Fy, F3) it holds that |M| < d(Fy, F3).

Proof. By definition, there is an edge between i and j in MG(F}, F) if and only if a[i] = a[j],
but bfi] # b[j]. Let M be any matching in MG(Fy, Fy). If [M| > 0 then d(Fy, Fy) > 1,
so it is enough to show that, for a single operation transforming Fj into F], the graph
MG(F}, F3) contains a matching M’ of size at least |M| — s, where s = 1 for a cut operation
and s = [{u: u # m(u)}| for a permutation operation .

First, consider a cut operation (v T u). The only change in M G(F], F») is removing all
edges incident to v. M contains at most one edge incident to v, so we construct M’ of size
at least | M| — 1 from M by possibly removing a single edge. Second, consider a permutation
operation m: we construct M’ from M by removing every edge (v, w) such that v # 7(v) or
w # w(w). Because there is at most one edge incident to every u such that u # w(u), M’
contains at least |[M| — s edges. M’ is a matching in MG(F], F»), as for every (v, w) € M’
we have pp/ (v) = pr, (v) and pp/ (w) = pr, (w). <

» Lemma 16. ALG(2) < 2d(F}, F3).

Proof. We consider each u € [n] separately. Let m = freqp (mode(B,)) and MG, be the
subgraph of MG(F}, F,) induced by B,. We will first construct a matching of appropriate
size in every M G,. We cut every (v;,u) such that blv;] # 0 and b[v;] # mode(B,,), making
| B..|—m cuts. Let f = min(|By|—m, ||By|/2]). By Lemma 12, we can partition a subset of B,
into f pairs (b[v;], b[v;]) such that blv;] # blv,;]. We add every edge (v;,v;) to the constructed
matching. We claim that |B,| — m < 2f. This holds because |B,| —m < 2(|B,| — m) and
|Bu| —m < |By| — 1 < 2||By/2|| for nonempty B,,.

We take the union of all such matchings to obtain a single matching M. As argued
above, the total number of cuts is at most 2|M|. Together with Lemma 15, this implies that
ALG(2) < 2|M| < 2d(F}, Fy). <«
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» Example 17. Consider again F} and F» of Figure 4. B(7) = {3,3,3,2, 7}, thus we cut
(1417) and (1517). B(2) = {3,3,7}, implying (612). The resulting F? is shown in Figure 5b.

4.3 Step 3

If after Step 2 all of the children of a node u of Fy have the same parent rep(u) in Fb, it still
may be the case where rep(u) = rep(v) with u # v, i.e., all of the children of two distinct
nodes of F have the same parent in F5. In this case, it is not clear how to choose whether
to replace u or v with rep(u) = rep(v) in a permutation. This step aims at resolving this
situation by cutting the ambiguous edges.

Consider thus u € [n], and let childreng, (u) = {v1,ve,...,v;}. We define the multiset
B'(u) = {a[v;] : a[v;] # 0} containing the parents in F} of the children of u in F». We cut all
edges (v;, a[v;]) such that a[v;] # 0 and afv;] # mode(B’(u)), breaking ties arbitrarily, and
define rep’(u) = mode(B’(u)). The resulting forest F} has the following property: for each
u € [n], for any child v of u in F», we have a[v]) = L or alv] = rep’(u).

We observe that the number of cuts performed by the above procedure is the same as if
we had applied Step 2 on F, and F?. Therefore, Lemma 16 implies the following.

» Lemma 18. ALG(3) < 2d(F?, F»).

» Example 19. Consider again F} and F; of Figure 4. We have B'(3) = {2,2,7,7,7}, we
thus cut (412) and (51 2). The resulting forest F} is shown in Figure 5c.

4.4 Step 4

We summarize the properties of F} and Fb:

1. For each u € [n] such that a[u],b[u] # 0 and alu] # b[u], a[u] and b[u] are roots in F}.

2. For each u € [n] we can define rep(u) € [n] in such a way that, for any child v of u in F},
we have b[v] = 0 or b[v] = rep(u).

3. For each u € [n] we can define rep’(u) € [n] in such a way that, for any child v of u in Fs,
we have a[v] = 0 or afv] = rep/(u).

To finish the description of the algorithm, we show how to find a permutation operation 7 of

size O(d(F}, Fy)) that transforms F? into Fi' such that Fj! ~ Fj.

For every u such that au], b[u] # 0 and afu] # b[u], we require that 7(a[u]) = blu]. Due
to Property 1, for every such u we have ensured that alu] and b[u] are roots of F}. So, if
we can find a permutation 7 that satisfies all the requirements and does not perturb the
non-roots of Fy, then it will transform F} into F} such that F} ~ F,. Furthermore, if for
every x perturbed by 7 there exists u such that a[u], b[u] # 0 and a[u] # b[u] with x = alu]
or z = b[u] then by Lemma 13 |x| < 2|P(F?, Fy)| < 4d(F?, Fy) as required.

To see that there indeed exists such 7, observe that due to Property 2 there cannot be two
requirements 7(z) = y and 7(z) = 3’ with y # ¢/. Similarly, due to Property 3 there cannot
be two requirements w(x) =y and 7(z') = y with & # /. Thinking of the requirements as a
graph, the in- and out-degree of every node is hence at most 1, so we can add extra edges to
obtain a collection of cycles defining a permutation 7 that does not perturb the nodes not
participating in any requirement.

» Example 20. Consider F; and Fy of Figure 4. m = (3 7) transforms F} into F{ ~ Fy.

The final F} is shown in Figure 5d.
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—— Abstract

Let W be a string of length n over an alphabet X, k£ be a positive integer, and S be a set of
length-k substrings of W. The ETFS problem asks us to construct a string Xgp such that: (i) no
string of S occurs in Xgp; (ii) the order of all other length-k substrings over X is the same in W
and in Xgp; and (iii) Xgp has minimal edit distance to W. When W represents an individual’s
data and S represents a set of confidential substrings, algorithms solving ETFS can be applied for
utility-preserving string sanitization [Bernardini et al., ECML PKDD 2019]. Our first result here is
an algorithm to solve ETFS in O(kn?) time, which improves on the state of the art [Bernardini et
al., arXiv 2019] by a factor of |X|. Our algorithm is based on a non-trivial modification of the classic
dynamic programming algorithm for computing the edit distance between two strings. Notably, we
also show that ETFS cannot be solved in O(n?~°) time, for any § > 0, unless the strong exponential
time hypothesis is false. To achieve this, we reduce the edit distance problem, which is known to
admit the same conditional lower bound [Bringmann and Kiinnemann, FOCS 2015], to ETFS.
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String Sanitization Under Edit Distance

1 Introduction

Strings are being used to represent individuals’ data arising from a large range of domains
e.g., transportation, web analytics, or molecular biology. For example, a string can represent:
an individual’s movement history, with each letter corresponding to a visited location [23, 20];
an individual’s purchasing history in a retailer, with each letter corresponding to a purchased
product [9]; or a fragment of the genome sequence of a patient, with each letter corresponding
to a DNA base [17]. Analyzing such strings is thus necessary in many different applications.
To support these applications, string data must often be disseminated beyond the party that
has collected them. For example, transportation organizations disseminate their collected data
to data analytics companies [14], retailers disseminate their data to marketing agencies [15],
and hospitals disseminate DNA sequencing data to research institutions [17].

However, individuals’ data dissemination has led to justified privacy concerns [22] due to
the exposure of confidential information [3, 1, 6, 5]. To ease these concerns and comply with
legislation such as HIPAA [8] in the US or GDPR [19] in the EU, it is essential to ensure
that confidential information does not occur in the disseminated data; this process is called
sanitization. At the same time, it is essential to preserve the wtility of the original data, so
that data processing and analysis tasks can be accurately performed on the disseminated
data. For instance, a data analyst (resp. marketing researcher) should still be able to
discover actionable patterns of locations (resp. purchased products) from transportation
(resp. purchasing history) data [15, 14].

The Combinatorial String Dissemination (CSD) model was recently introduced in [3]
to provide privacy and utility guarantees. In CSD, we are given a string W and the aim
is to apply a sequence of edit operations to W, so that the resulting counterpart X of W
satisfies a set of privacy constraints and a set of wtility properties. Specifically, in [3] the
authors considered the following CSD problem, referred to as TFS (Total order, Frequency,
Sanitization). Given W of length n over an alphabet 3, a positive integer k, and a set
S of sensitive length-k substrings of W modeling confidential information, construct the
minimal-length string X such that: X does not contain any sensitive length-k substring
(C1); and the order (and thus the frequency) of all other length-k substrings over ¥ in W
is the same as in X (P1). The constraint C1 ensures that no sensitive length-k substring
occurs in X. The property P1 ensures that X incurs minimal utility loss for tasks based on
the sequential nature of length-k non-sensitive substrings of W, as well as on their frequency.
The authors of [3] proposed an O(kn)-time algorithm to solve the TFS problem, and showed
that their algorithm is in fact worst-case optimal because the length of X is in ©(kn).

The authors of [4] considered another CSD problem related to edit distance, that is, the
minimum number of insertions, deletions or substitutions of letters needed to transform one
string into another. The problem considered in [4] is referred to as ETFS (Edit distance,
Total order, Frequency, Sanitization). Given W of length n over an alphabet ¥, a positive
integer k, and a set S of sensitive length-%k substrings of W, ETFS asks us to construct a
string Xgp that satisfies C1 and P1 while being at minimal edit distance from W. ETFS is
the main problem we consider in this paper. Strings constructed by means of solving ETFS
can be used, with minimal utility loss, in tasks that are based on edit distance as a similarity
measure. Examples of such tasks are frequent pattern mining [21], clustering [12], entity
extraction [24] and range query answering [16]. To solve ETFS, the authors of [4] proposed
an O(k|X|n?)-time algorithm. Their algorithm is based on solving a specific instance of
approximate regular expression matching, essentially applying the algorithm of Myers and
Miller [18] on an appropriate regular expression that models all strings satisfying C1 and
P1 to finally pick the one that is at minimal edit distance to W.
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Note that, to have a solution to TF'S or ETFS, we may need to insert in W a letter
# ¢ 3. Indeed, inserting (or replacing letters of W with) any letter of ¥ could violate P1
and/or possibly create new occurrences of sensitive length-k substrings. We thus generally
have that both X (the solution of TFS) and Xgp (a solution of ETFS) are over ¥ U {#}.

» Example 1. Let W = babaaaaabbbab, & = {a, b}, k = 3, and the set of sensitive substrings
be {aba,baa,aaa,aab,bba}. Then X = babbb#bab and Xgp = bab#aa#abbb#bab. Note
that both X and Xgp satisfy C1 and P1. X is the shortest such string and Xgp is a string
closest to W in terms of edit distance.

In Section 3, we show the following theorem improving the result of [4] by a factor of |X|.

» Theorem 2. The ETFS problem can be solved in O(kn?) time.

Our algorithm is based on a non-trivial modification of the classic dynamic programming
algorithm for computing the edit distance between two given strings. In particular, the
modification is based on the fact that in ETFS we are given a single string W, and we are
asked to construct a string Xgp that satisfies C1 and P1 and that is closest to W. We
thus actually fill in the dynamic programming matrix that computes the minimum edit
distance between W and a regular expression that is a suitable abstraction of Xgp; our
algorithm encodes in its recurrence formulae the choices that specify the instance of the
regular expression that we eventually output.

In Section 4, we also show that ETFS cannot be solved in strongly subquadratic time
unless the Strong Exponential Time Hypothesis (SETH) [11, 10] is false. This is the most
technically involved part of the paper.

» Theorem 3. The ETFES problem cannot be solved in O(n?=%) time, for any 6 > 0, unless
SETH is false.

To arrive at this theorem, we reduce the weighted edit distance problem, which is known
to admit the same conditional lower bound [2, 7], to the ETFS problem. In particular, given
two strings P and @ of length ©(n), we construct an instance of ETFS of length O(n) from
the output of which we can infer the insertions corresponding to some optimal alignment
of P and ) with respect to the weighted edit distance. Using another suitable instance of
ETFS, we can determine the corresponding deletions. That gives us an optimal alignment of

P and @, from which we can compute the weighted edit distance of P and @ in O(n) time.

2 Definitions and Notation

Let T =T[0]T[1]...T[n — 1] be a string of length |T| = n over a finite alphabet X of size
|¥| = 0. By ¥* we denote the set of all strings over X, and by X% the set of all length-k
strings over X. For two indices 0 < i < j<n—1,T[i..j] =T[i]...T[j] is the substring of
T that starts at position ¢ and ends at position j of T. By € we denote the empty string of
length 0. A prefiz of T is a substring of the form T[0. . j], and a suffiz of T is a substring of
the form T'[i..n —1]. A prefix (resp. suffix) of a string is proper if it is not equal to the string
itself. The reverse T[n — 1]T[n — 2]...T[0] of T is denoted by T*. Given two strings U and
V' we say that U has a suffiz-prefiz overlap of length ¢ > 0 with V if and only if the length-¢
suffix of U is equal to the length-¢ prefix of V, i.e., U[|U| —£..|U| = 1] =V][0..£—1].

We fix a string W of length n over an alphabet ¥ and an integer 0 < k < n. We refer to
a length-k string or a pattern interchangeably. An occurrence of a pattern is uniquely defined
by its starting position. Let S be the set representing the sensitive patterns as positions
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over {0,...,n — k} with the following closure property: for every i € S, any j for which
Wlj..j+k—1=WIJi..i + k — 1], must also belong to S. That is, if an occurrence of a
pattern is in &, then all its occurrences are in S. A substring W{i..i + k — 1] of W is called
sensitive if and only if 1 € §; S is thus the complete set of occurrences of sensitive patterns.
The difference set Z = {0,...,n — k} \ S is the set of occurrences of non-sensitive patterns.

For any string U, we denote by Zy the set of occurrences in U of non-sensitive length-%
strings over ¥.. (We have that Zy, = Z.) We call an occurrence 4 the t-predecessor of another
occurrence j in Zy if and only if 4 is the largest element in Zy that is less than j. This
relation induces a strict total order on the occurrences in Zy;. We call a subset J of Iy a
t-chain if for all elements in J except the minimum one, their t-predecessor is also in J. For
two strings U and V, chains Jy and Jy are equivalent, denoted by Jy = Jv, if and only if
|Ju| = |Jv] and Ulu.. w4+ k — 1] = V]v..v+ k — 1], where u is the j-th smallest element of
Ju and v is the j-th smallest of Jy, for all j < |Jy|-

Given two strings U and V the edit distance dg(U, V) is defined as the minimum number
of elementary edit operations (letter insertion, deletion, or substitution) that transform one
string into the other. Each edit operation can also be associated with a cost: a fixed positive
value. Given two strings U and V' the weighted edit distance dwg(U, V') is defined as the
minimal total cost of a sequence of edit operations to transform one string into the other.

We now formally define ETFS, the main problem considered in this paper.

» Problem 1 (ETFS). Given a string W of length n, an integer k > 1, and a set S (and
thus set T), construct a string Xgp which is at minimal (weighted) edit distance from W
and satisfies the following:

C1 Xpgp does not contain any sensitive pattern.

P1 Iy =ZIx,,, i.e., the t-chains Iy and Lx,, are equivalent.

We also provide the following auxiliary definitions from [18]. The set of regular expressions
over ¥ is defined recursively as follows: (i) a € £ U {e} is a regular expression. (ii) If £
and F are regular expressions, then so are FF, E|F, and E*, where EF denotes the set of
strings obtained by concatenating a string in F and a string in F', E|F is the union of the
strings in F and F', and E* consists of all strings obtained by concatenating zero or more
strings from F. Parentheses are used to override the natural precedence of the operators,
which places the operator * highest, the concatenation next, and the operator | last. We say
that a string T' matches a regular expression F, if T is equal to one of the strings in F.

3 ETFS-DP: An O(kn?)-time Algorithm for ETFS

In this section we describe ETFS-DP, a dynamic programming algorithm that solves ETFS
faster than the algorithm proposed in [4]. We describe our algorithm for the unweighted
edit distance model for simplicity, but it should be clear that it can be extended to the
weighted edit distance model in a straightforward way and with no additional cost. Intuitively,
since we are looking for a string Xgp that contains all the non-sensitive patterns of W,
and in the same order, for each pair (U, V') of non-sensitive patterns of W such that U is
the t-predecessor of V', we can (i) merge U and V into U - V[k — 1] when U and V have a
suffix-prefix overlap of length k& — 1; or (ii) interleave U and V constructing a string UY'V,
where Y is a carefully selected string over ¥ U {#}, where # ¢ X.

Let us start by defining a regular expression gadget @, which encodes all candidate
strings that can be used to interleave two non-sensitive patterns while respecting C1, and
two similar gadgets © and ®. We will make use of the following regular expression:

<k = ((a1laz|...lajsle) ... (ai]as]. .. |ajs|le)),

k — 1 times
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where ¥ = {a1,a,...,an} is the alphabet of W. Given a letter # ¢ X, we define
©=#2 )", o=k, ®=@#xF)

Let No, N1, ..., Njzj—1 be the sequence of non-sensitive patterns as they occur in W
from left to right. In [3], Xgp was built by finding an optimal alignment between W and a
regular expression R constructed as follows. First, set R = ©Ny and then process pairs of
non-sensitive patterns N; and N;4q, for all i € {1,...,|Z| — 2}: in the i-th step, if N; and
N;41 can be merged, append (N;11[k — 1] | @ N;11) to R. Otherwise, append ®&N;41 to R.
After processing all pairs, conclude by appending ® to R. The length of R is in O(k|X|n).

The general idea in Algorithm ETFS-DP is to simulate the alignment of W to R without
constructing R explicitly. Instead, we use a string T' = HNo B8 Ny - - - 8 N|7)_1 X, where B, H
and X are length-1 placeholders for ©, & and ®, respectively. The length of T" is thus only
(k +1)|Z| + 1 = O(kn), leading to an O(kn?)-time algorithm when aligned to W, |W| = n.

3.1 Dynamic Programming

In a preprocessing phase, we compute a binary array M of length |Z| so that M[¢] =1 if the

£-th and the (¢ — 1)-th non-sensitive patterns (in the order given by their occurrences in W)

can be merged. We set M[0] = 0 for completeness. More formally, for all 0 < ¢ < |Z| — 1,

M) =1if Ny_q[1..k—1] = N;[0..k — 2], and M[¢] = 0 otherwise.

We then solve ETFS in a dynamic programming fashion by filling in an (|Z|(k + 1) +

1) X (|[W] + 1) matrix E. The rows of E correspond to string 7', and the columns to string

W. We denote by E[i][-] and E[][j] the i-th row and the j-th column of E, respectively.
Entry E[i][j], for all 0 < < |Z|(k+1) and 0 < j < |W|, contains the edit distance between

(the regular expression corresponding to) T'[0..¢] and WJ0..j — 1]. Rows corresponding to

B, i.e., rows with index ¢ = £(k + 1) for some ¢ € [1,|Z| — 1], implicitly represent a regular

expression gadget and must be filled in with ad hoc rules; we will refer to them as gadgets

rows. In turn, we will name possibly mergeable the rows with index i = £(k + 1) — 1 for
some ¢ € [1,|Z| — 1], as they must be filled in taking into account the option of merging the

corresponding pattern with the preceding one, should it be possible. All other rows of E

will be called ordinary. In what follows, I is a function such that I[T[i] # W[j — 1]] =1 if

T[i] # W]j — 1], and 0 otherwise. We give below the recursive formulae that constitute the

core of our dynamic programming algorithm.

Initialization. Entry E[0][j] contains the edit distance between © and W0..j — 1] for j > 1,
while E[0][0] = 0. Because of the definition of &, it is only possible to match up to k — 1
consecutive letters, after which a mismatch due to # occurs, and hence E[0][j] = [4/k].
Ei][0] stores the edit distance between T'[0. . 4] and the empty prefix e of W. This distance
is minimized by the shortest possible string in each regular expression prefix, obtained
by always merging when allowed, and picking the shortest possible string encoded by ®
when not. This leads to the following formula, where ¢ € [0, |Z| — 1].

E[Z_][O]:{E[i—k—l][o]—kl, ifi=(+1)(k+1)— 1AM =1 (merge) O

Eli —1][0] + 1, otherwise (no merge)

Ordinary Rows: ¢ Z 0 mod (k4 1) and ¢ Z —1 mod (k + 1). The formula is the same
as in the standard algorithm for edit distance [13]: recall that E[-][j] correspond to
Wi — 1].

Eli —1][j] + 1, (insert)
Ei][j] = min § E[i][j — 1] + 1, (delete) (2)
Eli —1][j — 1]+ I[T[i] # W[j —1]], (match or substitute)

7:5
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Possibly Mergeable Rows: ¢ = —1 mod (k + 1). These rows correspond to the last let-
ter of a non-sensitive pattern. The first three options of Equation 3 encode the case where
we do not merge, regardless of the value of M[¢]. The last two options, instead, require
M]I¢] =1, as a merge does take place. This means that the letters corresponding to the &
rows above will not appear in the output string Xgp, and thus play no role in the edit
distance computation. We thus read the values of row i — k — 1, corresponding to the
last letter of the previous non-sensitive pattern.

BEli —1][] + (insert)
Elilj — 1]+ 1 (delete)

E[i][j] = min ¢ E[i — 1][j — 1] + I[T[5] # W[5 — 1]], (match or substitute)
Eli—k—-1]j]+1, if M[¢] =1 (insert and merge)
Eli—k—1][j -1+ I[T[] # W[j —1]], if M[¢] =1 (match or sub. and merge)

3)

Gadget Rows: i = 0 mod (k + 1). A gadget row encodes the possibility of interleaving
two non-sensitive patterns with a string that preserves C1 and P1 and minimizes the
edit distance. Because of the form of the regular expression gadgets, a # can either be
inserted or substituted directly after a non-sensitive pattern, or be preceded by another #
no more than k positions earlier. This results in the following formula:

Eli —1][j] + 1, (insert)
Efi][j] = min ¢ E[i - 1][j - 1] + 1, (substitute) (4)
E[{][j —1]+1,..., E[i][max{0,5 — k}] + 1, (delete or extend gadget)

The following lemma states that the above formulae correctly compute the edit distance
between prefixes of T" and prefixes of W.

» Lemma 4. E[i][j] = dg(T[0..4,W[0..5 —1]), for all 0<i<|Z|(k+ 1) and 0<j<|W|,
and E[i][0] = dg(T]0..1],¢).

Proof. The correctness of the equations that describe how to fill in entries E[0][] and E[4][0]
follows from the explanation in paragraph “Initialization”, and the correctness of Equation 2
follows from the standard dynamic programming algorithm for edit distance [13]. Let us
focus on the case of possibly mergeable rows (Equation 3): when merging is not possible, the
equation is the same as in the standard algorithm, and therefore it is correct. When merging
is possible, we must pick the minimum value among all possible edit operations when we
actually choose to merge and among all possible operations when we do not merge, even
if we could. The first three rows of Equation 3 correspond to the three possible operations
when we do not merge, and are again the same possibilities as the standard algorithm for
edit distance; the last two rows correspond to the case where we merge. When we merge, we
append the letter corresponding to the possibly mergeable row to the previous non-sensitive
pattern. If we were to run the standard algorithm for computing the edit distance between
such string and W, the row above, where we had to read the values for insertion and match or
substitution, would be the one corresponding to the last letter of the previous non-sensitive
pattern. These are precisely the values of the last two rows of Equation 3, that are therefore
correct.

Consider now the gadget rows. An entry E[i][j] on a gadget row should contain the value
of an optimal alignment between W10..j — 1] and a prefix of Xgp that ends with a #: since
# ¢ X, it cannot match with any letter of W, therefore I[T[i] # W[j — 1]] = 1 always holds.
As previously observed, a # can either be inserted or substituted directly after a non-sensitive
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pattern, or be preceded by another # no more than k positions earlier. Moreover, it is easy
to see that, if an optimal alignment between W and the regular expression R involves a local
alignment between W{i..j] and #S# with |[S|=j—i—1 <k, then S=W[i+1..5—1]:
this is because any alignment with S # Wi+ 1..j — 1] can be improved by replacing S with
Wi+ 1..j — 1]. Equation 4 follows from the two observations above: the first two lines
compute the cost of appending a # directly after a non-sensitive pattern, that always entails
either an insertion or a substitution.

The third row of the equation considers the possibility of interleaving two non-sensitive
patterns with a whole string encoded by &, or deleting #. <

Note that Lemma 4 refers to rows 0 < ¢ < |Z|(k + 1). Let us now look at the last row:
even if it was filled in like any other gadget row, since it corresponds to ® instead of @, its
values need to be interpreted in a different way. Namely, the value stored in E[|Z|(k + 1)][4],
for all 0 < j < |W], is the cost of an optimal alignment between W[0..j + ¢; — 1] and a

string in R whose length-(e; + 1) suffix is #W[j..j+e; — 1], where e; = min{k —1,|W|—j}.

Unlike in the standard edit distance algorithm [13], the edit distance between W and any
string matching the regular expression R is not necessarily found in its bottom-right entry
E[|Z|(k+ D)][|W]]. Instead, it is found among the rightmost & entries of the last row (in case
Xgp ends with a string in ®), and the rightmost entry of the second-last row (when Xgp
ends with the last letter of the last non-sensitive pattern). We thus obtain the following.

» Lemma 5. Let Xgp be a solution to ETFS. Then

dg(Xgp, W) = min { E[|Z|(k + 1) — 1] [[W|]. E[|IZ|(k + )] [[W]],
(5)
E[|Z|(k+ D] [[W]=1],.... E[|Z|(k + D][IW]| - &+ 1] }.

3.2 Construction of Xgp

Once we have computed the edit distance d according to Lemma 5, we need to construct a
string Xgp that matches R and is at edit distance d from W. To do so, when computing
each entry EJi][j] of the matrix for 7,5 > 1, we store, in an array A, a pointer (i’,j') to
an entry from which the minimum value for E[i][j] was obtained. We then build X£ by
following any path from an entry E[z][j] where the global optimum is stored to E[0][0].

At any step of the construction, let E[i'][j'] be the endpoint of the pointer stored for
Eli][4] currently considered, i.e., A[i][j] = (#',5'). If v = |Z|(k + 1), i.e., if the minimum is
in the last row of E, we initialize X{&, with W[j..|W| — 1]%; otherwise, we just initialize it
with the empty string €. We then enforce the following rules:

If i’ < i, we append TTi] to X{&, when i is not a gadget row and # otherwise. Indeed, the
condition is fulfilled when the edge in the path is either diagonal (a match or a substitution

in the alignment) or vertical (an insertion in ). Moreover, ¢’ can either be equal to i — 1

or to i — k — 1 (when we merge two non-sensitive patterns).

If i’ =iand i =0 mod (k + 1), weappend # to X[, followed by W[j’..j—2]%. Because
this happens when we follow a horizontal edge on a gadget row, the solution must include

the corresponding substring, that is composed of # and j — j' — 1 letters of W.

If none of the two cases above happens, we do not write anything, because a horizontal
edge in the path corresponds to a deletion in W. We denote the above procedure by
Algorithm Xgp-construct. Lemma 6 guarantees that this construction produces a string
that satisfies C1 and P1.

» Lemma 6. Xgp returned by Algorithm Xgp-construct satisfies C1 and P1.

77
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Proof. Let us start by proving that Algorithm Xpp-construct satisfies C1. X&, (and thus
Xgp) is obtained by appending either consecutive letters of T® (case i’ < i for all but gadget
rows) or a letter # (all cases for gadget rows) or a number of consecutive letters of W% (case
i’ = i for gadget rows and initialization of X{, when the minimum is on the last row of E):
since T' does not contain any sensitive patterns by construction and # ¢ 3, we only need
to verify that no more than k — 1 consecutive letters read directly from W% can ever be
appended to Xé?'D. Inspect case i’ = i for gadget rows: j — j' — 1 is the number of entries
between entry E[i][j] and the endpoint of the corresponding horizontal pointer A[i][j]. The
last line of Equation 4 exhibits the only possibilities for a pointer to point a non-adjacent
entry on the same row, thus j° > j — k and consequently 5 —j' — 1 < k — 1. Since both when
the path leaves a gadget row and when it goes on on a gadget row a # is appended to X&),
no sensitive patterns can be created and therefore Xgp satisfies C1.

Let us now show that P1 is satisfied as well, i.e., No, N1, ... Nz/_; occur in Xgp in the
same order as they appear in W, and no other length-k string over X is a substring of Xgp.
Consider a letter Ny[h] = T[i]. If 0 < h < k — 1, i is an ordinary row. Since any optimal
path goes from the entry of E where the minimum is stored to E[0][0], and by construction
to leave a row the pointers can only point to an entry in the row directly above the current
one (ordinary rows) or in the (k + 1)-th row above (merge case in the possibly mergeable
rows, see Equations 2 and 3), there are only two possibilities: either the path goes through
row 14, i.e., there exists j such that A[i][j] = (¢ — 1,4’) is part of the optimal path, or row i is
skipped by the path, and thus there exists j such that A[i + &k — h — 1][j] = (i — h — 2,5").
Let us observe that in the latter case, all of the rows from i —h —1toi+ k — h — 2 are
skipped by the path, while in the first case Ali + k — h —1][j] = (i + k — h — 2,7’) and no
rows are skipped up to ¢ — h — 2. In the first case, Algorithm Xgp-construct will append
Ny[h] to X[ after Ny[h +1] for all 0 < h < k — 1, then a # right after N,[0], that prevents
the making of spurious length-k strings over ¥ in Xgp. In the second case, Ny[h] is not
explicitly appended to the string: instead, after appending Ny[k — 1] to XgD, the algorithm
goes to row i — h — 2, corresponding to Ny_1[k — 1]. Nevertheless, this only happens when
the merge condition is satisfied, i.e., when Ny_1[1..k — 1] = Ny[0..k — 2], implying that
Ny[h] = Ny—1[h + 1] will be appended next to Ne[h + 1] = Ny_1][h + 2] after k — h — 1 steps.
The order in which Ng, N1, ... Njz/_; appear in Xgp is by construction the same as they
appear in T'; which in turn is the same as the order they appear in W. In no other parts of
the algorithm a length-k string over X is created in Xgp. It follows that P1 is preserved. <«

3.3 Wrapping up

» Lemma 7. Algorithm ETFS-DP runs in O(kn?) time.

Proof. We first construct string 7" and array M in O(kn) time and initialize the first row
and the first column of matrix E in O(kn) time. There are O(kn) “ordinary”, O(n) “possibly
mergeable” and O(n) “gadget rows”, each of size O(n). Each entry (and its corresponding
pointer) on the “ordinary” and “possibly mergeable” rows takes constant time to compute,
while the entries (and pointers) on the gadget rows require O(k) time each. Thus, we can
compute all entries and pointers in O(kn?) time. Tracing back the pointers and constructing
string Xgp takes again O(kn) time. This results in a total time complexity of O(kn?). =

Lemmas 4-7 imply Theorem 2.
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4 A Conditional Lower Bound for ETFS

We prove that, assuming SETH introduced in [11] and [10], ETFS cannot be solved in
strongly subquadratic time. We do so by a reduction from the classical edit distance problem,
and using the following known conditional lower bound for it: for all § > 0, the edit
distance d between two strings of length Q(n) cannot be computed in O(n?~?) time without
violating SETH [2], and hence the well-known quadratic-time solution of [13] for computing
the edit distance between two strings of length O(n) is optimal up to subpolynomial factors.
Bringmann and Kiinnemann [7] proved that this is also true for weighted edit distance,
where each operation (insertion, deletion, substitution and match) has a corresponding fixed
non-negative cost (respectively ¢;, cq, ¢s, ¢m ), and the following conditions, which we will call
the BK conditions, hold: (i) ¢; + ¢q > ¢m, (ii) ¢ + ca > ¢, and (iii) ¢y # .

Let P and @ be two arbitrary strings over 3, both of length ©(n), and without loss of
generality 1 < |P| < |Q|. We would like to compute the weighted edit distance between P and
@ with the following associated costs: ¢; = 2.5,¢q4 = 2.5,¢5 = 1, ¢y = 0. These costs satisfy
the BK conditions. Let ¢ = (¢j, ¢4, s, ¢m ) and d.. be the weighted edit distance with associated
costs c. Assuming SETH is true, there is no algorithm for computing d3 52.5,1,0)(P, @) in
O(n?7%) time, for any § > 0 [7]. In order to prove that ETFS cannot be solved in strongly
subquadratic time either, we will compute d(2.52.5,1,0)(P, @), by solving two instances of
ETFS on a string of length O(n) and using an additional O(n) number of operations. Thus
if ETFS is solvable in O(n?~%) time, for any § > 0, SETH is false.

Let us now show the first instance of the ETFS. We define a new alphabet
Y =% U{a,b,cq,ca,c3,d,e,£f,g} and a new string U(P, Q) = F1 FoF3F, over ¥’ as follows:

1P| -1 |Ql-1
F| = (aab)**Tlaae, F, = H ci1dPlilcacs, F3 = (aae)**"laa, F,= H c1fQ[i]cacs
i=0 i=0

where 2 = 2|@)|, and the product denotes the concatenation operation on strings. We also
set k = 5 and define the set Z of non-sensitive pattern occurrences over U as follows:

T = {0,3,6,9,...,6z} U {6z+6,60+11,60+16,...,6x+1+5P|}.

In particular, U(P, Q) is the string input to the first instance of ETFS. The construction
above gives us the following sequence of non-sensitive patterns:

aabaa, aabaa,aabaa,...,aabaa (22 + 1 occurrences)

c1dP[0]cacs, c1dP[l]cacs, c1dP[2]cocs, ..., c1dP[|P| — 1]cacs (| P| occurrences).

It is easy to verify that the set Z of occurrences of non-sensitive patterns (and thus the
complementary set §) has the closure property requested by ETFS. The resulting regular
expression R is

R = © aabaadaabaa®...daabaa®c;dP[0]cacsBcidP[1)cacs®. .. @ c1dP[|P|—1]cacs ®.

We will prove that it is optimal to align the first = + 1 patterns with F}, a gadget @ with Fy,
the next x patterns with F5 and the final | P| patterns with Fy. Then, we will show that the
alignment of those last patterns with F); corresponds to an alignment of P and Q.

We call the occurrences of aabaa and c;dP[i]cacs in the regular expression R, or in any

string in the regular language corresponding to R, AB-patterns and P-patterns, respectively.

Notice that these non-sensitive patterns are substrings of F} and F» and that we cannot
merge any two consecutive non-sensitive patterns.

7:9
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Recall that the output Xgp of ETFS is a string with minimal edit distance to U in that
language. One alignment of U and R, which we denote by Ay /g and that we will later show
to be optimal under unit cost for insertion, deletion and substitution and zero cost for match,
is as follows:

We align F; with the first £ + 1 AB-patterns interleaved by #’s as illustrated below. The

cost of this alignment is x + 1 substitutions.

aabaabaabaabaabaabaabaab...aabaae
aabaa#aabaa#aabaa#aabaa#...aabaa#

We align F, with a single gadget @ suitably expanded as shown below. The cost of this
alignment is | P| substitutions. Recall that we have to use a # after every k — 1 = 4 letters,
so as not to introduce any new length-%k substrings that would violate property P1.

c1dP[0]cacscidP[1]cacscidP[2]cacacidP[3]cacs . . . c1dP[|P| — 1]cacs
c1dP[0]co# c1dP[1]co# c1dP[2]co#t c1dP[3|co#t .. .cidP[|P| — 1]co#

We align F3 with the remaining x AB-patterns interleaved by #’s as illustrated below.
The cost of this alignment is 2z — 1 substitutions.

aaeaaeaaecaaecaaeaaecaaeaae...aaeaa
aabaa#aabaa#aabaa#aabaa#...aabaa

We align Fj with the final | P| P-pattern occurrences according to an optimal alignment
Apjq of P and @ with respect to cost c. Let p and q denote placeholders for letters of
P and @, respectively. For each edit operation in Ap/, (insertion of g, deletion of p,
substitution or match between p and q), we align in Ay /g the corresponding fragment of
F, and the P-pattern of R as follows.

Insertion Deletion Substitution or Match
cif gqecges 00 - - - - - - - c;f q coc3
# £ q cacs # cqd p cacs # cid p cacs

When inserting a letter of @, rather than paying 5 consecutive gaps opposite to fragment
ci1fqeacs of Fy, we extend the gadget @ of R with #fqcacs, to pay only one (unavoidable)
substitution for #. Deleting a letter of P, instead, results in 6 gaps in Ay /r. Finally,
substitutions and matches in Ap/p result in the same alignment in Ay /r, with the cost
being, respectively, 3 and 2 according to whether q = p or not. Therefore, it turns out
that the cost of this last fragment of alignment Ay /r equals d(1 6 3,2)(P, Q).

We next show that it is possible to express d(; ¢3,2)(P, Q) in terms of d(252.51,0)(P,Q),
because symmetry will greatly simplify things later on, when we swap P and Q.

» Lemma 8. Let ¢ and ¢’ be two costs. We write ¢ ~ ¢’ if for any alphabet ¥ and for all
P,Q € X%, the set of optimal alignments of P and QQ with respect to cost c is equal to the set
of optimal alignments of P and @Q with respect to cost ¢'. Then

1. ¢~ ac for all a € Ryy.

2. c~(ci+a,cq,c5 + a,em + ) for all o € R.

3. c~(eiycq+ a,cs + ayem+ ) for all o € R.

Proof. Let the number of insertions, deletions, substitutions and matches in some alignment
of P and @ be n;, ng, ns and n,, respectively. We know that n; + ns + n,, = |Q| and
ng + ns + ny, = |P|. So the transformations 1, 2, and 3 of ¢ given in the lemma statement
change the costs of alignments from d to ad, d + a|Q| and d + a|P| respectively. The costs
of alignments are all strictly increasing in d, so the optimal alignments are preserved. <«
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By applying transformation 2 of Lemma 8 with o = 1.5 and then transformation 3 of
Lemma 8 with o = —3.5, we obtain

d1,6,32) (P, Q) = d2.5251,0 (P,Q) — 1.51Q| + 3.5 P|. (6)

By summing up the costs of the alignment Ay /z detailed above and using Equation 6, we get

dp(U, Xgp) < 4.5(|P| +|Q|) + d2.5,2.5,1,0)(P, Q), (7)

which we can bound by 3|P| + 7|Q|, because di35251,0)(P,Q) < 2.5(1Q| — |P|) + |P|,
corresponding to the cost of deleting the (|Q| — | P|) extra letters of @ (recall that |P| < |Q])
and substituting the remaining |P| letters. In Lemma 9 we prove that alignment Ay g is
indeed optimal and equality holds in Equation 7.

» Lemma 9. Alignment Ay g is optimal. Moreover, from any output Xgp of ETFS on U we
can obtain a supersequence P' of P in O(|Q)|) time such that d.(P, Q) = |P'| —|P|+d.(P’, Q)
and there exists an optimal alignment of P’ and ), which does not use any insertions.

The reader can probably share the intuition that alignment Ay /g is optimal, at least for
the part Fy FyF3 of string U. We prove that indeed no AB-pattern is aligned to any part of
Fy and that no P-pattern is aligned to Fy FyF3 (see Example 10). The proof of Lemma 9
consists of a case analysis combined with basic counting and bounding arguments, for which
we refer the reader to the full version of this paper.

» Example 10. Let P = KITTEN and Q = SITTING over ¥ = {E,G,I,K,N,S,T}. We define a
new alphabet ¥’ = ¥ U {a,b, ¢4, 2, ¢3,d, e, f,g} and a new string U(P, Q) = Fy Fo F3Fy over
Y as follows (recall that = = 2|Q)|, so 2z + 2 = 4Q + 2 = 30):

F| = aabaabaabaabaabaabaabaab...aabaae
PE ::C1dKC2C3C1dIC2C3C1dTC2C3C1dTC2C3C1dEC2C3C1dNC2C3
F3 = aacaacaacaacaacaacaacaae...aaeaa

F4 = c4fScycacifIcocacifTegacacifTegczcifIcaczcifNeycscifGegcs

We also set £ =5 and define the set Z of non-sensitive pattern occurrences over U as follows:
7z = {0,3,6,9,...,6z} U {62+ 6,60+ 11,6z + 16,...,6z + 1+ 5|P|}.

We thus have the following sequence of occurrences of non-sensitive patterns:

aabaa, aabaa, aabaa,...,aabaa (29 occurrences)

CidKCQCg,CidICQCg,C1dTC2C3C1dTC2C3,C1dEC2C3,C1dNC2C3 (6 OCCUITQHCQS)
Therefore, the corresponding regular expression R is

R = © aabaa®...@aabaad®cidKcycsPcidIcyczPeidTecocscidTeacsPeidEcycsPeidNeges ®.

We now show the crucial fragment of alignment A /r: how Fj is aligned with the P-patterns.

—leSC2C3—C1fIC2C3—C1fTC2C3—C1fTC2C3—C1fICQC3—C1fNCQC3C1fGC2C3
#CldKC2C3#C1dIC2C3#C1dTC2C3#C1dTCQCg#C1dEC2C3#C1dNC2C3# fGC2C3

Observe that the cost of the above alignment under unit cost equals to 15: the cost of 4
P-pattern matches (8), plus the cost of 2 P-pattern substitutions (6), plus the cost of 1
gadget insertion (1). It can be readily verified that d(; ¢ 3,2)(KITTEN, SITTING) = 15.
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Lemma 9 implies the following result.
» Corollary 11. dg(U, Xgp) = 4.5(|P| + |Q|) + d(2.5.2.5,1,0) (P, Q).

Given that constructing U takes O(n) time, Corollary 11 tells us that, if we can compute
dr(U, Xgp) in strongly subquadratic time, then we can also compute d. between any two
strings in strongly subquadratic time contradicting SETH. In fact, to prove that the output
string of ETFS cannot be computed in strongly subquadratic time either, we show that
d(2.5,2.5,1,0) can be obtained by solving ETFS twice and O(n) additional operations.

By Lemma 9, from the output Xgp of the ETFS algorithm, we can obtain a supersequence
P’ of P in O(n) time such that d.(P,Q) = d.(P,P’) + d.(P’,Q) and no insertions are
required to optimally align P’ and Q. There also exists a supersequence Q' of @ such that
de(P,Q) =do(P,P")+d.(Q",Q)+d.(P', Q") and some optimal alignment of P’ and Q" which
aligns each P'[i] with Q'[i] through either a match or a substitution. One such @’ is the
string obtained by taking the alignment of P’ and @ given by ETFS and inserting aligned
letters of P’ into the gaps of Q). The edit distance of Q and P is

|P'|—1
do(P,P') +de(Q, Q) +d(P',Q") = |[P'| = |P|+1Q'| - QI+ Y I[Pl #Q'l]l, (8)
i=0
which can be computed in O(n) time once we know P’ and Q'.

Note that by using ETFS on U(Q, P’), we could find a supersequence Q" of @ such that
de(P,Q) = do(P,P') + de(Q, Q") + do(P’',Q") and no deletions are required to optimally
align P’ and @Q”. It is not necessarily the case that we do not need any more insertions,
though, as optimal alignments are not unique. We now show that we can still compute an
appropriate Q' by changing c.

Let Q. be the set of supersequences Q" of @ with minimal d.(Q"”, Q) + d.(P’, Q") and no
deletions needed in the alignment of P’ and Q. Note that there exists some Q' € Q. such
that |P’| = |Q’|. Increasing the cost of deletion by €, d.(Q", Q) + d.(P’', Q") increases by at
least €(|P’| —|Q]) with equality if and only if |Q"”| = |P’|. Since |Q’| = |P’|, no deletions
implies no insertions. Therefore it suffices to find the insertions, when aligning P’ and Q
with weights ¢ = (2.5,2.5 4 ¢,1,0) for some € > 0. We find these insertions by running the
ETFS algorithm on U(G(Q), G(P")) with k = 5, where G(V) = HLZEﬁl(V[i]g) for any string
Ve (XU{a,b,cy,ca,c3,d,e,£})*, and with the set of non-sensitive pattern occurrences

7 = {0,3,6,9,...,62'} U {62/ +6,62" + 11,62 +16,...,62" + 1+ |Q|},

where ' = 2|G(P’)|. The solution to this new problem corresponds to an optimal alignment
of G(Q) and G(P') with ¢ = (2.5,2.5,1,0), which in its turn corresponds to an optimal
alignment of ) and P’ with weights ¢/ = (5,5,1,0) ~ (2.5,2.5+5,1,0) by Lemma 8. We
first carefully define what properties such a corresponding alignment should satisfy, and then
prove that all optimal alignments of G(Q) and G(P’) are indeed of this form.

» Definition 12. The alignment of G(P') and G(Q) corresponding to an alignment Ap.q
of P' and Q is defined as follows:
If P'[i] is aligned with Qi] in Apyq, then G(P')[2i] and G(P')[2i + 1] are aligned with
G(Q)[2i] and G(Q)[2i + 1], respectively.
If P'[i] is deleted in Apyq, then G(P')[2i] and G(P')[2i + 1] are deleted.
If Q[i] is inserted in Apyq, then G(Q)[2i] and G(Q)[2i + 1] are inserted.

» Lemma 13. Let P/, Q € X* such that there exits an optimal alignment of P' and QQ which
does not include any insertions. Fach optimal alignment of G(P') and G(Q) with respect
to cost ¢ = (2.5,2.5,1,0) corresponds to an optimal alignment of P’ and Q with weights
¢ =(5,5,1,0).
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Proof. Let the number of insertions, deletions, substitutions and matches in some optimal
alignment Ap,g of P’ and @ be w, x, y and z respectively. The cost of Ap/,q with
respect to ¢ is 5w + 5z + y. The corresponding alignment of G(P’) and G(Q) has 2w
insertions, 2x deletions, y substitutions and 2z + y matches, and its cost with respect to c is
(2w) 2.5+ (2x)-2.5+y-14+(22+y)-0 = bw+5x+y. Therefore d.(G(P'), G(Q)) < de' (P, Q).
It remains to be shown that equality holds.

Consider an optimal alignment Ag(pry(g) of G(P') and G(Q). We will show that we
can transform Ag(pry (@) into one corresponding to an alignment of P’ and @ without
increasing the edit distance. Consider the rightmost P’[i] and Q[j] where the corresponding
alignment fails, and call them z and y. There are 13 possibilities for their alignment:

1 2 3 4 5 6 7 8 9 10 11 12 13
--Xg -Xg ~X-g -Xg ~Xg- X-g§ Xg  Xg- X~-g X-g§ X~g- Xg~ Xg—-
ygXg yeg yXgg yXg yxgg yge yg&  yeg& -y8& -y§ -ygg -yg& --V§

Blue letters are original letters of G(Q), red letters are deleted letters from G(P’), dots are
arbitrary strings and dashes denote gaps. Note that configurations 1, 7 and 13 are already
properly aligned. Moreover, the cost can be reduced for configurations 2, 3, 4, 5, 6, 8, 9, 11
and 12 by deleting red letters and shifting blue ones. This only leaves configuration 10. Here
there are 3 subcases:
If x is aligned with an x, there must be a g between x and y. We can align this g with
G(P’)[2i] and move to configuration 13 without increasing the cost nor changing letters.
If x is aligned with an x, we move an adjacent inserted letter to this place and reduce
the cost, which is a contradiction.
Otherwise, x is aligned with a different letter. In this case we can realign it with y without
increasing the cost or changing letters.
Since there is a corresponding alignment for the output string, equality holds. |

Therefore the output string is equal to G(Q’) for some Q' € Q.. We can infer Q' in O(n)
time and compute d.(P, @) using Equation 8. However, since d.(P, Q) could not be computed
in strongly subquadratic time given SETH, we conclude that ETFS cannot be computed in
strongly subquadratic time either, unless SETH is false, thus proving Theorem 3.

5 Final Remarks

The following questions remain unanswered. Can ETFS be solved in O(n?) time? Can
ETFS be solved in strongly subquadratic time when |S| = O(1)?
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1 Introduction

Internal Dictionary Matching was recently introduced in [5] as a generalization of Internal
Pattern Matching. In the classical Dictionary Matching problem, we are given a dictionary D
consisting of d patterns, and the goal is to preprocess D so that, presented with a text T, we
can efficiently compute the occurrences of the patterns from D in T'. In Internal Dictionary
Matching, the text T is given in advance, the dictionary D is a set of fragments of 7', and
the Dictionary Matching queries can be asked for any fragment of T'.

The Internal Pattern Matching problem consists in preprocessing a text T of length n
so that we can efficiently compute the occurrences of a fragment of 7" in another fragment
of T. A data structure of nearly linear size that allows for sublogarithmic-time Internal
Pattern Matching queries was presented in [15], while a linear-size data structure allowing
for constant-time Internal Pattern Matching queries in the case that the ratio between the
lengths of the two factors is constant was presented in [18]. Other types of internal queries
have been also studied; we refer the interested reader to [17].

In [5], several types of Internal Dictionary Matching queries about fragments T'[i .. j] in a
string T were considered: EXISTS(4, ), REPORT(, j), REPORTDISTINCT(4, j), COUNT(4,7),
COUNTDISTINCT(7, j). Data structures of size O(n + d) and query time O(1 + output) were
shown for answering each of the first four queries, with COUNT queries requiring most
advanced techniques. For COUNTDISTINCT queries, only a data structure answering these
queries O(logn)-approximately was shown. In this work, we focus on more efficient data
structures for such queries. COUNTDISTINCT queries are formally defined as follows.

COUNTDISTINCT

Input: A text T of length n and a dictionary D consisting of d patterns, each given as a
fragment T'[a..b] of T (represented only by integers a, b).

Query: COUNTDISTINCT(4,j): Count all distinct patterns P € D that occur in Ti. . j].

Observe that the input size is n + d, while the total length of strings in D could be O(n - d).

We also consider a special case of this problem when the dictionary D is the set of all
squares (i.e., strings of the form UU) in T. The case that D is the set of palindromes in T
was considered by Rubinchik and Shur in [20].

» Example 1. Let us consider the following text:

For the dictionary D = {aa, aaaa, abba, c}, we have:
CouNTDISTINCT(5,12) = 2, COUNTDISTINCT(2,6) = 2, COUNTDISTINCT(2,12) = 3.

In particular, T'[5..12] contains two distinct patterns from D: aa (two occurrences) and
abba. When the dictionary D represents all squares in T', we have

CoUNTDISTINCT(5,12) = 3, COUNTDISTINCT(2,6) = 2, COUNTDISTINCT(2,12) = 4.

In particular, T'[5. . 12] contains three distinct squares: aa (two occurrences), bb and aabaab.

Let us note that one could answer COUNTDISTINCT(4, j) queries in time O(j — i) by
running T[i .. j] over the Aho-Corasick automaton of D [1] or in time O(d) by performing
Internal Pattern Matching [18] for each element of D individually. Neither of these approaches
is satisfactory as they can require Q(n) time in the worst case.
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Our results and a roadmap. We start with preliminaries in Section 2 and an algorithmic
toolbox in Section 3. Our results for the case of a static dictionary are summarized in Table 1.
Our solutions exploit string periodicity using runs and use data structures for variants of the
(colored) orthogonal range counting problem and for auxiliary internal queries on strings.

Table 1 Our results for COUNTDISTINCT queries. Here, m is an arbitrary parameter.

Space Preprocessing time | Query time Variant Section
O(n + d) O(n + d) O(1) 2-approximation 4
O(n*/m? + d) O(n?/m + d) O(m) exact 5.1
O(nd/m + d) O(nd/m + d) O(m) exact 5.2
O(nlog?n) O(nlog?n) O(logn) D =squares, exact 6

For the case of a dynamic dictionary, where queries are interleaved with insertions and
deletions of patterns in the dictionary, it was shown in [5] that the product of the time to
process an update and the time to answer an EXISTS(i, j) query cannot be O(n!~¢) for any
constant € > 0, unless the Online Boolean Matrix-Vector Multiplication conjecture [13] is
false. In the full version of this paper, we outline a general scheme that adapts our data
structures for the case of a dynamic dictionary. In particular, we show how to answer
COUNTDISTINCT(4, j) queries 2-approximately in O(m) time and process each update in
O(n/m) time, for any m.

2 Preliminaries

We begin with basic definitions and notation. Let T'= T[1]T[2] - - - T'[n] be a string of length
|T'| = n over a linearly sortable alphabet . The elements of ¥ are called letters. By ¢ we
denote an empty string. For two positions ¢ and j on T, we denote by T[i..j] = T[i]---T[j]
the fragment of T that starts at position 7 and ends at position j (the fragment is empty
if 5 <4). A fragment is called proper if i > 1 or j < n. A fragment of T is represented
in O(1) space by specifying the indices i and j. A prefiz of T is a fragment that starts at
position 1 and a suffiz is a fragment that ends at position n. By UV and U* we denote the
concatenation of strings U and V and k copies of the string U, respectively. A cyclic rotation
of a string U is any string V such that U = XY and V =Y X for some strings X and Y.

Let U be a string of length m with 0 < m <mn. We say that U is a factor of T if there
exists a fragment T[i..7 + m — 1], called an occurrence of U in T, that is matches U. We
then say that U occurs at the starting position i in T'.

A positive integer p is called a period of T if T[i] =T[i+p|] foralli=1,...,n —p. We
refer to the smallest period as the period of the string, and denote it by per(T'). A string is
called periodic if its period is no more than half of its length and aperiodic otherwise. The
weak version of the periodicity lemma [9] states that if p and ¢ are periods of a string T and
satisfy p 4+ ¢ < |T|, then ged(p, q) is also a period of T. A string T is called primitive if it
cannot be expressed as U* for a string U and an integer k > 1.

The elements of the dictionary D are called patterns. Henceforth, we assume that € & D,
i.e., that the length of each P € D is at least 1. We also assume that each pattern of D
is given by the starting and ending positions of its occurrence in 7. Thus, the size of the
dictionary d = |D| refers to the number of patterns in D and not their total length. A compact
trie of D is the trie of D in which all non-terminal nodes with exactly one child become
implicit. The path-label £(v) of a node v is defined as the path-ordered concatenation of the
string-labels of the edges in the root-to-v path. We refer to |£(v)| as the string-depth of v.
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3 Algorithmic Tools
3.1 Modified Suffix Trees

A D-modified suffix tree [5], denoted as Tr p, of a given text T' of length n and a dictionary D
is obtained from the trie of DU {T[i..n]: 1 <i <n} by contracting, for each non-terminal
node u other than the root, the edge from u to the parent of u. As a result, all the nodes of
Tr.p (except for the root) correspond to patterns in D or to suffixes of 7. For 1 <4 < n, the
node representing T'[¢ .. n] is labelled with ¢; see Figure 1. For a dictionary D whose patterns
are given as fragments of a text T', we can construct Trp in O(|D| + |T|) time [5].

Figure 1 Example of a D-modified suffix tree for text T = adaaaabaabbaac and dictionary
D = {aa, aaaa, abba, c} (figure from [5]).

Let us denote by Occ(D) the set of all occurrences of dictionary patterns in 7', that is,
the set of all fragments of 7" that match a pattern in D. Using T p, the set Occ(D) can be
computed in time O(n + d + |Occ(D))).

We say that a tree is a weighted tree if it is a rooted tree with an integer weight on each
node v, denoted by w(v), such that the weight of the root is zero and w(u) < w(v) if u is the
parent of v. We say that a node v is a weighted ancestor at depth £ of a node w if v is the
top-most ancestor of u with weight of at least /.

» Theorem 2 ([2, Section 6.2.1]). After O(n)-time preprocessing, weighted ancestor queries
for nodes of a weighted tree T of size n can be answered in O(loglogn) time per query.

The D-modified suffix tree 77 p is a weighted tree with the weight of each node defined
as the length of the corresponding string. We define the locus of a fragment T'[i .. j] in Trp
to be the weighted ancestor of the leaf ¢ at string-depth j — i + 1.

3.2 Auxiliary Internal Queries

In a Bounded LCP query, one is given two fragments U and V of T and needs to return
the longest prefix of U that occurs in V; we denote such a query by BoundedLCP(U,V).
Kociumaka et al. [18] presented several tradeoffs for this problem, including the following.

» Lemma 3 ([18],[17, Corollary 7.3.4]). Given a text T of length n, one can construct in
O(n+/logn) time an O(n)-size data structure that answers Bounded LCP queries in O(log® n)
time, for any constant € > 0.

Recall that COUNT(4, j) returns the number of all occurrences of all the patterns of D in
TJi..j]. The following result was proved in [5].

» Lemma 4 ([5]). The COUNT(i,j) queries can be answered in O(log® n/loglogn) time with
an O(n + dlogn)-size data structure, constructed in O(nlogn/loglogn + dlog®/?n) time.
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3.3 Geometric Toolbox

For a set of n points in 2D, a range counting query returns the number of points in a given
rectangle.

» Theorem 5 (Chan and Patrascu [4]). Range counting queries for n integer points in 2D
can be answered in time O(logn/loglogn) with a data structure of size O(n) that can be
constructed in time O(n/logn).

A quarterplane is a range of the form (—oo,z1] X (—00, z2]. By reversing coordinates we
can also consider quarterplanes with some dimensions of the form [z;,00). Let us state the
following result on orthant color range counting due to Kaplan et al. [14] in the special case
of two dimensions.

» Theorem 6 ([14, Theorem 2.3]). Given n colored integer points in 2D, we can construct
in O(nlogn) time an O(nlogn)-size data structure that, given any quarterplane Q, counts
the number of distinct colors with at least one point in @ in O(logn) time.

We show how to apply geometric methods to a special variant of the COUNTDISTINCT
problem, where we are interested in a small subset of occurrences of each pattern.

Let D ={Py, Ps,..., Py} and S be a family of sets Si,...,Sq such that Sy C Occ(Py),
where Occ(Py) is the set of positions of 7" where Py, occurs. Let [|S|| = >, |Sk|. For each
pattern Py, we call the positions in the set Sy the special positions of P. Counting distinct
patterns occurring at their special positions in T'[i.. j] is called COUNTDISTINCTs (4, 5).

» Lemma 7. The COUNTDISTINCTs(i,7) queries can be answered in O(logn) time with a
data structure of size O(n + ||S|| logn) that can be constructed in O(n + ||S||logn) time.

Proof. We assign a different integer color c¢; to every pattern P, € D. Then, for each
fragment T'[a..b] = Py such that a € Sk, we add point (a,b) with color ¢; in an initially
empty 2D grid G. A COUNTDISTINCTs (i, j) query reduces to counting different colors in the
range [i,00) X (—00,j] of G. The complexities follow from Theorem 6. <

3.4 Runs

A run (also known as a mazimal repetition) is a periodic fragment R = T'[a .. b] which can be
extended neither to the left nor to the right without increasing the period p = per(R), i.e.,
Tla—1]#Tla+p—1] and T[b — p + 1] # T'[b+ 1] provided that the respective positions
exist. If R is the set of all runs in a string T of length n, then |R| < n [3] and R can be
computed in O(n) time [19]. The exponent exp(R) of a run R with period p is |R|/p. The
sum of exponents of runs in a string of length n is O(n) [3, 19].

The Lyndon root of a periodic string U is the lexicographically smallest rotation of
its per(U)-length prefix. If L is the Lyndon root of a periodic string U, then U may be
represented as (L,r,a,b); here U = L[|L| —a+1..|L|JL"L[1..b], and r is called the rank of
U. Note that the minimal rotation of a fragment of a text can be computed in O(1) time
after an O(n)-time preprocessing [16].

For a periodic fragment U, let run(U) be the run with the same period that contains U.

» Lemma 8 ([3, 7, 17]). For a periodic fragment U, run(U) and its Lyndon root are uniquely
determined and can be computed in constant time after linear-time preprocessing.

We use runs in 2-approximate COUNTDISTINCT(%, j) queries and in counting squares.
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4 Answering CountDistinct 2-Approximately

4.1 CountDistinct for Extended or Contracted Fragments

For two positions £ and r, we define Prefp(£,r) as the longest prefix of T[¢..r]| that matches
some pattern P € D; the length of such prefix is at most » — £ + 1. Let us show how
to compute the locus of Prefp(¢,7) in the D-modified suffix tree 77 p. To this end, we
preprocess T p for weighted ancestor queries and store at every node v of 77 p a pointer p(v)
to the nearest ancestor u (including v) of v such that £(u) € D. To return Prefp(¢,r), we
find the locus w of T[¢..r] in the D-modified suffix tree. We return p(u) if |L(u)| = |T[L..7]|
and p(v), where v is the parent of u, otherwise.

Lemma 9 applies the D-modified suffix tree to the problem of maintaining the count of
distinct patterns occurring in a fragment subject to extending or shrinking the fragment.

» Lemma 9. For any constant ¢ > 0, given COUNTDISTINCT(i,5), one can compute
CountDisTINCT(i £ 1, ) and COUNTDISTINCT(i, j £1) in O(log®n) time with an O(n+d)-
size data structure that can be constructed in O(n\/logn + d) time.

Proof. We only present a data structure for COUNTDISTINCT(¢ & 1,5) queries. Queries
COUNTDISTINCT(4, j & 1) can be handled analogously by building the same data structure
for the reverses of all the strings in scope.

We show how to compute the number of patterns P € D whose only occurrence in some
fragment T'[¢..r] starts at position £. The computation of COUNTDISTINCT(Z £ 1, j) follows
directly by setting j = r and £ equal to i — 1 or 1.

Data structure. We preprocess T for Bounded LCP queries (Lemma 3) and construct the
D-modified suffix tree T p of text T" and dictionary D. In addition, we preprocess Tr p
for weighted ancestor queries and store at every node v of Trp the number #(v) of the
ancestors u (including v) of v such that L£(u) € D.

root

P51
Pyl
P u=Prefp({,0+k—1)
Py

\ k

T jr v = Prefp(¢, 1)
14 1 r

k L

Figure 2 The setting of Lemma 9. Left: text 7. Right: the path from the root of 77,p to the
leaf with path-label T'[¢..n]. The nodes of the path whose path-labels match some patterns from D
are drawn in red. Here, Py is the longest pattern that occurs at ¢ and also has an occurrence in
T[¢+1..7]; its locus in Tp,p is u = Prefp(€,£ + k — 1). The patterns that occur in T'[¢..r] only at
position £ are Pi, P, and P3;. The locus of Ps is v = Prefp (¢, r). Then, #(v) — #(u) =5—-2=3.

Query. We want to count patterns longer than k = |BoundedLCP(T[¢..7],T[¢ +1..7])].
Let u = Prefp(¢,£ 4+ k — 1) and v = Prefp(¢,r). The desired number of patterns is equal to
#(v) — #(u). See Figure 2 for a visualization. <
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4.2 Auxiliary Operation

Two fragments U = T[iy..j1] and V = Tia .. jo] are called consecutive if is = j; + 1. We
denote the overlap T[max{i1,i2}.. min{j1,j2}] of U and V by UNV.

3-FRAGMENTS-COUNTING

Input: A text T of length n and a dictionary D consisting of d patterns

Query: Given three consecutive fragments Fi, Fy, F3 in T such that |Fy| = |F5| and
|F5| > 8- |F1]|, count distinct patterns P from D that have an occurrence starting in Fy

and ending in F3 and do not occur in either Fy Fy or FyFj3

Let us fix |Fy| = |F3] = @ and |F3| = y > 8z. Additionally, let us call an occurrence of
P € D that starts in fragment F,, and ends in fragment Fj, an (F,, F})-occurrence. We will
call an (F}, F3)-occurrence an essential occurrence.

We say that a string S is highly periodic if per(S) < 1|S|. We first consider the case that
all patterns in D are not highly periodic.

» Lemma 10. If each P € D is not highly periodic, then

3-FRAGMENTS-COUNTING(F}, Fy, F3) =
COUNT(F, FyF3) — CoUNT(F1 Fy) — COUNT(FyF3) + COUNT(FY).

Proof. Let us start with the following claim.
> Claim 11. Any P € D that has an essential occurrence occurs exactly once in Fy Fy F3.

Proof. We have |F1FyF3| = x +y + « = 2z + y. String P has an essential occurrence, so
|P| > y. Therefore, if there are two occurrences of P in Fy F5F3, then they overlap in

2P| — (2z +y) > 2|P| — (3P| + |P|) = 2| P|
positions. This implies that P is highly periodic, which is a contradiction. 4

Claim 11 shows that 3-FRAGMENTS-COUNTING(Fy, Fy, F3) is equal to the number of
essential occurrences. Let us prove that the stated formula does not count any (F,, Fp)-
occurrences other than (Fy, F3)-occurrences.

Each (Fy, Fy)-occurrence is registered when we add COUNT(F; FoF3) and unregistered
when we subtract COUNT(Fy F»). Similarly for (Fs, F3)-occurrences.

Each (Fy, Fy)-occurrence is registered when we add COUNT(F} FyF3), COUNT(F,) and
unregistered when we subtract COUNT(F} F3), COUNT(F3F3).

Each (Fy, Fy)-occurrence is registered when we add COUNT(Fy F2F3) and unregistered
when we subtract COUNT(F} Fy). Similarly for (F5, F3)-occurrences. <

We now proceed with answering 3-FRAGMENTS-COUNTING queries for the dictionary of
highly periodic patterns.

» Lemma 12. If F; is aperiodic, then there are mo essential occurrences of highly periodic
patterns. Otherwise, all essential occurrences of highly periodic patterns are generated by the
same run, that is, run(Fy).

8:7
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Proof. The first claim follows from the fact that such an occurrence of a pattern P € D has
an overlap of length at least 2per(P) with F, and hence per(P) < }|F3| is a period of Fb.
As for the second claim, it suffices to show that, for any pattern P € D that has an essential
occurrence, we have per(P) = per(F). The inequalities |F5| > 2per(Fy) and |Fa| > 2per(P)
imply |Fz| > per(Fz) + per(P). Hence, by the periodicity lemma, ¢ = ged(per(P), per(F»)) is
a period of Fy. As q < per(F3), we conclude that ¢ = per(Fy). Thus, per(Fy) divides per(P),
and therefore per(P) = per(Fy). This concludes the proof. <

For a periodic factor U of T, let PERIODIC(U) denote the set of distinct patterns from D
that occur in U and have the same shortest period. Let us make the following observation.

» Observation 13. If all P € D are highly periodic, Fs is periodic, and R = run(F5), then

3-FRAGMENTS-COUNTING(Fy, Fo, F3) =
| PERIODIC(Fy F» F5 N R)| — | PERIODIC(F1 F> N R) U PERIODIC(F3F3 N R)|.

Next we now show how to efficiently evaluate the right-hand side of the formula in the
observation above, using Theorem 5 for efficiently answering range counting queries in 2D.

We group all highly periodic patterns by Lyndon root and rank; for a Lyndon root L
and a rank r, we denote by DZT the corresponding set of patterns. Then, we build the data
structure of Theorem 5 for the set of points obtained by adding the point (a,b) for each
(L,r,a,b) € Di,r- We refer to the 2D grid underlying this data structure as G, .. Note that
the total number of points in the data structures over all Lyndon roots and ranks is O(d).

Each occurrence of a pattern (L, 7, a,b) lies within some run in R with Lyndon root L.
Let us state a simple fact.

» Fact 14. A periodic string (L,r,a,b) occurs in a periodic string (L,7’,a’,b") if and only if
at least one of the following conditions is met:

1) r=r,a<d,andb<V;

(2) r=r"—1anda <d;

B)r=r"—1andb<¥;

4) r<r' —2.

» Lemma 15. One can compute |PERIODIC(U)| for any periodic fragment U in time
O(logn/loglogn) using a data structure of size O(n + d) that can be constructed in time

O(n + dv/logn).

Proof. For U = (L, r,a,b), we count points contained in at least one of the rectangles

(1) (—o0,a] X (—o00,b] in Gf, ,

(2) (—OO7CL] X (—OO, |L|] in gL,T*h

(3) (_007 |LH X (_Oovb} in gLJ’*h

and we add to the count the number of patterns of the form (L, 7', a,b) with ' < r — 1. For
the latter term, it suffices to store an array Xp[1..t] such that Xp[r] = >3i_, |D} |, where
t is the maximum rank of a pattern with Lyndon root L. The total size of these arrays is
O(n) by the linearity of the sum of exponents of runs in a string [3, 19]. <

» Remark 16. In particular, in the proof of the above lemma, we count points that are
contained within at least one out of a constant number of rectangles. Therefore, not only we
can easily compute |PERIODIC(U)|, but similarly we are able to compute |PERIODIC(U;) U
PERIODIC(U3)| for some periodic factors Uy, Uy of T

We are now ready to prove the main result of this subsection.
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» Lemma 17. The 3-FRAGMENTS-COUNTING(F}, Fy, F3) queries can be answered in time
O(log®n/loglogn) with a data structure of size O(n + dlogn) that can be constructed in
O(nlogn/loglogn + dlog®/? n) time.

Proof. By Lemma 10, in order to count the patterns that are not highly periodic, it suffices
to perform three COUNT queries. To this end, we employ the data structure of Lemma 4
which answers COUNT queries in O(log®n/loglogn) time, occupies space O(n + dlogn),
and can be constructed in time O(nlogn/loglogn + dlog®? n).

We now proceed to counting highly periodic patterns. First, we check whether Fj is
periodic; this can be done in O(1) time after an O(n)-time preprocessing of T' [18, 17]. If F
is not periodic, then by Lemma 12 no highly periodic pattern has an essential occurrence, and
we are thus done. If Fj is periodic, three |PERIODIC(U)| queries suffice to obtain the answer
due to Observation 13. They can be efficiently answered due to Lemma 15 and Remark 16; the
complexities are dominated by those for building the data structure for COUNT queries. <«

4.3 Approximation Algorithm

Let us fix § = . A fragment of length [(1+ &)?| for any positive integer p will be called a
p-basic fragment. Our data structure stores COUNTDISTINCT(%, j) for every basic fragment
Tli..j]. Using Lemma 9, these values can be computed in O(nlog'**n + d) time with a
sliding window approach. The space requirement is O(nlogn + d).

F1 FQ F3

Figure 3 A 2-approximation of COUNTDISTINCT(3, j) is achieved using precomputed counts for
basic factors T[i..4'] and T[j’ .. j].

In order to answer an arbitrary COUNTDISTINCT(4, ) query, let T[i..4'] and T[j’ .. j]
be the longest prefix and suffix of TTi..j] being a basic factor; see Figure 3. We sum
up COUNTDISTINCT(Z,¢") and COUNTDISTINCT(j',j) and the result of a 3-FRAGMENTS-
COUNTING query for Fy = T[i..5' — 1], F» = T[j'..47], F5 = T[¢' + 1..7]. (Note that
(|F1| + |F2|) . (1 +6) > ‘F1| + ‘FQ‘ + |F3‘ implies 5(|F1‘ + |F2D > ‘Fg‘, and since ‘F1| = |F3|,
we have that |Fy| = |F3| < $|Fy|.) Now, a pattern P € D is counted at least once if and
only if it occurs in T'[i.. j|. Also, a pattern P € D is counted at most twice (exactly twice if
and only if it occurs in both F Fy and F5F3). The above discussion and Lemma 17 yield the
following result.

» Theorem 18. The COUNTDISTINCT(i,j) queries can be answered 2-approzimately in time
O(log® n/loglogn) with a data structure of size O((n + d)logn) that can be constructed in
time O(nlog' ™ n + dlog®/? n) for any constant € > 0.

5 Time-Space Tradeoffs for Exact Counting

5.1 Tradeoff for Large Dictionaries

The following result is yet another application of Lemma 9.
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» Theorem 19. For any m € [1,n] and any constant ¢ > 0, the COUNTDISTINCT(3, j)
queries can be answered in O(mlog®n) time using an O(n?/m? + n + d)-size data structure
that can be constructed in O((n?log®n)/m + ny/logn + d) time.

Proof. A fragment of the form T[c;m+1. . cam] for integers ¢; and ¢, will be called a canonical
fragment. Our data structure stores COUNTDISTINCT(#', j') for every canonical fragment
T[i’..j'] and the data structure of Lemma 9. Hence the space complexity O(n?/m? + n + d).

We can compute in O(nlog®n) time COUNTDISTINCT(#', j) for a given ¢’ and all j using
Lemma 9. There are O(n/m) starting positions of canonical fragments and hence the
counts for all canonical fragments can be computed in O((n?log®n)/m) time. Additional
preprocessing time O(ny/logn + d) originates from Lemma 9.

extend extend
-~

canonical fragment

Figure 4 An illustration of the setting in the query algorithm underlying Theorem 19.

We can answer a COUNTDISTINCT (4, ) query in O(mlog® n) time as follows. Let T'[i’ .. j']
be the maximal canonical fragment contained in T'i .. j]. We retrieve COUNTDISTINCT(4', )
for T[i'..j']. Then, we apply Lemma 9 O(m) times; each time we extend the fragment for
which we count, until we obtain COUNTDISTINCT(i, 7). See Figure 4. <

5.2 Tradeoff for Small Dictionaries

We call a set of strings H a path-set if all elements of H are prefixes of its longest element.
We now show how to efficiently handle dictionaries that do not contain large path-sets.

» Lemma 20. If D does not contain any path-set of size greater than k, then we can construct
in O(knlogn) time an O(knlogn)-size data structure that answers COUNTDISTINCT(i, j)
queries in O(logn) time.

Proof. Let D ={Py,...,P;} and S = {Occ(P),...,0cc(Py)}. Every position of T' contains
at most k occurrences of patterns from D. This implies that ||S|| < kn. We can obviously
treat a COUNTDISTINCT(3, j) query as a COUNTDISTINCTs(4,5) query. The complexities
follow from Lemma 7. <

A proof of the following lemma is rather standard and is included in the full version of
the paper.

» Lemma 21. For any k € [1,n|, we can compute a mazimal family F of pairwise-disjoint
path-sets in D, each consisting of at least k elements, in O(n + d) time.

We now combine Lemmas 3, 20 and 21 to get the main result of this section.

» Theorem 22. For any m € [1,n] and any constant € > 0, the COUNTDISTINCT(i, j)
queries can be answered in O(mlog®n +logn) time using an O((ndlogn)/m + d)-size data
structure that can be constructed in O((ndlogn)/m + d) time.

Proof. We first apply Lemma 21 for k = [d/m]. We then have a decomposition of D
to a family F of at most m path-sets and a set D’ with no path-set of size greater than
d/m]. We directly apply Lemma 20 for D’. In order to handle path-sets, we build the data
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structure of Lemma 3. Then, upon a COUNTDISTINCT(4, j) query, for each path-set H € F,
we compute the longest pattern in H that occurs in T'[i..j] using a Bounded LCP query
followed by a predecessor query [24] in a structure that stores the lengths of the elements
of H, with the lexicographic rank in H stored as satellite information. The data structure
of [24] is randomized, but it can be combined with deterministic dictionaries [21] using a
simple two-level approach (see [23]), resulting in a deterministic static data structure. <

» Remark 23. Let us fix the query time to be O(mlog® n) for m = Q(logn). Then, Theorem 22
outperforms Theorem 19 in terms of the required space for d = o(n/(mlogn)). For example,
for m = d = n'/*, the data structure of Theorem 22 requires space @(n) while the one
of Theorem 19 requires space O(n\/n).

6 Internal Counting of Distinct Squares

The number of occurrences of squares could be quadratic, but we can construct a much
smaller O(nlogn)-size subset of these occurrences (called boundary occurrences) that, from
the point of view of COUNTDISTINCT queries, gives almost the same answers. This is the
main trick in this section. Distinct squares with a boundary occurrence in a given fragment
can be counted in O(logn) time due to Lemma 7. The remaining squares can be counted
based on their structure: we show that they are all generated by the same run.

Now, the dictionary D is the set of all squares in T. By the following fact, d = O(n) and
D can be computed in O(n) time.

» Fact 24 ([7, 8, 10, 12]). A string T of length n contains O(n) distinct square factors and
they can all be computed in O(n) time.

We say that an occurrence of a square U? is induced by a run R if it is contained in R
and the shortest periods of U and R are the same. Every occurrence of a square is induced
by exactly one run.

We need the following fact (note that it is false for the set of all runs; see [11]).

» Fact 25. The sum of the lengths of all highly periodic runs is O(nlogn).

Proof. We will prove that each position in T is contained in O(log n) highly periodic runs. Let
us consider all highly periodic runs R containing some position 4, such that m < per(R) < %m
for some even integer m. Suppose for the sake of contradiction that there are at least 5 such
runs. Note that each such run fully contains one of the fragments T[i —3m + 1 +¢..7 + t]
for t € {0,m,2m,3m}. By the pigeonhole principle, one of these four fragments is contained
in at least two runs, say R; and Rs. In particular, the overlap of these runs is at least
3m > per(R;) + per(Rz), which is a contradiction by the periodicity lemma. <

We define a family of occurrences B = By, ..., By such that, for each square U2, the set
B; contains the leftmost and the rightmost occurrence of U? in every run. We call these
boundary occurrences. Boundary occurrences of squares have the following property.

» Lemma 26. ||B|| = O(nlogn) and the set family B can be computed in O(nlogn) time.

Proof. Let us define the root of a square U? to be U. A square is primitively rooted if its
root is a primitive string. Let p-squares be primitively rooted squares, np-squares be the
remaining ones. The number of occurrences of p-squares in a string of length n is O(nlogn)
and they can all be computed in O(nlogn) time; see [6, 22].
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We now proceed to np-squares. Note that for any highly periodic run R, the leftmost
occurrence of each np-square induced by R starts in one of the first per(R) positions of R; a
symmetric property holds for rightmost occurrences and last per(R) positions. In addition,
it can be readily verified that such a position is the starting (resp. ending) position of at
most exp(R) squares induced by R. It thus suffices to bound the sum of exp(R) - per(R) over
all highly periodic runs R. The fact that exp(R) - per(R) = |R| concludes the proof of the
combinatorial part by Fact 25.

For the algorithmic part, it suffices to iterate over the O(n) runs of T. <

» Lemma 27. If T[i..j] is non-periodic, COUNTDISTINCT(i, j) = COUNTDISTINCT3(4, 7).

Proof. Let us consider an occurrence of a square U? inside T7[i .. j]. Let R be the run that
induces this occurrence. By the assumption of the lemma, R does not contain T'[i. . j]. Then
at least one of the boundary occurrences of U? in R is contained in T'[i .. j]. <

For a periodic fragment F of T, by RunSquares(F) we denote the number of distinct
squares that are induced by F' (being a run if interpreted as a standalone string). The value
RunSquares(F') can be computed in O(1) time, as it was shown in e.g. [7].

Let F} be a prefix and Fy be a suffix of a periodic fragment F', such that each of F; and
F, is of length at most per(F) — and hence they are disjoint. By BSq(F, Fy, F3) (“bounded
squares”) we denote the number of distinct squares induced by F' which have an occurrence
starting in F; or ending in Fb.

» Lemma 28. Given per(F), the BSq(F, Fy, F5) queries can be answered in O(1) time.

Proof. We are to count distinct squares induced by F' that start in F} or end in F5.
We introduce an easier version of BSq queries. Let BSq'(F, Fy) = BSq(F, Fy,¢) be the
number of squares induced by F which start in its prefix F; of length at most p := per(F).

Reduction of BSq to BSq’. First, observe that the set of squares induced by F starting
at some position ¢ € [1,p] and the set of squares induced by F ending at some position
¢ €[|F|—p+1,|F|] are equal if g = ¢’ + 1 (mod p) and disjoint otherwise. Also note that
F, = UV for some prefix V' and some suffix U of F[p|F[1..p — 1]; we consider this rotation
of F[1..p] to offset the 41 factor in the above modular equation. Let |U| = a and |V| = b.

Then, by the aforementioned observation, we are to count distinct squares that start in
some position in the set [1,|Fy|]U[1,b] U [p — a + 1,p]; see Figure 5.

per(R)

Figure 5 Reduction of BSq to BSq'; the case that |Fi| <b.

Hence the computation of BSq(F, Fy, Fy) is reduced to at most two instances of the
special case when Fj is the empty string.
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Computation of BSq'(F, F;). The number of squares induced by F starting at F[i] is
L(IF| —i+1)/(2p)]. Consequently, BSq'(F,Fy) = S\"/[(|F| —i+1)/(2p)| = |F] -t —
max{0, |F1| — k — 1}, where t = [|F|/(2p)] and k = |F| mod (2p). <

» Lemma 29. Assume that F = TJi..j] is periodic and R = T[a..b] = run(T[i..j]). Let
Fi=T}l..a+p—1] and F, =T[b—p+1..j], where per(R) = p. Then:

CoUNTDISTINCT (i, j) = COUNTDISTINCTg(i, j) + RunSquares(F) — BSq(F, Fy, F3). (1)

Proof. In the sum COUNTDISTINCT3(%,5) + RunSquares(F'), all squares are counted once
except for squares whose boundary occurrences are induced by R, which are counted twice.

They are exactly counted in the term BSq(F, Fy, Fy); see Figure 6. <
per(R) per(R)

‘ S ———
LYV VR VY

a 1 | : J b

T [ | [ | |
F1 F2
F

Figure 6 The setting in Lemma 29. Note that Fy is empty if ¢ > a + per(R); similarly for Fs.

» Theorem 30. If D is the set of all square factors of T', then COUNTDISTINCT(i,j) queries
can be answered in O(logn) time using a data structure of size (O(nlog2 n) that can be
constructed in O(nlog®n) time.

Proof. We precompute the set B in O(nlogn) time using Lemma 26 and perform O(n log? n)
time and space preprocessing for COUNTDISTINCT3(4, j) queries.

In order to answer a COUNTDISTINCT(, j) query, first we ask a run(T'[i..j]) query of
Lemma 8 to check if T'[i. . j] is periodic.

We compute COUNTDISTINCTg(4, j) which takes O(logn) time due to Lemma 7. If
Ti..j] is non-periodic, then it is the final result due to Lemma 27.

Otherwise T'[i . . j] is periodic. Let F, Fy, F; be as in Lemma 29. We answer RunSquares(F)
and BSq(F, F1, F») queries in O(1) time using the algorithm from [7] and Lemma 28,
respectively. Finally, COUNTDISTINCT(, j) is computed using (1). <

7 Final Remarks

The general framework for dynamic dictionaries, presented in the full version of this paper,
essentially consists in rebuilding a static data structure after every k updates. We return
correct answers by performing individual queries for the patterns inserted or deleted from the
dictionary since the data structure was built. In particular, we show that an application of
this framework — with some tweaks — to the data structure of Section 4 yields the following.

» Theorem 31. For any k € [1,7n], we can construct a data structure in O(n-+d) time, which
processes each update to the dictionary in O(n/k) time and answers COUNTDISTINCT(3, j)
queries 2-approximately in O(k) time.

We leave open the problem of whether an O(n + d)-size data structure answering
COUNTDISTINCT(4, j) queries exactly in time O(1) exists.
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—— Abstract

We consider the problem of dynamically maintaining an optimal alignment of two strings, each of
length at most n, as they undergo insertions, deletions, and substitutions of letters. The string
alignment problem generalizes the longest common subsequence (LCS) problem and the edit distance
problem (also with non-unit costs, as long as insertions and deletions cost the same). The conditional
lower bound of Backurs and Indyk [J. Comput. 2018] for computing the LCS in the static case
implies that strongly sublinear update time for the dynamic string alignment problem would refute
the Strong Exponential Time Hypothesis. We essentially match this lower bound when the alignment
weights are constants, by showing how to process each update in @(n) time.! When the weights

O we can maintain the alignment in

are integers bounded in absolute value by some w = n
O(n - min{/n,w}) time per update. For the O(nw)-time algorithm, we heavily rely on Tiskin’s
work on semi-local LCS, and in particular, in an implicit way, on his algorithm for computing the
(min, +)-product of two simple unit-Monge matrices [Algorithmica 2015]. As for the O(n+/n)-time

algorithm, we employ efficient data structures for computing distances in planar graphs.
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1 Introduction

The problems of computing an optimal string alignment, a longest common subsequence
(LCS), or the edit distance of two strings have been studied for more than 50 years. In
the string alignment problem, we are given weights w,qtcn for aligning a pair of matching
letters, wi,;s for aligning a pair of mismatching letters, and wgy,, for letters that are not
aligned, and the goal to compute an alignment with maximum weight. The edit distance
dr(S,T) of two strings S and T is the minimum cost of transforming string S to string T
using insertions, deletions, and substitutions of letters, under specified costs ¢;ns, Cger, and

o

! The O(-) notation suppresses log n factors.
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Csub, respectively. When all costs are 1, this is also known as the Levenshtein distance of S
and T [24]. Note that if ¢;ns = cqer, the edit distance problem is a special case of the string
alignment problem, with wmatcn = 0, Wnis = —Csup, a0d Wgap = —Cins = —Cder- In turn, the
LCS problem can be seen as a special case of the edit distance problem: Let the length of
an LCS of S and T be denoted by LCS(S,T). Then, for ¢jns = cqger = 1 and csup = 2, we
have dg(S,T) = |S| + |T| — 2 -LCS(S,T). In this work, we consider the dynamic version of
the string alignment problem, in which the strings S and T', each of length at most n, are
maintained subject to insertions, deletions, and substitutions of letters, and we are to report
an optimal alignment after each such update.

The textbook dynamic programming (DP) O(n?)-time algorithm for the (static) LCS
and edit distance problems has been rediscovered several times, e.g. in [38, 28, 29, 30, 39).
When the desired output is just the edit distance or the length of an LCS, the space required
by the DP algorithm is trivially O(n) as one needs to store just two rows or columns of the
DP matrix. Hirschberg showed how to actually retrieve an LCS within O(n?) time using only
O(n) space [17]. A line of works has improved the complexity of the classic DP algorithm by
factors polylogarithmic with respect to n (see [25, 40, 11, 5, 15]).

While we are the first to consider the dynamic string alignment problem in the general
variant where edits are allowed in any position of either of the strings, already the DP
algorithm is inherently “dynamic” in the sense that it supports appending a letter and
deleting the last letter in either of the strings in linear time. A series of works examined
variants of incremental and decremental LCS and edit distance problems [23, 21, 18]. The
most general of these variants was considered by Tiskin in [32], where he presented a
linear-time algorithm for maintaining an LCS in the case that both strings are subject to
the following updates: prepending or appending a letter, and deleting the first or the last
letter. Tiskin’s solution not only maintains the LCS, but implicitly also the semi-local LCS
information: the LCS lengths between all prefixes of S (resp. T') and all suffixes of T' (resp. S),
as well as the LCS between S (resp. T') and all fragments (substrings) of T' (resp. .S).

One of the main technical contributions of Tiskin in this area is an efficient algorithm for
computing the (min, +) product (also known as distance product) of two simple unit-Monge
matrices [37].2 The algorithm itself and the ideas behind it have found numerous applications
to variants of the LCS and string alignment problems. We refer the reader to Tiskin’s
monograph [32] as well as [33, 34, 35, 31, 36].

On the lower-bound side, Backurs and Indyk showed that an O(n?~¢)-time algorithm
for computing the edit distance of two strings of length at most n would refute the Strong
Exponential Time Hypothesis (SETH) [4]. Bringmann and Kiinnemann generalized this
conditional lower bound by showing that it holds even for binary strings under any non-trivial
assignment of weights cipns, Cger, and cgyp [7] — an assignment of weights is trivial if it allows
one to infer the edit distance in constant time. Further consequences of subquadratic-
time algorithms for the edit distance or LCS problems where shown by Abboud et al. [1];
interestingly, they proved that even shaving arbitrarily large polylogarithmic factors from n?
would have major consequences. In light of the above results, an O(n!'~¢)-time algorithm
maintaining an optimal string alignment of two strings of length O(n) subject to edit
operations seems highly unlikely, as it would directly imply an O(n?~€)-time algorithm for
the static version of the problem.

2 A matrix M is a Monge matrix if M[i,j] + M[i', '] < M[i’, ] + M[i,j'] for all i <4’ and j < j' [26].
An n x n Monge matrix is a simple unit-Monge matrix if its leftmost column and bottommost row
consist of zeroes, while its rightmost column and topmost row consist of subsequent integers from 0 to
n—1 [37].
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Our results and approach. We heavily rely on Tiskin’s work on efficient distance multiplic-
ation of simple unit-Monge matrices and its applications to the string alignment problem.
Specifically for the LCS problem, Tiskin showed that the semi-local LCS information of two
strings of length at most n can be retrieved from an @(n)-size representation as a permutation
matriz Psp. Based on his efficient algorithm for computing the (min, +)-product of two
simple unit-Monge matrices, he showed that given permutation matrices Py 7 and Pg 7/, one
can efficiently compute Pgppr. We formalize this in the preliminaries (Section 2).

In Section 3, we first describe our algorithm for maintaining an LCS of two strings .S and
T in @(n) time per edit operation, and then we extend it to maintaining a string alignment
under integer weights. Our algorithm maintains a hierarchical partition of strings S and T'
to fragments of length roughly 2° for each scale s, 0 < s < logn, and permutation matrices
Ps, 7, for all pairs of fragments (S;,T;) at each scale. Then, upon an update to S or T', we
need to update ©(n/2°) permutation matrices at each scale s. This is in contrast with the
sequential approach of combining the permutation matrices in Tiskin’s work.

In Section 4, we show that efficient data structures for computing distances in planar
graphs outperform the approach outlined above when the alignment weights cannot be
expressed as small integers.

2 Preliminaries

Let T =T[0]T[1]---T[n — 1] be a string of length |T'| = n over an alphabet ¥. The elements
of ¥ are called letters. For two positions ¢ and j in T, we denote by T[i.. j] the fragment
of T that starts at position ¢ and ends at position j (the fragment is empty if ¢ < 7). The
fragment T'[i..j] is an occurrence of the underlying substring T[i]---T[j]. A fragment of
T is represented in O(1) space by specifying the indices i and j. We sometimes denote
the fragment T[i..j] as T[i..j+ 1). A prefiz of T is a fragment that starts at position 0
(T'[0..4]) and a suffiz is a fragment that ends at position n —1 (T'[i..n — 1] or T[i..n)).
A longest common subsequence (LCS) of two strings S and T is a longest string that is a
subsequence of both S and T. We denote the length of an LCS of S and T by LCS(S,T).

» Example 1. An LCS of S = acbcddaaea and T = abbbccdec is abede; LCS(S,T) = 5.

For strings S and T, of length m and n respectively, the alignment graph Gg 1 of S and T’
is a directed acyclic graph with vertex set {v; ; : 0 <i<m,0<j <n}. Forevery 0 <i<m
and 0 < j < n, the graph Ggr has the following edges (defined only if both endpoints exist):

v jVit1,; and v; jv; j41 of length O,

V;,jVi+1,j+1 of length 1, present if and only if S[i] = T'[j].
Intuitively, Ggr is an (m + 1) x (n + 1) grid graph (with length-0 edges) augmented with
length-1 diagonal edges corresponding to matching letters of S and 1. We think of the vertex
vp,0 as the top left vertex of the grid and the vertex vy, , as the bottom right vertex of the
grid. We shall refer to the rows and columns of Gsr in a natural way. It is easy to see that
LCS(S,T) equals the length of the highest scoring path between vy and vy, n in Gg .

We index matrices from 0. Let us define some matrices of interest.

» Definition 2. The distribution matriz o(M) of an m x n matriz M is the (m+1) x (n+1)

matriz satisfying o(M)[i, j] = 3,5, .«; M[r. .

» Definition 3. An n x n binary matriz is a permutation matriz if it has exactly one 1 entry
in each row and each column. Such a matriz can be represented in O(n) space.
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By constructing a 2D orthogonal range counting data structure over the non-zero entries
of a permutation matrix, one obtains the following lemma.

» Lemma 4 ([32, Theorem 2.15]; [9]). An n X n permutation matriz P can be preprocessed
O(ny/logn) time so that any entry of o(P) can be retrieved in time O(logn/loglogn).

Let ¢ be a wildcard letter, i.e., a letter that matches all letters. Tiskin [32] defines an
(m+n+1) x (m+n+1) distance matrix Hgr over Ggomrom so that Hg r[i, j] equals the
hightest weight of a path from v ; t0 Vi m+; in Gsemreom. Note that if j = ¢ — m, then
Hgrli,j] = 0. By convention, if j < ¢ —m, then Hg r[i,j] = j — (i —m) < 0. The matrix
Hg 1 captures so-called semi-local LCS values as follows; see Figure 1 for an illustration.

Les(S[m —i..m),T[0..5)) +m —1 if i <m and j < n,
LCS(S[0..m+n—j),T[i—m..n))+j—n ifi>mandj>n,
Les(Sm—i.m+n—3),T)+m—i+j—n ifi<mandn+i>j>n,

Hgrli,j] =

rli-J] m ifn+i<y,
LCS(S,T[i —m..j5)) ifi>mandi—m<j<n,
jAm—i if j <i—m.

wed O O O . a b c a b ¢ ¢ ¢ ¢
*—o o *—o ® ® L B -
T , T T

V14

BENE .\",

U’m,2m+n

b
L
C

Figure 1 The figure illustrates how Hg 1 captures semi-local LCS information for S = abac and
T = abcab. We have m = 4 and n = 5. The value Hg r(i,7) captures the length of the highest
scoring path from the i-th blue node to the j-th red node in the above figure (in the left-to-right
order). The underlying idea is that when there are wildcards ¢ involved, one may always choose to
use the diagonal edges corresponding to them and then fill in the rest of the path. Let us analyze
one of the cases thoroughly, the analysis of the other cases is analogous.

The highest weight of a path from wvo 3 to vs4 446 is 4, which corresponds to Hs 1(3,6) =4 =

LCS(S[4—3,9—6),T)+4—34+6—5=LCS(S[1,2],T) + 2 (case 3 of the equation above). The

highest scoring path (in black), after trimming diagonal edges corresponding to wildcards, yields

a highest scoring path from v1,4 to vs4y5. Its weight indeed corresponds to LCS(S[1..2],T) = 2.

The vo,2-t0-v4,443 highest scoring path (in green) illustrates case 1 of the equation above:
Hsr(2,3) =4=1CS(S[4—2..4),T[0..3)) +4 —2=1LCS(S[2..3],T[0..2]) + 2.

The vo,s-t0-v4,4+8 highest scoring path (in orange) illustrates case 2 of the equation above:
Hsr(8,8) =3=LCS(S[0..9—-8),T[8—4..5)) + 8 — 5 =LCs(S[0], T[4]) + 3.

The vo,6-t0-v4,4+4 highest scoring path (in magenta) illustrates case 5 of the equation above:
Hsr(6,4) =1=1LCS(S,T[6 —4..4)) =LCS(S,T[2..3)).
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» Remark 5. Let us try to provide some extra intuition by considering the indel distance, for
which we get a more uniform formula. The indel distance of two strings, denoted §(S,T), is
the minimum number of insertions and deletions that are needed to transform S to 7. In
other words, §(S,T) = |S| + |T'| — 2LCS(S,T). Then 2m + j — i — 2Hg r[i, j], which can be
interpreted as the number of length-0 edges on the highest scoring path from vg; to Vi m+j
in Ggem7om, admits a more uniform formula:

0(S[m—1i..m),T[0..7)) ifi<mandj<n,

0(S[0..m+n—34),T[i—m..n)) ifi>mandj>n,
dmtj—i—2Hs i, j] = (?(S[.m—z'..m+nfj),T) %figr‘nan’d n+i>j>mn,

j—i ifn4+1i<y,

0(S,Tli —m..j)) ifi>mandi—m<j<n,

i—j if j <i—m.

We now return to the LCS problem. Tiskin shows that the (n +m) x (n 4+ m) matrix
Pg 7 defined as

Psrli,jl = Hsrli,j] + Hsrli + 1,5 + 1] = Hsrli + 1, j] — Hsrli, j + 1], (1)

is a permutation matrix and satisfies Hg r[i,j] = j +m —i — o(Ps,r)[i, j]. Note that for
constant-length strings S and 7', the matrix Pgr can be computed naively in constant time
from Hg . Conversely, each entry of Hg p can be retrieved in time O(log(n+m)/loglog(n+
m)) after an O((n + m)+/log(n + m))-time preprocessing of Psr by Lemma 4. Crucially for
our approach, Tiskin shows the following result.

» Theorem 6 ([32, Theorem 4.21]).

(a) Given Psr and Psp: for three strings S,T,T", each of length at most n, one can compute
Ps rr: in O(nlogn) time.

(b) Given Pr s and Py g for three strings S, T,T’, each of length at most n, one can compute
Pryr g in O(nlogn) time.

Actually, only part (a) of the above theorem is stated explicitly in [32]. Part (b) can be
derived by symmetry as follows. One can check using the characterization of Hg r in terms
of the semi-local LCS values that Hg r[i,j] = Hrs[n+m—i,n+m—jl+m—i+j—n;
see [32, Lemma 4.14]. In particular, this means that Hg p can be obtained from Hyp g by first
performing a 180-degree rotation and then off-setting the values in every row i by m — i and
the values in every column j by j —n. This, in turn, means that Pr g can be obtained from
Ps 1 just through a 180-degree rotation, as the offsets are cancelled out in the computation
of Pgrli,j] from Hr g; see (1). Thus, we can rotate Pr g and Py g to obtain Pgr and
Ps 1/, compute Ps 7 using Theorem 6(a), and then rotate Ps 7 to obtain Prrps g.

3 Main Algorithm

We show how to maintain the permutation matrix Pgp in O((m + n)log(m + n)) time per
update when the strings S and T undergo substitutions, insertions, and deletions of single
letters. Within the stated update time we can recompute the orthogonal range counting
data structure that allows us to report, in O(log(m + n)/loglog(m + n)) time, any element
of the matrix Hg 7.
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The high-level idea is to maintain the permutation matrices P4 p for fragments A of S
and B of T, at exponentially growing scales. Local changes to S and T, such as substitutions,
insertions, and deletions, only affect a single fragment at each scale. We can therefore
use Theorem 6 to recompute the affected matrices efficiently in a bottom-up fashion.

We first describe the maintenance of a data structure that can only support substitutions
in order to demonstrate the general approach. We will then describe how to also support
insertions and deletions.

3.1 Supporting Only Substitutions

We can assume that both S and T are of length n and that n is a power of two; otherwise,
we pad S with § characters and T with # characters such that $ # # and neither $ nor # is
in the alphabet. We define logn + 1 scales, where at scale s, each of S and T is partitioned
into non-overlapping fragments of length 2°. At every scale, and for every pair of fragments
S; and T; of S and T, respectively, we store the permutation matrix Pg, 7, corresponding to
Hg, 1,. At scale s, there are (n/2%)? matrices, each stored in O(2%) space. Thus, the overall
space required by the data structure is O(n?). Building the data structure in a bottom-up
manner requires time Y%7 (n,/2%)% - 25 . s = O(n?) by Theorem 6.

Suppose, without loss of generality, that a letter of S is substituted (the other case is
symmetric). We work in order of increasing scales s = 0,1,...logn. Let S; be the unique
fragment of S in scale s that contains the substituted letter. We recompute the matrices
Ps, T, for each one of the n/2° fragments T} of T" at scale s. At scale s = 0, both S; and T}
consist of single letters, and we recompute the constant-size permutation matrices Ps, 7, from
scratch in total O(n) time. (In fact, there are only two types of matrices, one corresponding to
the case that the letter S; matches the letter T}, and the other corresponding to a mismatch.)
To recompute a matrix Pg, 7, at scale s > 0, let S;, S}’ be the two fragments of S at scale
s — 1 such that S; = S}S}’. Similarly, let T}, T} be the two fragments of T" at scale s — 1 such
that T = T/T}'. We repeatedly apply Theorem 6 to PS’;,T](» PSi’TJ{/, PS;’,TJ(; Ps;/,T;' to obtain
Ps, 1, in O(s - 2°) time. Thus, the total time to update all affected permutation matrices at

all scales (and, in particular, to obtain the matrix Ps r) is ZISCEO" 2 .5.2°=0(nlog’n).

3.2 Supporting Insertions and Deletions

To support insertions and deletions we use the same approach. However, as each update
increases or decreases the length of the string it is applied to, we can no longer use fixed-
length fragments at each scale. At each scale s, we maintain a partition of each string into
consecutive fragments, each of length between % -2% and 2 - 2%, such that the partition at
scale s is a refinement of the partition at scale s + 1. Let us denote by R, (resp. Cs) the
partition of S (resp. T') at level s. We only describe the process for S; the string T is handled
analogously. The refinement property for R, can be stated formally as follows. For any s’ > s,
for each fragment Sfa..b] € Ry there exists a fragment S[a’.. V'] € Ry with o/ <a <b < V.
We maintain each R as a linked list of the fragments, which are represented by their start
and end indices, sorted by the start indices in increasing order. Upon an update in S, we
update the partitions in a bottom-up manner.

Let us first describe how to insert a letter in S after the letter at position k. We first
scan Ry for all s and increment by 1 all the start indices that are greater than k£ and all the
end indices that are at least k. This way, the newly inserted letter is assigned to a unique
fragment in each partition. Then, we process the scales in increasing order, starting from
scale 0. If the fragment Uy € Ry that contains the newly inserted letter has just become of
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length greater than 2 -2° = 2, then we split Uy into two fragments of length at most 2. Note
that this potential split does not violate the refinement property. Then, we proceed to the
next scale. Generally, at scale s, if the length of the fragment Us € R that contains the
newly inserted letter does not exceed 2 - 2°, we just proceed to the next scale. Otherwise,
we need to make adjustments, ensuring that the refinement property is not violated. Note
that, if |Us| = 2-2% + 1, then, since fragments at scale s — 1 have been already processed and
respect the length constraint, the refinement property implies that U, is the concatenation
of at least three (and at most nine) fragments Vi, Va,...,V; at scale s — 1. Let the middle
letter of Us belong to V;. Then, either 3° _;[Vy| >2%/4 or 3  _; |Vy| > 2°/4; let us assume
without loss of generality that we are in the first case. We replace U at scale s by Vi ---V;_4
and V; - -- V4. If such a replacement happens at the highest scale s (with Us = S), then we
create a new level s + 1 with Ryy; = {Us} = {S}. Note that the refinement property is
maintained and the whole procedure requires O(m) time.

We now treat the complementary case of deleting S[k]. Again, we first scan R; for all
scales s and decrement by 1 all the start/end indices that are at least k — ensuring that
none of them becomes negative. If some fragment becomes of length 0, then we remove
it. We again process levels in increasing order. Suppose that the fragment Us € R, that
contained the deleted letter has just become shorter than i - 2%, If Ry is the top level of
the decomposition, then we simply remove this level. Otherwise, consider the fragment
Ust1 € Rsy1 that contains Us. Note that, 1 < |Ug| = % - 2% — 1 implies that the length
|Us| + 1 of the fragment corresponding to Us prior to the deletion is smaller than i .25+l
and hence |Usy1| > |Us|. Thus, there exists a fragment V' at scale s that is adjacent to
Us and is also a subfragment of Usyi. Let us assume without loss of generality that V'
lies to the right of Us; — the other case is symmetric. If |V] < % - 2% then we can just
replace Ugs and V in Ry by their concatenation, UsV. Otherwise, let the first element of
the decomposition of V at scale s — 1 be X. In this case, we can replace Ugs and V in Ry
by UsX and Y = V[|X]|..|V|—1], since § -2° < |U;X| < §-2°+2-2°"!1 <2.2% and
1.29 < T.925—2.2571 < |V| - |X| = |Y| < |[V| <2-2° The refinement property is
maintained and the whole procedure requires O(m) time.

We maintain P4 p for each pair of fragments (A, B) € Rs; x Cs at scale s. In the case
that R, simply consists of S at scale s, while T is still fragmented, we consider R; for any
j > s to simply consist of S. (Symmetrically for the opposite case.) The number of pairs of
fragments that are affected at scale s is O((n + m)/2%). We compute P4 g, for each such
pair (4, B), using a constant number of applications of Theorem 6 in O(s - 2°) time. Thus,
the total time to handle scale s is O((n + m)s) and the total time to handle all scales is

O((m + n)log?(m + n)).

» Remark 7. Deletions of fragments of either of the strings can also be processed within the
same time complexity with a straightforward generalisation of the above process.

Obtaining the longest common subsequence. We now describe how one can obtain the
longest common subsequence, and not just its length, within @(n + m) time. Let us consider
the following auxiliary problem: given some pair of fragments S;, T; at scale s > 0, compute
the longest common subsequence of either some prefix of S; (resp. Tj) and some suffix of T
(resp. S;), or some fragment of S; (resp. T;) and T; (resp. S;). Consider the refinement, at
scale s — 1, of S; to U, ..., Uy and of T; to V4,...,V,. Let Gg 1 (S[i1 .. 42], Tj1 - - j2]) be the

subgraph of Gg r induced by the set of vertices {vy js 1 i1 <4/ <ig+ 1,51 < j < jo+ 1}

Our aim is to decompose the highest scoring path in scope (say vqp-to-vc,q) into subpaths,
each lying entirely on some Gg r(U,,V;). We can then apply this procedure recursively.
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Ps, 1, was obtained from the k x £ matrices Py, v, through some order of applications
of Theorem 6. We can store such intermediate matrices, preprocessed as in Lemma 4, without
any extra asymptotic cost in the complexities. We refine the path by considering the reverse
order. For clarity of presentation, let us assume that k = £ = 2 and the intermediate matrices
were Py, v, and Py y,,v,. We can decompose the path to at most two subpaths, one lying
entirely on J; = Gg,r(U1Uz, V1) and one lying entirely on Jy = Ggr(U1Us, V). The case
that both v, and v 4 lie on one of J; or Jy is trivial. In the other case, we wish to find
a node that lies on both J; and J and is on the path. To this end, we query Py, v,
(vesp. Py,u,,v,) for the length of the highest scoring v, p-to-u (resp. u-to-v. 4) path for all
nodes u that belong to both J; and Jo. Using Lemma 4, this can be done in O(2° - s/ log s)
time (for s > 0). Any u for which the sum of these values equals the length of the highest
scoring vg ,-to-v. q path is a valid vertex to decompose the path. We then recurse, further
refining the path. Note that the v, p-to-v. 4 path gets decomposed into O((n +m)/2°%) pieces
at scale s, for all s. Hence, by summing over all scales, the total time required for applying
this procedure is O((n + m)log?(n + m)).

Fragment-to-fragment LCS queries. Our data structure also enables us to answer queries
of the type LCS(S[iy . . i2], T[j1 . . j2]) in time O(n+m) (in fact, in time O(1+1iy —iy +jo—7j1)).
Note that G 7(S[i .. 2], T[j1 - - jo]) can be decomposed in O(n +m) time to multiple pieces
Ggsr(U,V), overlapping at their boundaries, such that U and V are of the same scale and
there are O((n + m)/2°) pairs (U,V) of scale s. This can be done, intuitively, using a
greedy approach, that each time uses a piece from the largest possible scale. One can also
think of this as extending a rectangle using a constant number of layers consisting of pieces
corresponding to pairs of strings at scale s, in order of decreasing s. Finally, a repeated
application of Theorem 6 yields the claimed result.

3.3 Extension to String Alignment Under Integer Weights

Let us now consider the problem of computing an alignment of two strings S and T, under
integer weights Watch, Wmis and Wyqp — one may assume that 2wWmateh > 2Wmis > Wyap [32].
In this problem, the goal is to compute a highest scoring path from vg ¢ to v, in the following
modification és,T of Gg,r. Edges of the form v; jv;41,; and v; ;v; j41 have weight wyqp,
while edges of the form v; jv;11,j+1 have weight wp,qien if T[] = S[i] and w,y;s otherwise.
Tiskin shows in Section 6.1 of his monograph [32] that the alignment problem between
strings S and T', can be reduced to the LCS problem between strings S’ and T”, obtained as
follows. First, replace every letter a in S or in T by the string $#a”~#, where $ € ¥ and

ﬁ _ Wmis — 2wgap
14

Wmatch — 2wgap

Then, if one defines matrix H. 5,7 over CA?S,T analogously to the definition of Hg 1 over G r,
we have that Hg r(i, ) = L Hg 1 (vi,vj).

We maintain the same information as in the previous subsections, making sure that each
fragment of each partition is a multiple of v. At scale 0, we have only two options about how
P4 p can look like, despite it being a v x v matrix; its structure only depends on whether
A = B or not. We precompute such possible P4 p’s. This way, upon an update on S or T,
updating scale 0 requires O(nv) time. At every other scale, the total length of the involved
strings has just blown up by a v multiplicative factor and hence the total update time is
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O(nv logz(nu)). The same reasoning shows that the preprocessing time is

logn 2
nw
O <§ : ( ) .25 - 10g(28w)> = (’)(anlognlog w).

= 25w
We summarize the results of this section in the following theorem.

» Theorem 8. Given two strings S and T and integer weights Wmatch, Wmis 0Nd Wgap,
bounded by w, the alignment score of S and T as they undergo insertions, deletions and
substitutions of letters can be maintained in O(nw logQ(nw)) time per operation after
an O(n*wlognlogw)-time preprocessing. The actual alignment can be retrieved in time
O(nwlog?(nw)). In addition, the following queries are supported:

the score of any semi-local string alignment can be computed in O(log(nw)/loglog(nw))

time,

the score of any fragment-to-fragment alignment can be computed in O(nw) time.

4 Handling Large Weights

In this section, we describe an algorithm for string alignment that only relies on the planarity
of G s,7- This algorithm outperforms the one from Theorem 8 when the alignment weights
cannot be transformed to integers bounded by (roughly) /n.

Instead of computing a highest scoring path, we can reduce the problem to computing a
shortest path in the alignment DAG. Given Wmatch, Wmis and Wyqp, we define w), ... =0,
W ie = Wmateh — Wis and w;ap = %wmamh — Wyqp. Then, a shortest path with respect to
the new weights (of length W), corresponds to a highest scoring path with respect to the

original weights (of score % (m + n)wmaten — W).

4.1 Data Structures for Planar Graphs

Let us first introduce some data structures for shortest paths in planar graphs.

MSSP. The multiple-source shortest paths (MSSP) data structure of Klein [22] represents
all shortest path trees rooted at the vertices of a single face f in a planar graph G of size n
using a persistent dynamic tree. It can be constructed in O(nlogn) time, requires O(n logn)
space, and can report the distance between any vertex of f and any other vertex in G in
O(logn) time. The actual shortest path p can be retrieved in time O(ploglogn), where p is
the number of edges of p.

FR-Dijkstra. Let us consider a subgraph P of a planar graph G, and a face f of P. The
dense distance graph of P with respect to f, denoted DDGp,; is a complete directed graph on
the set of vertices F' that lie on f. Each edge (u,v) has weight dp(u,v), equal to the length
of the shortest u-to-v path in P. DDGp ¢ can be computed in time O((|F|? + |P|)log | P|)
using MSSP. In their seminal paper, Fakcharoenphol and Rao [12] designed an efficient

implementation of Dijkstra’s algorithm on any union of DDGSs — it is nicknamed FR-Dijkstra.

The algorithm exploits the fact that, due to planarity, certain submatrices of the adjacency
matrix of DDG p ¢ satisfy the Monge property. We next give a — convenient for our purposes
— interface for FR-Dijkstra, which was essentially proved in [12], with some additional
components and details from [20, 27].
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» Theorem 9 ([12, 20, 27]). Given a set of DDGs with O(M) vertices in total (with
multiplicities), each having at most m vertices, we can (independently) preprocess each DDG
with k vertices in time and extra space O(klogk), so that, after this preprocessing, Dijkstra’s
algorithm can be run on the union of any subset of these DDGs with O(N) vertices in total
(with multiplicities) in time O(N log N logm).

» Remark 10. For an improvement in the logarithmic factors of Theorem 9 see [13].

4.2 Direct Application to String Alignment

Our approach is essentially the same as the one for dynamic distance oracles in planar graphs
due to Klein [22], with extensions in [19, 20, 10]. We want to maintain a data structure that
enables us to compute the length of the shortest vg o-to-vy, , path. However, instead of a
single update to the graph, we have a batch of O(m + n) updates for each update to one of
the strings. We rely on the fact that the updates to the graphs are clustered in a constant
number of rows/columns of CA?&T in order to process them more efficiently compared to
simply using dynamic distance oracles for planar graphs in a black-box manner.

Let us consider a partition of Gg7 into O((n/r)?) pieces of size O(r) x O(r) each. We
consider the vertices that lie on the infinite face of each piece as its boundary nodes. Then, as
each piece has O(r) boundary vertices, the total number of boundary vertices is O(n?/r). We
compute the MSSP data structure and the DDG for each piece with respect to its outer face.
Note that the shortest path from vg o to vy, , can be decomposed to subpaths p1, ..., py such
that each p; lies entirely within some piece P; and p;’s endpoints are boundary nodes of P;.
Thus, we can compute the length of the shortest vg o-to-vy, , path by running FR-Dijkstra
from vg ¢ in the union of all DDGs in O(n?/r) time. In order to retrieve the actual shortest
path, we can refine the DDG edges of the shortest vg g-to-vyy, , path to the actual underlying
edges using the MSSP data structures for the respective pieces.

Each update to one of the strings affects a constant number of rows or of columns of
the original matrix and these are covered by O(n/r) pieces. The MSSP data structures and
DDGs for these pieces can be recomputed using MSSP and preprocessed for efficient shortest
path computations in @(% -72) = O(nr) time. The balance is at n?/r = nr, which yields
r = \/n, so the time per operation is O(n?/2). If a piece grows (resp. shrinks) too much, we
break it into two pieces (resp. merge it with an adjacent piece and split in the middle) and
recompute and preprocess the DDGs for the affected pieces. We obtain the following result.

» Theorem 11. Given two strings S and T and alignment weights Wmatch, Wmis, and Wyap,
the optimal alignment of S and T as they undergo insertions, deletions, and substitutions of
letters can be maintained in O(n3/?) time per operation after an O(n?)-time preprocessing.

5 Final Remarks

There has been a recent series of breakthrough papers on approximating the edit distance
and length of the LCS, see e.g. [3, 2, 8, 16, 14, 6]. It is natural to ask about the maintenance
of an approximation of the edit distance or LCS in the setting of dynamic strings.
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The edit distance (a.k.a. the Levenshtein distance) between two words is defined as the minimum
number of insertions, deletions or substitutions of letters needed to transform one word into another.
The Levenshtein k-neighbourhood of a word w is the set of words that are at edit distance at most
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1 Introduction

BLAST (Basic Local Alignment Search Tool) is a widely-used tool for comparing biological
sequences such as the amino-acid sequences of proteins or the nucleotides of DNA or RNA
sequences. A BLAST search enables to compare a subject sequence, called a query, against a
database of sequences to identify the ones that resemble the query sequence above a certain
threshold. The paper describing BLAST [1] is one of the most highly cited papers in science.

According to Myers [8], the most important algorithmic idea underlying BLAST is that of
searching for exact matches to words in the neighbourhood of fixed-length fragments selected
from the query sequence. We call these fragments words. Let 0 be a sequence comparison
measure that given two words v and w returns a numeric measure 6(v, w) of the degree to
which the two words differ. Given a word w, the k-neighbourhood of w with respect to §
is the set of all words whose best alignment with w under measure ¢ is no more than k.
The most widely-used case is where ¢ is the edit distance (a.k.a. the Levenshtein distance),
which is the minimum number of insertions, deletions or substitutions of letters needed
to transform one word into another [6]. When § is the Levenshtein distance, we call this
neighbourhood the Levenshtein k-neighbourhood of w and we denote it by N s (w), where ¥
is the considered alphabet. We provide an example below.

» Example 1 (Levenshtein k-neighbourhood). Let w = baab, k = 1 and ¥ = {a,b}. Then
N; x(baab) is:

{bbab, bbaab, babb, bab, babab, baab, baabdb, baaba, baa, baaa, baaab, abaab, aab, aaab}.

From an algorithmic point of view, the most natural question is how we can generate the
Levenshtein k-neighbourhood in time that is proportional to the size of the neighbourhood.
In fact, this is the core computational task underlying BLAST. Myers described an algorithm
for generating a condensed version of this neighbourhood efficiently (see [8] for more details).
Another natural question is how we can compute the size of the Levenshtein k-neighbourhood.
Touzet gave an algorithm for computing | Ny x(w)| for a word w of length n over an alphabet
Y that works in time linear in n but exponential in k [11]. This algorithm is based on a
variant of the so-called Universal Levenshtein Automaton [7], which in turn is based on the
Levenshtein automaton of w: the non-deterministic finite automaton recognising all words
which are at Levenshtein distance at most k from w. For other related works, see [2, 3, 9, 10].

From a combinatorial point of view, the most natural question asks for upper and lower
bounds on the size of the Levenshtein k-neighbourhood. Myers provided recurrences for
counting the number of distinct sequences of k edit operations that one could perform on a
given word and notes that “such bounds would give a tighter characterisation of the running
time of the algorithm” behind BLAST [8]. A word is called unary if it consists of a single
element of ¥. The main result of this work can be formally stated as follows.

» Theorem 2. Let a € X be an arbitrary element of alphabet ¥. For any positive integers n
and k, we have [Ny x(a™)| < |Ngs(w)l|, for any non-unary word w of length n.

The course of our proof is to construct, for every word u € Ny x»(a™), a distinct word
u’ € Ni »(w) that can be obtained by a similar sequence of edit operations. In particular,
we show that, for any n, k, and X,

Ny xs(a™)] =Zk: Zk: (njj)(a—l)i

i=0 j=i—k
is the size of the smallest Levenshtein k-neighbourhood of a word of length n, where a € %
and o = |X|. We remark that our main result was posed as a conjecture by Dufresne in [5].
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Organisation of the Paper. The basic definitions and notation used throughout are in-
troduced in Section 2. In Section 3, we present the main result of this work for binary
alphabets — apart from the strictness of the inequality. We then generalise this result to
arbitrary alphabets in Section 4 and prove the strictness of the inequality directly in this
more general case. We conclude this paper in Section 5 with some final remarks.

2 Preliminaries

An alphabet ¥ is a finite non-empty set of size o = |X| whose elements are called letters. A
word over X is a sequence of letters from X. We call a word w unary if it consists of a single
letter of ¥ and non-unary if it consists of at least two letters of X. X" denotes the set of
words of length n over ¥ and ¥* denotes the set of finite words over X. For a word w, by |w|
we denote its length, and by w[i], for ¢ = 1, ..., |w|, we denote its subsequent letters. The
word of length 0 is the empty word, which we denote by ¢.

We consider the following elementary edit operations: insertion, deletion, and substitution.
For two words z and y, we define the edit distance (a.k.a. the Levenshtein distance) as the
minimum number of edit operations that transform z to y, and we denote it by Lev(z,y).
The function Lev is then a metric on ¥* [4].

Given a word w, an alphabet 3, and a positive integer k, we define Ny s (w) as the set of
all words in ¥* that are at Levenshtein distance at most k from w. Formally, we have that

Nis(w) ={ve X : Lev(v,w) < k}.

We call Nj x(w) the Levenshtein (k,X)-neighbourhood of w.

For any binary alphabet ¥, we define the complement of a word w over ¥ as the word
obtained by substituting w[i] for letter a # w[i], with a € ¥, for all i = 1,.. ., |w|. We denote
the complement of w by w and we call a single such substitution operation a flip.

3 Main Result for Binary Alphabets

In this section we consider ¥ = {a, b}, write Ny (w) and refer to Levenshtein k-neighbourhood
for simplicity. We present the main result but do not show the strictness of the inequality.
We generalise this result to an arbitrary alphabet > and show the strictness in Section 4.

Let Nj(w) = {u € Ny (w) : [u| = j}. Further let #,(u) denote the number of a’s in word
u. We illustrate the main ideas of our approach on a simple case and first consider the words
of the neighbourhood that are of length at most n.

» Observation 3. Any u € Ni(a™) with |u| < n can be obtained from a™ by the following
sequence of at most k edit operations: n — |u| deletions of a’s in the beginning of a™ followed

by a sequence of |u| — #4(u) flips.

» Example 4. Let w = aaaa and k = 2. Then u = aba € Nz(aaaa) can be obtained from
aaaa by deleting n — |u| = 1 letter a to obtain aaa and then by |u| — #,(u) = 1 flip to obtain
aba.

Intuitively, the size of the set Ng(a”) is equal to the number of subsets of {1,...,j} of
size at most k — (n — j); n — j is the number of deletions and k — (n — j) the number of flips.

» Lemma 5. If j <n, then \Ng(a")| < |N,g(w)| for allw e ™.

10:3
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Proof. We use the characterisation of Observation 3. Let us argue why |V, ,g (w)], for any
word w of length n, is at least as big as |N,z(a")|. Consider the following procedure applied
on word w: the deletion of the first n — j letters of w followed by the flipping of at most
k — (n —j) letters. Clearly all words obtained by this procedure are distinct. This procedure
thus gives us a subset of N/ (w) that is of size equal to | N (a™)|. <

Let us now consider the case of the words of the neighbourhood that have length greater
than n. In particular, we denote the neighbourhood J N} (w) of these words by N " (w)
i>n
and thus N="(w) = Ny (w) \ N7 (w). For a word u € N (a™), we distinguish between two
cases depending on the number of a’s in u:

Case 1: #,(u) > n,
Case 2: #,(u) <n

The following observation states that in each case the word u € N;”"(a™) can be obtained
by a restricted sequence of edit operations.

» Observation 6.

(1) Any ue N7 (a™) with #4(u) > n can be obtained from a™ by the following sequence of
at most k edit operations: #4(u) — n insertions of a’s in the beginning of a™ followed by
a sequence of |u| — #4(u) insertions of b’s.

(2) Any u e N7 (a™) with #4(u) < n can be obtained from a™ by the following sequence of
at most k edit operations: n — #,(u) flips followed by a sequence of |u| — n insertions of
b’s. The insertions can be restricted to the part of the word after the rightmost flip.

» Example 7. Let w = aaaa and k = 2. For Case 1, u = aaaaba € N3 "(aaaa) with
#4,(u) =5 > n =4 can be obtained by #,(u) —n = 1 insertion of a in the beginning of aaaa
to obtain aaaaa and then by |u| — #,(u) = 1 insertion of b to obtain aaaaba. For Case 2,
u = aabab € N5 "(aaaa) with #,(u) =3 < n =4 can be obtained by n — #,(u) = 1 flip to
obtain aaba and then by |u| —n =1 insertion of b to the right of the flip to obtain aabab.

Intuitively, in Case 1, we insert the relevant number of a’s to reach #,(u) because we
have fewer a’s than needed, and then insert the relevant number of b’s. In Case 2, we flip the
relevant number of a’s to go down to #,(u) because we have more a’s than what is needed,
and then insert the remaining b’s to the right of the rightmost flip.

Proof Strategy. Let u be an arbitrary element of Nj(a™), for some positive integers n and
k. We define a function f, : ¥X™ — 3*, such that:

1. fu(w) € Ni(w), for all w € ¥"; and

2. Given w and f,(w) we can retrieve u.

Such an f, directly yields the desired bound (apart from the strictness) since it implies that
for any word w we cannot have f,(w) = fu/(w) for u,u’ € Ni(a™),u # «'. In particular, we
have that | Ny (a™)| < |Ni(w)| for any w € X"; see Table 1 for a complete example.

Note that for [u| < n we already used the same idea to lower bound |NZ="(w)| by
\Nkﬁn(a")|. Indeed, we implicitly defined f,(w) for u € N,CS"(a”) that consists in removing
the first n — |u| letters of w, resulting in a word w’, and then flipping the letters of w’ at
positions j where u[j] = b (see Lemma 5).
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Table 1 Let n = 3, w = aab and k = 2. The table presents an assignment f, from every word in
N2(a?) to a different word in N2 (aab) that is used in the proof of the main result. Note, however,
that as per Theorem 2 there is at least one more word in N2 (aab), namely, the word a.

(@) fu for u e N33(a®). (c) fu for #a(u) > 3 (Case 1).
u € N53(a®) | fu(aab) u € N;3(a®) | fu(aab)
a b aaaa aaab
aa ab aaab aaba
ab aa aaba aabb
ba bb abaa abab
aaa aab baaa baab
aab aaa aaaaa aaaab
aba abb aaaab aaaba
abb aba aaaba aaabb
baa bab aaabb aabaa
bab baa aabaa aabab
bba bbb aabab aabba
aabba aabbb
(b) fu for #4(u) < 3 (Case 2). abaaa abaab
abaab ababa
ue N;S(a?’) fu(aab) ababa ababb
aabb aaaq abbaa abbab
abab abba baaaa baaab
abba abbb baaab baaba
baab baba baaba baabb
baba babb babaa babab
bbaa bbab bbaaa bbaab

Definition of f,,. Let us start by introducing the following edit operation on a non-empty
word w. It takes as input parameters an integer j € [1, |w|] and a positive integer .

ins-diff(w, j,t) : inserts a block of length ¢ of letters equal to w[j] after the letter w[j] (1)

See Figure 1 for an illustration of operation ins-diff(w, j, t).

bbb a a b b
[ A A A
a a a b b a a

Figure 1 For every position j of w = aaabbaa (bottom), the letter (top) of which a block inserted
by ins-diff(w, j, 1) after position j would comprise.

In what follows, we assume that all insertions are with respect to the original indices of
w. This can be achieved, for example, by performing insertions in a right-to-left manner
when they are given as an ordered batch. Before providing the definition of f,, we define
two auxiliary operators g, and h,, for a word =x.

Let us start with g,. For any word x starting with a, we define an operator g, that can be
applied to any word y such that |y| = #4(x). Intuitively, to construct word g, (y), the letters
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of y get in g.(y) the positions that letters a possess in x, and for every mazimal block of b’s
in between in x, i.e. a block consisting of only b’s that is neither preceded nor succeeded by
a b, we apply an ins-diff operation on y. Specifically, we define g, (y) = v as follows: starting
with v = y, for each maximal block z[r..r + ¢t — 1] of ’s in z, with #,(z[1..r —1]) = m,
perform ins-diff(v,m,t). Note that |g,(y)| = |x|; see Example 8.

» Example 8. Let x = aababbababaab and y = aaabbaa; note that #,(x) =7 = |y|. We
have ¢, (y) = v = aababbbabaaab; see also the figure below and recall that we perform this
procedure from right to left. Starting from v = y, for the first maximal block z[r..r+t—1] =
x[13..13] = b with #,(z[1..7 — 1)) = #4(z[1..12]) = m = 7, we perform ins-diff(v, 7,1),
which constructs aaabbaab. For the next maximal block z[r..r + ¢t — 1] = 2[10..10] = b
with #4(2[1..7r — 1]) = #4(z[1..9]) = m = 5, we perform ins-diff(v, 5, 1), which constructs
aaabbaaab. For the next maximal block z[r..r+t—1] = z[8..8] = b with #4(z[1..7r—1]) =
#a(z[1..7]) = m = 4, we perform ins-diff(v, 4, 1), which constructs aaababaaab, and so on.

v |alla] b[a] b b lal b la]b[al[a] b
y: a a a b b a a
9z (y) : a a b a b b b a b a a ad

For any word x, we also define an operator h, that takes as input a word y of length |z|
and flips its letters on positions in which z has b’s.

We are now in a position to define f,(w), for all w € £". Recall that u € N " (a™). We
have the following two cases for f.

Case 1: #,(u) > n. Let us split u in its shortest suffix s that contains n a’s and the
remaining (possibly empty) prefix p. We then define f,(w) for words u and w in this case as
follows (see Example 9):

fu(w) =p - gs(w). (2)

» Example 9. Let w = aaabbaa and k = 4; note that n = 7. If u = abaaaaaabaa, then
#a(u) =9 > n, so we are in Case 1. We have p = aba and s = aaaaabaa is the shortest suffix
that contains n = 7 occurrences of the letter a. Then f,(w) is constructed by concatenating
p with the word gs(w) as shown in the figure below.

v o ofdddE] s [d

w a a a b b a a

fu(w) : a b ala aa b b aaa

Case 2: #4(u) < n. In this case we split v in its shortest suffix s’ that contains |u| —n
b’s and the remaining prefix p’. Note that p’ is always non-empty. We then define f,(w) for
words « and w in this case as follows (see Example 10):

fulw) = hy (') - go(w)[|p'| + 1. |uf], where 2 = a”'ls" and w’ = w[1..|p'|]. (3)
In particular, #,(z) = || — #p(z) = |u| — (Ju] — n) = n, and so applying g, is well-defined.

» Example 10. Let w = aaabbaa and k = 4; note that n = 7. If v = aababbaab, then
#.(u) =5 < n, so we are in Case 2. We have p’ = aabab and s’ = baab is the shortest suffix
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that contains |u| —n = 2 occurrences of letter b. Then f,(w) is constructed by concatenating
two words: the first one is hy, (w'), where w’ = w1l .. |p'|]; and the second one is composed
of the final |s'| letters of g,(w), where x is the word obtained from u by changing the first
n — #4(u) = 2 occurrences of b to a as shown in the figure below.

Uu: a a b a blb a a
v: alla]lalla][a] b @@
w: a a a b b a a
9o (w) : a a a b
By (W) a a b b a
fu(w) : b b ala a a b

In Table 1 we provide a complete example of applying f,,, for each u € Ni(a?), to w = aab.
Let us now show the following fact.

» Fact 11. |f,(w)| = |u| and Lev(w, f,(w)) < Lev(a™, u).

Proof. The first part can be readily verified. As for the second part, one can obtain f,(w)
from w by the same sequence of edit operations (types and positions) that yield v from a™,
according to Observation 6. <

We next prove the main lemma on which our main result relies. A pseudocode imple-
menting the algorithm used in the proof of this lemma can be found as Algorithm 1. Note
that by considering a’s as 0’s and b’s as 1’s, we have that h,(y) ® y = x, where ® denotes
the XOR operation. Consider, for instance, z = aabab, y = aaabb and h,(y) = aabba.

Algorithm 1 RETRIEVE(w, fu(w)) for ¥ = {a, b}.

Input: Two words w and f, (w).
Output: A word u.

1: u<¢

2: ky |U}‘

3: ko | fu(w)]

4: while ky > k1 and k; > 0 do

5: if wlk1] = fu(w)[k2] then

6: ki +— ki —1

7 prepend(a, u)

8: else

9: prepend (b, u)

10: ko +— ko —1

11: if k; = 0 then \\ k2 > 0; Case 1 with p # ¢
12: prepend( f, (w)[1.. ko], u)

13: else \\ k1 = kq; Case 2 (or Case 1 with p = ¢)
14: prepend(w[l.. k1] ® fu(w)[l..ks],u)

15: return u

» Lemma 12. Let u be an arbitrary element of N ™(a™), for some positive integers n and
k. Given w and fy(w), for any w € ™, we can retrieve u.
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Proof. Let us note that, as we only had insertions and flips of letters, conceptually for each
position in w there is a corresponding position in f, (w). The correspondence is given by
ignoring the letters of f,(w) that were inserted by operation ins-diff. Our aim is to find all
such pairs of corresponding positions in order to retrieve u.

To this end, we will swipe both w and f,,(w) from right to left and prepend letters to an
initially empty word u, which in the end will be equal to u € N ™(a™). We will maintain a
position in each of the words, k; initiated as |w| and ks initiated as | f, (w)].

Intuitively, we are first processing the part of f,(w) that comes from an application of
operator g to w or to a suffix of w, depending on which case we are in. While processing this
part, we maintain the invariant that the letter of f,, (w) corresponding to w[k4] is the rightmost
occurrence of wlki] in f, (w)[1..ke], relying on the definition of g. Then we can apply the
following procedure repeatedly; see Lines 4-10 in Algorithm 1. We compute the rightmost
occurrence of wk;] in f,(w)[1..ks]; let it be at position j. We have that u[j .. k] = ab*2~J.
We prepend ab¥277 to u, decrement k; and set ky to j — 1; see Example 13.

Let us now focus on the stopping condition of this procedure, i.e. the point where the
remaining prefix of f,(w) does not originate from an application of g. If we are in Case 1,
while k1 > 0 we must have that ko > ki + |p|. If we are in Case 2, while ks > k1 we must
have that k1 > |p/|. Overall, while 0 < k; < ko, we must have that kg > [p| if we are in Case
1 or ko > |p/| if we are in Case 2.

If at some point kq reaches 0, i.e. we have consumed all of w, then we are in Case 1. Thus,
fu(w)[1.. ko] = p and we prepend this prefix to u; see Lines 11-12 in Algorithm 1.

Else, if at some point ky = ko, i.e. we are left with equal-length prefixes of w and
fu(w), then we are either in Case 2 or in Case 1 with p = e. By using the XOR operation
w[l.. k1] ® fu(w)[l..ks] in the former case we retrieve p’ and in the latter case we get a*t
which is the missing prefix of s. In either case we prepend the result to u; see Lines 13-14
in Algorithm 1. |

» Example 13. Let u = abba € No(a®), w = aab, and f,(w) = abbb. We have k; = 3 and
ko = 4. At the first iteration of the while loop in Algorithm 1 we have w[3] = f,,(w)[4] = b and
so we set k1 =2, u = a and ko = 3. At the second iteration we have w[2] = a # f,(w)[3] =b
and so we get u = ba and ky = 2. At this point we exit the while loop (because k1 = k3),
and since we are at Case 2 we prepend w[l..2] ® f,(w)[l..2] = aa ® ab = ab to u = ba,
which gives us u = abba. At this point we have retrieved u = abba € No(a?).

By combining Lemmas 5 and 12 and Fact 11 we get |Ng(a”)| < |Ng(w)| for every j. This
implies our main result for binary alphabets, apart from the strictness of the inequality. We
leave the latter for the next section.

4 Generalisation to Arbitrary Alphabets and Strictness

For an arbitrary alphabet ¥ = {0,...,0 — 1} we only need to make minor adjustments in the
definition of function f, and in the algorithm for retrieving u from w and f,(w). Specifically,
we replace the XOR operation by addition/subtraction modulo o. Intuitively, one can think
of 0’s as a’s in the binary case, and of non-0’s as b’s in the binary case.

Definition of f,. Let u and v be two words of equal length. Let us denote by u & v the
position-wise sum of words v and v modulo o, e.g. for 0 = 4 we have 1312 @ 1112 = 2020.
We analogously denote by u © v the position-wise subtraction of words u and v modulo o.
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We adapt operation ins-diff as follows, with z being a word containing only positive letters:

ins-diff(w, 7, z) = insert word z @ (w[j])/*! after the letter at position j in word w.  (4)

Operator g, can now be applied to any word y such that |y| = #o(x). ¢, considers
maximal blocks of letters in & not containing 0’s instead of maximal blocks of b’s (in the
binary case). For such a block z, it performs an ins-diff(y, j, z) operation on a word y.

The definition of f, becomes as follows.

Case 1: #o(u) > n. We split the word w into p and s exactly as in the binary case and
define f,,(w) = p- gs(w); see Example 14.

» Example 14. Let ¥ = {0,1,2}, w = 201120 and k¥ = 7; note that n = 6. If u =
0210001200210, then #g(u) = 7 > n, so we are in Case 1. We have p = 021 and s =
0001200210 is the shortest suffix that contains n = 6 occurrences of the letter 0. Then f,(w)
is constructed by concatenating p with the word gs(w) as shown in the figure below.

w: 0 2 1]ol[o][o] 1 2o][0o] 2 1 [0]
w: 2 0 1 1 2 0
Julw) : 0212012012100

Case 2: #o(u) < n. The split of u into p’ and ¢’ is the same as in the binary case,
but instead of s’ containing n — #,(u) b’s it now contains n — #o(u) non-0’s. f,(w) =
(' @wlL..|p']]) - go(w)[]p’| + 1. |ul], where z = 0P'ls’; see Example 15.

» Example 15. Let X = {0,1,2}, w = 201120 and k = 5; note that n = 6. If u = 21021020,
then #o(u) = 3 < n, so we are in Case 2. We have p’ = 2102 and s’ = 1020 is the shortest
suffix that contains |u| — n = 2 occurrences of letters different than 0. Then f,(w) is
constructed by concatenating two words: the first one is h, (w’), where w’ = w[l..|p'|]; and
the second one is composed of the final |¢'| letters of g,(w), where z is the word obtained
from u by changing the first n — #¢(u) = 3 occurrences of non-0 letters to 0 as shown in the
figure below.

u: 210 2(1 020
v oo} 1 (o] 2 [
w: 2 011 2 0
gz (w) : 20 1 112 210
hy(w): 1 1 10
faw): 1110|2210

Algorithm 2 is an adaptation of Algorithm 1 for ¥ = {0,...,0 — 1}. Note that the two
constructions are identical for |¥| =2, a =0 and b = 1.

The proof of Lemma 5 that considers words of length at most n in Ni(w) can be directly
generalised for arbitrary alphabets, by allowing substitutions of letters instead of flips. This
concludes the description of the generalisation.

The following theorem summarises all the results and introduces strictness in the inequality.

» Theorem 2. Let a € X be an arbitrary element of alphabet X.. For any positive integers n
and k, we have |Ny x(a™)| < |Ng s (w)|, for any non-unary word w of length n.
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Algorithm 2 RETRIEVE(w, fy(w)) for ¥ ={0,...,0 — 1}.

Input: Two words w and f,(w).
Output: A word u.

1: u<+¢

2: k1 + |w|

3: ko + |fu(w)]

4: while ky > k1 and k1 > 1 do
5: prepend(f,, (w)[ke] © wlk1],u)
6 if wlk1] = fu(w)[k2] then
7

8

9

k‘l — k‘1 -1
: ko < ko —1
: if k; =0 then \\ k2 > 0; Case 1 with p # ¢
10: prepend(fy, (w)[1 .. ko], u)

11: else \\ k1 = ko; Case 2 (or Case 1 with p =¢)
12: prepend(f,(w)[1..ka] ©w[l.. k1], u)

13: return u

Proof. We have |N,Z’E(a")| < |N,Z2(w)| for every j by combining the counterparts of Lem-
mas 5 and 12 and Fact 11 for an arbitrary alphabet. It thus suffices to find some value of j
for which this inequality is strict.

Let us first consider the case that k < n, in which we claim that

Vet ()] > INp SR ™)) = 1.

Note that in this case words of length n — k can be obtained only by performing & deletions,
i.e. no insertions or substitutions are allowed. Hence | N, gik (a™)| = 1. For a non-unary w,
we can, for instance, delete letters in lexicographic or reverse lexicographic order, breaking
ties arbitrarily, obtaining words with different multiplicities for some letter.

Let us now proceed to the complementary case that k > n.

Then, each word u € N 5;1 (a™) can be obtained by exactly k+1—n insertions and at most
n — 1 substitutions. Let us restrict ourselves to determining the size of N'(w) C N,fle (w),
defined as the set of elements of IV, ,lfgl(w) that can be obtained from w using exactly k+1—n
insertions and at most n— 1 substitutions. In particular, one letter from w remains unchanged
and gets shifted to the right by at most & + 1 — n positions — possibly not shifted at all.
Thus, each word v € N’'(w) can be obtained as follows. We first choose the position ¢ in
u where the shifted letter has landed. For such a position 4, it is a letter ¢ occurring in
wmax(1,i — (k+1—n))..min(¢,n)] — any of those letters can be chosen by picking a right
layout of insertions. We then put ¢ at position i and fill the remaining k positions arbitrarily;
see Example 16.

Let us do the above process once for each position i, with a fixed letter A(¢), arbitrarily
chosen from the possible ones. In total, we obtain all words from Y**! apart from the
ones which differ from A(i) on every position 4. In particular, the total number of words
that we get for this specific choice of A(i)’s is ¢¥*? — (0 — 1)**! and this is equal to
|IN'(a™)| = \N,ﬁ;l(a"ﬂ. Then, at some position j, since w is non-unary we can actually
choose a letter ¢ # A(j) instead; for instance any position j such that w[j — 1] # w[j] will
work. Let us now pick this letter ¢ and fill each other position ¢ with a letter different from
A(7). This way we obtain a word that was not obtained with the previous choice of A\(i)’s
and hence |N,’§‘§1(w)\ > |N'(w)| > \N,ﬁ;l(a"ﬂ. <
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» Example 16. Let us consider word w = abc and k = 5. Every word u € N'(w) is obtained
by 3 insertions and up to 2 substitutions. If the letter a from w is not substituted for, it can
land at any of the positions from 1 to 4 in w; similarly, b and ¢ can land at positions from 2
to 5 and from 3 to 6, respectively. This is shown schematically in the following table.

position in u | 1 3141516
landing positions of a | a ala
landing positions of b b|b|b|b
landing positions of ¢ cl|lc|c|e

Then the i—th column specifies the possible choices for A(4), e.g., A(2) € {a,b}. Note that
if w was unary, then all those sets would be singletons.

One possible choice of A(1),...,\(6) is a,a,c,a,b,c. For it, we generate all the words
but the 2% words that have no positions in common with aacabc. For a different choice of
A(i)’s, say, a, b, c,a,b, c, we obtain a word that was not generated before, e.g., bbabca that
has exactly one position in common with abcabc.

Let us now complete the picture by showing a closed formula for obtaining the tight lower
bound implied by Theorem 2 and thus an efficient way to compute this bound.

» Fact 17.

Proof. We first choose the number 7 of letters that are different from a in some u € Ny, x(a™)
and then the length n + j of the word. Note that j > i — k since we can have at most k — i

deletions as we need at least 7 insertions or substitutions to have ¢ letters different from a.

We then have ("‘1H ) options to choose the positions where the letter is not a and (o — 1)
letters to choose from for each such position. |

» Remark 18. |Nj x(a™)| can be computed with O(k?) arithmetic operations.

5 Final Remarks

We showed a tight lower bound on the size of the Levenshtein k-neighbourhood. In particular,
we defined a function f, for each word u € Ny x»(a™), such that, for any given w € X", we
have that f,(w) € Ny s(w) and fo,(w) # fu(w) for u # «’. Our construction is not the only
one possible. For example, in Case 1 of our construction, one could take f,(w) = ¢ - gs(w),
where ¢ = p @ 1/P| (for the binary case, this corresponds to the negation of p). However, our
construction has a neat property that f,(a") = u, for any u € Ny xn(a™).

The following two questions remain unanswered:

1. Can a similar approach be employed for showing a tight upper bound on | Ny 5 (w)|?

2. Touzet gave an algorithm for computing |Nj »(w)| for a word w of length n over an
alphabet ¥ that works in time linear in n but exponential in k& [11]. Can this computation
be done in polynomial time or is this problem # P-hard?
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—— Abstract

Algorithms to find optimal alignments among strings, or to find a parsimonious summary of a

collection of strings, are well studied in a variety of contexts, addressing a wide range of interesting
applications. In this paper, we consider chain letters, which contain a growing sequence of signatories
added as the letter propagates. The unusual constellation of features exhibited by chain letters
(one-ended growth, divergence, and mutation) make their propagation, and thus the corresponding
reconstruction problem, both distinctive and rich. Here, inspired by these chain letters, we formally
define the problem of computing an optimal summary of a set of diverging string sequences. From
a collection of these sequences of names, with each sequence noisily corresponding to a branch of
the unknown tree T representing the letter’s true dissemination, can we efficiently and accurately
reconstruct a tree 7" ~ T'? In this paper, we give efficient exact algorithms for this summarization
problem when the number of sequences is small; for larger sets of sequences, we prove hardness and
provide an efficient heuristic algorithm. We evaluate this heuristic on synthetic data sets chosen to
emulate real chain letters, showing that our algorithm is competitive with or better than previous
approaches, and that it also comes close to finding the true trees in these synthetic datasets.

2012 ACM Subject Classification Mathematics of computing — Combinatorial algorithms; Applied
computing — Law, social and behavioral sciences

Keywords and phrases edit distance, tree reconstruction, information propagation, chain letters
Digital Object Identifier 10.4230/LIPIcs.CPM.2020.11

Related Version A full version of the paper including omitted proofs is available at https://arxiv.
org/abs/2004.08993.

Supplementary Material Related research data and source code hosted at https://github.com/
tomlinsonk/diverging-string-segs.

Acknowledgements We thank Jon Kleinberg for extensive discussions, and Anna Johnson, Hailey
Jones, Dave Musicant, Layla Oesper, Anna Rafferty, and Ethan Somes for helpful discussions during

preliminary or late stages of this project.

© Patty Commins, David Liben-Nowell, Tina Liu, and Kiran Tomlinson;
37 licensed under Creative Commons License CC-BY

31st Annual Symposium on Combinatorial Pattern Matching (CPM 2020).

Editors: Inge Li Ggrtz and Oren Weimann; Article No. 11; pp. 11:1-11:15

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


mailto:commins.patty@gmail.com
mailto:dln@carleton.edu
mailto:tina.jxy.liu@gmail.com
mailto:kt@cs.cornell.edu
https://doi.org/10.4230/LIPIcs.CPM.2020.11
https://arxiv.org/abs/2004.08993
https://arxiv.org/abs/2004.08993
https://github.com/tomlinsonk/diverging-string-seqs
https://github.com/tomlinsonk/diverging-string-seqs
https://creativecommons.org/licenses/by/3.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de

11:2

Summarizing Diverging String Sequences

1 Introduction

In a range of computational settings, we are given a collection of strings and asked to
construct some kind of parsimonious representation of the given set. The task becomes more
interesting if the strings result from a generative process, especially if new strings arise from
a mechanism involving both replication and mutation of old strings. Now the parsimonious
representation might be a tree describing the generative history of this population, with
nodes corresponding to the strings and the branching structure representing the evolutionary
events that produced that population. At this level of description, a host of applications
fall under this rubric: reconstructing a phylogeny from a set of genes, tracing the spread
of a textual meme in a social network, inferring the version history of a document from
its many copies. These domains differ in the way that replication and mutation occur —
sometimes randomly (“by nature”) and sometimes intentionally by humans embedded in a
social structure — and, perhaps, whether some kind of selective pressure affects which strings
survive or replicate.

Here, we consider a specific — and surprisingly rich — social setting in which a population
of strings is generated: chain letters. Chain letters often feature an outlandish claim (“send
a copy of this letter to ten friends, or you will have bad luck forever!”), but, more crucially,
recipients are instructed to add their names to the document’s end, make a copy, and send
those copies to multiple friends. Importantly, every subsequent recipient may modify any
part of the document, or copy it imprecisely; thus each document contains a list of signatures,
representing an ordered (if noisy) trace of its particular path through the social network.
In the present work, we study the problem of accurately reconstructing the underlying
propagation tree from a set of signature lists. If the lists of signatures contained no errors, the
problem would be trivial, but errors abound, including both point mutations and structural
variants. (In real email-based chain-letter data, some signatories retyped names, often
incorrectly, and both block deletions and duplications appear [29]. Worse, some copies of the
emails are only available as low-quality scanned images, introducing further errors.)

The propagation of chain letters. There are three crucial properties in chain-letter—like
contexts that, together, make this data intriguingly different from other settings:

(i) chain letters grow (at one end). A document has an “active end,” and a document
typically changes via the deposition of additional text (another name) at its active end.

(ii) chain letters diverge. A document can split to create multiple “children” documents,
which share a prefix up to the split but have differing suffixes below. The split is at the
active end; two documents that diverge grow independently after the branching point.

(iii) chain letters mutate. Actors introduce noise: an individual sending a chain letter to
a friend makes a (potentially imperfect) copy of that document, possibly introducing
errors — and those errors are “inherited” by subsequent copies of the letter.

Given a collection of many copies of “the same” chain letter, each with its own sequence of
names, one can seek to reconstruct the underlying true record of the propagation — both
the structure of the propagation tree and the strings representing the true names of the
signatories. Together, the above properties make this chain-letter reconstruction problem a
tantalizing domain for parsimonious reconstruction: as the rate of noise in document copying
increases, naturally the reconstruction problem becomes difficult, but there is a great deal of
repetition in the input data, particularly near the root of the propagation tree.
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The present work. We formally introduce the Diverging String Sequence Summarization
Problem (DSSSP): given a collection X of sequences of strings (strings correspond to names,
and each sequence is a noisy list of names in an instantiation of a chain letter), we seek a tree
T that optimally summarizes X. (Rather than using the language of chain letters, we will
abstract away the particular application and discuss diverging string sequences in general.)?
What counts as an “optimal” summary depends on a tradeoff between two competing goods:
the accuracy of T in representing the strings in the given sequences, and the efficiency of T in
representing the given string sequences without too much redundancy. Our formal definition
of the problem is parameterized to reflect the tradeoff between these two competing goods.

Our main theoretical results on DSSSP are (1) an efficient optimal algorithm for the case
of m = 2 sequences, based on an approach we call edit distance with give-up (Theorem 4.1); (2)
a proof of hardness for large m (Theorem 5.1); and (3) an exact polynomial-time algorithm for
any fixed value of m (Theorem 5.2). We also give a much more efficient heuristic algorithm
for large m — using a combination of divergence-aware pairwise alignment and iterative
merging, inspired by progressive alignment algorithms [13] — and show empirically that it
does a good job of reconstructing synthetically generated trees.

2 Related Work

Chain-letter data. In joint work with Jon Kleinberg, the second author studied the propaga-
tion of a widespread email-based anti-war petition [29]. This work focused on the topological
structure of the underlying propagation tree; subsequent research sought to explain the shape
of the tree through stochastic branching processes [17] or the rarity of sampled email copies [8].
The present work differs in that here we study the problem of accurately reconstructing the
propagation tree from signature lists, rather than seeking to understand the structure of that
tree. Still, examining the structure of the propagation tree presupposes a reconstructed tree,
which in [29] was done using a hard edit distance cutoff to decide whether two signatures
belong to the same signatory. (See Section 7.2.) This specific aspect of our problem — do
multiple signatures belong to the same signatory? — has been considered in other forms in
the past, including error-tolerant recognition of strings with various error models [4,34], error
correction of strings of regular languages [41], and block edit models for approximate string
matching [30], all of which use various versions of edit distance.

Chain letters in paper form have also been investigated in the context of constructing
a phylogeny based on variations in the text of the document itself (rather than a list of
signatories) [3], or the propagation of stories as a network [21].

Other forms of propagation. In rare cases, a situation matching all three key features of
chain letters has been studied — including a (controversial) model of the origin of life, based on
layered clay accreting over time and even diverging and mutating [5,6]. More common settings
share two of the three features. For example, absent any errors, our reconstruction task is
solved by a trie [10,15] summarizing a set of diverging strings. Online conversations [24] (e.g.,
comment threads or especially email threads) have an active end at which new contributions
appear, and threads can diverge, but there is no obvious notion of mutation.

1 There is another layer of complication, literally: rather than viewing a document as a sequence of
characters, we instead view it as a sequence of signatures (each of which is a string that consists of a
sequence of characters). Thus there is a “two-level” view of edits, in which either an individual character
can be corrupted (a single character-level edit within a particular signature) or an individual signature
can be corrupted (an entire signature is deleted, inserted, or replaced by a different signature).
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Summarizing Diverging String Sequences

There are also applications in which the objects of interest are strings that grow at one
end, with noise but without meaningful divergence. In dendrochronology (the science of
dating wood), approaches based on edit distance can be used to study sequences of growth
rings in trees, which accumulate on one end, adjacent to the bark [44].

By far, though, the best-studied settings that match two of our three features have strings
that mutate and replicate, but have no “active end” at which growth occurs. This is the
classical setting of phylogenetic reconstruction, but it also appears in many other contexts.
Most prominent is the spread of news, memes, and rumors that evolve as versions are created
and shared (e.g., [1,16,20,25,39]). Mutations in these cases differ from ours, though, in
that the content of the information being spread can affect the type of mutations that occur,
thereby affecting the likelihood of further propagation (and therefore the structure of the
tree). Much of this work seeks to understand various types of dissemination and what
factors may impact the propagation structure — different from the goal of reconstructing
the underlying tree. Reconstruction of the evolutionary history of a collection of divergent
objects is also well studied in a bafflingly wide variety of contexts, from version histories of
code snippets in Stack Overflow [2], to variations of the story “Little Red Riding Hood” [40],
to diverging cultural histories using textile data [31].

Reconstruction algorithms. In addition to the algorithmic approaches to these various
other forms of data, there is a voluminous literature on string alignment in the computational
biology literature. The multiple sequence alignment problem is closely related to DSSSP,
and many algorithms target a variety of challenges related to it (see [7,22,27,36,37,42],
among many others). There is also work involving the alignment of amino acid sequences to
reconstruct the history of proteins, including mutations and divergence events [12].

3 Summarizing Diverging String Sequences

Before we formally define our abstract problem, we begin with some intuition, with terminol-
ogy drawn from chain letters. Informally, a name is a string over a finite alphabet, and a
petition is a sequence of names. We are given a set of petitions X = {z1,...,z,,}, and we
seek the tree T' that best summarizes the set X. But the “best” tree depends on a tradeoff
between two competing goods: (i) the efficiency of T' (its number of nodes), and (ii) the
accuracy of T' in representing the petitions in X.

Consider petitions z; = Aaa Bbb Ccc Ddd Eee and x5 = Aaa Bbx Ccc Dxx Fff, with
spaces separating names, as an example. Depending on the relative importance of efficiency
and accuracy, there are four distinct “best” trees (see Figure 1): a trivial tree that never
diverges (if efficiency matters much more than accuracy); a tree that diverges upon any
textual discrepancy (if accuracy matters much more); or two intermediate trees that diverge
after the Cccs or the D?7?s (depending on the cost—benefit of adding one node vs. paying for
two textual errors).

Aaa — Bb? — Ccc — D77 — Eee
\
Aaa — Bb? — Ccc — D77 — 277 Fif
Aaa — Bb? — Ccc — Ddd — Eee Aaa — Bbb — Ccc — Ddd — Eee
~ ~
Dxx — Fff Bbx — Ccc — Dxx — Fff

Figure 1 Four “best” trees for 1 = Aaa Bbb Ccc Ddd Eee and x2 = Aaa Bbx Ccc Dxx Fff.
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3.1 Distance between a Summary Tree and a String Sequence

To begin, we need to quantify how accurately a set X of string sequences is represented by a
summary structure — and, more fundamentally, what it means to summarize X.

» Definition 3.1 (Labeled Summary Tree). Let X be a set of string sequences. A labeled
summary tree of X is a pair (T, f), where T is a tree with each node labeled with a string,
and f is a function mapping each x € X to a node vy inT.

Let labelseq,(v,) denote the sequence of node labels on the path from the root of T to v,.

That is, a summary of X consists of a labeled tree T, with a node of T designated to
correspond to each sequence in X. To assess how accurately a string sequence x € X is
represented, we will compare z with labelseq;(v,). Our metric will be a variation on the
classical Levenshtein edit distance [26], with two adjustments:

1. Edit distance is usually defined between two strings, but we wish to compare two sequences
of strings. We cannot simply concatenate the strings within each sequence and then use
standard edit distance, as the edits would no longer respect string boundaries. As such,
we need to define an edit distance with two levels of granularity.

2. We insist that every string in each sequence x € X be represented (perhaps with some
error) in the tree. Thus, when we align x to its path in the tree, we do not allow deletion
of strings in the sequence. (We forbid deletions from = € X to preserve the intuition
that the optimal summary tree for a singleton sequence X = {z} is a nonbranching path
successively labeled by the strings in © even when the cost of nodes is very high.)

Let z be a string sequence, and let y = labelseqp(v,). Our metric, then, is an asymmetric

two-level variant of the edit distance between z and y, allowing deletions from y but not x:

» Definition 3.2 (Asymmetric Edit Distance). Let x and y be string sequences. The asymmetric
edit distance of x with respect to y, denoted AED(x,y), is the cost of the cheapest sequence
of operations transforming x into y, where the allowable operations are inserting a string
into x and substituting a string. (No string can be deleted from x.)

These operations’ costs are given by (classical) edit distance ED: substituting w' for w
costs ED(w,w"); inserting a string w into x costs ED(w,¢), where € is the empty string.
(Unless otherwise specified, all ED edits have unit cost, but we allow arbitrary cost matrices.)

We compute AED(x, y) with a variation on the classical dynamic program for edit distance,
forbidding deletions and using ED to compute the cost of inserting or substituting a string.

The distance between a string sequence x and summary tree (T, f), then, is given by
AED(z, labelseq-(f(x))) —i.e., the asymmetric edit distance between x and the label sequence
on the path from root to the node corresponding to x in 7.

3.2 The Problem: Summary Trees for a Set of String Sequences

We can now formally define our problem, where our objective function is — in the style of
regularization in machine learning [18] — a weighted sum of the accuracy of the summary tree
(as measured by AED) and the simplicity of the tree (as measured by its number of nodes):

» Definition 3.3 (Diverging String Sequence Summarization Problem [DSSSP]).

Input: A set X = {x1,x9,...,xm} of string sequences and a nonnegative node cost .

Output: A labeled summary tree (T, f) (i.e., a tree T and a function f mapping each x; to
a node v; in T ) minimizing the following, where |T'| denotes the number of nodes in T':

erry(T) := {Zil AED(z;, IabelseqT(fui))} + AT (1)
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X1 T2 I3
[ ] [ ] [ ] [ ]
. . L 4 N S
Alice | |Alice ||Alyce l Alice H Alice H Alyce‘
Bot ||Bob |[|Bob 1 1 1
Carol||Carl ||Dan [ Bot | Bob |[Bob ]
Eve ||Frank v3 U3 lCarolH Dan lv?’ lCarolH Carl H Dan IU?,
v vz v N L L
(?), Three vi,v2 [Bven] [ Bve |[Frank] [ Bve |[Frank]vz  vi[ Bve |[Frank]v:
string
sequences to (b) An optimal (c) The optimal  (d) An optimal tree (e) An optimal tree for
summarize. tree for A > 5. treefor 3< A< 5. for1 <\ <3. A=0.

Figure 2 A set of string sequences and their optimal summary trees, for different ranges of .
The e root node denotes the sentinel string starting every sequence; nodes marked by {v1, vz, vs}
correspond to the sequences {1, 2, x3}. The choice about whether to split Eve and Frank into two
nodes (Figure 2b vs. 2¢) is a function of their edit distance, ED(Eve, Frank) = 5. When A > 5, then
it is cheaper to accept the cost of aligning both to a single label than to pay for an extra node.

To ensure that T is a tree with a single root, we place sentinel values at the start of
each sequence x;. (Denote by |T'| the number of non-sentinel nodes in T.) Note that
AED(x;, labelseqy(v;)) is defined only if |z;| < |labelseq(v;)| — that is, the depth of the
node v; in T is at least the number of strings in the sequence x; — as it would otherwise be
impossible to convert x; into labelseq,(v;) without deleting strings.

The parameter A\ controls the tradeoff between trees that represent the input sequences
accurately and trees that provide more concise summaries of the input set. When A =0, a
trivial branch-immediately tree T is optimal; when A\ = oo, a trivial never-branching tree of
depth max; |z;| is. Intermediate values of A\ give more interesting structures. See Figure 2.

4 Solving DSSSP for Two Sequences: Edit Distance with Give-up

Consider first the case of just two input sequences, m = | X| = 2. (Even with m = 2, the
problem has interesting subtleties.) We can compute an optimal tree through an alignment
algorithm we call edit distance with give-up. The resulting tree has exactly one leaf or two
leaves; in the latter case, we call the tree a bifurcation.

As with AED, the idea is similar to the classical dynamic program for edit distance, but
with one additional operation permitted: give up entirely on aligning the remaining portions
of the sequences, and declare a split at this point. We also modify the costs in the edit
distance dynamic program to reflect the A per-node cost of each operation, corresponding to
the node-cost term in erry(7T"). Writing EDG(i, j, A) to denote the cost of the best alignment
of 2; |2 and y; . |y under node cost A, and writing EDG(z,y,\) = EDG(1,1,A), we have

EDG((e| + 1, Jy] +1,0) = 0 )
EDG(, |y| + L, A) = A(Jz] —i+ 1) for any 0 < < |z
EDG(|z] + 1,4, A) = M|yl =7 + 1) for any 0 < j < |y|

and, for any 0 < ¢ < |z| and any 0 < j < |y],

EDG(i + 1,5 +1,A) + A + ED(zs, ;)
EDG(i,j + 1, ) + A+ ED(e,y;)
EDG(i+1,5,))  + A+ ED(x;,¢)
Mal—i+1) 4 A(gl—j+1)

substitution)
insertion)
deletion)

give up)

EDG(i,j,\) = min

A~ N N N
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x =¢€ or y; is inserted | y =€ or z; is inserted substitute z1 for ¥ give up (= diverge)
Y1 1 T1 Or Y1 1 a8
x2 Y2
BB(Z1.. |2 Y2...|y|s M) BB(%2. . |z Y1...|y|s M) BB(Z2. . j2|s Y2...|y|s A) : :
éxlzl éyly\

Figure 3 Constructing the tree in BUILDBIFURCATION(z, y, A). Whenever a node corresponding
to x|, or yjy is placed, we map the corresponding input sequence to that node of the bifurcation.
We write “BB” to abbreviate BUILDBIFURCATION, and we output an empty tree when x =y = e.

For example, consider the insertion case of the minimum. Here we match the string y; with
no corresponding entry in x, and recursively align y; 1 . |, With x; ||, with a total cost of

EDG(4,5 + 1,)) + A + ED(e,y;).
—_— ~~ N——

cost of alignment of remaining strings  cost of creating the root node  cost of inserting y; into labelseq (x)

The cost of “giving up” — i.e., declaring a split in the alignment — is large, requiring (|z| —i+1)
nodes on the x branch and (|Jy| — j 4+ 1) on the y branch, each of which incurs cost A.

Denote by BUILDBIFURCATION the natural dynamic programming algorithm that com-
putes EDG using (2). (We abuse notation: BUILDBIFURCATION(z, y, A) denotes either the
resulting bifurcation or its cost. We can construct this bifurcation simultaneously with the
construction of the alignment; see Figure 3.)

BUILDBIFURCATION optimally solves DSSSP for m = 2 sequences — i.e., the tree T built
by BUILDBIFURCATION(z, y, A) minimizes erry(7"). (Due to space constraints, the proof is
omitted here, but is available in the full version of the paper linked on the title page.)

» Theorem 4.1. The tree T* := BUILDBIFURCATION(z,y, \) is an optimal summary tree
for the string sequences {x,y} with node cost A. Specifically, erry(T*) = EDG(z,y, \).

Writing n = max(|z|,|y|) to denote the length of the longer of the two sequences, and
k = max(max; |2;|, max; |y;|) to denote the length of the longest string in either sequence,
then the running time of BUILDBIFURCATION(z,y, \) is O(n?k?).

5 Optimal Summaries of Larger Sets of String Sequences

BUILDBIFURCATION efficiently finds the optimal summary tree for m = 2 sequences, but
DSSSP with large m is computationally intractable.

» Theorem 5.1. DSSSP (for an arbitrary number m of string sequences) is NP-hard.

Proof (idea). For large A, hardness follows from a reduction from String Median, which we
will encounter shortly.

While the reduction from Median String is simpler, we can also give an alternative
reduction from Shortest Common Supersequence (SCS) [35], which applies for smaller \ as
well. (Note that SCS is hard in general, but for a small number of strings it is efficiently
solvable [14].) The details of the latter proof are available in the full version. <

On the other hand, if we are willing to tolerate running times that are exponential in m (but
polynomial in the other measures of input size), we can solve DSSSP in polynomial time:
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X1 X2 X3

All pairwise X7, X X7 X Xo. X
Alice Alice Alyce EDG(x, y, 2) 1y X2 . 1, X3 . 2y X3
Bot Bob Bob ali nn;er;ts Alice = Alice Alice = Alyce Alice = Alyce
I —_ -
Carol Carl Dan € Bob = Bob Bot = Bob Bob = Bob
Eve Frank > Carol = Carl Carol Dan Carl Dan
Eve Frank Eve Frank
Merge prefix
of x;, x2
All pairwise
Use alignments {)(1, XZ}, X3 ED-G(X, Y2 {XL X2} X3
to build tree [Alice, Alice] = Alyce alignments
[Dan | «———  [BotBob] =Bob *———— |[Alice Alice] | |Alyce
[Carol, Carl] Dan [Bot, Bob] Bob
[Carol, Carl] Dan

Figure 4 An example run of BUILDTREE(X, A) for A = 2 and the sequences from Figure 2.

» Theorem 5.2. Let X be a set of string sequences, where m = |X| is the number of
sequences, n = max; |z;| is the length of the longest sequence, and k = max; max; |z; ;| is
the length of the longest string in any of the sequences. Then there is an algorithm solving
DSSSP on X (for any \) that runs in time O(nm2 -2 k™ . poly(k,m,n)).

Proof. The approach is brute force: we look at every possible tree topology 7, which specifies,
for any z,2’ € X, the indices 7 and ¢ into z and 2’ at which they diverge. Every 7 defines
a set of nonbranching segments between divergences; the summary tree problem is then a
collection of summary “path” problems, one per segment.

The path problem can be seen as multiple sequence alignment (MSA) [37], solvable via
dynamic programming [7] (see also [22,36,42]). To implement the MSA dynamic program,
we must compute the cost of assigning a set of strings S = {s1, $2,..., ¢} to a single node u.
If we label u with the string z, then the alignment cost of this node is A 4+ >, ED(s;, 2); thus
the best label is the string median of S — that is, the string z minimizing the summed edit
distance to the strings in S. While string median is NP-hard [11], a dynamic programming
algorithm solves string median for a fixed number of strings [37] (see also [23,33,38]).

There are O(n™ (m~1)) tree topologies. Each defines a tree with <m leaves and thus
< 2m nonbranching segments. Each segment contains < m subsequences, each of length <n;
thus each multiple sequence alignment requires O(n"™) time [7]. Whenever we compute the
string median of a candidate node, we have < m strings each of length < k; computing these
medians takes O((2k)™) time [37]. Finally, it takes poly(k, m,n) time to compute err)(T)
for each tree. Thus the overall running time is O(n™ (™= . p™ . (2k)™ . poly(n,m, k)). <

6 An Efficient Heuristic for Larger Sets of Sequences

Given DSSSP’s hardness (Theorem 5.1) and the abominable running time of our exact
algorithm (Theorem 5.2), we turn here to an efficient heuristic for DSSSP with larger m.
Our algorithm is greedy, and seeks to repeatedly identify the pair of sequences in X with
the longest shared prefix, and then merge that shared prefix into a single sequence (as in
BUILDBIFURCATION). See Figure 4. There are several issues that we must resolve:

Measuring and merging the shared prefix of x; and x;. To calculate how well z; and x;
match, we compute the EDG(z;, z;, A) alignment. Define the number of substitutions
(ignoring insertions and deletions) in the pre-divergence section p; ; of this alignment as
their overlap. Then, for the pair {x;,z;} with the largest overlap, replace {z;,z;} with
p;,; in X. Note that p; ; is a sequence of lists of strings, not a sequence of strings; thus
we need to generalize EDG to sequences of lists of strings, not just individual strings.
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Reconciling labels in the final resulting tree. Repeating this merging process will define a
tree, except that each node is labeled by a list of strings, not just one. To produce the
final labels, we use the medoid string. For a list of strings A, the medoid of A is the
string in A whose sum of edit distances to strings in A is minimized.?

Generalizing EDG to lists of strings. Define the edit distance between a string « and a set of
strings X as ED(z, X) := ED(x, medoid(X)) — using the medoid of X as its representative
string. Then, letting C(A, B) denote the cost of merging lists A and B, we define

C(A,B):= Y. ED(z,AUB)-— > ED(z,4)— > ED(y,B). (3)
r€AUB TEA yeB
This cost quantifies the amount of additional disagreement incurred by merging the lists,
relative to leaving them separate. Insertion and deletion costs are found using (3) with a
list of empty strings of appropriate length in place of x; or y;. We thus define the EDG
recurrence (cf. Equation (2)) for sequences of lists of strings = and y as follows:

EDG(i+ 1,5+ 1,A) + A+ C(z4,y5) (

EDG(4,j5 + 1, \) + A+ C({|z;| copies of e},y;) (insertion)
EDG(i + 1,4, ) + A+ C(zi, {|y;| copies of e}) (deletion)
Mzl —i+1) Ayl —j+1) (give up)

substitution)

EDG(4,j,A\) = min

Define BUILDTREE(X, \) as the greedy iterative algorithm suggested above: until there
is only one sequence left in X, find the pair of sequences x;,z; € X with the largest number
of substitutions in EDG(z;,z;, A), and replace {x;,x;} by their merged prefix p; ;. (Save the
post-divergence branches of the bifurcation; we will reattach those branches at the bottom of
pi,; in the final tree.) When there is only one sequence left, reattach all of the saved branches,
and replace each node’s list-of-strings label by the medoid of that label list. (See Figure 4.)

7 Evaluation and Parameter Selection

BUILDTREE is suboptimal both because greedy merging can yield a poor topology and
because medoids can be poor node labels; see Examples 7.1 and 7.2. Still, we will show that
it nonetheless performs well on simulated data, suggesting that it is a good heuristic.

» Example 7.1 (A bad example for greedy merging). Consider the instance
ri1=abc r9o=a b d r3=a e d ry=a e £

with 0.5 < A < 1. The optimal tree 7™ is shown below, with err)(7") = 7A. However,
BUILDTREE will choose to merge sequences with the most closely aligned pair of sequences
according to the EDG alignment. In this case, it would choose to merge x5 and z3 first. The
tree T returned by BUILDTREE has erry(7T") = 5\ + 2, making it suboptimal.

T a T a
b/ \e }L
N VAN \

C/ d d f C/d\f

2 When we say “the” medoid of A, we mean the lexicographically first medoid of A. (Which medoid
we choose never affects the sum of the distances at hand — e.g., in the sums in (3) — but we need to
identify one in particular for the summands to be well-defined.) Note that the medoid, unlike the
median, must be an element of A; we use it because it is efficiently computable (unlike median) and is a
(2 — o(1))-approximation to the median (an implication of the triangle inequality).
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» Example 7.2 (A bad example for medoids). Consider the set S = {XABC, AXBC, ABXC, ABCX},
where each string sequence contains just one string. For large A, the optimal tree is just a
single node. Here the optimal label is the median ABC, which has total edit distance 4 to the
set S; the medoid label ABCX has total edit distance 6 to S.

7.1 Generating Synthetic Data

We will generate synthetic data based on several parameters: the number m of string sequences,
the string length k, a string substitution probability o, a string deletion probability ds, a
character substitution probability o., and a character deletion probability d..

We generate trees using branching processes (i.e., Galton—Watson trees [43]): each node
chooses to have exactly i children with probability p;; we fix pg = 0.03, p; = 0.94, and
p2 = 0.03 to approximate real email petition data [17,29]. We generate a Galton—-Watson tree
T until it has m leaves, restarting if the branching process terminates early. We label each
node u € T with a random alphabetic string ¢(u) of length k. Let x; denote labelseq(u;)
for the ith leaf u;. Call T the true tree, £ the true labels, and x; the true sequences.

Now, we simulate noisy propagation. To mirror petition data derived from low-quality
scans of printed emails, we introduce string- and character-level errors in separate phases:
(1) string-level errors (which are inherited). Each node u inherits from its parent p the noisy

history h, of its ancestral labels. (The root “inherits” an empty sequence.) The node

u (further) corrupts hy: for each string in h,, substitute it with a random alphabetic

string of length k with probability o, and delete it with probability d,. Finally, node u

appends its true label £(u) to hy; call the resulting sequence h,,. Now each leaf u stores

h.,, a noisy version of labelseqp(u). Let X' = {a),... 2!} be the set of histories at the

leaves.

(2) character-level errors (which appear independently). For each x} € X', substitute each
character in each string in z} with a random character with probability o., and delete
the character with probability é.. Let X" = {«Y,... 2!/} be the resulting sequences.

Our experiments use string length k = 25, string error rates os = d5 = 0.001, character error

rates 0. = 6. = 0.1, and m € {15,100}. Because string-level errors compound, 0.001 is a

nontrivial error rate (roughly comparable to the 10% character-level error rate).

7.2 Comparing Reconstruction to Synthetic Ground Truth

We generate a true tree T, with true sequences X = {z1,...,2;,} and corrupted sequences
X" ={zf,...,z!l}. We then use our heuristic algorithm to build a reconstructed tree T =
BUILDTREE(X", «), for some choice of a node-cost parameter « to use in the reconstruction
algorithm. (See Section 7.3 regarding how to choose «.) Note the distinction between the
reconstruction parameter o and the evaluation parameter A\: BUILDTREE seeks to optimize
err, (T") for some value of o, but we can assess the quality of 77 using erry(7") whether or
not o = A, to evaluate sensitivity to a.

We will compare the quality of BUILDTREE to the threshold-based reconstruction algo-
rithm from [29], which we briefly describe here. (1) Construct a weighted directed graph G
with nodes labeled by all strings in all x € X, and with an a — b edge if string ¢ immediately
precedes string b in any sequence x € X. The weight of this edge is the number of sequences
x € X containing ¢ and b successively. (2) To handle minor signature errors, treat two
signatures as equivalent if they follow equivalent signatories and have an edit distance below
a fixed threshold 8. (3) Compute the tree as a max-weight spanning arborescence of G, with
extraneous nodes pruned away. (Note that § is on the same scale as «; it defines a cutoff of
ED(a,a’) indicating when a and a’ should be assigned to two nodes versus one.)
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(a) Error under erry (7)) with | X| = 100, for several X values, averaged across 8 trials.

—— BuildTree 8 25000 - —— BuildTree
20000 4 -~ Liben-Nowell & Kleinberg (2008) & Liben-Nowell & Kleinberg (2008)
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3 :
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—
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Reconstruction Parameters (a, B) Reconstruction Parameters (a, B)

(b) Error under err1o(7") with |X| = 15, averaged (c) Error under ordered tree edit distance (TED)
across 500 trials. Smaller X makes the error smaller on a |X| = 15 dataset. The dash-dotted line shows
than in (a), but the trend is similar. TED between T and the real tree.

Figure 5 Comparing BUILDTREE(X, a) to the algorithm from [29] with edit-distance threshold 5.
Shaded regions in (a) and (b) show standard deviations across the stated number of trials. Observe
the flat-bottomed basin shape of the error curve for BUILDTREE(X, «) as « varies: high error rates
when a < 5 and when « > 20, and roughly constant low error for all « in between.

Measures of performance. We assess the quality of our reconstructed trees 7" in two ways.

First, we use the err)(7”) measure from (1), the sum of X - |T’| and all label distances.
Second, we use tree edit distance (TED) to compare the structure of 7” to the true tree T
Edit distance between unordered trees is NP-hard [46], so we estimate the distance by
ordering our trees and computing ordered TED using Zhang—Shasha [45], as implemented by
Henderson [19]. (Specifically, we recursively order sibling nodes in 7" to minimize the number
of leaf order inversions with respect to T'. As the number of siblings is typically small, this
order is not expensive to compute.) To better interpret our results, we also compute TED
to a tree with the correct structure but with label corruptions, denoted T'; this represents
the best reconstruction we could hope for (without computing medians). We construct T
by labeling the ancestors of each leaf u; using the noisy history h,,, (picking the medoid for
nodes assigned multiple labels), deleting nodes with empty labels.

Evaluation results. We generated a tree T' with m = 100 sequences, and corrupted sequences
X" (with 8 independent trials generating different X" from T'). Figure 5a compares erry(-) of
our reconstruction with the method from [29], showing that BUILDTREE performs significantly
better over a range of A values. These trees were too big to compute tree edit distance, which
is computationally prohibitive.

In addition, we generated a tree with m = 15 sequences and introduced error in 500 trials.

Figure 5 shows both err;o(T") (Figure 5b) and TED (Figure 5¢) between the reconstructed
tree T and the true tree 7. For many values of a, BUILDTREE(X", o) produces significantly
better solutions than the method from [29], as shown by the err;o(T") measure. It is also
competitive at @ = 20 according to (ordered) tree edit distance, a metric BUILDTREE was
not designed to optimize.
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7.3 How Should the Node Cost be Selected?

To reconstruct a tree from real sequence data, we must select a value for the reconstruction
parameter «. If « is too low, nodes are too cheap and trees diverge too early; if « is too
high, nodes are too costly and trees branch too rarely. But what value should we choose?

Intuitively, we wish to map two (corrupted) strings to the same node if they are (corrup-
tions of) the same true string. Imagine two strings u and v # u, and let v’, v”, and v’ be the
result of independently introducing errors to u, u, and v, respectively. We desire a value of «
so that v’ and u” would probably be mapped to the same node, but «’ and v’ probably diverge.
That is, the cost of creating a new node should be greater than the cost of aligning two
corrupted versions of the same string, but the cost of diverging should be less than the cost
of deleting/inserting all remaining strings. Thus we want E[ED(v/,v")] < o < E[ED(v,v")].

FE[ED(w,u")] depends on the error rate of the corruption process and must be estimated
from data. But estimates of E[ED(u’,v’)] appear in the literature if the true strings u and
v are uniformly random and have equal length. If the cost of substitution is twice that of
insertion/deletion, then we can calculate E[ED(u’,v")] using Chvital-Sankoff numbers [9]
(the expected longest common subsequence length for two equal-length random strings); for
unit edit costs, it is conjectured that E[ED(u’,v")] =~ |u/|(1 — %‘) for random equal-length
strings over ¥ [32]. If strings are not uniformly random or have different lengths, then we
can estimate E[ED(v’,v")] from data and subsequently select an « between the upper and
lower bounds. (In fact, there is some evidence that many values of « in this range perform
well; see the flat-bottomed basin shape of Figure 5b.)

8 Discussion and Future Work

We described an efficient, practical heuristic to reconstruct a propagation tree from a noisy
set of diverging string sequences — and in Section 7 we showed that BUILDTREE performs well
on synthetic data. But, after all, the motivation for introducing this particular theoretical
problem was for its application to real data, particularly chain-letter petitions. Rigorously
testing BUILDTREE on real data, then, is perhaps the most natural direction for future
work. (Testing on more realistic synthetic data is also an interesting future direction. Our
data-generation process in Section 7.1 is unrealistic in a number of ways, perhaps most
strikingly in its assumption that a name is a length-k alphabetic string chosen uniformly at
random. More realistic randomized name-generation processes would make the synthetic
task more similar to the real one.)

That said, there are several potentially interesting theoretical avenues for further explo-
ration of DSSSP, too. The problem is (at least theoretically) tractable for any fixed number
m of string sequences — but the dependence on m in our brute-force algorithm is brutal. Is
there a more efficient algorithm for small m? Or are there efficient algorithms with provable
approximation guarantees for general m? We can approximate the best labels for a fixed tree
topology using medoids or, even better, using a PTAS for the string median problem [28].
Identifying the best tree topology seems more challenging, but perhaps this topological source
of error in BUILDTREE (or some other heuristic) can be bounded.

There is another set of interesting open questions related to efficient algorithms for DSSSP
when A is small. (At the other extreme, the problem remains intractable when A is very large:
even if the optimal tree’s topology is the trivial non-branching one, as in Figure 2b, choosing
the labels requires repeatedly solving instances of the NP-hard string median problem.)
DSSSP is trivial when A = 0; the diverge-at-the-root tree (as in Figure 2e¢) is optimal, with
total cost 0. Even for strictly positive but small values of A, there is an easy solution: if
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A< %, it optimal to diverge upon encountering even a one-character difference between

strings (i.e., the optimal summary tree is precisely the trie representation of the set X). Do

related approaches make the problem tractable for bigger values of A — e.g., if A is small

enough that we can only afford a bounded budget of edits in node labels? For how large a

value of A are there exact polynomial-time algorithms?
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—— Abstract

The equidistant subsequence pattern matching problem is considered. Given a pattern string P and
a text string T', we say that P is an equidistant subsequence of T if P is a subsequence of the text such
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1 Introduction

Pattern matching on strings is a very important topic in string processing. Usually, strings
are regarded and stored as one dimensional sequences and many pattern matching algorithms
have been proposed to efficiently find particular substrings occurring in them [9, 2, 4, 8, 6, 3].
However, when one is to view the string/text data on paper or on a screen, it is usually
shown in two dimensions: the single dimensional sequence is displayed in several lines folded
by some length. It is known that the two dimensional arrangement can be used to embed
hidden messages, and/or cause occurrences of unexpected or unintentional messages in the
text. A common form for such an embedding is to consider the occurrence of a pattern in a
linear layout: vertically or possibly diagonally along the two dimensional display.

For example, there was a (rather controversial) paper [12] on the so called Bible Code,
claiming that the Bible contains statistically significant occurrences of various related words,
occurring vertically and/or diagonally, in close proximity. Furthermore, there was an incident
with a veto letter by the California State Governor [11]; Although it was considered a “weird
coincidence”, the first character on each line of the letter could be connected and interpreted
as a very provocative message. In Japanese internet forums, there was a culture of actively
using these techniques, referred to as “tate-yomi”(vertical reading) and “naname-yomi”
(diagonal reading), where the author of a message purposely embeds a hidden message in
his/her post. Most commonly, the author will write a message that praises some object or
opinion in question, but embed a message with a completely opposite meaning bearing the
author’s true intention. The hidden message can be recovered by reading the text message
vertically or diagonally from some position, and is used as form of sarcasm, as well as a
clever method to mock those who were unable to get it.

Assuming that the text is folded into lines of equal length, vertical or diagonal occurrences
of the pattern in two dimensions can be regarded as a subsequence of the original text,
where the distance between each character is equal. We call the problem of detecting such
occurrences of the pattern as the equidistant subsequence matching problem. To the best of
the authors’ knowledge, there exist only publications concerning the statistical properties of
the occurrence of equidistant subsequence patterns, mainly with the so called Bible Code.

Recently, a notion of regularities in strings called (sub)-cadences, defined by equidistant
occurrences of the same character, was considered by Amir et al. [1]. A k-sub-cadence of
a string can be viewed as an occurrence of an equidistant subsequence of length k that
consists of the same character. A k-sub-cadence is a k-cadence, if the starting position is
less than or equal to d and the ending position is greater than n — d, where d is the distance
between each consecutive character occurrence and n is the length of the string. To date,
algorithms for detecting anchored cadences (cadences whose starting position is equal to
d), 3-(sub-)cadences, and (my, w2, m3)-partial-3-cadences (an occurrence of an equidistant
subsequence that can become a cadence by changing a character at most all but three
positions i + m1d, ¢ + mod, and ¢ + w3d, where i is the starting position of the equidistant
subsequence.) have been proposed [1, 5]. However, no efficient algorithm for detecting
k-(sub)-cadences for arbitrary k (1 < k < n) is known so far.

In this paper, we present counting algorithms for k-sub-cadences, k-cadences, equidistant
subsequence patterns of length m and length 3, and equidistant Abelian subsequence patterns
of length 3. Table 1 shows a summary of the results. All algorithms run in O(n) space.
Furthermore, we present locating algorithms for k-sub-cadences, k-cadences, and equidistant
subsequence patterns of length m. The time complexities of these algorithms can be obtained
by adding occ to the second term inside the minimum function of each time complexity of
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the counting algorithm. To the best of the authors’ knowledge, these are the first o(n?)
time algorithms for k-(sub)-cadences and equidistant subsequence patterns. In this paper,
we assume a word RAM model with word size ©(logn). Also, unless otherwise noted, we
assume that strings over a general ordered alphabet.

Table 1 Summary of results. Note that an equidistant Abelian subsequence pattern is an
equidistant subsequence of any permutation of a given pattern.

Counting time H For a constant size alphabet ‘ For a general ordered alphabet ‘

k-sub-cadences o (min { %, 1ong2n }) O (min {"72, \TZO% })
k-cadences 0] (P%gn) O ( min %;, ﬁl@ )
Counting time H For a general ordered alphabet ‘
Equidistant subsequence pattern O (min {%2, ID”;n })
Equidistant subsequence pattern of length three O(n log? n)
Equidistant Abelian subsequence pattern of length three O(nlogn)

2 Preliminaries

Let X be the alphabet. An element of X* is called a string. The length of a string T" is denoted
by |T|. String s € X* is said to be a subsequence of string T' € ¥* if s can be obtained by
removing zero or more characters from 7.

For a string T and an integer 1 < i < |T'|, T[¢] denotes the i-th character of T. For two
integers 1 <i < j <|T|, T[i..j] denotes the substring of T that begins at position 7 and ends
at position j. For convenience, let T'[i..j] = ¢ when ¢ > j.

2.1 k-(Sub-)Cadences

The term “cadence” has been used in slightly different ways in the literature (e.g., see [7, 10, 1]).
In this paper, we use the definitions of cadences and sub-cadences which are used in [1]
and [5].

For integers ¢ and d, the pair (i,d) is called a k-sub-cadence of T € X" if T'[i]| = T[i+d] =
Tli+2d = - =T+ (k—1)d], where 1 <i <nand 1 <d < [2=£]. The set of
k-sub-cadences of T can be defined as follows:

» Definition 1. For T € 3", ne N, and k € [1..n],

| T =Tli+d =Tli+2d) = --- = T[i + (k — 1)d]
KSC(T,k)_{(z,d)’ l<icnl<ds |2 }

For integers ¢ and d, the pair (i,d) is called a k-cadence of T € ¥™ if (i,d) is a k-sub-
cadence and satisfies the inequalities i — d < 0 and n < i + kd. The set of k-cadences of T’
can be defined as follows:

» Definition 2. For T € X", ne N, and k € [1..n],

| T[] =Tli+d =Tli+2d = =T[i + (k — 1)d]
KC(T”“):{(”d)‘ 1<i<dmt<d< o }

12:3
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2.2 Equidistant Subsequence Occurrences

For integers i and d, we say that pair (i,d) is an equidistant subsequence occurrence of
Pe¥xminTeX"if P=T[|-Tli+d-T[i+2d]---T[i + (m — 1)d], where 1 <i <n and

1 <d < [2=%]. The set of equidistant subsequence occurrences of P in T' can be defined as

follows:

» Definition 3. For T € X", P € X™ and n,m € N,

ESP(T’P):{(Z.’d)’ P="TI[i| -T[i+d]-T[i 4+ 2d]---T[i + (m — 1)d| }

1<i<n,1<d< |22t

m—1

2.3 Equidistant Abelian Subsequence Occurrences

Two strings S; and Sy are said to be Abelian equivalent if Sy is a permutation of Sy, or vice
versa. Now for integers ¢ and d, we say that pair (i,d) is an equidistant Abelian subsequence
occurrence of P € ¥ in T € X" if T[i] - T[i +d] - T[i + 2d]---T[i + (m — 1)d] and P are

Abelian equivalent, where 1 < ¢ <nand 1 < d < [2=%]. The set of equidistant Abelian

m—1
subsequence occurrences of P in T can be defined as follows:

» Definition 4. For T € X", P € X and n,m € N,

EASP(T, P) = {(i,d) ‘ T[E)-Ti+d]---T[i+ (m —1)d] and P are Abelian equivalent } .

1<i<n,1<d< |22t

m—1

When it is clear from the context, we denote KSC(T, k) as KSC, KC(T, k) as KC, and
ESP(T, P) as ESP.

3 Detecting k-Sub-Cadences

In this section, we consider algorithms for detecting k-sub-cadences.

3.1 Algorithm 1

One of the simplest methods is as follows: For each distance d with 1 < d < L%J, we
construct text STy =T[1]-T[1+d]---T[1+d|%2]]-$-T[2] - T[2+d]--- T2+ d[22]] -
$---T[d]-T[2d]---T[d| %]] of length d| % | +d — 1. Then, the strings T'[1] - T[1 +d]---T[1 +
2], T2 - T2+d)--- T2+ d|%52]],...,T[d] - T[2d] - - - T[d| 2 ]] are called d-skip-strings,
and the ST, is called d-split text. If we would like to find k-sub-cadences with distance d in

text T', we find concatenations of the same character of length k as substrings in STjy.

text T

3-skip
strings

3-split
text ST3

Figure 1 Preprocessing for Algorithm 1.

Fig. 1 is an example of the 3-split text ST5. In STy, we use a symbol $ ¢ ¥ in order to
prevent detecting false occurrences of concatenation of same character of the length k across
the ends of d-skip strings as a k-sub-cadence. The text obtained by concatenating all STy for
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all1 <d < LZ—:H and $ is called the split text. If we prepare the split text, we can compute
KSC simply by checking that the same character is repeated k times.

The length of STy is at most n + d including $. The maximum value of d is %=} |, and
therefore, the number of ST is at most |2=1]. Hence, the length of the split text of T is
O(%Q) We can check that the same character is repeated k times in the split text in O(”{)
time. Although we have presented the split text to ease the description, it does not have to
be constructed explicitly.

From the above, we can get the following result.

» Theorem 5. There is an algorithm for locating all k-sub-cadences for given k (1 < k <n)
which uses O (%2) time and O(n) space.

As can be seen from the example of T = a”, |KSC| can be Q("—;) Therefore, when we
locate all (i,d) € KSC, this algorithm is optimal in the worst case. In the next subsection,
we show a counting algorithm that is efficient when the value of k is small. Moreover, we
show a locating algorithm that is efficient when both the value of k& and |KSC| is small.

3.2 Algorithm 2

In this subsection, we will show the following result:

n2
logn

» Theorem 6. For a constant size alphabet, there is an O ( ) time algorithm for counting

n?
logn

all k-sub-cadences for given k. We can also locate these occurrences in O( + occ

time, where occ is the number of the outputs. For a general ordered alphabet, there is an

O 2k ) time algorithm for counting all k-sub-cadences for given k. We can also locate
4/ logn

these occurrences in O (M + occ) time. These algorithms run in O(n) space.
Viogn

Note that for counting all k-sub-cadences, for a constant size alphabet (resp. for a general
ordered alphabet), this algorithm is faster than Algorithm 1 if k is o(logn) (resp. o ({/logn)).
For locating all k-sub-cadences, for a constant size alphabet (resp. for a general ordered
alphabet), if |[KSC| is o("%) and k is o(logn) (resp. o (§/logn)), then this algorithm is faster.

Now we will show how to count all k-sub-cadences of character ¢ € X. Let d.[1..n] be a
binary sequence given by the indicator function for the character c:

i = {1 if T[i] = c,
o T[] # e

If (i,d) is a k-sub-cadence with character ¢, §.[i] =6 [i +d] =--- = [i + (k—1)d] = 1.
Therefore, we can check whether (4, d) is a k-sub-cadence or not by computing 6.[i] - d.[¢ +
d]---d.[i + (k — 1)d]. To compute this, we use bit-parallelism, i.e, the bit-wise operations
AND and SHIFT LEFT, denoted by & and «, respectively, as in the C language. For each
dwithl <d<|[2=1] let Qu =0 & (6. « d) & (6. « 2d) & -+ & (6. « (k—1)d). If
Qqli] = 1, then (i,d) is a k-sub-cadence. See Figure 2 for a concrete example.

If we want to count all k-sub-cadences with d, we only have to count the number of 1’s in
Qq. If we want to locate all k-sub-cadences with d, we have to locate all 1’s in Qg.

In the word RAM model, SHIFT_LEFT and AND operations can be done in constant
time per operation on bit sequences of length O(logn). Since ¢, is a binary sequence of
length n, one SHIFT_LEFT or AND operation can be done in O(%) time. Therefore, Qq

lo
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T = c aaacaabaabaabocaboec
6, = 011101101101 100100
6, = 011101101101 100100
(a3 = 1011011011001 000O0O0TO0
,«6) = 1011011001 00O0O0O0O0O0TO0
6,9 = 10110010000O0O0O0O0O0O0TO0
QG = 001 100100O0O0O0OO0OO0O0OOUO0OOGO0OO

Figure 2 Let T = caaacaabaabaabcabe. (3,3), (4,3), and (7,3) are 4-sub-cadences of character

‘a’ with d = 3.

can be obtained in O(kqg;;) time. Since it is known that the number of 1’s in a bit sequence
of length O(logn) can be obtained in O(1) time by using the “popcnt” operation which is a
standard operation on the word RAM model, the number of 1’s in @4 can be counted in

O(i5g7) time. Hence, for all 1 < d < [ = 2=1| we can count all k-sub-cadences of character
cin O ( TogT |2=1] + ogn | 2=t ) - O(@) time. Also, it is known that the position of

the rightmost 1 (the least significant set bit) in a bit sequence of length O(logn) can be
answered in constant time by using bit-wise operations. We split Q4 into O(logn) blocks of
length O(logn). For each block, the least significant set bit can be found in O(1) time if the
block contains at least one 1. After finding the least significant set bit, we mask this bit to 0
and do the above operation again. Bit mask operation can be done in O(1) time. Hence, we
+ occ) time. Therefore, we can locate all

can answer all the positions of 1’s in ()4 in O(logn

k-sub-cadences of character ¢ in O(logn + occ) time.

We showed how to detect all k-sub-cadences of character ¢, so we can detect all k-
sub-cadences by doing the above operations for each character in X. For a constant size
alphabet, since we only do the above operations a constant number of times, we can count
all k-sub-cadences in O(g5;) time. We can also locate these occurrences in O( g )
time. However, for a general ordered alphabet, we have to do the above operations |E| times.

For a general ordered alphabet, if the number of occurrences of the character is small, we
use another algorithm that generalizes Amir et al’s algorithm [1] for detecting 3-cadences
to k-sub-cadences: Let N, be the set of positions which are occurrences of a character
c. If we pick two positions in N, and regard the smaller one as the starting position i of
k-sub-cadences and the larger one as the second position 7 4+ d of a k-sub-cadence, then the
distance d is uniquely determined. We can check whether the pair (i,d) is a k-sub-cadence
or not in O(k) time. Since the number of pairs is at most |N.|?, we can count or locate
k-sub-cadences of character ¢ in O(k|N.|?) time.

Thus, for a general ordered alphabet, all k-sub-cadences can be counted in
O ex min{kj|N 2, %}) time. Since O(} cx, min{k|N|?, l(:gn}) is maximized when

BN = i then O(Lex min{kINe, 251 € O((Lees INe) L) € O(22L).

Therefore we can count in O( \’}li) time by using Algorithm 2 and the above algorithm
ogn

that generalizes Amir et al’s algorithm. Also, all k-sub-cadences can be located in

O(Y ey min{k|N,|?, 1(:Lgn + occ.}) time where occ.. is the number of k-sub-cadences of char-

acter ¢. Since O(Y oy, min{k|N,|?, longn + ocec}) C O((X ex min{k|Ne|?, ]O”;n}) + occ) C
2VE

nZ\/E _ " : n c :
0(7\/@ + occ), we can locate all k-sub-cadences in O( Jogn + occ) time.
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From the above, we obtain the following result:

» Theorem 7. For a constant size alphabet (resp. for a general ordered alphabet), all k-sub-

cadences with given k can be counted in O (min {"72, 10"—2}> time
gn

(resp. O <min {"kz, \71%}) time) and O(n) space, and can be located in

. n2 n? . . n? vk .
O (mln {77 Togn T 000}) time (resp. O (mln {k, ogn + 000}) time) and O(n) space.

4  Detecting k-Cadences

In this section, we consider algorithms for detecting k-cadences.

4.1 Algorithm 3

Again, each (i,d) has to satisfy the following formulas: 1 < i < d and ",j <d< U:_’i .

Then, each distance d satisfies 15 < d < 5. We use same techniques of Algorithm 1 for
each d with 47 <d < zZ7. Since the number of possible values for d is O(£z), we can check

that the same character is repeated k times in the split text in O(Z—z) time. Therefore, we
can obtain the following result:

» Theorem 8. There is an algorithm for locating all k-cadences for given k which uses
0 (Z—j) time and O(n) space.

4.2 Algorithm 4

Now, we will show the following result:

» Theorem 9. For a constant size alphabet, there is an O (W?ijgn) time algorithm for

. . . 2
counting all k-cadences for given k. We can also locate these occurrences in O (Mm + occ

time. For a general ordered alphabet, there is an

n2 . . . _ _ .
0] (ﬂ@) time algorithm for counting all k-sub-cadences for given k. We can also locate
. n2 . . .
these occurrences in O (JE\/@ + occ> time. These algorithms run in O(n) space.

Note that when we count all k-sub-cadences, for a constant size alphabet, this algorithm
is faster than Algorithm 3. Also, for a general ordered alphabet, this algorithm is faster if k
is o(¥/logn). (This is because if ﬁl@ is less than Z—z, then kvk < logn.) When we
locate all k-sub-cadences, for a constant size alphabet (resp. for a general ordered alphabet),
it |[KC| is 0(2—2) (resp. |KC| is O(Z—z) and k is o(y/logn)) then this algorithm is faster.

Now we will show how to count all k-cadences of character ¢ € 3. If (i,d) is a k-cadence
with character ¢, then 6.[i] = 6cfi +d] =+ =6cfi+ (k—1)d] =1,1<i<d,and %= < d <
| #=7 . Therefore, to calculate k-cadences, we need only the range [1..d] of i for d with "= <
d < |7=7]. For each d with "= < d < | =], let Q) = 6.[1..d] & d.[d+1..2d] & 6.[3d +
1.4d) & --- & 0.[(k—1)d+ 1..kd]. If Q}[i] =1, (4,d) is a k-cadence. @, can be obtained
by the following operation: Q/, = d.[1..d] & (d. « d)[1..d] & (0. « 2d)[1..d] & --- & (J. «
(k —1)d)[1..d]. By using the same techniques of Algorithm 2, we can compute @/, in

O(k+%-) time. Hence, for all 2 < d < 77, we can count all k-cadences of a character in

logn y k+1
Okl &) C Olognttz) time.
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For a locating algorithm and for a general ordered alphabet, we can use same techniques

of the above section. Then we can locate all k-cadences of a character in O(% + occ)

time. For a general ordered alphabet, all k-cadences can be counted in
i 2 1 j . 2
O ex mln{k|N 2, kz?m}) time. Since O(Y" .y min{k|N,|?, i

. n?
k‘N‘:'Q — k2logn logn’ then O(ZCGE mln{k‘Nc|27 m}) - O((ZCGE |N |)\f\/@)

time. Also, all k-sub-cadences can

}) is maximized when

- O(\/E\/@) Therefore we can count in O(f\/i)
be located in O(m + occ) time. From the above, we obtain the following result:

» Theorem 10. For a constant size alphabet (resp. for a general ordered alphabet), all

2
n .
logn ) time

k-cadences with given k can be counted in O (

(resp. O (mln { = f@}) time) and O(n) space, and can be located in

0 (k2 fogm T occ) time (resp. O (mln { = f\/i + 000}) time) and O(n) space.

5 Detecting Equidistant Subsequence Pattern

In this section, we consider algorithms for detecting equidistant subsequence pattern.

5.1 Algorithm 5

We use similar techniques as of Algorithm 1. For each distance d with 1 < d < L:;_llj,
we construct text STy. After preparing the split text, we can compute ESP using existing
substring pattern matching algorithms. Since Knuth-Morris-Pratt algorithm [9] runs in O(n)

time for a text of length n, we obtain the following result:

» Theorem 11. There is an algorithm for locatz’ng all equidistant subsequence occurrences

for given pattern P of length m which uses O ( ) time and O(n) space.

Like KSC, for text T'= a™ and pattern P = a™, |ESP| can be Q(%z) Therefore, when
we locate all (i,d) € ESP, this algorithm is optimal in the worst case. In the next subsection,
we show a counting algorithm that is efficient when the value of m is small. And we show a
locating algorithm that is efficient when the value of m and |ESP] is small.

5.2 Algorithm 6
Now we will show the following results:

» Theorem 12. There is an algorithm for counting all equidistant subsequence occurrences
which uses O ( n’ ) time and O (|2P\n) space, where Xp is the set of distinct characters

logn logn

7 ) time and
ogn

in the given pattern P. We can also locate these occurrences in O (

0 (lZP‘") space.

logn

First, we construct o, for all ¢ € Xp. For each d with 1 < d < L;_IJ let Qd =
Spp) & (Opg « d) & (Opp) « 2d) & -+ & (Sppm < (m—1)d). If Q,[i] = 1, (i,d) is an
occurrence of equidistant subsequence pattern P. See Figure 3 for a concrete example.

All of the elements of ESP can be counted / located by using a method similar to
Algorithm 2 for Q;’. After constructing ¢, for all ¢ € 3, all occurrences of equidistant
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5 = 01 1101101101100100
& = 1000 1000000O0UO0GO0GO0T100O01
5 = 001 1011011011001200
(6,«3 = 1011011011001000200
b,< 6 = 0000O0O0O0O01IO0O0T1I1IO000O00O0O00O0
b.«9 = 000001001000O00O00O0O0O00D0
Q; = 00000O0O0O0TI1O000O0O0O0O0OTO0O0

Figure 3 Let T = caaacaabaabaabcabc and P = aacc. (9,3) is an occurrence of equidistant
subsequence pattern with d = 3.

n2
logn

subsequence pattern can be counted in O( ) time and O(n) space and can be located in

O(lgl;n + occ) time and O(n) space. Constructing d. for all ¢ € ¥ p needs O( Eglln) time and
space. Since E}g‘; is at most O(%), we get Theorem 12.
If m is o(logn), Algorithm 6 is faster than Algorithm 5 and O(%) C O(n). From the

above, we obtain the following result:

» Theorem 13. All occurrences of equidistant subsequence pattern can be counted in

0 (min{”2 n’ }) time and O(n) space and can be located in

‘m > logn

0 (min { nt ooty 000}) time and O(n) space.

‘m > logn

6 Detecting Equidistant Subsequence Pattern of Length Three

In this section, we show more efficient algorithms that count all occurrences of an equidistant
subsequence pattern for the case where the length of the pattern is three. In addition, we
show an algorithm for counting all occurrences of equidistant Abelian subsequence patterns of
length three. Since we heavily use the techniques of [5] for 3-sub-cadences, we first show their
algorithm for 3-sub-cadences and then generalize it for solving the equidistant subsequence
pattern matching problem.

6.1 Counting 3-sub-cadences [5]

Let a[0..n] and b[0..n] be two sequences. The sequence h[l..2n] can be computed by the
discrete acyclic convolution hlz] = > sty=z a[z]bly]. The discrete acyclic convolution
z,y)€[0,1,2,...,n]?
can be computed in O(nlogn) time b(y I?j)sir[lg the fa]st Fourier transform. This convolution can
be interpreted geometrically as follows: hlz] =Y syy=: a[z]b[y], where G is the square
(z,y)EGNZ?
given by {(z,y) : 0 <z,y <n}.

Funakoshi and Pape-Lange [5] showed that 3-sub-cadences can be counted by using the
discrete acyclic convolution. If (i, d) is a 3-sub-cadence with a character ¢, then 0.[i]-d.[i4+2d] =
land T[i+d] = c. Let h[22] =5  24y=22 dc[2]0c[y], then h[2z] counts how many

z,y)€[0,1,2,...,n]>
pairs z and y there are that satisﬁes( xy4)— [y =2z a]nd T[x] = T[y] = c for the index z. Since
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z+4 2z =2z and 0.[z] - §.[z] = 1 if T[z] = 1, then h[2z] counts one false positive. In addition,
x+y = 2z and §.[x] - 6.[y] = 1 if @ # y, then h[2z] counts twice for same x and y. Let
f[z] be the number of all 3-sub-cadences with a character ¢ such that the middle index of
3-sub-cadences is z. f[z] can be computed in O(nlogn) time as follows:

h2E=1 ] = ¢
R 2 )
Tl = {0 if T[z] # c.

Furthermore, they extended the geometric interpretation of convolution and showed that
if G is a triangle with perimeter p, the sequence ¢ can be computed in O(p log? p) time.

6.2 Counting Equidistant Subsequence Patterns of Length Three

Now we show an algorithm for counting all occurrences of equidistant subsequence patterns
whose length is three. Let g[z] be the number of all occurrences of the equidistant subsequence
pattern such that the middle index of P is z. If P = aa«, this problem is equal to the
counting all 3-sub-cadences problem. Therefore, g[z] can be computed in O(nlogn) time as
follows:

h2z=1 gf Tz =«
2] == 2
gl {0 if T[z] # «

where h[2z] =5 a4y=22 Oal®]daly]-
(z,9)€[0,1,2,...,n)?
If P = afq, since the pattern is symmetrical, g[z] can be computed in O(nlogn) time as

follows, by using almost the same technique as above:

[ ] @ if T[Z] =4
z] =
g 0 T[] £
where h[22] =Y  s4y=2- Oa 2] [Y]-
(z,y)€[0,1,2,...,n]°
However, if P = afv, then h[2z] = Y s4y=2- da[z]04]y] would also include

(z,y)€[0,1,2,...,n]?
occurrences of the equidistant subsequence pattern ySa. Thus, in order to compute g[z], we

further add the condition = < y. By using triangle convolution of [5], g[z] can be computed
in O(nlog®n) time as follows:

mﬂ:{M%}ﬁTM6
0 if T[] # B
where h[2z] =Y 2yy=2: 0

(z,y)eGNZ?
If P = aary or P = ayy, we can compute g[z] by using the same technique as for the

«[%]0~[y], where G is the triangle as in the following Figure 4.

case of P = af~. Therefore, we get the following result:

» Theorem 14. All occurrences of equidistant subsequence pattern of length three can be
counted in O(nlog®n) time and O(n) space.

6.3 Counting Equidistant Abelian Subsequence Patterns of Length
Three

Now we show the algorithm for counting all occurrences of equidistant Abelian subsequence
pattern whose length is three. In this subsection we consider the case where all of the three
characters are distinct, namely, P = a3y. The other cases can be computed similarly.
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Figure 4 The triangle G.

In the previous subsection, we showed that if P = a7, then

h[2z] =5 a4y=22 da[z]0,[y] includes the occurrences of equidistant subsequence
(z,y)€[0,1,2,...,n]
pattern vSBa. Therefore, we can compute all occurrences of equidistant subsequence pattern

apfy, vBa, Bya, aypB, yab, and Bay by using discrete acyclic convolution for P = afy,
P = Bva, and P = vyaf. Hence, we can get following result:

» Theorem 15. All occurrences of equidistant Abelian subsequence pattern of length three
can be counted in O(nlogn) time and O(n) space.
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—— Abstract

Given a text T'[1,n] over an alphabet ¥ of size o, the suffix array of T stores the lexicographic order
of the suffixes of T. The suffix array needs O(nlogn) bits of space compared to the nlogo bits
needed to store 7T itself. A major breakthrough [FM-Index, FOCS’00] in the last two decades has
been encoding the suffix array in near-optimal number of bits (= log o bits per character). One can

o)

decode a suffix array value using the FM-Index in log n time.

We study an extension of the problem in which we have to also decode the suffix array values of
the reverse text. This problem has numerous applications such as in approximate pattern matching
[Lam et al., BIBM’ 09]. Known approaches maintain the FM-Index of both the forward and the
reverse text which drives up the space occupancy to 2nlogo bits (plus lower order terms). This
brings in the natural question of whether we can decode the suffix array values of both the forward
and the reverse text, but by using nlogo bits (plus lower order terms). We answer this question
positively, and show that given the FM—Index of the forward text, we can decode the suffix array
value of the reverse text in near logarithmic average time. Additionally, our experimental results
are competitive when compared to the standard approach of maintaining the FM-Index for both
the forward and the reverse text. We believe that applications that require both the forward and
reverse text will benefit from our approach.
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1 Introduction

The suffix tree is arguably the central data structure in Stringology. Briefly speaking, the
suffix tree (ST) of a text T[1,n] over an alphabet > = [o] U {$} is a compact trie over all
suffixes, where $ is the unique terminal symbol. Its linear time construction [10, 25, 32, 33|
and efficient tree-navigational features make it a versatile tool in the design of various string
matching algorithms. As a practical alternative, suffix arrays were introduced later. Probably
the greatest beneficiary of these data structures is bioinformatics; in fact, it is safe to say
that the field would not have been the same without them [1, 31]. We refer to Gusfield’s
book [18] for an exhaustive list of algorithms aided by suffix trees and suffix arrays.

In the era of data deluge, a negative aspect of suffix trees and suffix arrays is their
memory footprint of ©(n) words or ©(nlogn) bits. In comparison, the text can be encoded
in just nlogo bits, or even lower space using compression techniques. To put this into
perspective, the suffix tree takes around 15 bytes per character and the suffix array takes
around 4 bytes per character for human genome, where ¢ is 4. Bridging the complexity gap
between data-space and index-space has been a challenging task. The advent of succinct
data structures [19] and compressed text indexing, where the goal is to have a data structure
in space close to the information theoretical minimum, presented us with new indexes like
the FM-Index by Ferragina and Manzini [12] and the Compressed Suffix Array (CSA)
by Grossi and Vitter [17]; these indexes encapsulate the functionalities of suffix array in
near-optimal number of bits (w.r.t. statistical entropy). While the CSA achieved this goal
via the structural properties of suffix trees/arrays, FM-Index relied on the Burrows-Wheeler
Transformation (BWT) of the text [7]. Moreover, the FM-index is a self-index, i.e., any
portion of the original text can be extracted from the index. These remarkable breakthroughs
saved orders of magnitude of space in practice and eventually became the foundations of
more advanced indexes [6, 11, 26, 27, 29, 30]. They are the backbone of many widely used
bioinformatics tools like the BWA [22], SOAP2 [24], Bowtie [21], etc.

Motivated by the fact that two human genomes differ in hardly 0.1% of their positions,
Belazzougui et al. [5] introduced the concept of Relative Compressed Indexes or Reusable-
Indexes, where the objective is to leverage the fact that a full text index (say an FM-index)
of a string T is already available, while indexing a “closely similar” string T7”. They showed
that the FM-index of T” can be encoded in O(d) extra space (in words), assuming that the
FM-index of T is accessible. Here, § denotes the edit distance between the ’s of T and 1”.
We study a special, but useful instance of this problem, in which 7" is the reverse of T

1.1 Relative Compression of the Reverse Suffix Array

Let T[1,n] = tita...t,—1$ be a string over the alphabet 3 = [o] U {$}, where the character
$ appears exactly once. The reverse of T is the string = tp_1tp—o...t13. We use the
following lexicographic order: $ <1 <2 < -+ < o. We use Ti, j] (resp., ?[z,]}) to denote
the substring of T' (resp., ?) from position ¢ to j.

The suffix array SA[1, n] stores the starting positions of the lexicographically arranged
suffixes, i.e., SA[i] = j if the i*" lexicographically smallest suffix is T'[j,n]. The inverse suffix
array ISA[1,n] is defined as: ISA[j] = ¢ if and only if SA[i] = j. Thus, the suffix array and
its inverse can be stored in O(n) words, i.e., O(nlogn) bits. The BWT of T is an array
BWT(1,n] such that BWT([i] = T[SA[i] — 1], where T[0] = T'[n]. An FM-Index is essentially
a combination of the BWT (with rank-select functionality support via a wavelet tree [16])
and a sampled (inverse) suffix array. Likewise, we can define the suffix array and the inverse
suffix array for the reverse text (?, denoted by ﬁ[l, n] and I<S_A[17 n], respectively.
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» Problem 1. Can we decode ﬁ[] and |<S_AH values efficiently using the FM-index of T ?

1.2 Motivation and Related Work

We observe that when the application mandates performing search both in forward and
reverse directions and we already have an index on the forward text, it is possible to calculate
the SA (or ISA) values of the reversed text on the fly efficiently by using the forward index,
which eliminates the overhead of reverse suffix array. Some text processing applications,
particularly in computational biology, are a good example of this case. For instance, the read
mapping problem [23] in bioinformatics aims to match a given read onto a reference genome.
Due to the DNA sequencing technology used, a read may originate from a forward strand as
well as the reverse strand of the DNA helix, and the direction is unknown at the time of
mapping. Thus, while the read can be aligned to the reference in its original form, its reverse
complement should also be considered as it could be sampled from the reverse strand. One
way to cope with this problem is to create two indexes [22], one for the forward and the other
for the reverse strand mapping, which obviously doubles the space. However, if the forward
index can be used to search in the reverse text, the space can be reduced significantly.

The practical applicability of our study addresses this case by showing that we can
compute the SA[i] and ISA[i] elements of the reverse text for any possible i, by solely using
the FM-Index constructed over the forward text. In a wider sense, any bioinformatics
application that makes use of a FM-Index while performing a pattern search on a target
sequence, can benefit from our solution to search on the reverse strand of the target without
any need of extra space. For example, Lam et al. [20] use both the forward and backward
BWT to find matches with k-mismatches allowed; our results eliminate the requirement of
the latter, thereby roughly halving the space. It is noteworthy that other relevant elements of
the reverse text, such as computing the longest common prefix of two suffixes and BWT-entry
can be generated from the SA[i] and ISA[i], becomes efficiently computable on the fly.

From a theoretical perspective, one can argue that pattern matching on the reverse text
is equivalent to matching the reverse of the pattern in the forward text. However, there
are applications, where one needs to find the range of suffixes in the suffix tree/array of
the reverse text that are prefixed by a pattern. A typical example is the classic solution
for approximate pattern matching with one error, which uses the suffix tree/array of the
text as well as that of the reverse of the text, along with an orthogonal range searching data
structure [2]. A similar approach is followed in most of the compressed indexes based on
LZ-compression, although the forward/reverse suffixes arrays/trees are sparse [3]. Another
use is in the (relative) compressed indexing of a collection of sequences that are highly
similar. Here, two full text indexes corresponding to the reference sequence and its reverse
are maintained. Other sequences are indexed in relative LZ compressed space w.r.t. the
reference sequence [9]. On a related note, Ohlebusch et al. [28] provided a procedure to
compute the BWT of the reverse text considering the strong correlation between T and
They compute the reverse BWT from the forward BWT, but in their process to compute the
k" entry of the BWT, one has to decode all entries from 1 to k — 1. Their technique can
also partially fill the reverse suffix array during this computation, where additional effort
is required to calculate the missing elements of SA. Our approach on the other hand can
directly compute any BWT entry for the reverse text. In another work, Belazzougui et al. [4]
showed how to represent the bi-directional BWT (i.e., forward and reverse BWT) so that one
can perform efficient navigation of the suffix tree in the forward and backward direction;
however, to search in the forward direction, their representation again needs space roughly
twice that of the FM-Index.
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1.3 Our Results

The following is our main contribution in this paper.

» Theorem 2. Assuming the availability of the FM—Index of T[1,n] (where BWT is stored
in the form of a wavelet tree), we can compute the suffiz array value r = SA[i] for any
given i (resp. inverse suffic array i = ISA[r] for any given r) of the reversed text T in time
O(h - tyr + tsa). Here,

h is the length of the shortest unique substring that starts at position r in ?,

tyr 1S the time to support standard wavelet tree operations on the BWT, and

tsa s the time to decode a suffiz array (or inverse suffix array) value using FM-Index.

In the most common implementations of the FM-Index, tyr = O(logo) and tgy =
O(log' ™ n), where € > 0 is arbitrarily small. On average h can be expected to be O(log, n)
when the text is assumed to be independently and identically distributed over the alphabet
Y [8]. Thus, we get the following corollary.

» Corollary 3. Given the FM-Index of T (where BWT is stored in the form of a wavelet
tree), we can decode a suffix array value or inverse suffix array value of the reversed text in
O(logH'e n) expected time, where € > 0 is arbitrarily small.

We complement the above results with experiments. Since Corollary 3 may not hold on
sequences with skewed symbol distributions such as natural language texts, we also include
such cases in the experiments to analyze the performance. The experiments show that
our results are competitive when compared to the standard approach of maintaining the
FM-Index for both the forward text and the reverse text.

2 Burrows-Wheeler Transform and FM-Index

Given an array A[l,m] over an alphabet ¥ of size o, by using the wavelet tree data structure
of size mlog o +o(m) bits, the following queries can be answered in O(log o) time [12, 14, 16]:

Al

rank 4 (i, j, ©) = the number of occurrences of x in Ali, j],

select 4 (i, §, k, 2) = the k*" occurrence of x in A[s, j],

quantile (i, j, k) = the k' smallest character in A[i, j],

rangeCount 4 (¢, j, x,y) = the number of positions k € [i, j] satisfying < A[k] <y
Burrows and Wheeler [7] introduced a reversible transformation of the text, known as the
Burrows-Wheeler Transform (BWT). Let T, be the circular suffix starting at position z,
ie, Ty = T and T, = T[z,n] o T[1,x — 1], where z > 1 and o denotes concatenation.
Then, the BWT of T is obtained as follows: first create a conceptual matrix M, such that
each row of M corresponds to a unique circular suffix, and then lexicographically sort all
rows. Thus the ith row in M is given by Tsa;;;. The BWT is the last column L of M, i.e.,
BWTIi] = Tsapj[n] = T[SA[i] — 1], where T'[0] = T[n] = $. The main component of the
FM-Index is the last-to-first column mapping (in short, LF mapping). For any i € [1,n],
LF(i) is the row j in the matrix M where BWT[i] appears as the first character in Tsap;).
Specifically, LF (i) = ISA[SA[i] — 1], where SA[0] = SA[n].

To compute LF(7), we store a wavelet tree over BWT[1,n] in nlogo + o(nlogo) bits.
Let the number of occurrences of symbol ¢ € ¥\ {$} in T be f;. We store another array
C[1, 0] such that C[i] is the number of characters in T that are lexicographically smaller than
i. Specifically, C[1] = 1, and C[i] = 1+ 3, f; when i > 1. As a convention, we denote
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C[$] = 0 and C[o + 1] = n. Using these, we can compute LF(¢) mapping in O(log o) time as
LF(i) = C[BWTI[i]] + rank(1,4, BWT[i]). We can decode SA[i] in O(log'™*n) time by using
LF mapping and by maintaining a sampled-suffix array, which occupies o(nlogo) bits in
total. The idea is to explicitly store (i, SA[i]) pairs for all SA[i] € {1,1+ A, 1+ 2A,...},
where A = [log, nlog®n]. The space needed is O(% logn) = o(nlog o) bits. Then, SA[i] can
be obtained directly if the value has been explicitly stored; otherwise, it can be computed
via at most A number of LF mapping operations in time O(A -loga) = O(log***n). We
can also decode ISA[] using the sampled array in O(log't*n) time.

3 The Method

A substring T'[a, b] of T is unique if a is the only occurrence of T'[a,b] in T. Note that the
unique substring starting at a position a is always defined (since T' ends in $). Moreover the
reverse of T'[a, b] is also unique in ?, and it ends at the position (n —a + 1) in

3.1 Decoding ﬁ[z] for a given ¢

Our algorithm hinges on the following main lemma.

» Lemma 4. Given the FM-Index of T (where the BWT s equipped with a wavelet tree),
we can compute the shortest unique substring SUS in T starting at ﬁ[z] in O(h - tyr) time,
where h = \§Lj§| We can then compute r = ﬁ[z] in O(tsa) time.

Proof of Lemma 4. Our task is to compute r = ﬁ[z] for some i, where h is the length of
the shortest unique substring SUS = [r] o (?[r +1lo--coT[r+h—1] of T starting at
position r. Let the range [ay, Or] be such that for any j € [ag, Bk the suffix T[SA[j], n]
starts with the string ?[r +k—1]o ?[r +k—2]o--0 ?[r] Moreover, let g be such that
?[r + k] is the gxth smallest character in BWT/[ay, Bi].

Our idea is to successively compute the ranges [a1, £1], [ag, 2], ... and ¢1, g2, ... until
we get a range [ap, ()] that contains exactlé one suffix, i.e., ap = Bi. At each step,
we are going to decode the characters ?[TL [r+1],..., ?[r + h —1]. Clearly, SUS =

[7] O?[T—F 1Jo-- ~o$[7"+ h—1], and the starting position of SUS in T' is SA[cy,]. Therefore,
r=n— (SAlap]+h—1)=n—SAlap] —h+1

We now present the details, starting with the following simple observation. The "
lexicographic suffix of T starts with the same character as the i*" lexicographic suffix of
T. Therefore, %[r] = T[SA[i]], which is essentially the i" smallest character in BWT[1,n],
and is given by quantile(1,n,4). Now, we find the range [a1, 51] in constant time using the
array C and T [r]. The next step is to decode the character T [r + 1], and compute the
range [, f]. Note that T [r,n] is the (i — a,. + 1)*" lexicographically smallest suffix that
starts with ?[r] In other words, ?[r + 1] is exactly the (i — a4+ 1)*? smallest character in
BWT][ay, 81]. Therefore ¢1 = (i — ar + 1).

The next steps are to decode the character ?[r + 1] and compute [ag, f2], then decode

?[r + 2] and compute [as, B3], and so on. To do so, we rely on the following recursions.

From the definition, T [r + k] = quantile(ay, Bk, qx) for any k > 1. We now show how to
compute [agy1, Sr+1]. Let a be the smallest index > «y, and let b be the largest index < Sy,
such that BWT[a] = BWT[] = T[r + k).

s = LF(a) = C[Tr+ kJ] + rank(L,ap — 1, T[r + k]) + 1
Brp1 = LF(b) = C[T [r + k]] + rank(1, Bx, T [r + k])
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Figure 1 Computing (57-\[5] = 7 via Lemma 4. Here SUS = ATC, the suffix range [a1, §1] of A is
[2, 5], the suffix range [a2, B2] of T'A is [8,9], and the suffix range [as, B3] of CT A is [6, 6].

Finally, gx+1 = (g — d), where d is the number of characters in BWT][ayg, 8x] that are

lexicographically smaller than ?[r + k], which can be computed via a rangeCount query.
We repeat this process until we reach [, 5], where o, = 85, This takes O(h - tyr) time.

Then r is decoded in additional O(tg,) time. This completes the proof of Lemma 4. |

Algorithm 1 for computing ?A[z]

1: procedure COMPUTE g’-\[z]

2 if (i =1) then return n

3 a+—1,8+<mn,qg«i, h+<0

4 while (a < ) do

5: ¢ + quantile(a, 8, q)

6 if (¢ # %) then g + ¢ — rangeCount(a, §,1,¢ — 1)
7 if (o > 1) then a < C[¢] +rank(av — 1,¢) + 1
8 else a <+ Cl+1

9: B < Clc] + rank(5, ¢)

10: h+<h+1

11: return n — SA[la] —h+1

3.2 Decoding I<S_A[r] for a given r

To compute I(S—A[r] for some position 7, the main intuition is as follows. Let 7; be the number
of entries in BWT][1, n] that are lexicographically smaller than %[r] Then, ISA[r] > v =
C[(?[’I’H Now consider the range o, 1] such that for any j € [y, 1], the suffix T[SA[j], n]
starts with T [r]. Let v2 be the number of entries in BWT][aq, §1] that are lexicographically
smaller than ?[r +1]. Then, I<S—A[r] > 71 4+ ¥2. Now, consider the range [a, 82] such that for
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any j € [ag, f2], the suffix T[SA[j], n] starts with ?[r +1]o %[r] Compute v3. We repeat
the process until we reach the range [y, 8] such that ap = 8),. Clearly, the unique suffix
T[SA[ap], n] starts with SUS = (T[T—i—h— 1] o(?[r—f—h—Q] - ~O$[r]. Since SUS is the smallest
unique prefix of T [r,n], >°_ ., 7s is the number of suffixes in T that are lexicographically
smaller than (?[r, n]. Thus, |<S_A[’I“] =1+ ..,7s- To compute the v1,72,...,7,, we use
rangeCount operation. Computing the range [ag, k] from [ag—1, fr—1] is achieved using the
array C and rank operation, as in proof of Lemma 4.

The algorithm has h = |SUS| rounds. Each round comprises of a constant number of
wavelet tree operations, and accesses to the C array. Additionally, in the k' round, we

have to decode the character {T—[T + k — 1]. To do this we use the following technique.

If r = n, then %[r] = $; so, assume otherwise. Note that $¥] = T[n — r + 1]; thus,
Tr] = BWT[ISA[n — 7 + 2]] is found in O(tss + tyr) time. Now, T [r+ 1], T[r +2],... are
given by BWT[LF(ISA[n — r + 2])], BWT[LF(LF(ISA[n — 7+ 2]))], ..., in O(tyr) time for each

k. Hence, the time taken to compute ISA[r] is O(tsa + h - tyr). We have the following lemma.

» Lemma 5. Gz’ge‘n the FM-Index of T (where the BWT is equipped with a wavelet tree), we
can compute i = ISA[r] in O(tsy + h - tyr) time, where h is the length of the shortest unique
substring of T that starts at r.

From Lemma 4 and Lemma 5, Theorem 2 is immediate. We outline Lemmas 4 and 5
formally in Algorithms 1 and 2 respectively. <

Algorithm 2 for computing I<S—A[r]

1: procedure COMPUTE I<S_A[r]

2 if (r =n) then return 1

3 i < ISAln — 7+ 2], ¢ <~ BWT][i]

4: a+ 1, B+ mn, v+ Cl

5: while (a < 8) do

6 if (o > 1) then a < C[¢] +rank(av — 1,¢) + 1
7 else a <+ Cl¢+1

8 B < Cl¢] + rank(5, ¢)

9: i < LF(i), ¢ + BWTJq]

10: if (¢ # $) then

11: ~ + 7 + rangeCount(c, 8,1,¢ — 1)
12: return (14 7)

4 Experimental Results

The proposed algorithms eliminate the necessity to separately maintain the SA and ISA of the
reverse text T by computing ﬁ[z] and ISA[i] directly from the FM-index of T. The natural
question is how the performance of the introduced method is compared with the regular
access via the FM-index that could be built on T. We have implemented the proposed
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algorithms! by using the sds1-1ite framework? [15] and performed some tests on 50MB dna,
english, proteins, sources, and dblp.xml files from Pizza&Chili® corpus to analyze the
practical performance of the introduced methods.

For each file, we have created the FM-index and measured the elapsed time of our
algorithm to retrieve ﬁ[z] / m[z] for 100K randomly selected distinct ¢ positions. We
benchmark that elapsed time against a regular SA / ISA access on the FM-index created over

, assuming that both forward and reverse FM-indices apply the same sampling strategy
with the same sampling frequency,

All operations in Algorithms 1 and 2, namely the quantile, rangeCount, rank queries,
backwards_search, and LF — mappings, are achieved in logarithmic time. The execution
times of the introduced algorithms are directly proportional to the number of times they
are repeated, which is determined by the length of the matching SUS. Hence, on positions
where the SUS is extremely long, the execution time will increase. It makes sense to define a
threshold such that the proposed methods stay compatible in practice. Therefore, for those
positions that have a SUS longer than this threshold, it may be preferred to pre-compute
and maintain their g/ ISA values offline. We suggest to set this threshold to the SA/ISA
sampling frequency used in the FM-index construction. While selecting the random positions
in the experiments, those with SUS lengths longer than the threshold are excluded. Table 1
lists the average SUS length of the 100K randomly selected positions with this restriction on
each file for each SA sampling frequency. The percentage of all positions that has a shorter
SUS than the corresponding sampling frequencies, are also presented.

Table 1 The average SUS lengths of the selected positions on each file per each sampling frequency,
and the percentage of all positions in that file, which has SUS length less than or equal to that
sampling frequency.

Average SUS Length Positions with SUS length < Sampling Frequency
Sampling Frequency: 32 64 128 32 64 128
dblp.xml 19.04 29.34 41.37 || 58.57% 81.18% 96.81%
dna 15.22 16.46 17.11 || 96.91% 99.45% 99.89%
english 12.89 14.17 17.48 || 97.81% 99.05% 99.64%
protein  8.48  11.04 17.23 || 84.58%  87.80% 91.11%
sources 16.13 21.63 28.10 || 86.11% 93.36% 96.37%

The experiments were run on an iMac using MacOS 10.13.16 and equipped with 16GB
memory and 3.23 GHz Intel Core i5 processor. The software was compiled with the clang
LLVM compiler with full optimization (-03). During the experiments, we considered the
sampling factors of 32, 64 and 128, along with both text-ordered and suffix-ordered
sampling strategies [13].

The shape of the wavelet tree (WT) representing the BWT may also be an important
factor in practical performance to achieve the queries we use in our algorithms. The
lex_ordered(i,j,c) function of the sdsl-lite platform, which returns the number of symbols
lexicographically smaller/greater than c in the (i,j) interval of a wavelet tree WT, is used in

! The implementation is available online at https://github.com/oguzhankulekci/reverseSA.
2 The sdsl-lite framework is available online at https://github.com/simongog/sdsl-1lite.
3 http://pizzachili.dcc.uchile.cl/index.html.
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the implementation. This function requires the WT to support lexicographical ordering?, where

Hu-Tucker and balanced WTs are the only options, and thus, included in the experiments.

The Huffman—shaped WT is not used as it does not support the lexicographical ordering.
Figure 2 represents the comparison of the average elapsed time to retrieve the SA[:] with
Algorithm 1 versus the regular access via FM-index of T on english, dna, and protein
files®, whose alphabet sizes are respectively 239, 16, and 27. Total time to retrieve the SA[i]
via the Algorithm 1 is equal to the sum of the SUS extraction and SA access on forward
FM-index. It is observed that Hu-Tucker shaped WT provides better running time than the

balanced shaped and, text-order based sampling is superior to the suffix-order based.
The average SA access time on both forward and reverse directions are approximately equal.

Therefore, the expected latency in the proposed technique depends on the SUS-detection
phase. As shown in Table 1, due to the limitation applied in the selection process, the
average SUS length is increasing as the sampling frequency gets larger. This reflects on the
SUS extraction cost in Figure 2, where the SUS extraction time expands proportionally by
the increment of the average SUS length in each data type.

Table 2 The ratios representing the overall execution time of the Algorithms 1 and 2 divided by
the regular SA and ISA access on different sampling ratios and strategies.

SA Benchmark (Algorithm 1) ISA Benchmark (Algorithm 2)
Sampling Strategy: Text-ordered Suffix-ordered Text-ordered Suffix-ordered

Sampling Frequency: 32 64 128 | 32 64 128 32 64 128 | 32 64 128
dblp.xml 7.0 52 35 |50 34 25 95 62 39|94 60 38

dna 42 27 19 |27 20 1.5 51 35 21 |55 32 22

english 43 3.0 20|27 20 16| 53 33 24 |53 32 24

protein 27 21 1.7 (19 16 14 |34 25 20|34 25 21

sources 4.8 34 25|32 24 18|60 41 29 |60 41 29

With the aim of having a better understanding about the running time of Algorithms 1
and 2, the elapsed time to access a random SA[i] (and ISA[i]), is divided by the time required

to achieve these queries with a regular FM-index constructed over T . Table 2 lists these ratios.

Since the proposed methods can retrieve the SA[i] and ISA[i] values without the FM-index on

, a slow-down is actually expected in the general paradigm of time-memory trade-off. On
dna sequences, Algorithm 1 is only 2.7, 2.0, and 1.5 times slower for corresponding sampling
frequencies, while using Suffix-ordered method. On protein sequences, the ratios are even
better to be 1.9, 1.6, and 1.4 respectively. We observed the worst results on dblp.xml file,
which is highly repetitive, and thus, the SUS extraction times have been observed to be
significantly longer. It’s reasonable to particularly underline the performance of our proposed
algorithm on biological sequences. Since, text operations on reverse direction are expected to
be a more common demand in terms of computational biology applications. The proposed

solution, especially the ﬁ calculation, competes better in suffix-based SA sampling strategy.

This favours the practical applicability of our theoretical results since suffix-based approach
is the default choice in practice due to its space conservation. The ISA computations with
Algorithm 2 are generally observed to be & 1.5 times worse than the ﬁ computations, which
is due to the fact that retrieving ISA is nearly two times faster than accessing SA on an
FM-index with equal SA and ISA sampling ratios®.

4 Indicated as lex_ordered in http://simongog.github.io/assets/data/sds1l-cheatsheet.pdf

5 The sources and dblp results are not shown in Figure 2 to save space.

6 As also considered in sdsl-lite framework by setting the default ISA sampling frequency to two times
of the SA sampling frequency.
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Figure 2 Experimental analysis to compare the speed of the proposed method and the regular
SA access on the FM-index constructed over the reversed text. Y-axis represents the elapsed time in
microseconds and X-axis indicate the sampling frequencies. For the representation of the BWT, both
“balanced” and “Hu-Tucker” shaped wavelet trees that supports lexicographical ordering (which is
required by the methods we use in the algorithms), are considered.

The practical performance of the Algorithms 1 and 2 depends heavily on the length of
the corresponding SUS. Short SUSs are expected to be more common, where the method
will execute fast. On the other hand, even much less frequently observed longer SUS cases
degrade the overall average timings. Thus, for a deeper investigation, the diffraction in
Table 3 lists the percentages of the positions on which the elapsed time with the proposed
algorithm is ”X” times of the regular access on the FM-index constructed over T.
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Table 3 Percentage of the positions on which the elapsed time with the proposed algorithms are
7 X7 times of the regular suffix array access on the FM-index constructed over T . For instance, on
protein sequence, Algorithm 1 answered faster than the regular FM-index over (? on 21.88% of the
queries when the sampling factor is 32 with a suffix-ordered strategy. On 40.76% of the cases, the
speed is slower than the regular access, but not more than two times. Similarly, the speed is between

two and three times of the SA access with FM-index constructed over on 21.17% of cases.

dna english protein
32 64 128 32 64 128 32 64 128
<lx 0.00 0.03 13.93 | 0.00 0.30 13.75 | 0.06 12.92 23.89
1x-2x | 0.02 24.69 41.86 | 0.50 19.42 40.97 | 25.23 36.87 40.36
2x-3x | 12.30 38.71 36.84 | 10.52 34.57 34.24 | 35.94 38.83 27.69
3x-4x | 31.36 30.13 5.59 | 27.27 32.14 6.66 | 30.81 7.04 4.50
>4x | 56.32 6.43 1.77 | 61.70 13.56 4.38 7.96 4.33 3.55
ﬁ results with text-ordered sampling strategy
<lx 0.03 20.03 41.50 | 1.37 19.28 38.31 | 21.88 37.95 45.77
1x-2x | 36.46 42.96 34.16 | 35.97 41.83 33.26 | 40.76 34.19 31.24
2x-3x | 33.49 20.70 14.27 | 31.76 21.04 15.83 | 21.17 16.29 14.00
3x-4x | 16.22  9.13 5.84 | 16.10 9.87 7.22 9.28 6.90 5.46
>4x | 13.81 7.18 4.24 | 14.80 7.98 5.38 6.91 4.67 3.53
ﬁ results with suffix-ordered sampling strategy
<1x 0.00 0.00 5.95 0.00 0.03 5.59 0.00 0.96 10.93
1x-2x | 0.00 3.03 42.67 | 0.02 10.90 36.45 | 2.14 20.43 36.48
2x-3x | 0.11 31.02 41.83 | 1.57 33.41 38.12 | 17.93 34.89 36.45
3x-4x | 12.10 36.81 6.80 | 12.63 33.14 12.71 | 28.05 27.85 9.40
>4x | 87.78 29.14 2.75 | 85.79 2253 7.14 | 51.88 15.86 6.75
fS_A results with text-ordered sampling strategy
<lx 0.00 0.00 3.23 0.00 0.03 5.39 0.00 2.26  17.35
1x-2x | 0.00 6.99 38.88 | 0.03 9.46 35.95 | 4.42 33.26 37.49
2x-3x | 0.10 36.14 42.38 | 2.28 32.59 38.52 | 32.67 37.99 33.09
3x-4x | 10.87 38.00 12.69 | 14.63 35.07 1246 | 36.96 18.20 5.12
>4x | 89.03 18.88 2.81 | 83.06 22.86 7.67 | 25.95 8.30 6.96
fS_A results with suffix-ordered sampling strategy

Actually, Algorithm 1 already includes a regular SA access in itself (line 11). So, it’s
quite surprising to observe that there are cases where Algorithm 1 executes faster than
the regular access. Such cases appear since the access time to suffix arrays on FM-indices
differs in forward and reverse directions. Figure 3, depicts this by sketching the number

of accessed symbols with Algorithm 1 and with a regular SA access on reverse FM-index.

Algorithm 1 starts with extracting the SUS which ends at & in forward direction (or starts
at k in reverse direction). Once X symbols long SUS is extracted, the algorithm calls the
regular SA access on the FM-index of T, which tells the location of this SUS on T'. This
access requires backwards traversal of Y symbols on T via the FM-index, where Y is the
distance to the closest sampled point on the left of the SUS. The result of this access is then
used to compute the exact value of k on T. On the other hand, when an FM-index of
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(reverse FM-index) is available, Z symbols are subject to backwards traversal (as backwards
on T means left-to-right movement on the Figure 3). When the summation of “SA call
on forward FM-index” and the “SUS extraction cost” is smaller than the SA access on the
reverse FM-index (cost(X) + cost(Y') < cost(Z)), such interesting cases may occur.

SUS ending atk . _Sa[i]

¢ y ¢
|
1

Y X z

Figure 3 Sketching the number of backwards traversal steps with Algorithm 1 (X 4+ Y) versus
FM-index of T (Z). Dark circles represent the sampled positions in both directions.

5 Conclusion

We have presented two algorithms to compute the ﬁ[z} and @[z] values by using the
FM-index of the forward text T'. Experiencing slowdown in such space preserving approaches
is expected, and hence, we conducted experiments to observe this effect in practice. The
benchmark results stated in Table 2 reveals that the ﬁ and ﬁ calculations are respectively 2-
3 times and 3-4 times slower on the average when compared to a regular FM-index constructed
over T with suffix-ordered sampling strategy. Particularly on biological sequences, such as
the dna and protein files, the ratios even improve better supporting their usage in practice.
Although the execution time of the introduced algorithms increase on sections of long repeats
of the input data (as the SUS extraction is the key of the proposed methods), the methods
respond quite fast in most cases as shown in Table 3 since the majority of the SUS lengths
are centric around shorter lengths. Another interesting application of the proposed methods
might be in fully-parallel constructing the BWT of the reverse text from the forward BWT,
which has been mentioned in the previous study of Ohlebusch et al. [28] with a solution
by computing §VV—T[k] under assumption that §VV—T[1], §VVTI'[2], cee m[k — 1] are already
available, and k iterates from 1 to n. They observed that some positions are independent
of the previous ones, which provide an opportunity in parallelizing the execution. However,
the level of parallelization here is bounded by the number of such independent start points.
Contrary to that, our solution in computing SA[i] does not introduce any prerequisites for
any 4, and thus, is fully parallelizable that is scalable up to n processors.
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—— Abstract

Given two indeterminate equal-length strings p and ¢ with a set of characters per position in both
strings, we obtain a determinate string p,, from p and a determinate string t,, from ¢ by choosing
one character per position. Then, we say that p and ¢ match when p,, and ¢,, match for some choice
of the characters. While the most standard notion of a match for determinate strings is that they
are simply identical, in certain applications it is more appropriate to use other definitions, with
the prime examples being parameterized matching, order-preserving matching, and the recently
introduced Cartesian tree matching. We provide a systematic study of the complexity of string
matching for indeterminate equal-length strings, for different notions of matching. We use n to
denote the length of both strings, and r to be an upper-bound on the number of uncertain characters
per position. First, we provide the first polynomial time algorithm for the Cartesian tree version
that runs in deterministic O(nlog®n) and expected O(nlognloglogn) time using O(nlogn) space,
for constant r. Second, we establish NP-hardness of the order-preserving version for r = 2, thus
solving a question explicitly stated by Henriques et al. [CPM 2018], who showed hardness for r = 3.
Third, we establish NP-hardness of the parameterized version for r = 2. As both parameterized and
order-preserving indeterminate matching reduce to the standard determinate matching for r = 1,
this provides a complete classification for these three variants.
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1 Introduction

String matching, in the sense of comparing two equal-length strings, is one of the fundamental
problems in computer science with multiple practical applications. While exact matching is
trivial to solve in optimal linear time by comparing the strings character-by-character, for
many of the applications it seems more appropriate to work with some kind of approximate
matching. Prime examples include string matching with swaps [2], parameterized string
matching [6], string matching with gaps [9], jumbled string matching [10], string matching
with don’t cares [29], and edit distance [32]. In all of such problems, one needs to first
precisely define when do two strings match.

Parameterized matching is a classical notion motivated by finding identical sections of
code [3, 4, 5, 6, 19, 34]. Formally, two strings p and t of length n are a parameterized match
when for every 4,7 € {1,...,n}, p[i] = p[j] iff t[i] = ¢[j]. This is denoted by p ~_ t.
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Order-preserving matching is a more recent but already well-studied notion motivated by
stock price analysis and musical melody matching [11, 16, 17, 25, 26]. Formally, two strings
p and t of length n are a order-preserving match when for every ¢,5 € {1,...,n}, p[i] < p[j]
iff ¢[i] < t[j]. This is denoted by p ~< t.

Very recently, a different notion called Cartesian tree matching has been proposed [28].
The Cartesian tree of a given string p (CT(p)), first defined in [31], is constructed according
to the following rules:

If p is an empty string, CT(p) is an empty tree.

If p[l...n] is not empty and p[i] is the leftmost minimum value in p, CT(p) is the tree

with p[i] being the root, CT(p[l...i — 1]) the left subtree, and C'T(p[i + 1...n]) the right

subtree.
Even though the most well-known applications of Cartesian trees are probably in designing
space-efficient structures for finding the minimum in a range, they can be also used to compare
strings. Similarly to order-preserving matching, this notion is motivated by applications
concerned with time-series data such as stock price analysis, and has gained considerable
attention during the last year [7, 18, 30]. Formally, two strings p and ¢ of equal length n
are a Cartesian tree match when their Cartesian trees CT(p) and CT(t) are identical, i.e.
CT(P) and CT(t) have the same shape while the labels on the nodes may differ. This is
denoted by p ~¢ t.

We consider the complexity of string matching for indeterminate strings defined as follows.

» Definition 1. An indeterminate string is a sequence of sets of characters p[1]p[2]...p[n],
where pli] C N. Each position is specified by writing p[i] = a1]...|ar, such that ay € N, which
means that we can choose pli] to be any a,.

Indeterminate strings were studied earlier, among others, covering problems for indeterm-
inate strings [1, 14] and indeterminate strings in graph theory [20, 12, 27]. Indeterminate
string matching was investigated lately from different angles [8, 13, 15, 23, 22, 24]. It
provides a convenient formalism for compactly capturing situations in which there are some
uncertainties concerning characters at some positions. Indeed, an indeterminate string p of
length n describes r™ determinate strings. We write p to denote the set of all such strings,
and p,, when referring to a single determinate string described by p.

First, we consider the complexity of Cartesian tree matching for indeterminate strings
defined as follows.

Problem: CARTESIAN TREE MATCHING OF INDETERMINATE STRINGS (CTMIS)
Input: Two indeterminate strings p and ¢ of length n with up to  of uncertain characters
per position.

Output: Are there determinate strings p,, € p and t,, €  such that p,, Cartesian tree
matches t,,?

A naive solution to the CTMIS would be to apply the solution of [28] to each t,, €  and
pw € P in O(n?r™) time. In Section 2 we provide the first polynomial algorithm for this
problem that works in O(nlog®n) time and O(nlogn) space, assuming that r is constant.
Additionally, in the Word RAM model of computation we further improve the time complexity
to expected O(nlognloglogn).

» Example 2. Consider the following indeterminate strings:
p = (2]4]7,2|516, 1|4/8, 4/7|8, 3|10|16)
t = (2]7|10,5|20|31, 10|17|25,0[9|11, 1|8/18).
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Figure 1 The Cartesian trees of p,, = (7,2,8,4,16) and ¢, = (10, 5,17,9, 18).

pw = (7,2,8,4,16) and t,, = (10,5,17,9,18) define the same Cartesian tree, see Figure 1.

Therefore, we say that p ~¢ t. Note that p and ¢ define other matching or non-matching
Cartesian trees.

Second, we consider the complexity of order-preserving matching for indeterminate strings
defined as follows.

Problem: ORDER-PRESERVING MATCHING OF INDETERMINATE STRINGS (OPMIS)
Input: Two indeterminate strings p and ¢ of length n with up to r uncertain characters
per position.
Output: Are there determinate strings p,, € p and t,, € £ such that p,, order-preserving
matches t,,?

Henriques et al. [21] proved that OPMIS is NP-hard for » = 3. As for » = 1 there is a simple
linear-time algorithm, this left » = 2 as the only open case (CPM version of the paper [21]
claims a polynomial time algorithm for this case, but this has been clarified in the arXiv
version [13]). In Section 4 we provide a different reduction that establishes NP-hardness of
OPMIS already for » = 2, thus fully resolving the complexity of this problem and answering
an open question explicitly stated by Costa et al [13]. In contrast with the previous work,
our reduction exploits the order between elements instead of just their equality, and is more
involved.

Third, we consider the complexity of parameterized matching for indeterminate strings
defined as follows.

Problem: PARAMETERIZED MATCHING OF INDETERMINATE STRINGS (PMIS)
Input: Two indeterminate strings p and ¢ of length n with up to r uncertain characters
per position.

Output: Are there determinate strings p,, € p and ¢, € t such that p,, parameterized
matches t,,?

NP-hardness proof by Henriques et al. [21] implicitly shows hardness of PMIS for r = 3.

This, again, leaves r = 2 as the only open case. In Section 5 we provide a reduction that
establishes NP-hardness of PMIS for r = 2.

2 CTMIS in O(n®) Time and O(n?) Space

In this section, we describe a warm-up solution for the CTMIS problem. The input is two
equal-length indeterminate strings p and ¢ with two uncertain characters per position, and
the output is whether p ~¢ t or not. The solution can be generalized to any constant value
of r in a straightforward manner. We will assume that both p and ¢ consists of distinct
values, which can be always ensured by an appropriate perturbation.
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First, note that for each index i, we have p[i| = a;|a} and t[i] = b;|b}, hence each ¢
defines a set consisting 4 pairs {(a;, b;), (a:,b;), (af, b;), (af,b)} (called thresholds) denoted
by THRESHOLDS(:). The main idea of the algorithm is to determine for each index ¢ and a
threshold (z;,y;) € THRESHOLDS(%):

1. for which indices k we have p[k,i] ~¢ t[k, ] with the roots z; and y;, respectively.
2. for which indices j we have pli, j] ~¢ t[i, j] with the roots z; and y;, respectively.
Consider an interval [k, 7], the reasoning for an interval [z, j] is similar. We have p[k, i] ~¢ t[k, i]
with the roots x; and y; iff there exists an index ¢ and a threshold (z¢,y,) € THRESHOLDS({)
where k < ¢ <i—1, z; < z;and y; < ye such that p[k, ] ~¢ tlk, ] and p[¢,i—1] ~¢c t[¢,i—1].

We process all possible intervals [k, 4] and [¢, ] in an increasing order of their lengths
using dynamic programming. For each index 4 and a threshold (z;,y;) € THRESHOLDS(i) we
compute the answer for all left intervals [k, — 1] and all right intervals [i + 1, j], see Figure 2.
We define two types of states and associate a boolean value with each of them as follows:
Left states Ly ;(z;,y;) = true iff p[k,i] ~¢ t[k, ] with the roots z; and y;, respectively.
Right states R; ;(z;,v;) = true iff p[i, j] ~¢ t[i, j] with the roots x; and y;, respectively.

left Cartesian subtree CT (p[k, i — 1]) right Cartesian subtree CT (p[i + 1,/])

)\ I}
I | [ |

p = (aila'y, ..., axla’y, ...,ai_lla’i_l,aila’i,ai+1|a’i+1, ...,aj|a’j,...,an|a’n)

left Cartesian subtree CT (t[k,i — 1]) right Cartesian subtree CT (¢t[i + 1,j])
k A

[ \ [ \
t = (by|b'y, e, bilb s ooy big b i1, bi|D" i, by [B' 11, s Bj|Bj ooy B |B'3)

Figure 2 An interval [k, j] of the strings p and ¢ with the root at index ¢, defining left and right
Cartesian subtrees.

> Example 3. Let p = (4|7,2[6, 1]8, 320, 1016) and ¢ = (2|10, 20|31, 10[17, 0|11, 8|18). Con-
sidering index 3 as a possible root for the Cartesian tree in both strings, the thresholds defined
by index 3 are (z3,y3) € {(1,10),(8,10), (1,17),(8,17)}. The right states are Rs 4(z3,ys3) and
R 5(x3,y3). The left states are Lo 3(z3,y3) and Ly 3(z3,ys3). Some of their corresponding
boolean values are as follows:
1. Rs4(1,10) = true for p[3,
2. R3.4(8,10) = true for p[3,
3. Ly 3(1,10) = true for p[2,
4. L, 3(1,10) = true for p[1,3] =

4] = (1,3) and ¢[3,4] = (10,11).

4] = (8,20) and #[3,4] = (10, 11).

3] = (6,1) and ¢[2, 3] = (31, 10).
(4,6,1) and ]2, 3] = (2,31, 10).

From the definition of a Cartesian tree we directly obtain the following proposition
illustrated in Figure 3.

» Proposition 4.

(a) Rij(zs,y:) = true iff I € [i + 1, j] such that Ry ;(xe,ye) = true and L1 e(ze,ye) =
true where xy > x; and yg > y;.

(b) Lyg,i(xs,y:) = true iff 3¢ € [k, i — 1] such that Ry ;1 (e ,ye) = true and Ly ¢ (xe,ye) =
true where xp > x; and yp > Y;.
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CT (plk, ¢’ — 1)) CT(plt' +1,i—1])) CT(pli+1,£+1)) CT(p[t +1,5])

Figure 3 The Cartesian tree CT'(p[k, j]) with the root at index i. Note that, the Cartesian tree
CT(t[k,j]) is identical to the Cartesian tree above with the proper values y;, y, and y, on the
nodes, and with the proper subtrees CT(t[k,¢' — 1]), CT(t[¢' + 1,5 — 1]), CT(t[i + 1,£ + 1]) and
CT(t[£+1,4]). Moreover, in both Cartesian trees, the left Cartesian subtrees correspond to the left
state L i(zs,y:), while the right Cartesian subtrees correspond to the right state R; ;(zs, ;).

Recall that we apply dynamic programming in an increasing order of the lengths of
the intervals. Therefore, the states Ry j(z¢,y¢) and Lit1 ¢(2¢, ye) from Proposition 4(a) are
computed before the state R; j(x;,y;). Similarly, the states Ry ;—1(z¢, yer) and Ly g (2, yer)
are computed before the state Ly, ; (z;, ;). Therefore, for every interval we can simply consider
all relevant £ and ¢, access their corresponding states, and update the answer. Finally, after
having processed all the intervals, we conclude that p ~¢ t iff there exists an index 7 and a
threshold (z;,y;) € THRESHOLDS(4) such that Ly ;(x;,y;) = true and R; ., (z;,y;) = true.

» Example 5. Let p = (47,26, 18, 3]20,10/16) and ¢ = (2|10,20|31,10|17,0|11,8|18) as
in the previous example above. We have L; 3(1,10) = true for p[1,3] = (4,6,1) and

t[2,3] = (2,31,10), and Rs5(1,10) = true for p[3,5] = (1,3,16) and ¢[3,5] = (10,11, 18).

Hence, p ~¢ t with the roots 1 and 10 respectively.

Time complexity. For each state Ly ;(z;,y;) and R; j(x;,y;) we consider O(n) relevant
indices ¢ and ¢, respectively. Each such index is processed in constant time, thus the overall
time complexity is O(n3). The space complexity is bounded by the number of states processed
in the dynamic programming, which is O(n?).

3 CTMIS in O(nlog®n) Time and O(nlogn) Space

In this section we present an efficient solution for the CTMIS problem that builds on the
slower algorithm presented in the previous section.

The input is two equal-length indeterminate strings p and ¢ with 2 uncertain characters
per position, and the output is whether p ~¢ ¢, or not. The solution can be generalized
to any constant value of r in a straightforward manner. The main idea of the algorithm
is to find, for each index ¢ and a threshold (x;,y;) € THRESHOLDS(i), the largest matching
Cartesian trees with the root in both trees being x; and y; at index i, respectively. As in
the previous algorithm, we consider each index i and a threshold (z;,y;) € THRESHOLDS(%)
separately. However, now instead of computing the answer for all intervals [k, ] and [i, j] we
use the following definition.

» Definition 6. For an index i and a threshold (x;,y;) € THRESHOLDS(i):
miny, (,2;,y;) denotes the smallest index such that p[ming, ¢,z;,y;), ] ~¢ t[ming @,x;,y:), 1],
maxg@,z;,y;) denotes the largest index such that pli, maxg(@,x;,y:)] ~c t[i, maxg@,z:,y)],
with the root in both trees being x; and y; at index i, respectively.
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(M
;
/\
CT(plming (4,2, y:),i — 1])  CT(pli + 1, maxp(i, xi, yi)])
1]
(1 .
OT (plmin; <ﬂ\w

/\

CT(plh+1,i—1]) CT(p[i+ 1, maxp (i, zi, y:)])
Figure 4 Consider the strings:

/ / ! ! / /
p= (al ‘ah ooy Qming (x5 ;) |aminL(i,ri,yi)7 B ah|ah7 (XXX} ai|aiv vy Omax g (x5 y5) |a’maxR(i,ri,yi)7 R an|an)

t= (bl ‘blla ceey bminL(ia?i,yi)|b;ninL(i,ri,yi)7 ceey bhlb;’, ceey b’blb:n ceey bmaxR(i,?ci,yi) |b;naxR(i,zi,yi)7 seey b"‘b;)

assuming a, < x; < a), the figure illustrates (I) the Cartesian tree of the substring
plming (i, x;,y;), maxg (i, z;,y;)] with z; as a root when choosing aj, at index h, and (II) the Cartesian
tree of the substring p[minp, (3, z;,y:), maxg (i, T, y;)] with aj, as the root after changing aj, to ay, at
index h. Note that, assuming b, < y; < b),, the Cartesian trees of ¢[ming (i, x;,y;), maxr (7, ;, yi)]
are identical to the Cartesian trees in (I) and (II) above with the proper roots and the proper
Cartesian subtrees.

Computing miny, (¢, z;,y;) and maxg(¢,z;,y;) fully describes the situation, as the above
definition together with the definition of a Cartesian tree matching directly imply the
following:

pll,i] ~c t[¢,d] iff ming (i, 2, y;) < € <.

pli,r] ~c tli,r] iff i <r <maxg(i,z;,y;).

We also note that p[miny, (4, z;, y;), maxg (i, €, y; )] ~c t[ming (i, z;, y;), maxg (i, 2;,y;)] due

to a Cartesian tree with the root in both trees being x; and y; at index i, respectively.

Consequently, p ~¢ t iff there exists an index i and a threshold (z;,y;) € THRESHOLDS(%)

such that miny, (¢, z;,y;) = 1 and maxg(i,z;,y;) = n. Thus, in the remaining part of this

section we focus on efficiently computing the values of min; and maxg.

Our algorithm is based on the following observation. Consider an index ¢ and a threshold
(zi,y;) € THRESHOLDS(4), and assume that miny (¢, x;,y;) and maxg(i,z;,y;) have been
already computed. Then, the following holds:

1. for any index h € [ming(4,2;,y;) — 1, maxgr(4,2;,y;)] and a threshold (xp,yn) €
THRESHOLDS(h) such that z;, < z; and y;, < y;, the index maxg(¢,x;,y;) is a potential
candidate for maxg(h, zp, yn).

2. for any index h € [ming(i,2;,y;), maxgr (i, z;,y;) + 1] and a threshold (zp,yn) €
THRESHOLDS(h) such that x;, < x; and yp, < y;, the index miny, (¢, z;, y;) is a potential
candidate for miny, (h, zp, yr).

Each index h and a threshold (zp,yn) € THRESHOLDS(h) might be considered for several

indices 7 and thresholds (z;,y;) € THRESHOLDS(%) in the above statement, hence we might

have several potential candidates for miny (h, zp,yr) and maxg(h, zp, yn). By the definition
of a Cartesian tree, one of these potential candidates corresponds to the sought minyg, (h, zp, yr)

and maxg(h, xp, yp) as defined above if they are not equal to h. See Figure 4.
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The high-level description of the algorithm is as follows. Please see Algorithm 1 for
the pseudocode. We iterate over all indices ¢ and thresholds (z;,y;) € THRESHOLDS(%)
in a specific order that will be precisely defined later. For each index 7 and a threshold
(24,9;) € THRESHOLDS(i) we aim to:

Step 1 Compute efficiently the indices miny, (i, x;,y;) and maxg (i, z;,y;) (See Definition 6
above).

Step 2 Add for all indices h € [ming (¢, 2, y;) — 1, maxg(i, z;, y;)] and a threshold (xp,y) €
THRESHOLDS(h) such that z;, < z; and y;, < y;, the index maxg(i,z;,y;) as a potential
candidate maxg(h,xp,yn). Add for all indices h € [ming, (4, 2;,y;), maxgr (%, 25, y;) + 1]
and a threshold (zp,yr) € THRESHOLDS(h) such that x5 < z; and yp < y;, the index
ming, (4, 2;,y;) as a potential candidate ming, (h, zp, yn).

We need to ensure that, for any index ¢ and a threshold (x;,y;) € THRESHOLDS(%), and

any index h and a threshold (xj,yn) € THRESHOLDS(h) such that z;, < z; and y, < y;,

miny, (¢, 2;,y;) and maxg(i,x;,y;) are already computed when we are considering threshold

(zh,yn) € THRESHOLDS(h). This will be guaranteed by the algorithm as explained below.
The algorithm considers all indices ¢ and thresholds (z;,y;) € THRESHOLDS() in the

reverse lexicographical order, that is, the decreasing order of z; and, if there is a tie, the
decreasing order of y;. Before we explain how to implement Step 1 and Step 2 efficiently,
we define the necessary data structures. We maintain a balanced binary search tree 73 on
the values of y;, and identify y; with its corresponding node of T},. In each node u of T}, we
have its associated secondary trees Tyin(u) and Thax(u). Each Tinin (u) and Tyax (u) stores a
collection of intervals [¢,r]. The update adds a new interval [£, 7] to the collection. The query
in Tiin(u) for ¢ finds the smallest ¢ such that [¢,r] containing ¢ belongs to the collection,
while the query in Ti,ax(u) finds the largest r. By symmetry, it is enough to explain how to
implement Tyyin(w). We maintain the following invariant: there are no two intervals [¢, 7]
and [¢,7'] such that [¢,r] C [¢',r’]. Clearly, such [¢,r] is not an answer to any query. Note
that this implies that if we sort all the remaining intervals [¢1,71], [€2,72], ..., [€s,Ts] so that
l1 < ly < ...< /s then we also have ry < ro < ... < 7s. This gives us a linear order on the
intervals, and so we can maintain them in any balanced binary search tree. After adding the
new interval [¢, ] to the collection, we can check if it is not contained in any of the already
existing intervals, and if so find the already existing intervals that should be removed, with
standard operations on the balanced binary search tree.

Now we explain how to implement Step 1 and Step 2 efficiently using 7T}, and the
secondary structures associated with its nodes. Let ¢ and (z;,y;) € THRESHOLDS(%) be the
index and the threshold we are currently considering. We begin our discussion with Step
2 and therefore assume that we already computed miny (¢, z;,y;) and maxg(i, x;,y;) for
this threshold. Note that all thresholds (zp,y,) € THRESHOLDS(h) such that x; < xj, and
y; < yr have been already processed. Moreover, all thresholds (z.,y.) € THRESHOLDS(c)
such that z; < x. have been already processed and will not be considered in the future, so
we don’t need to be concerned with updating their answer. Hence, in Step 2 we update all
thresholds (zp,yr) € THRESHOLDS(h) such that y, < y;, regardless of the value of zj. To
this end, we consider every ancestor y; of y; such that y, < y;, plus the node y; itself, and
add the interval [miny (¢, z;,y;) — 1, maxg(4, ©;, y;)] or [ming (i, 24, y;), maxg (i, z;,y;) + 1] to
their corresponding Ti,ax and T, respectively. To implement Step 1, we consider every
ancestor y. of y; such that y. > y;, plus the node y; itself, and we query their corresponding
Thnin and Tax. It can be readily verified that by the choice of which ancestors are updated,
this is enough to implicitly consider every y > y;, as such y, must have updated one of the
ancestors y..
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Algorithm 1 CTMIS in O(nlog®n) time and O(nlogn) space.

Data: indeterminate length-n strings p and ¢ with 2 uncertain characters per
position.

Output: Does p ~¢ t hold?

1 THRESHOLDS < {(x;,y;) | z; € p[i] and y; € t[i] for some i = 1,2,...,n}

2 Build a balanced binary search tree T}, on the values of y;

3 foreach node u € T), do

4 Create secondary balanced search trees Tinin(u) and Tiax(u) of intervals [£, 7]
> Tmin(u) is ordered by ¢ while Ti.x(u) is ordered by r

5 foreach (z;,y;) € THRESHOLDS by decreasing order of x; do

6 Let u € T}, be the node satisfying VALUE(u) = y;

> VALUE(u) returns the corresponding y; of a node u € Ty.
ming, (4, x;,y;) < 1

maxp (i, x;, ;) 1

> Step 1: Query the potential candidates structures.

9 foreach v an ancestor of v in T;, do > including u itself
10 if VALUE(v) > y; then

11 if min{¢|[¢,r] € Tmin(v) and i € [¢,r]} < ming, (¢, 2;,y;) then

12 L ming, (4, 2;,y;) < min{l| [£,7] € Tmin(v) and i € [, 7]}

13 if max{r|[¢,7] € Tmax(v) and i € [¢,r]} > maxg(i, x;,y;) then

14 L max g (i, x;, y;) < max{r|[¢,r] € Tmax(v) and i € [¢,r]}
15 if ming (4, 2;,9;) = 1 and maxg(i,x;,y;) = n then

16 L return true

> Step 2: Update the potential candidates structures.

17 foreach v an ancestor of u in T, do > including u itself
18 if VALUE(v) < y; then

19 if [minL(ia Ty, yi)v maXR(iv T,y y?) + 1} g [f’ T] for all [gv T] S ﬂllin(v) then
20 Add [ming, (4, x4, y;), maxg (i, ¥4, y;) + 1] to Trmin(v)

21 | Remove from Tyyin(v) every [¢',7'] C [ming (i, 2;,y:), maxg (i, zi, yi) + 1]
22 if [ming (4, 2;,v;) — 1, maxg(i, 2, y;)] € [¢, 7] for all [¢,7] € Tyyax(v) then
23 Add [IninL (Z, Zi, yl) - 17 maXR(iv Zi, y’L)] to Tmax(v)

24 Remove from T),ax(v) every

[g/’rl] - [minL(i7xi7yi) - 11 maXR(ia Z;, yz)}

25 return false

Time complexity. The time complexity of the algorithm is O(n log? n). First, we need to
sort the 4n thresholds in O(nlogn) time. Each of these thresholds is processed by considering
O(logn) nodes of T,,. At each of these nodes u we spend O(logn) amortized time to update
and query Tiin(u) and Tipax(u). Furthermore, the space complexity is O(nlogn), because
each interval appears in O(logn) secondary structures. Instead of using balanced binary
search trees with O(logn) query and update time for the secondary structures, we can plug
in any predecessor structure that stores a collection of s integers from {1,2,...,n} in O(s)
space with expected O(loglogn) query and update time [33].
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4  Order-Preserving Matching of Indeterminate Strings

Given two indeterminate strings p and ¢ of equal-length n with at most 2 uncertain characters
per position, we want to check if there exist p,, € p and ¢, € ¢ such that p,, ~< t,,. The
goal of this section is to prove that this is NP-hard by reducing checking satisfiability of a
3-CNF formula.

We start with rephrasing the question in a graph-theoretical language. Let X, and 3; be
the sets of characters that occur in p and ¢, respectively. We consider a complete undirected
bipartite graph G with X, corresponding to the nodes on the one side and 3, corresponding
to the nodes on the other side. We claim that there exist p,, € p and t,, €  such that
Dw ~< ty iff there exists a non-crossing matching M in G, where non-crossing means that
we cannot have two edges (z,y), (',y) such that < 2’ but y’ < y, such that the following
holds for every position i = 1,2,...,n:

pli) =z and t[t] =y : (z,y) € M,

pl[t] = x1|x2 and t[i] =y : (z1,y) € M or (x2,y) € M

p[t] =« and t[i] = y1|y2 : (z,y1) € M or (z,y2) € M,

pli] = x1|x2 and t[i] = y1|ly2 : (z1,41) € M or (x1,y2) € M or (x2,y1) € M or
(33‘2, y2) e M.

The proof is straightforward.

We consider a 3-CNF formula ¢ on n variables 1,2,...,n and m clauses. We reduce
checking satisfiability of ¢ to finding a non-crossing matching M with some additional
constraints in a complete undirected bipartite graph G. Each constraint is of the form
MNX xY #0, for some subsets of the nodes X and Y such that | X|,|Y| <2, or X xY
for short. As long as the size of G and the number of constraints is polynomial, this will
establish NP-hardness of our problem, as we can create two strings p and ¢ and encode each
constraint by setting up some p[i] and t[i] appropriately.

We start with creating nodes 1,2,...,n on the left side and 1,2,3,4,...,2n on the right
side of G. We add a constraint {i} x {2i —1,2i}, for every i = 1,2,...,n. We add a constraint
{2n+1} x {2n+1}. For every k = 1,2,...,m, we consider the k-th clause (€51 V g2Vl 3),
where 0, 1, l) 2, 3 are literals. Let s = 2n + 2 + 5(k — 1). We add the following constraints:
{s} x {s,s+1}, {s+2,s+3} x {s+3}, {s,s+2} x {s+1,s+ 3}. This is illustrated in
Figure 5. Then we add a constraint for every literal:

1. If £ 1 = « then we add {z, s} x {2z, s}, and if {3, ; = -z then we add {z, s} x {20 —1, s}.

2. If 4y o = y then we add {y, s+ 1} x {2y, s+ 2}, and if £ o = -~y then we add {x, s+ 1} x

{2y — 1,5+ 2}.

3. If ¢ 3 = z then we add {z, s+ 3} x {22,543}, and if £, 3 = =z then we add {z,s+ 3} x

{22 —-1,s+ 3}.

Due to the constraint {2n+ 1} x {2n+ 1}, a variable constraint {v,a} x {2v —1, b} translates
into (v,2v —1) € M or (a,b) € M. Similarly, {v,a} x {2v,b} translates into (v,2v) € M or
(a,b) € M.

We need to prove that ¢ is satisfiable iff there exists a non-crossing matching M in G
that respects all the constraints.

First, assume that ¢ is satisfiable and fix a satisfying valuation of all the variables. We
obtain M by first adding (v, 2v — 1) or (v,2v) to M depending on whether v is set to false
or true, respectively. We also add (2n + 1,2n + 1) to M. Then, we proceed as follows for
the k-th clause. For concreteness assume that the clause is (x V y V 2), the argument is
symmetric for the other cases. If = is set to false then we add (s, s) to M. If y is set to false

then we add (s + 1, s+ 2) to M. Finally, if z is set to false then we add (s + 3,5+ 3) to M.
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Because at least one of x,y, z is set to true, at least one of these three edges is not in M. If
(s+1,8+2) ¢ M then we add (s+2,s+1) to M. If (s,s) ¢ M then we add (s,s+1) to M.
Finally, if (s + 3,8+ 3) ¢ M then we add (s + 2,5+ 3) to M. In all cases, the constraints
corresponding to the k-clause are fulfilled. Due to how we compose the gadgets, M being
a non-crossing matching in every gadget implies that M is a non-crossing matching in the
whole G.

Second, assume that we have a non-crossing matching M in G. For every v =1,2,...,n,
M contains exactly one of the edges (v,2v — 1), (v, 2v). We set v to false if (v,2v —1) € M
and to true if (v,2v) € M. We must have (2n+1,2n+1) € M. We need to verify that every
clause is satisfied by the obtain valuation of the variables. Again, for concreteness assume
that the clause is (z V y V z). We cannot have all edges (s, s),(s+ 1,5+ 2),(s+ 3,5+ 3) in
M, as in such case the constraint {s,s + 2} x {s + 1, s+ 3} cannot be fulfilled. If (s,s) ¢ M
then due to the constraint {z, s} x {2z, s} we must have (z,2z) € M, so z is set to true.
If (s4+1,s+2) ¢ M then due to the constraint {y,s + 1} x {2y,s + 2} we must have
(y,2y) € M, so y is set to true. Finally, if (s + 3,5+ 3) ¢ M then due to the constraint
{#z,584 3} x {22, s + 3} we must have (z,2z) € M, so y is set to true. So, one of the variable
x,y, z is set to true, making the clause satisfied.

- y P 2n+1 s s+1 s+2 s+3
20 —12z 2y—12y 22—-12z 2n+1 s s+1 s+2 s+3

Figure 5 Gadget created for the k-th clause concerning variables z, y, z.

5 Parameterized Matching of Indeterminate Strings

Given two indeterminate strings p and ¢ of equal-length n with at most 2 uncertain characters
per position, we want to check if there exist p,, € p and t,, € £ such that p,, ~— t,,. The goal
of this section is to prove that this is NP-hard by reducing checking if a given undirected
graph has a vertex cover consisting of at most k vertices.

As in the previous section, we start with rephrasing the question in a graph-theoretical
language. Let X, and X; be the sets of characters that occur in p and ¢, respectively. We
consider a complete undirected bipartite graph G with 3, corresponding to the nodes on
the one side and X; corresponding to the nodes on the other side. We claim that there exist
Pw € P and t,, € t such that p,, ~— t, iff there exists a matching M in G, such that the
following holds for every position i = 1,2,...,n:

pli) =z and t[i] =y : (x,y) € M,

p[t] = x1|x2 and ti] =y : (z1,y) € M or (z9,y) € M

pli] =z and t[i] = yaly2 : (z,y1) € M or (z,y2) € M,

pli] = zi|xe and t[i] = yaly2 @ (z1,91) € M or (z1,y2) € M or (z2,51) € M or
(132, yg) e M.

The proof is straightforward.

We consider an undirected graph H on n vertices V = {1,2,...,n} and m edges E
together with a parameter k < n. We reduce checking if there is a subset S of k vertices
of H such that for every edge (u,v) € E we have u € S or v € S to finding a matching M
in a complete undirected bipartite graph G that respects a number of constraints of the
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form MNX xY #0, for | X[,]Y| <2, or X xY for short. As long as the size of G and the
number of constraints is polynomial, this will establish NP-hardness of our problem, as we
can create two strings p and ¢ and encode each constraint by setting up some p[i] and ¢[i]
appropriately.

We start with creating nodes 1,2,...,n on the left side and 1,2,...,n on the right side
of G. We add a constraint {u,v} x {u,v} for every (u,v) € E. For every i = 1,2,...,n,

(i,4) € M for some j € {1,2,...,n} corresponds to including 7 in the sought vertex cover.

The remaining part of H is constructed as to guarantee that there are at least k£ nodes

1 € {1,2,...,n} such that (i,5) € M for some j # {1,2,...,n}. To this end, we design a

gadget Go5 with the following property:

1. there are distinguished 2s nodes vy, vo, . .., v, on the left side, each v; is incident to a
unique edge e;,

2. there are also some additional internal nodes on the left and on the right and some
constraints that concern both the internal and the distinguished nodes,

3. if none of the edges e; belongs to M then it is not possible to satisfy the constraints of
GQsa

4. for any nonempty subset S of distinguished nodes, it is possible to select some of the
edges with both endpoints being internal nodes in such a way that, together with the
edges e; for i € S, they satisfy all constraints of Gas.

We will first show that G4 exists, and then explain how to obtain Gg(,41) from Gas.

» Lemma 7. G4 with the sought properties exists.

Proof. G4 consists of nodes vy,vs2,v3,v4 and internal nodes v, v, v4, v} and z,y,z. We
set e; = (v;,v}) for i = 1,2,3,4 and create the following constraints: {vy,x} x {v{,y},
{va, 2} x {vh,y}, {vs, 2z} x {v§,y}, {va, 2z} x {v,y} and {y} x {x, z}. See Figure 6.
Assume that none of the edges e; belongs to M. By symmetry, we can assume that
(x,y) € M. But then we must have (vj, z), (v}, z) € M, which is impossible.
Let S be a nonempty set of distinguished nodes. By symmetry, we can assume that
vy € S. Then, we include (y,z) € M and if e5 ¢ S we also include (v}, x) € M. <

» Lemma 8. Gy 1) with the sought properties can be obtained in polynomial time from
Gos with the sought properties.

Proof. We take a copy of Gag, let its distinguished nodes and their corresponding edges
be v1,va,...,v95 and ey, e2,...,e25. We also take a copy of Gy, let its distinguished nodes
and their corresponding edges be w1, uz,uz,us and f1, fa2, f3, f2. To obtain Gasq1) we
identify wvog with u; and add a constraint that enforces including ess or fi1. in M. The

distinguished nodes and their corresponding edges of Gy(s41) are vi, v, ..., vas—1, U2, us, s
and e, ez, ..., €21, fo, f3, fa.

Assume that none of the edges e1,ea, ..., eas_1, f2, f3, f4 belongs to M. Either eas ¢ M
and we obtain that none of the edges e, ea,. .., eas belongs to M, or f; ¢ M and none of the

edges f1, fo, f3, f4 belongs to M. In either case we obtain a contradiction by the construction
of G, or Gy.

Let S be a nonempty set of distinguished nodes and assume that v; € S (other cases are

essentially the same). We set S’ = SN {vy,va,...,v25—1} and S” = (SN {ug, us, us}) U {ui}.

Then S’,S” # (0, and by assumption we can select some of the edges with both endpoints
being internal nodes of G5 or G4 in such a way that, together with the edges e; for i € S’
and f; for j € S”, they satisfy all constraints of Gas and G4. Additionally, the constraint
that enforces including ess or f; is satisfied by taking fi. So, by selecting the edges with
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both endpoints being internal nodes of Go5 or G4 together with f; we obtain a set of edges
with both endpoints being internal nodes of Gy(541) that, together with the edges associated
with the nodes in S, satisfy all constraints of Gy(,41) as required. |

U1 x Vg U1 vy

ey e ey e

e3 ey e3 4 } €6

3 z Vg 3 V4 Us Vg

<
PG

Figure 6 Gadgets G4 (left) and G (right).

With the gadget Gas in hand, we are ready to complete the reduction. By duplicating
the graph H we can assume that n = 2s. We add n — k copies of the gadget G5 to G. Let
V1, V2, ..., V25 be the distinguished nodes of one such copy. We identify v; with the node 4
on the left side of G. This guarantees that for each gadget we must have a unique node ¢
such that (¢,1), (¢,2),..., (i,n) ¢ M. We claim that the resulting graph G has a matching
that satisfies all the constrains if and only if H admits a vertex cover of cardinality at most
k. In one direction, consider the set C consisting of all nodes ¢ € {1,2,...,n} such that
(4,1),(¢,2),...,(i,n) ¢ M. By the properties of Gag, |C| < k. We need to argue that C is a
vertex cover. Consider any (u,v) € E. Due to the constraint {u,v} x {u, v}, one of the edges
(u,u), (u,v), (v,u), (v,v) must belong to M. But then either u or v cannot be matched to
any node not belonging to {1,2,...,n}, so u € C or v € C as required. In other direction,
let C be a vertex cover of H of cardinality at most k. For every i € C', we include the edge
(i,7) in M. This clearly satisfies every constraint {u,v} x {u,v} by C being a vertex cover.
Then, for every copy of Gas we choose a unique node ¢ ¢ C' (that is not matched to any other
node yet) and use the properties of Ga; to add its internal edges to M in such a way that,
together with the edge associated to i, they satisfy all the constraints.
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—— Abstract

We revisit the k-mismatch problem in the streaming model on a pattern of length m and a streaming
text of length n, both over a size-o alphabet. The current state-of-the-art algorithm for the streaming
k-mismatch problem, by Clifford et al. [SODA 2019], uses O(k) space and O(\/E) worst-case time
per character. The space complexity is known to be (unconditionally) optimal, and the worst-case
time per character matches a conditional lower bound. However, there is a gap between the total

time cost of the algorithm, which is O(n\/E), and the fastest known offline algorithm, which costs
O(n + min (%7011)) time. Moreover, it is not known whether improvements over the O(nvk)

total time are possible when using more than O(k) space.
We address these gaps by designing a randomized streaming algorithm for the k-mismatch problem
~ ~ 2
that, given an integer parameter k < s < m, uses O(s) space and costs O(n + min (%, %’ "';m))
total time. For s = m, the total runtime becomes O(n + min (;—’%, Un))7 which matches the time

cost of the fastest offline algorithm. Moreover, the worst-case time cost per character is still O(\/E)
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1 Introduction

In the fundamental Hamming distance problem, given two same-length strings X and Y,
the goal is to compute Ham(X,Y"), which is the number of aligned mismatches between
X and Y. In the pattern matching version of the Hamming distance problem, the input
is a pattern P of length m and a text T of length n, both over a size-o alphabet, and
the goal is to compute the Hamming distance between P and every length-m substring
of T. In this paper, we focus on a well studied generalization known as the k-mismatch
problem [1, 2, 4, 7, 10, 11, 12, 15, 18, 19, 22|, which is the “fixed-threshold” version of the

© Shay Golan, Tomasz Kociumaka, Tsvi Kopelowitz, and Ely Porat;
37 licensed under Creative Commons License CC-BY

31st Annual Symposium on Combinatorial Pattern Matching (CPM 2020).

Editors: Inge Li Ggrtz and Oren Weimann; Article No. 15; pp. 15:1-15:15

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


https://orcid.org/0000-0001-8357-2802
mailto:golansh1@cs.biu.ac.il
https://orcid.org/0000-0002-2477-1702
mailto:kociumaka@mimuw.edu.pl
https://orcid.org/0000-0002-3525-8314
mailto:kopelot@gmail.com
https://orcid.org/0000-0001-6912-5766
mailto:porately@cs.biu.ac.il
https://doi.org/10.4230/LIPIcs.CPM.2020.15
https://arxiv.org/abs/2004.12881
https://creativecommons.org/licenses/by/3.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de

15:2

The Streaming k-Mismatch Problem: Tradeoffs Between Space and Total Time

pattern matching Hamming distance problem: for a given parameter k, for each length-m
substring S of T, if Ham(P, S) < k, then compute Ham(P,S), and otherwise, report that
Ham(P,S) > k. Currently, the state-of-the-art (offline) algorithms for the k-mismatch
problem are: (1) the algorithm of Fischer and Paterson [11], whose runtime is O(on), and (2)
the algorithm of Gawrychowski and Uznanski [15], whose runtime is O (n + \F) see also [4].

The online and streaming models. The growing size of strings to be processed, often
exceeding the available memory limits, motivated the study of pattern matching in the
streaming model, where the characters of T arrive in a stream one at a time, and every
occurrence of P needs to be identified as soon as the last character of the occurrence
arrives [3, 4, 6, 7, 8, 13, 16, 17, 21, 20, 23]. In the streaming k-mismatch problem, the goal is
to compute the Hamming distance between P and the current length-m suffix of T" after each
new character arrives, unless the Hamming distance is larger than k (which the algorithm
reports in this case). Algorithms in the streaming model are typically required to use space
of size sublinear in m. A closely related model is the online model, where the space usage of
the algorithm is no longer explicitly limited.

Porat and Porat [20] introduced the first streaming k-mismatch algorithm using O(k?)
time per character and O(k?) space. Subsequent improvements [7, 16] culminated in an
algorithm by Clifford et al. [8], which solves the streaming k-mismatch problem in O(Vk)
time per character using O(k) space. The total time cost of O(n\/E) matches the time
cost of the offline algorithm of Amir et al. [2], and the worst-case per-character running
time matches a recent lower bound (valid for o = Q(vk) even with unlimited space usage)
by Gawrychowski and Uznaniski [14], conditioned on the combinatorial Boolean matrix
multiplication conjecture. However, the O(n + \/—) total time cost of the offline algorithm

of Gawrychowski and Uznanski [15] is smaller, and the O(on) total time cost of the offline
algorithm of Fischer and Paterson [11] is smaller for small o.

In the online model, where O(m) space usage is allowed, the fastest algorithms follow
from a generic reduction by Clifford et al. [5], which shows that if the offline k-mismatch
problem can be solved in O(n -t(m, k)) time, then the online k-mismatch problem can be
solved in O(n Eﬂogm] t(2°,k)) time. In particular, this yields online algorithms with a
total runtime of O(n\f ) and O(no). Nevertheless, this approach cannot benefit from the
state-of-the-art the offline algorithm of Gawrychowski and Uznariski [15] since the running
time of this algorithm degrades as m decreases. Thus, a natural question arises:

» Question 1. Is there an online/streaming algorithm for the k-mismatch problem whose
total time cost is O (n + min (W’ on))?

Space usage. It is straightforward to show that any streaming algorithm for the k-mismatch
problem must use (k) space [8]. Thus, the space usage of the algorithm of Clifford et al. [8]
is optimal. Remarkably, we are unaware of any other tradeoffs between (sublinear) space
usage and runtime for the k-mismatch problem. This leads to the following natural question.

» Question 2. Is there a time-space tradeoff algorithm for the k-mismatch problem, using
s > Q(k) space?

Our results. We address both Question 1 and Question 2 by proving the following theorem.
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» Theorem 3. There exists a randomized streaming algorithm for the k-mismatch problem

that, given an integer parameter k < s < m, costs O(n + min (%2, "7’2, ‘”;m)) total time and

uses O(s) space. Moreover, the worst-case time cost per character is O(Vk). The algorithm
is correct with high probability".

Theorem 3 answers Question 2 directly. However, for Question 1, Theorem 3 only addresses
2
the online setting, where s = m can be set: since k < y/m yields n > % > 2k the total

m b
. . N . 2
time cost is O(n + min (%, ;—%, o

remains open for the streaming model.

)) = O(n + min (\’}—%,an)). However, Question 1

Another natural research direction is to extend Theorem 3 so that the pattern P could
also be processed in a streaming fashion using O(s) space, O(v/k) time per character, and
O(m + min (k2, mTI;, %”2)) time in total. To the best of our knowledge, among the existing
streaming k-mismatch algorithms, only that of Clifford et al. [8] is accompanied with an

efficient streaming procedure for preprocessing the pattern.

2  Algorithmic Overview and Organization

A string S of length |S| = n is a sequence of characters S[0]S[1]--- S[n — 1] over an alphabet
Y. A substring of S is denoted by S[i..j] = S[i]S[i+1]---S[j] for 0 <i<j<n. Ifi=0,
the substring is called a prefiz of S, and if j = n — 1, the substring is called a suffix of S.
For two strings S and S’ of the same length |S| = n = |S’|, we denote by Ham(S,S") the
Hamming distance of S and S’, that is, Ham(S,5") = {0 <i < n —1: S[i] # S'[{]}|- An
integer p is a d-period of a string S if Ham(S[0..n — p —1],S[p..n —1]) < d.

2.1 Overview

To prove Theorem 3, we consider two cases, depending on whether or not there exists an
integer p < k that is a d-period of P for some d = O(k). If such a p exists, then we say that
P is periodic?, and otherwise P is said to be aperiodic.

Tail partitioning. In both cases of whether P is periodic or not, our algorithms use the
well-known tail partitioning technique [6, 7, 8, 9, 17], which decomposes P into two substrings:
a suffix P, and the complementary prefix Pheqq of length m — |Piaq|. Accordingly, the
algorithm has two components. The first component computes the Hamming distance of
Pheaq and every length-| Ppeqq| substring of T' with some delay: the reporting of Ham(Phead,
T[i — |P| + 1..i — |Peil]) is required to be completed before the arrival of T[i]. The
second component computes the Hamming distance of Py,;; and carefully selected length-
| Poit| substrings of T. The decision mechanism for selecting substrings for the second
component is required to guarantee that whenever Ham(Pheaq, T[i — |P|+ 1. .7 — |Pat]]) < k:
if Ham(Pigi, T[i — |Piait| + 1..4]) < k then the second component computes Ham(P;qi;,
T[i—|Prair|+1..1]); otherwise, the second component reports Ham(Pyqi, T'[i— | Peqit|+1 . . 7)) >
k. The second component has no delay.

! An event £ happens with high probability if Pr[€] > 1 — n~¢ for a constant parameter ¢ > 1.
2 The classic notion of periodicity is usually much simpler than the one we define here. However, since in
this paper we do not use the classic notion of periodicity, we slightly abuse the terminology.
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Notice that if either Ham(Pheqq, T[i — |P|. .7 — |Piit|]]) > k, which is detected by the
first component, or Ham(Piai, T[i — |Prair| + 1..4]) > k, which is detected by the second
component, then it must be that Ham(P, T[i — | P|..]) > k. Otherwise, Ham(P, T[i —|P| . .%])
is computed by summing Ham(Phreqq, T[i—|P| . . i — | Piait|]) and Ham(Prqir, T[i—| Praar| +1 . . 1]).
In either case, the information is available for the algorithm right after T'[i] arrives.

Thus, our algorithm has four main components, depending on whether P is periodic or
not, and depending on the head or tail case of the tail partitioning technique.

The aperiodic case. The algorithms for the aperiodic case are a combination of straight-
forward modifications of previous work together with the naive algorithm; the details are
given in Section 7. Nevertheless, we provide an overview below. In this case, |Piui| = 2k.

The algorithm for Ppeqq in the aperiodic case is a slight modification of an algorithm
designed by Golan et al. [16], which reduces the streaming k-mismatch problem to the
problem of finding occurrences of multiple patterns in multiple text-streams.

The algorithm for Pj,; in the aperiodic case is the naive algorithm of comparing all
aligned pairs of characters. While in general the naive algorithm could cost O(|Piqii|) time
per character, in our setting the algorithm uses the output of the algorithm on Pjeqq as
a filter, and so the algorithm computes Ham(Piqi1, T[i — | Peqit| + 1. .14]) only if Ham(Phread,
T[i—|P|4+1..7i— |Pal]) < k. Since P is aperiodic, we are able to show that occurrences of
Pheqq are distant enough so that the naive algorithm for Py, costs O( 1) worst-case time per
character. In order for the filter to be effective, instead of guaranteeing that the algorithm for
computing Ham(Pheqd, T[i —|P|+1..7—|Psqit|]) is completed before T'[i] arrives, we refine the
tail partitioning technique so that the computation of Ham(Pheaa, T[i — |P| + 1..7 — | Piaarl])
completes before T'[i— 3| P,q: ] arrives, and if the naive algorithm should be used, the execution
takes place through the arrivals of the subsequent %|mel| characters T'[i — %|Ptmvl| +1..14].
The effects of this refinement on the runtime is only by constant multiplicative factors.

The periodic case. We begin by first assuming that P and 7" have a common O(k)-period
p < k, and that n < %m. In this case, we represent the strings as characteristic functions
(one function for each character in X). Since both P and T are assumed to be periodic, each
characteristic function, when treated as a string, is also periodic. Next, we use the notion
of backward differences: for any function f : Z — 7Z, the backward difference of f due to p
is A,[f](2) = f(i) — f(i — p). Clifford et al. [8] showed that the Hamming distance of two
strings can be derived from a summation of convolutions of backward differences due to p of
characteristic functions; see Section 3.

In the case of Ppeqq, a delay of up to 2s characters is allowed. To solve this case, we define
the problem of computing the convolutions of the backward differences in batches; the details
for this case are given in Section 4. Our solution uses an offline algorithm for computing the
convolutions described in Section 3.1. In the case of P.,;;, we use a solution for the online
version of computing the convolutions of the backward differences, which is adapted from
Clifford et al. [5]; the details are given in Section 5. In both cases, since we assume that P
and T are periodic, our algorithms leverage the fact that the backward differences of the
characteristic functions have a small number of non-zero entries. This lets the algorithms
compute the Hamming distance of Py, and every substring of 7' which has length |Pyq.

In Section 6, we remove the periodicity assumption on 7' by applying a technique by
Clifford et al. [7] which identifies at most one periodic region of 7' that contains all the
k-mismatch occurrences of P. Moreover, we drop the n < %m assumption using a standard
trick of partitioning 7" into overlapping fragments of length %m.
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3 Hamming Distance and the Convolution Summation Problem

Recall that the support of a function f is supp(f) := {z | f(z) # 0}. Let |f| = [supp(f)].

Throughout, we only consider functions with finite support mapping Z to Z. The convolution
of two functions f,g: Z — Z is a function f * g :Z — Z such that

[f % gl(6) = £(5) - gli = j).

JEZ

For a string X and a character ¢ € 3, the characteristic function of X and cis X.:Z —

{0,1} such that X.(i) = 1 if and only if X[i] = c. For a string X, let X be X reversed.

The cross-correlation of strings X and Y over ¥ is a function X ® Y : Z — Z such that
XV =) X Y[\
ceX

» Lemma 4 ([8, Fact 7.1]). Let P,T be strings. For |P| —1 <4 < |T|, we have [T ® P|(i) =
|P| — Ham(P,T[i — |P| +1..4]). Fori <0 and fori > |P|+ |T|, we have [T @ P](i) = 0.

By Lemma 4, in order to compute Ham(P, T[i —|P|+1..14]), it suffices to compute [T ® P](3).

The backward difference of a function f : Z — Z due to p is A,[f](i) = f(2) — f(i — p).
» Observation 5 ([8, Obs. 7.2]). If a string X has a d-period p, then ) .5 |A,[Xc]| < 2(d+p).
Our computation of T'® P in a streaming fashion is based on the following lemmas:

» Lemma 6 (Based on [8, Fact 7.4 and Corollary 7.5]). For every i € Z and p € Z.., we have
T @ PJ(i) = [ Soes ApIT] + A [P (6) — [T @ P)(i — 29) + 2T & P)(i — p).

When computing [T ® P](7), if the algorithm maintains a buffer of the last 2p values of
T ® P, then the algorithm already has the values of [T ® P](i — p) and [T’ ® P](i — 2p). Thus,
in order to construct T'® P, the focus is on constructing Y s Ap[T.] * A, [PF].

3.1 Convolution Summation Problem

We express the task of constructing Y .« Ap[Te] * A [PF] in terms of a more abstract
convolution summation problem stated as follows. The input is two sequences of functions
F=(f1,f2,---, ft) and G = (g1, 92, ... g+) such that for every 1 <i <t we have f; : Z — Z

and g; : Z — Z, and the goal is to construct the function F ® G = Z;=1(fj * gj).

Let H be a sequence of functions. We define the support of H as supp(H) = ;4 supp(h).
The total number of non-zero entries in all of the functions of # is denoted by ||H|| = >, o4, |h].

The diameter of a function f is diam(f) = max(supp(f)) — min(supp(f)) + 1 if supp(f) # 0,
and diam(f) = 0 otherwise. We define the diameter of a sequence of functions H as
diam(H) = max {diam(h) | h € H}.

In our setting, the input for the convolution summation problem is two sequences of
sparse functions, which are functions that have a small support. Thus, we assume that
the input functions are given in an efficient sparse representation, e.g., a linked list (of the
non-zero functions) of linked lists (of non-zero entries).

Algorithm for the offline convolution summation problem. The following lemma, proved
in the full version of the paper, provides an algorithm that efficiently computes F ® G for
two sequences of functions F and G which are given in a sparse representation. Notice that
the output of the algorithm is also restricted to the non-zero values of F ® G only.
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» Lemma 7 (Based on [4, Lemma 7.5]). Let F = (f1,...,fi) and G = (g1,...,9¢) be two
sequences of functions, such that diam(F),diam(G) € [1..n], and also diam(F @ G) = O(n).
Then there exists an (offline) algorithm that computes the non-zero entries of F ® G using
O(n) space, whose time cost is

U(F,9) = O(IIFII+G|+Z min(lfjllgjm)) = O (min (tn, [|F]| - |G], (IF] + 1G1)vn)) -

j=1

4 Periodic Pattern and Text — with Delay

Our approach is based on the reduction to the convolution summation problem of Section 3.
The text arrives online, so we consider a similar setting for convolution summation.

4.1 The Incremental Batched Convolution Summation Problem

In the incremental batched version of the convolution summation problem, the algorithm
is given two sequences of ¢ functions F and G, where both supp(F),supp(G) C [0..n — 1].
The sparse representation of G is available for preprocessing, whereas F is revealed online in
batches of diameter s: the ith batch consists of all of the non-zero entries of the functions of
F in the range [(i — 1) - s..4 - 8), also in a sparse representation. After each update, the goal
is to compute the values of F ® G in the same range as the input, [(i —1)-s..7-s). In the
rest of this section, we prove the following lemma.

» Lemma 8. There exists a deterministic algorithm that solves the incremental batched
convolution summation problem for s = Q(||F|| + [|Gl]), using O(s) space, O((||F|| + |G|)v/s)

Vs s

time per batch arrival and O (n + min (||]—'H 1G], total time.

A natural approach for proving Lemma 8 is to utilize the algorithm of Lemma 7, whose
runtime depends on the diameters of a pair of sequences of functions. Thus, in order to use
this approach, we design a mechanism for reducing the diameters of F and G while still being
able to properly compute the values of F ® G.

Reducing the diameter. For a function h : Z — Z and a domain D C Z, let h|p : Z — Z be
a function where h|p(i) = h(i) for i € D and h|p (i) = 0 for i ¢ D. For a sequence of functions
H = (hi,ha,...,ht), denote the sequence of functions restricted to domain D as H|p =
(h1|pyha|p, ..., ht|p). For a,b € Z, let us define integer intervals Ty, = [s-(a—1)..s-(a+1))
and @, =[s-(b—1)..5-b)3.

» Observation 9. Fach integer is in exactly one range ®, and in exactly two ranges T'y.

Notice that the ith batch consists of F|s,. In response to the ith batch, the algorithm
needs to compute [F ® G]|e,. For this, we express F; = Fljo. si) = F|a,ud,0..ue, (Which is
the aggregate of all the batches received so far) and G in terms of two sequences of functions
FF and G*, so that [F @ G]le, = [F ® G*]|s,. The motivation for using F; and G* is to
reduce the diameter, which comes at the price of increasing the number of functions.

Let g = {ﬂ], and define

S
}—i*:(fl
G =(glre +--ngtlre Souley oo gldry oile, o, )

<I>i,o7"'7ft <I>i,07f1 ¢‘i717"'7ft [ 7f1|¢'i,(q,1)u"'7ft|<1>,-,(q,1))7

3 Note that the I intervals are used for partitioning G while ® intervals are used for partitioning F.
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» Lemma 10. For any i € [1..q] we have [F @ G]

s, = [Ff ©G7]

D, -

Proof. For two sets X, Y C Z, we denote X — Y ={x —y |z € X and y € Y}. For any pair
of functions f,g:Z — Z and any j € ®,, since the ranges ®, for b € Z form a partition of Z,
we have that (f*g)(j) = > ,cz(fle,_. *9)(4). Moreover, by the definition of the convolution
operator and since ®; — ®;_, C Ty, we have >, (flo,_, * 9)(J) = D ocz(flo._. * glr.)(j)-
Hence, [FOG]o, = > ,czlFlo, . ®G|r, ]|, However, since supp(F) C [0..¢s), we have that
for every b < 0 and every f € F, it must be that f|e, = 0. Similarly, since supp(G) C [0..gs),
we have that for every a < 0 and every g € G, it must be that g|r, = 0. Thus, fora ¢ [0..¢—1],
we have that Fls, . ® G|r, =0, and so [F @ Gl|s, = S 0_4[Fle, . ® G|r.]|e,. Finally, since
F} is the concatenation of F|g,_, for a € [0..¢ — 1], and G* is the concatenation of G|r, for

K2

a € [0..q— 1], the lemma follows. <

The following is a consequence of the definitions of 7* and G*, and Observation 9. Recall
that the diameter of a sequence of functions H is diam(#) = max {diam(h) | h € H}.

» Observation 11. The sequences F; and G* consist of t - ¢ functions each. Moreover,

diam(F}") <'s, diam(G*) < 2s, |7 || < [|F], and [|G7] <2 [|9]]-

The algorithm. During the preprocessing phase, the algorithm transforms G into G*, and

constructs Fg, which is an empty linked list.
Upon receiving the ith batch, which is F

First, the algorithm concatenates F|¢, with F; ; and truncates the last ¢ functions from the

®;, the algorithm computes F; as follows:
resulting sequence of (¢ + 1)t functions. It is easy to implement the concatenation (including
updating indices in the sparse representation) with a time cost which is linear in the number
of non-zero functions in Flg, and F;* ;, and is at most O(||.F||). The implementation of the

truncation is void since only the first (i — 1) - ¢ < (¢ — 1) - ¢ functions of F;_; are non-zero®.
Next, the algorithm applies the procedure of Lemma 7 in order to compute F; ® G*.

Finally, the algorithm returns [F} ® G*]|¢, which, by Lemma 10, is [F ® G]|s,.

Complexities. The preprocessing phase is done in O(||G]|) time using O(s) space.

For the ith batch, the computation of F;* costs O(||F||) time, which is O(q||F||) =
O(%||Fl) = O(n) time in total because s = Q(||F| + [|G]|). Then, the computation of
F} ® G* with the procedure of Lemma 7 costs O(U(F¥,G*)) = O((|Fz|| + [|G*])v/3) =
O((|IF|I+IGII)v/5) time. In the following, we derive several upper bounds on >>7_, W(F;, G*),

which together upper bound the total time cost.

Total time O(W). Recall that ¢ = O(%), and, by Observation 11, for any
i €[1..q] we have | Ff|| < ||F|| and ||G*]| < 2||G||. Thus,

D V(FLG) =Y O(UF I+ 167 IhVs) = O (Z(IIFII + IIQII)\/5> =

i=1 % i=1

O (a- (IF +1IDV5) = O - (IF] +1GI)V5) = O (=0,

4 The reason for mentioning the truncation, even though it is void, is in order to guarantee that F;
matches the mathematical definition introduced above.
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Total time 6(%) Recall that for any i € [1..q] the sequences G* and F;* consist of ¢ - ¢
functions of diameter O(s), and ¢ = O(%). Thus,

Z\Il(}—i*,g*)—ié(q t-s)=0(¢* ts)z@(%ﬁ%s)zé(%)

Total time O(n + || F|| - ||G]|). Let X = {z1,z2,...,2,} and Y = {y1,92,...,y-} be two
sequences of T functions from Z to Z, and let ¥ = max(diam(X’), diam(})). Recall that

(X, Y) = O (&) + 1P1 + D min(lzsllysl, v) | = O [ 1X]+ 1D+ D laglly;]

j=1 j=1

In our case, the run time is > ¢, W(F;,G*). Recall that the functions in F; are fjlo, .,
and the functions in G* are g;|r,, both for a € [0..¢) and j € [1..¢t]. Thus,

q q q—1 t
> UFLG) =30 (171 +19°) + 33 |filoc][gilr.
i=1 i=1 a=0 j=1
q t q—1
:Z (IFI+1GD)+0 | > \gj|F s..]|  >byObs. 11
i=1 j=1a=0
t g-1
- ZZ ‘gj|Fa fj‘ > by Obs. 9
. t
=0(n Z‘ngfj‘ > by Obs. 9
j=1
t
=0(n)+0 ||Q||Z’fj' =O0(n) +O(Ig] - |IFIl) = O+ |IFII- 1)
j=1
This completes the proof of Lemma 8. <

4.2 Reduction from Hamming Distance to Incremental Batch Sparse
Convolution Summation Problem

Now we show how to compute the Hamming distance between P and substrings of T' with
delay of 2s, based on the algorithm of Lemma 8. Our result is stated in the following lemma.

» Lemma 12. Suppose that there exists p < k which is a d-period of both P and T for
some d = O(k). Then, there exists a deterministic streaming algorithm for the k-mismatch

problem with n = %m that, given an integer parameter k < s < m, uses O(s) space and costs

o} (m + min (k:z, ”\}’f, L’f)) total time. Moreover, the worst-case time cost per character is

O(Wk). The algorithm has delay of 2s characters.

Proof. The algorithm receives the characters of T" one by one and splits them into blocks of
length s so that the indices in the bth block form @y, as defined in Section 4.1. The last O(s)
characters of T" and the last O(s) values of T ® P are buffered in O(s) space.
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For ¥ = {c1, ¢, ..., ¢o}, define sequences of functions G = (A [PE], A,[PE], ..., A,[PE])
and F = (A, [Te, ], Ap[Te,], - .., Ap[Te,]). The algorithm initializes an instance of the proce-
dure of Lemma 8 with G during the arrival of the first block. During the arrival of the bth block,
the algorithm creates the batch F|g, as follows: after the arrival of T'[4], if T'[i] # T[i — p],
then the algorithm sets A,[Tp(;](¢) to be 1 and A,[Tp;—,](7) to be —1. During the arrival of
the (b+1)th block, the batch F|g, is processed using Lemma 8 in order to compute [F®3]|q, .
Finally, for all i € ®, the algorithm uses the buffer of T'® P together with the values of
[F®G]|s, in order to report the values [T® P|(i) = [F®G](i)— [T ®P](i—2p)+2[T @ P|(i—p)
(see Lemma 6).

Complexities. For each incoming character of T', updating the text buffer and the functions
A, [Te] for all ¢ € 3 costs O(1) time since changes are needed in A,[T,] for at most two
characters ¢. Since p < k is a d-period of both P and T, Observation 5 yields ||G] <
2(k + d) = O(k) and ||F|| < 2(k 4+ d) = O(k). Thus, the initialization of the procedure
of Lemma 8 costs O(||G||) = O(k) time, and executing the procedure of Lemma 8 on the
bth batch Flg, costs O((||F|| + [1G])v/s) = O(ky/s) time. Hence, applying the algorithm
of Lemma 8 during the arrival of any block costs O(k + kv/5) = O(k+/s) time, which, by a
standard de-amortization, is O(2 - ky/s) = O(%) = O(Vk) time per character.

Note that supp(G) C [0..m + p] = [0..O(m)] and supp(F) C [0..2m + p] = [0..O(m)].
Moreover, both F and G are sequences of o functions. Hence, the total time cost of applying
the algorithm of Lemma 8, updating the buffers, and computing the functions A,[T¢] is

O (m + min (||f|| 1G]l 77"(”1?\%%”), "T"'Z)) =0 (m + min (k27 mTI;’ ‘”5"’2>).

Delay. For any index i € @y, after the arrival of T'[i], at most s character arrivals take
place until the call to the procedure of Lemma 8 involving F|p,. Moreover, due to the
de-amortization, the computation of all the results [T’ ® P]|s, takes place during the arrivals
of another s characters. Hence, the delay of the algorithm is at most 2s character arrivals. <«

5 Periodic Pattern and Text — without Delay

In this section, we show how to compute the distances between P and substrings of T" without
any delay, assuming that p < k is a d-period of both P and T for some d = O(k). Our approach
is to use the tail partition technique, described in Section 2. To do so, we set |Piqq| = 2s
and use the algorithm of Lemma 12 on Ppeqq (notice that p is a d-period of both Ppeqq and
Piyi1). The remaining task is to describe how to compute Ham(Pyqi1, T[i — 28 + 1. .4]).

In the online version of the convolution summation problem, the algorithm is given two
sequences of functions F and G, where supp(F) C [0..n)] and supp(G) C [0..m). The
sparse representation of G is available for preprocessing, whereas F is revealed online index
by index: At the ith update, the algorithm receives F|(;}, i.e., all the non-zero entries f(7)
for f € F, and the task is to compute [F ® G](i). The procedure we use for this problem is
based on the algorithm of Clifford et al. [5]. Nevertheless, since we state the procedure in
terms of the convolution summation problem, whereas [5] states the algorithm in terms of
pattern matching problems, we describe the details in the full version.

» Lemma 13 (Based on [5, Theorem 1]). Let F and G be two sequences of t functions each
such that supp(F) C [0..n), supp(G) C [0..m), and § = max(max; || F|gy ||, max; [|Gly]]) is
the mazimum number of non-zero entries at a single index. There exists an online algorithm
that upon receiving F|g;y for subsequent indices i computes [F @ G|(i) using O(dm) space in
O(VS([FI+1GI)) time per index. Moreover, the total running time of the algorithm is

O(min(nd + ([|F]| + [|G])v/n, nt)).
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Using the algorithm of Lemma 13 and the reduction from computing Hamming distance
to the convolution summation problem defined in Section 3, we achieve the following lemma.

» Lemma 14. Suppose that there exists p < k which is a d-period of both P and T for some
d = O(k). Then, there exists a deterministic online algorithm for the k-mismatch problem
that uses O(m) space and costs O (n + min (kv/n,na)) total time. Moreover, the worst-case
time cost per character is O(Vk).

Proof. The algorithm maintains a buffer of the last 2p values of T'® P and a buffer of the
last p characters of T'. Define sequences of functions G = (A,[P7], A,[PE], ..., A,[P!]) and
F = A\, ApT,,), ... Ap[Te,]), where ¥ = {c1,¢2,. .., ¢ }. The algorithm initializes an
instance of the procedure of Lemma 13. After the arrival of T'[¢], if T'[i] # T'[i — p], then the
algorithm sets A,[Tr;](4) to be 1 and A [Tr(i— (i) to be —1. The algorithm transfers these
values to the procedure of Lemma 13, which responds with the value of [F ® G](¢). Then,
the algorithm reports [T’ ® P](i), which equals [F ® G|(i) — [T ® P|(i — 2p) + 2[T ® P|(i — p)
by Lemma 6. In this expression, the first term is returned by the procedure of Lemma 13
and the other two terms are retrieved from the buffer.

The update of the text buffer and A,[T,] for at most two characters c after the arrival
of any text character costs O(1) time per character and O(n) time in total. Note that by
Observation 5, since p < k is a d-period of both P and T, we have that |G| < 2(d + k) =
O(k) and ||F|| < 2(d + k) = O(k). Moreover, 6 = max(max; || F|g; [, max; [|G|ry]]) < 2.
Consequently, the algorithm of Lemma 13 uses O(m) space and costs O(vk) time per
character and O(min(n + kv/n,no)) time in total. All the other parts of the algorithm cost
O(1) time per character and O(n) time in total. <

Thus, by combining Lemma 12 and Lemma 14, we obtain an algorithm that, given p
which is is a d-period of both P and T', computes the Hamming distances up to k for every
substring of the text without delay.

» Lemma 15. Suppose that there exists p < k which is a d-period of both P and T for
some d = O(k). Then, there exists a deterministic streaming algorithm for the k-mismatch

problem with n = %m that, given an integer parameter k < s < m, uses O(s) space, and costs

0 (m + min (k2 mk ‘”"2>> total time and O(Vk) time per character in the worst case.

7%’ s

Proof. Let Py, be the suffix of P of length 2s, and let Ppeq.q be the complementary
prefix of P. Note that p is a d-period of both Ppeqq and Pigi;. We run the algorithm
of Lemma 12 with Ppeqq as a pattern. The results of the algorithm of Lemma 12 are
added into a buffer of length 2s. Thus, right after the arrival of T'[i], it is guaranteed that
Ham(Phead, Tt — |P| + 1..7 — | Piait]]) is already computed and available for the algorithm.
In addition, the algorithm of Lemma 14 is executed with Py, as pattern, and this algorithm
computes Ham(Pioi, T[i — |Prair| + 1..14]) right after the arrival of T[], if this value is
at most k. After the arrival of T7i], the algorithm reports Ham(P,T[i — |P| + 1..4]) =
Ham(P;Lead,T[i - ‘P‘ +1..1— |PtailH) + Ham(Ptail,T[i — |Ptail| +1. Z])

The time per character of both the algorithm of Lemma 12 and the algorithm of Lemma 14

is O(Vk). The total time cost of the algorithm of Lemma 12 is O (m + min (kz, mT]:’ "T2>).

Furthermore, the total time cost of the algorithm of Lemma 14 is O (min (m + ky/m, mao)) =

0) (m+min (k%%, ‘”’;2)) due to k < s < m and m + ky/m = O(m + k?). Hence, the

lemma follows. <
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6 Periodic Pattern and Arbitrary Text — without Delay

In this section, we generalize Lemma 15 to the case where p is not necessarily a d-period
of T', but p is still a d-period of P and n = %m. We use ideas building upon Clifford et
al. [7, Lemma 6.2] to show that there exists a substring of T', denoted T, such that p is a

(2d + 4k + p)-period of T*, and T* contains all of the k-mismatch occurrences of P in T.

Our construction, specified below, exploits the following property of approximate periods.

» Observation 16. Let X and Y be two equal length strings. If p is a d-period of X and
Ham(X,Y) < x then p is a (d + 2z)-period of Y.

Let T}, be the longest suffix of T'[0.. 3m — 1] such that p is a (d + 2k)-period of T}, and
let Tk be the longest prefix of T[%m ..n — 1] such that p is a (d + 2k)-period of Tx. Finally,
let T* be the concatenation T* =T}, - Tg.

» Lemma 17. All the k-mismatch occurrences of P in T are contained within T*. Moreover,
p is a (2d + 4k + p)-period of T*.

Proof. The second claim follows directly from the fact that 7% = T, - Tg is a concatenation
of two strings with (d 4 2k)-period p (the extra p mismatches might occur at the boundary
between T, and Tg). Henceforth, we focus on the first claim.

We assume that P has at least one k-mismatch occurrence in T'; otherwise, the claim
holds trivially. Let T'[¢..r] be the smallest fragment of T containing all the k-mismatch
occurrences of P in T (so that the leftmost and the rightmost occurrences starts at positions
¢ and r — m + 1, respectively). Our goal is to prove that T[¢..r] is contained within T*.

By Observation 16, since T'[¢..£ + m — 1] is a k-mismatch occurrence of P and p is a
d-period of P, it must be that p is a (d 4+ 2k)-period of T'[¢..¢ + m — 1]. In particular,
since £ +m > im, we have that p is a (d + 2k)-period of T[¢..4im — 1]. Hence, by its
maximality, T, must start at position £ or to the left of ¢. Similarly, by Observation 16,
since T[r —m+1..r] is a k-mismatch occurrence of P and p is an d-period of P, it must be
that p is a (d + 2k)-period of T[r —m+ 1..r]. In particular, since r —m+1<n—m < %m,
we have that p is a (d + 2k)-period of T[$m ..7]. Hence, by its maximality, T must end at
position 7 or to the right of r. |

The algorithm works in two high-level phases. In the first phase, the algorithm receives
T[0.. %m — 1], and the goal is to compute T,. In the second phase, the algorithm receives

T[%m .n — 1] and transfers T* = T, - T to the subroutine of Lemma 12. The transfer
starts with a delay of |T| characters and a standard de-amortization speedup is applied to
reduce the delay to 0 by the time 2|77 | < m characters are transferred, which is before the
subroutine of Lemma 12 may start producing output. The algorithm terminates as soon as it
reaches the end of T'g, i.e., when it encounters more than d+ 2k mismatches in T[%m .on—1].

The following periodic representation (similar to one by Clifford et al. [8]) is used for

storing substrings of 7.

» Fact 18. For every positive integer p, there exists an algorithm that maintains a represen-

tation of T[C..7] and supports the following operations in O(1) time each:

(a) Change the representation to represent T[{ + 1..7] and return T[{].

(b) Given T[r + 1] and T[r + 1 — pl|, change the representation to represent T[¢..r + 1].

(c) Given €' > € such that T[i] = T[i + p] for £ < i < {', change the representation to
represent T[¢ . .r].

If p is a d-period of T[L..r] then the space usage is O(d + p).
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Proof. T[¢..r] is represented by a string S of length p such that T[i] = S[i mod p] for
£<i<min(l+p—1,r),and alist L = {(¢,T[i]) : £+ p < i < r,T[i — p] # Ti]}. Notice
that if p is a d-period of T'[¢..r], then this representation uses O(d + p) space.

To implement operation (a), the algorithm first retrieves T'[¢] = S[¢ mod p]. The algorithm
then checks if the leading element of L is (¢4 p, T[4+ p]). If so, the algorithm removes this pair
from L and sets S[¢ mod p] = T'[¢ + p]. To implement operation (b), the algorithm compares
T[r + 1] with T[r + 1 — p]. If these values are different, then (r 4+ 1,T[r + 1]) is appended to
L. The implementation of operation (c) is trivial (neither S nor L is changed). |

» Lemma 19. Suppose that there exists p < k which is a d-period of P for some d =
O(k). Then, there exists a deterministic streaming algorithm for the k-mismatch problem
with n = %m that, given an integer parameter k < s < m, uses O(s) space, and costs

o} (m + min (k:z, T”T’;, ‘”:2)> total time and O(\/E) time per character in the worst case.

Proof. Based on the pattern P and the period p, the algorithm initializes an instance ALG of
the algorithm of Lemma 12. Then, the algorithm processes T" in two phases, while maintaining
a buffer of p text characters and the representation of Fact 18 of a suffix T” of the already
processed prefix of T'.

First Phase. During the first phase, when the algorithm receives T[0. . %m — 1], the suffix
T is defined as the longest suffix for which p is a (d 4+ 2k)-period. Suppose 17" is T'[¢. .7 — 1]
after processing T[0..7 — 1]. The algorithm first appends T'[i] to T”, extending it to T'[¢. . 1]
using Fact 18(b). If p is still a (d + 2k)-period of 7", i.e., the list L has at most d + 2k
elements, then the algorithm proceeds to the next character. Otherwise, T” is first trimmed
to T[¢'..i], where (¢/ + p, T[¢' + p]) is the first element of L, using Fact 18(c), and then to
T[¢' +1..4] using Fact 18(a). The latter operation decrements the size of L to d + 2k.

At the end of the first phase, T” is by definition equal to Ty,. The running time of the

algorithm in the first phase is O(1) per character, and the space complexity is O(d+k) = O(k).

Second Phase. At the second phase, the algorithm receives T'[% ..n — 1], while counting
the number of mismatches with respect to p. As soon as this number exceeds d + 2k, which
happens immediately after receiving the entire string Tg, the algorithm stops. As long as
T’ is non-empty, each input character is appended to T’ using Fact 18(b), and the two
leading characters of 7" are popped using Fact 18(a) and transferred to ALG. Once T”
becomes empty (which is after ALG receives 2|Ty| < m characters), the input characters
are transferred directly to ALG. This process guarantees that the input to ALG is T* and
that ALG is executed with no delay by the time the first m characters of T* are passed. By
Lemma 17, all k-mismatch occurrences of P in T are contained in 7, so all these occurrences
are reported in a timely manner.

Since p is a (2d + 4k + p)-period of T* (by Lemma 17) and 7" is contained in T', then p is
also a (2d + 4k + p)-period of T” at all times. Consequently, the space complexity is O(k) on
top of the space usage of ALG, which is O(s). Thus, in total, the algorithm uses O(s) space.

The per-character running time is dominated by the time cost of ALG, which is O(Vk).
The total running time of the algorithm is also dominated by the total running time of ALG,

which, by Lemma 12, is O (m + min <k2, mTI;, ‘”:2>). <

The following corollary is obtained from Lemma 19 by the standard trick of splitting the
text into O(2) substrings of length 3m with overlaps of length m.
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» Corollary 20. Suppose that there exists p < k which is a d-period of P. Then, there
exists a deterministic streaming algorithm for the k-mismatch problem that, given an integer

parameter k < s < m, uses O(s) space and costs O(n + min (%’97 %’ m;m)) total time.

Moreover, the worst-case time cost per character is O(\/E)

7 Aperiodic Pattern and Arbitrary Text
The following lemma, proved in the full version, appears in [16] with small modifications.

» Lemma 21 (Based on [16, Theorem 5]). Suppose that the smallest 4k-period of the pattern
P is Q(k). Then, there exists a randomized streaming algorithm for the k-mismatch problem
that uses O(k) space and costs O(1) time per character. The algorithm has delay of k
characters and is correct with high probability.

In order to improve the algorithm to report results without any delay, we use ideas similar
to those introduced in Section 5. The following fact appeared in [7].

» Fact 22 (Based on [7, Fact 3.1]). If p is the smallest d-period of a pattern P, then the
%d—mismatch occurrences of P in any text T start at least p positions apart.

» Lemma 23. Suppose that the smallest 6k-period of the pattern P is Q(k). Then, there
exists a randomized streaming algorithm for the k-mismatch problem that uses O(k) space
and costs O(1) time per character. The algorithm is correct with high probability.

Proof. Let P,; be the suffix of P of length 2k and let Pj.qq be the complementary prefix
of P. Since the smallest 6k-period of P is Q(k), |Pieu| = 2k, and 6k — 2k = 4k, the smallest

4k-period of Ppeqq is also (k). Thus, we execute the procedure of Lemma 21 with Ppeqq-

Then, whenever the procedure reports Ham(Pheaq, T[i — |P| + 1..7 — 2k]) to be at most k,
the algorithm starts a process that computes Ham(P;q;, T[i — 2k + 1..4]). The procedure of
Lemma 21 reports Ham(Phead, T[i — |P|+ 1. .1 — 2k]) before T'[i — k + 1] arrives. Hence, there
are still at least k character arrivals until Ham(P, T'[i — |P|+1..4]) has to be reported. During
these character arrivals, the computation of Ham( Py, T[i — 2k 4+ 1..4]) is done simply by
comparing pairs of characters. The total time of this computation is O(k), and by standard
de-amortization, this is O(1) time per character during the arrival of the k characters.
Since the smallest 4k-period of P is Q(k), Fact 22 implies that any two k-mismatch
occurrences of P in T are at distance Q(k). Therefore, the maximum number of processes
computing distances to Py, at any time is O(1). Thus, the time cost per character of the
algorithm is dominated by the procedure of Lemma 21. |

8 Proof of Main Theorem

We conclude the paper with a proof of Theorem 3, which is our main result. In the
preprocessing, the shortest 6k-period p of the pattern P is determined. If p < k, then the
text is processed using Corollary 20. This procedure uses O(s) space and costs O(vk) time

nk? nk onm

per character and O(n—i—min (7, T T

)) time in total. Otherwise, the text is processed

based on the Lemma 23. The space complexity in this case is O(k) = O(s), whereas the
running time is O(1) = O(vVk) per character and O(n) in total.
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—— Abstract

In the problem of the longest common substring with £ mismatches we are given two strings X,Y
and must find the maximal length ¢ such that there is a length-¢ substring of X and a length-¢
substring of Y that differ in at most k positions. The length ¢ can be used as a robust measure of
similarity between X,Y. In this work, we develop new approximation algorithms for computing ¢
that are significantly more efficient that previously known solutions from the theoretical point of
view. Our approach is simple and practical, which we confirm via an experimental evaluation, and
is probably close to optimal as we demonstrate via a conditional lower bound.
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1 Introduction

For decades, the edit distance and its variants remained the most relevant measure of
similarity between biological sequences. However, there is strong evidence that the edit
distance cannot be computed in strongly subquadratic time [7]. One possible approach
to overcoming the quadratic time barrier is computing the edit distance approximately,
and last year in the breakthrough paper Chakraborty et al. [8] showed a constant-factor
approximation algorithm that computes the edit distance between two strings of length n
in time O(n?~2/7). Nevertheless, the algorithm is highly non-trivial and because of that is
likely to be impractical.
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A different approach is to consider alignment-free measures of similarities. Ideally, we
want the measure to be robust and simple enough so that we could compute it efficiently.
One candidate for such a measure is the length of the longest common substring with &
mismatches. Formally, given two strings X, Y of lengths at most n and an integer k, we want
to find the maximal length LCS,(X,Y) of a substring of X that occurs in Y with at most k
mismatches. Computing this value constitutes the LCS with & Mismatches problem.

The LCS with k& Mismatches problem was first considered for k =1 [6, 13], with current
best algorithm taking O(nlogn) time and O(n) space. The first algorithm for the general
value of k was shown by Flouri et al. [13]. Their simple approach used quadratic time and
linear space. Grabowski [15] focused on a data-dependent approach, namely, he showed
two linear-space algorithms with running times O(n((k + 1)(LCS + 1))*) and O(n%k/LCS;,),
where LCS is the length of the longest common substring of X and Y and LCSy, similarly
to above, is the length of the longest common substring with & mismatches of X and Y.
Abboud et al. [1] showed a k!-5n2/2UV (108 M)/F)_time randomised solution to the problem via
the polynomial method. Thankachan et al. [24] presented an O(n log” n)-time, O(n)-space
solution for constant k. This approach was recently extended by Charalampopoulos et al. [10]
to develop an O(n)-time and O(n)-space algorithm for the case of LCS;, = Q(log?* ™ n).

On the other hand, Kociumaka, Radoszewski, and Starikovskaya [19] showed that there
is k = O(log n) such that the LCS with & Mismatches problem cannot be solved in strongly
subquadratic time, even for the binary alphabet, unless the Strong Exponential Time Hypo-
thesis (SETH) of Impagliazzo, Paturi, and Zane [16] is false. This conditional lower bound
implies that there is little hope to improve existing solutions to LCS with & Mismatches. To
overcome this barrier, they introduced an approximation approach to LCS with k& Mismatches,
inspired by the work of Andoni and Indyk [4].

» Problem 1 (LCS with Approximately k& Mismatches). Two strings X,Y of length at most n,
an integer k, and a constant € > 0 are given. Return a substring of X of length at least
LCSk(X,Y) that occurs in' Y with at most (1 + €) - k mismatches.

Kociumaka, Radoszewski, and Starikovskaya [19] also showed that for any ¢ € (0,2) the
LCS with Approximately & Mismatches problem can be solved in O(n1+1/(1+5) log? n) time and
O(nlﬂ/ (HE)) space. Besides for superlinear space, their solution uses a very complex class
of hash functions which requires n*/3+°(1)_time preprocessing, and that is the underlying
reason for the bounds on e. In this work, we significantly improve the complexity of the LCS
with Approximately k& Mismatches problem and show the following results.

» Theorem 2. Let € > 0 be an arbitrary constant. The LCS with Approximately k Mismatches

problem can be solved correctly with high probability:

1) In O(p'*tV/ 042+ time and O(n'*1/ (2010 space assuming a constant-size al-
phabet;

2) In O(n'*tY/0+) log® n) time and O(n) space for alphabets of arbitrary size.

Our first solution uses the Approximate Nearest Neighbour data structure [5] as a black
box. The definition of this data structure is extremely involved, and we view this result as
more of a theoretical interest. On the other hand, our second solution is simple and practical,
which we confirm by experimental evaluation (see Section 4 for details).

As a final remark, we note that a construction similar to the one used to show a
lower bound for the LCS with k& Mismatches problem [19] gives a lower bound for LCS with
Approximately £ Mismatches. A proof of the following fact can be found in Section 5.
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» Fact 3. Assuming SETH, for every constant § > 0, there exists a constant € = ¢(8)! such
that any randomised algorithm that solves the LCS with Approximately k Mismatches problem
for given X and Y of length at most n correctly with constant probability uses Q(n?~%) time.

Related work. In 2014, Leimester and Morgenstern [20] introduced a related similarity
measure, the k-macs distance. Let LCPp(X;,Y;) = max{¢ : dg(X[i,i+{—1],Y[j, j+{—1]) <
k}, where dy stands for Hamming distance, i.e. the number of mismatches between two
strings. We have LCSj, = max; ; LCPy(X;,Y;). The k-macs distance, on the other hand, is
defined as a normalised average of these values. Leimeister and Morgenstern [20] showed a
heuristic algorithm for computing the k-macs distance, with no theoretical guarantees for
the precision of the approximation; other heuristic approaches for computing the k-macs
distance include [25, 26]. The only algorithm with provable theoretical guarantees is [24]
and it computes the k-macs distance in O(nlog" n) time and O(n) space.

2 Preliminaries

We assume that the alphabet of the strings X,Y is ¥ = {1,...,0}, where ¢ = n®1),

Karp—Rabin fingerprints. The Karp—Rabin fingerprint [18] of a string S = s182...5¢ is
defined as

L
p(5) = <Z ) mod g,
=1

where ¢ = Q(max{n®,o}) is a prime number, and r € F, is chosen uniformly at random.
Obviously, if S; = Sa, then ¢(S1) = ¢(S2). Furthermore, for any ¢ < n, if the fingerprints of
two (-length strings S, S2 are equal, then S, Sy are equal with probability at least 1 — 1/n?
(for a proof, see e.g. [21]).

Dimension reduction. We will exploit a computationally efficient variant of the Johnson—
Lindenstrauss lemma [17] which describes a low-distortion embedding from a high-dimensional
Euclidean space into a low-dimensional one. Let ||-|| be the Euclidean (Ls) norm of a vector.
We will exploit the following claim which follows immediately from [2, Theorem 1.1]:

» Lemma 4. Let P be a set of n vectors in RY, where £ < n. Given a = a(n) > 0 and a
constant B > 0, there is d = ©(a~2logn) and a scalar ¢ > 0 such that the following holds. Let
M be a d x £ matriz filled with i.u.d. £1 random variables. For all U € P, define sk, (U) =
c-MU. Then for all U,V € P there is ||[U — V||? < ||skq(U) —sko(V)[|?2 < (1 +a)||U — V|2
with probability at least 1 —n ="

Since the Hamming distance between binary strings U,V is equal to ||[U — V|2, the
matrix M defines a low-distortion embedding from an /-dimensional into a d-dimensional
Hamming space as well. For non-binary strings, an extra step is required. Let the alphabet
be ¥ = {1,2,...,0} and consider a morphism x : ¥ — {0,1}7, where p(a) = 0~1107-¢
for all a € 3. We extend p to strings in a natural way. Note that for two strings U, V' over
the alphabet ¥ the Hamming distance between u(U), u(V) is exactly twice the Hamming
distance between U, V. We therefore obtain:

! Here ¢ is a function of & for which the explicit form is not known (a condition inherited from [22]).
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» Corollary 5. Let P be a set of n strings in ¢, where £ < n. Given a = a(n) >0 and a
constant B > 0, there is d = ©(a~2logn) and a scalar ¢ > 0 such that the following holds.
Let M be a d x (o - £) matriz filled with i.u.d. £1 random variables. For all U € P, define
sko(U) = c- Mu(U). Then for all U,V € P there is dy(U,V) < ||ska(U) — sko (V)| <
(14 a)dg (U, V) with probability at least 1 —n=".

We will use the corollary for dimension reduction, and also to design a simple test that
checks whether the Hamming distance between two strings is at most k.

» Corollary 6. Let P be a set of n strings in X¢, where £ < n. With probability at least
1—n=", foralU,V € P:
1) if ||ska(U) — sko (V)2 < (1 + )k, then dg (U, V)

(1 + a) : kz'
2) if |[ska(U) — ska(V)||? > (1 + )k, then du(U,V) > k.

<
2

2.1 The Twenty Questions game

Consider the following version of the classic game “Twenty Questions”. There are two players:
Paul and Carole; Carole thinks of two numbers A, B between 0 and N, and Paul must return
some number in [A4, B]. He is allowed to ask questions of form “Is z < A?”, for any z € [0, N].
If z < A, Carole must return YES; If A < x < B, she can return anything; and if B < =,
she must return NO. Paul must return the answer after having asked at most @) questions
where Carole can tell at most [pQ] lies, and only in the case when z < A.

We show that Paul has a winning strategy for @ = O(logn) and any p < 1/3 by a
black-box reduction to the result of Dhagat, Gécs, and Winkler [11] who showed a winning
strategy for A = B.

» Theorem 7 ([11]). For A = B, Paul has a winning strategy for all p < L asking

3
Q = [F2855] questions.

This result is obtained by maintaining a stack of trusted intervals. Once Paul knows that
A is between £ and 7, where £ < r, he checks whether A is in the left or the right half of the
interval [¢,r]. If no inconsistencies appear (like A < £ or r < A), he pushes the new interval
to the stack, else he removes the interval [¢, r] from the stack of trusted intervals. After @
rounds, Paul returns the only number in the top interval in the stack, which is guaranteed to
have length 1 and to contain A. We give the pseudocode of Paul’s strategy in Algorithm 1.
By Carole(x), we denote the answer of Carole for a question “Is x < A?”.

Algorithm 1 The Twenty Questions game.

L Q< [(815’5521

2: S« {[0,N]}

3: fori=1,2,...,Q/2 do

I=1¢r] < Stop()

5 mid + [5£]

6 if Carole(mid) then

T: if Carole(r) then S.pop() > The answer is inconsistent with I; remove I.
8

9

=~

else S.push([mid,r])

else
10: if Carole(f) then S.push([¢, mid — 1])
11: else S.pop() > The answer is inconsistent with I; remove I.

We now a show a winning strategy for our variant of the game.
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8log N
1=30)?

» Corollary 8. For A < B, Paul has a winning strategy for all p < % asking Q =
questions.

Proof. We introduce just one change to Algorithm 1, namely, we return the argument of the
largest YES obtained in the course of the algorithm. From the problem statement it follows
that the answer is at most B. We shall now prove that the answer is at least A. If Carole
ever returned YES for A < x < B, then it is obviously the case. Otherwise, Carole actually
behaved as if she had A = B in mind: apart from the small fraction of erroneous answers,
she returned YES for x < A, and NO for x > A. Thus, the strategy of Dhagat, Gécs, and
Winkler ends up with A as the answer (and this must be due to a YES for z = A). |

3 LCS with Approximately £ Mismatches

In this section, we prove Theorem 2. Let us first introduce a decision variant of the LCS with
Approximately k£ Mismatches problem.

» Problem 9. Two strings X,Y of length at most n, integers k, ¢, and a constant € > 0 are
given. We must return:

1. YES if t <LCSk(X,Y);

2. Anything if LCSy(X,Y) < £ < LCS(14ox(X,Y);

3. NO Z'fLCS(1+E)k(X, Y) < /.

If we return YES, we must also give a witness pair of length-¢ substrings S1 and Sy of X
and Y, respectively, such that dg(S1,S2) < (1+ ¢)k.

The decision variant of the LCS with Approximately k& Mismatches problem can be reduced
to the following (¢, 7)-Approximate Near Neighbour problem.

» Problem 10. In the (c,r)-Approximate Near Neighbour problem with failure probability f,
the aim is, given a set P of n points in R?, to construct a data structure supporting the
following queries: given any point q € R%, if there exists p € P such that ||p — q|| < r, then
return some point p’ € P such that ||p’ — q|| < cr with probability at least 1 — f.

Using the reduction, we will show our first solution to the LCS with Approximately &
Mismatches decision problem based on the result of Andoni and Razenshteyn [5], who showed
that for any constant f, there is a data structure for the (¢, r)-Approximate Near Neighbour
problem that has O(n'*r+e() 4 d.n) size, O(d - n+°M) query time, and O(d - n' TrH+o))
preprocessing time, where p = 1/(2¢% — 1).

» Lemma 11. Assume an alphabet of constant size o. The decision variant of the LCS with
Approximately k Mismatches problem can be solved in space O(n*+t1/(1+26)+0()) and time
O(n'*+1/(420)+0())  The answer is correct with constant probability.

Proof. Let P be the set of all length-¢ substrings of X and @ be the set of all length-¢
substrings of Y, all encoded in binary using the morphism pu (see Section 2). We start
by applying the dimension reduction procedure of Corollary 5 to P and @ with o =
1/(loglogn)®™ and 8 = 2 to obtain sets P’ and Q’. We can implement the procedure in
O(onlog? n(loglogn)®®) = O(nlog?*°M n) time by encoding X,Y using x and running
the FFT algorithm [12] for each of the O(log' ™™ n) rows of the matrix and u(X), u(Y).
To solve the decision variant of LCS with Approximately k& Mismatches, we build the data
structure of Andoni and Razenshteyn [5] for (1/(1 +¢)(1 — a), /(1 + a)k)-Approximate Near
Neighbour over @'. We make a query for each string in P’. If, queried for sk,(S1) € P/,
where S; is a length-£ substring of X, the data structure outputs sk, (S2) € Q’, where S5 is
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a length-¢ substring of Y, then we compute ||sk, (S1) — skq (S2)||2. If it is at most (1 + )k,
we output YES and the witness pair (S7,.52) of substrings. As the length of vectors in P,
Q' isd= (’)(log1+0(1) n), we obtain the desired complexity.

To show that the algorithm is correct, suppose that there are length-¢ substrings S; and
So of X and Y, respectively, with dg(S1,S2) < k. By Corollary 5, ||sks(S1),ska(S2)| <
/(1 4+ a)k holds with probability at least 1 — 1/n. Then, when querying for sk, (S1), with
constant probability the data structure will output a string sk, (.5%) such that ||sk,(S1) —
sk (SH)]I? < (1+¢)(1 — a?)k < (1+ ¢)k. Then, our algorithm will return YES.

On the other hand, if we output YES with a witness pair (S7,S2), then ||sky(S1) —
ska(S2)[|2 < (1+¢)k implies dg (S1,S2) < (1+€)k with high probability by Corollary 5. <

While this solution is very fast, it uses quite a lot of space. Furthermore, the data
structure of [5] that we use as a black box applies highly non-trivial techniques. To overcome
these two disadvantages, we will show a different solution based on a careful implementation
of ideas first introduced in [4] that showed a data structure for approximate text indexing
with mismatches. In [19], the authors developed these ideas further to show an algorithm
that solves the LCS with Approximately k& Mismatches problem in O(n'*1/(1+)) space and
O(n'*t1/0+2) Jog? n) time for € € (0,2) with constant error probability. In this work, we
significantly improve and simplify the approach to show the following result:

» Theorem 12. Assume an alphabet of arbitrary size 0 = n®Y) . The decision variant of

LCS with Approximately k Mismatches can be solved in O(n'*+/ (1) 1og? n) time and O(n)
space. The answer is correct with constant probability.

Let us defer the proof of the theorem until Section 3.1 and start by explaining how we
use Lemma 11 and Theorem 12 and the Twenty Questions game to show Theorem 2.

Proof of Theorem 2. We will rely on the modified version of the Twenty Questions game
that we described in Section 2.1. In our case, A = LCS,(X,Y) and B = LCS(14¢)x(X,Y).
For Carole, we use either the algorithm of Lemma 11, or the algorithm of Theorem 12, with
an additional procedure verifying the witness pair (S1,.52) character by character to check
that it indeed satisfies dg(S1,.52) < (1+ €)k. We output the longest pair of (honest) witness
substrings found across all iterations. We will return a correct answer assuming that the
fraction of errors is p < % Recall that the algorithm solves the decision variant of the
LCS with Approximately k& Mismatches problem incorrectly with probability not exceeding a
constant ¢, and we can ensure § < % by repeating it a constant number of times. It means
that Carole can answer an individual question erroneously with probability less than %
Therefore, for a sufficiently large constant in the number of queries @ = ©(logn), the fraction
of erroneous answers is p < % with high probability by Chernoff-Hoeffding bounds. The

claim of the theorem follows immediately from Lemma 11 and Theorem 12. |

3.1 Proof of Theorem 12

We first give an algorithm for the decision version of the LCS with Approximately k& Mismatches
problem that uses O(nlogn) space and O(n' T+ logn + onlog® n) time, and then we
improve the space and time complexity.

We assume to have fixed a Karp—Rabin fingerprinting function ¢ for a prime ¢ =
Q(max{n®,o}) and an integer r € Z,. With error probability inverse polynomial in n, we
can find such ¢ in O(logo(l) n) time; see [23, 3].
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Let IT be the set of all projections of strings of length ¢ onto a single position, i.e., the
value m;(S) of the i-th projection on a string S of length £ is simply its i-th character S[i].
More generally, for a length-£ string S and a function h = (74, ..., 7,,,) € "™, we define
h(S) as S[a1]S[as] - - - S[am].

Let py =1 —k/¢ and po = 1 — (1 + ¢)k/¢. We assume that (1 + )k < £ in order to
guarantee p; > py > 0; the problem is trivial if (1 + &)k > ¢. Further, let m = ﬂogpQ %]

We choose a set H of L = ©(n'/(1+)) hash functions in TI"™ uniformly at random. Let C7*
be the mutliset of all collisions of length-¢ substrings of X and Y under the functions from #,
e, O = {(X[i,i+0—1],Y[j,j+£— 1], 1) : o(h(X[iyi+£— 1)) = o(h(Yj,j +L—1])), 1 <
i< |X|-61<j<|Y|- ).

We will perform two tests. The first test chooses an arbitrary subset C' C C7* of size
|C’| = min{4nL, |C}*|} and, for each collision (S, S2,h) € C’, computes ||ske(S1) —sk.(S2)]|%.
If this value is at most (1 + €)k, then the algorithm returns YES and the pair (S7,.52) as
a witness. The second test chooses a collision (S7, 52, h) € C’Z“ uniformly at random and
computes the Hamming distance between S; and Sy character by character in O(¢) = O(n)
time. If the Hamming distance is at most (1 + €)k, the algorithm returns YES and the
witness pair (S7,S2). Otherwise, the algorithm returns NO. See Algorithm 2.

Algorithm 2 LCS with Approximately k& Mismatches (decision variant).

: Choose a set H of L functions from II"™ uniformly at random

. Ot ={(S1,82,h) : S1,S2 — length-¢ substrings of X,Y resp. and ¢(h(S1)) = ¢(h(S2))}
: Choose an arbitrary subset C' C C7* of size min{4nL, |C}*|}

: Compute sk, (-) sketches for all length-¢ substrings of X,V

: for (S1,52,h) € C' do

if ||sk-(S1) — ske(S2)]|? < (14 €)k then return (YES, (51, S2))

: Draw a collision (51, Sa, k) € C7* uniformly at random

o if dy(S1,52) < (1+¢)k then return (YES, (S, 52))

: return NO

© 0 N D TR W N e

We must explain how we compute CZ" and choose the collisions that we test. We consider
each hash function h € H in turn. Let h = (7q,, ..., 7,,, ). Recall that for a string S of length ¢
we define h(S) as S[a1]S[as] - S[an,]. Consequently, p(h(S)) = (>~ r*"1S[a;]) mod q.
We create a vector U of length ¢ where each entry is initialised with 0. For each i, we add
r"~1 mod ¢ to the a;-th entry of U. Finally, we run the FFT algorithm [12] for U and X,Y
in the field Z,, and sort the resulting values. We obtain a list of sorted values that we can
use to generate the collisions. Namely, consider some fixed value z. Assume that there are x
substrings of X and y substrings of Y of length ¢ such that the fingerprint of their projection
is equal to z. The value z then gives xy collisions, and we can generate each one of them in
constant time. This explains how to choose the subset C" in O(nLlogn) time.

To draw a collision from Cz" uniformly at random, we could simply compute the total
number of collisions across all functions h € H, draw a number in [1,|C7|], and generate the
corresponding collision. However, this would require to generate the collisions twice. Instead,
we use the weighted reservoir sampling algorithm [9]. We divide all collisions into subsets
according to the values of fingerprints. We assume that the weighted reservoir sampling
algorithm receives the fingerprint values one-by-one, as well as the number of corresponding
collisions. At all times, the algorithm maintains a “reservoir” containing one fingerprint value
and a random collision corresponding to this value. When a new value z with zy collisions
arrives, the algorithm replaces the value in the reservoir with z and a random collision with
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some probability. Note that to select a random collision it suffices to choose a pair from
[1,2] % [1, y] uniformly at random. It is guaranteed that if for a value z we have zy collisions,
the algorithm will select z with probability zy/ |CZ{|. Consequently, after processing all
values, the reservoir will contain a collision chosen from CZ‘L uniformly at random.

» Lemma 13. Algorithm 2 uses O(n*+t1/(0+42) logn 4 onlog® n) time and O(nlogn) space.

Proof. Computing the sketches (Line 4) takes O(onlog®n) time and O(nlogn) space.
Computing the collisions and choosing the collisions to test takes O(n!*+/(1+e) Jog n) time
and O(n) space in total. Testing min{4nL,|C}!|} collisions (Line 5) takes O(n'+1/(1+) log n)
time and constant space. Computing the Hamming distance for a random collision (Line 8)
takes O(¢) = O(n) time and constant space. <

» Lemma 14. Let S; and Sy be two length-€ substrings of X and Y, respectively, with
dp(S1,82) < k. If L = ©(n'/(+9) is large enough, then, with probability at least 3/4, there
exists a function h € H such that h(S1) = h(S2).

Proof. Consider a function h = (7,4, ..., 7, ) drawn from II" uniformly at random. The
probability of h(S1) = h(S2) is at least p*. Due to p; < 1, we have

1 1 log
p;n — pglogpz n“ Z p1+10gp2 L pl . n_IOEZ; .
Moreover, p; = 17% and (14¢e)k < Lyieldp; > 1— 1%_5 = 15?, whereas Bernoulli’s inequality

implies po =1 — (1 + E)% <(1- %)1""5 = piTe ie., logpy < (14 ¢)logp;. Therefore,

m _logp R 1
p1 Zp1-n OEr 2 o en T
Hence, we can choose the constant in L = |H| so that the claim of the lemma holds. <

» Lemma 15. If |C7!| > 4nL and (S1,Sa2, h) is a uniformly random element of C}t, then
Prldy(S1,S2) > (14 ¢)k] < 3.

Proof. Consider length-¢ substrings Si,S52 of X,Y, respectively, such that dg(Sy,S2) >
(1+ €)k, and a hash function h. Let us bound the probability of (S1,S2,h) € C7¢. There
two possible cases: either h(S1) # h(S2) but ¢(h(S1)) = ¢(h(S2)), or h(S1) = h(Ss).
The probability of the first event is bounded by the collision probability of Karp—Rabin
fingerprints, which is at most 1/n. Let us now bound the probability of the second event.
Since dg (S1,S2) > (1+¢€)k, we have Pr[h(S1) = h(S2)] < p§* < 1/n, where the last inequality
follows from the definition of m. Therefore, the probability that for some function h € H we
have p(h(S1)) = ¢(h(S2)) is at most 2/n.

In total, we have n%|H| possible triples (Si,S2,h) so by linearity of expectation, we
conclude that the expected number of such triples is at most %nQL = 2nL. Therefore the
probability to hit a triple (51, S2, h) such that dg(S1,S2) > (1 + )k when drawing from C}t
uniformly at random is at most 2nL/|C}*| < 2nL/4nL = 1/2. <

Below, we combine the previous results to prove that, with constant probability, Al-
gorithm 2 correctly solves the decision variant of the LCS with Approximately k& Mismatches
problem. Note that we can reduce the error probability to an arbitrarily small constant
0 > 0: it suffices to repeat the algorithm a constant number of times.

» Corollary 16. With non-zero constant probability, Algorithm 2 solves the decision variant
of LCS with Approximately k Mismatches correctly.
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Proof. Suppose first that £ < LCS;(X,Y’), which means that there are two length-¢ substrings
51,52 of X, Y such that dg(S1,S2) < k. By Lemma 14, with probability at least 3/4, there
exists a function h € H such that h(S1) = h(S2). In other words, (Si, Ss,h) € C7* with
probability at least 3. If |C7¢| < 4nL, we will find this triple and it will pass the test with
probability at least 1 — n=6. If [C}| > 4nL, then by Lemma 15 the Hamming distance
between S7,Se, where (S1,52,h) was drawn from CZ{ uniformly at random, is at most
(1 + e)k with probability > 1/2, and therefore this pair will pass the test with probability
> 1/2. Tt follows that in this case the algorithm outputs YES with constant probability.
Suppose now that £ > LCS(14.),(X,Y). In this case, the Hamming distance between any
pair of length-¢ substrings of X and Y is at least (1 + ¢)k, so none of them will ever pass the
second test and none of them will pass the first test with constant probability. <

We now improve the space of the algorithm to linear. Note that the only reason why
we needed O(nlogn) space is that we precompute and store the sketches for the Hamming
distance. Below we explain how to overcome this technicality.

First, we do not precompute the sketches. Second, we process the collisions in C’ in
batches of size n. Consider one of the batches, B. For each collision (S, Se, h) € B we must
compute [|sk(S1) — sko(S2)||?. We initialize a counter for every collision, setting it to zero
initially. The number of rounds in the algorithm will be equal to the length of the sketches,
and, in round i, the counter for a collision (S, Sa, h) € B will contain the squared Lo distance
between the length-i prefixes of sk.(S7) and sk.(S2). In more detail, let S be the set of all
substrings of X, Y that participate in the collisions in B. Recall that all these substrings
have length ¢. At round i, we compute the i-th coordinate of the sketches of the substrings
in §. By definition, the i-th coordinate is the dot product of the i-th row of ¢- M, where
c and M are as in Corollary 5, and a substring encoded using u. Hence, we can compute
the coordinate using the FFT algorithm [12] in O(onlogn) time and O(n) space. When we
have the coordinate i computed, we update the counters for the collisions and repeat.

At any time, the algorithm uses O(n) space. Compared to the time consumption proven in
Lemma 13, the algorithm spends an additional O(onlﬂ/ (1+€) Jog? n) time for computing the
coordinates of the sketches. Therefore, in total the algorithm uses O(anlﬂ/(”f) log? n) =
O(n'*+1/(+2) 10g? n) time and O(n) space. For constant-size alphabets, this completes the
proof of Theorem 12. For alphabets of arbitrary size, we replace the sketches from Section 2
with the sketches defined in [19] to achieve the desired complexity. We note that we could

use the sketches [19] for small-size alphabets as well, but their lengths hide a large constant.

4 Experiments

We now present results of experimental evaluation of the second solution of Theorem 2.

Methodology and test environment. The baselines and our solution are written in C++11
and compiled with optimizations using gcc 7.4.0. The experimental results were generated
on an Intel Xeon E5-2630 CPU using 128 GiB RAM. To ensure the reproducibility of
our results, our complete experimental setup, including data files, is available at https:
//github.com/fnareoh/LCS_Approx_k_mis.

Baseline. The only other solution to the LCS with Approximately & Mismatches problem was
presented in [19]. However, it has a worse complexity and is likely to be unpractical because
it uses a very complex class of hash functions. We therefore chose to compare our algorithm
against algorithms for the LCS with k& Mismatches problem. To the best of our knowledge,
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none of the existing algorithms has been implemented. We implemented the solution to LCS
with k& Mismatches by Flouri et al., which we refer to as FGKU [13]. (The other algorithms
seem too complex to be efficient in practice.) The main idea of the algorithm of Flouri et al.
is that if we know that the longest common substring with & mismatches is obtained by a
substring of X that starts at a position p and a substring of Y that starts at a position p + 1,
then we can find it by scanning X and Y[i, |Y|] in linear time.

Details of implementation. We made several adjustments to the theoretical algorithm
we described. First, we use the fact that A = LCS(X,Y) + k < LCSi(X,Y) < B =
(k+1)-LCS(X,Y) + k to bound the interval in the Twenty Questions game. We also treated
the number of questions in the Twenty Questions game and L, the size of the set of hash
functions H, as parameters that trade time for accuracy, and put the number of questions to
2log(B — A) in the Twenty Questions game and L = n'/(1+2) /16. In Line 6 of Algorithm 2,
we used sketches to estimate the Hamming distance. In practice, we computed the Hamming
distance via character-by-character comparison when ¢ is small compared to k£ and via
kangaroo jumps [14] otherwise. Also, when ¢ < 2logn in Algorithm 2, we computed the hash
values of the length-¢ substrings of S7 and Sy naively, instead of using the FFT algorithm [12].

Data sets and results. We considered k € {10,25,50} and € € {1.0,1.25,1.5,1.75,2.0}. We
tested the algorithms on pairs of random strings (each character is selected independently
and uniformly from a four-character alphabet {A, T, G, C}) and on pairs of strings extracted
at random from the E. coli genome. The lengths of the strings in each pair are equal and
vary from 0 to 60000 with a step of 5000. All timings reported are averaged over ten runs.
Figures 1-3 show the results for £ = 10,25,50. We note that for e = 1 and k& = 10, 25,
the standard deviation of the running time on the E. coli data set is quite large, which is
probably caused by our choice of the method to compute the Hamming distance between
substrings, but for all other parameter combinations it is within the standard range. We can
see that the time decreases when ¢ grows, which is coherent with the theoretical complexity.

As for the accuracy, note that our algorithm cannot return a pair of strings at Hamming
distance more than (1 + ¢)k, and so the only risk is returning strings which are too short.
Consequently, we measured the accuracy of our implementation by the ratio of the length

-e- FGKU » -e- FGKU o
_ / _ /
-m- £=1. —m- £=1.
-m- £=15 d -m- £=15 A
-=- =175 o -u- =175 o
154 —®- £=2.0 pd 154 -®=- £=2.0 Pd
L L
/ /
o) Pl 0 P
-] 7 © 7
£ 104 ” £ 104 s
., F .
// /’
# -
. [
l" -n
5 o 5 1 L X o
e s s % ot
s " - Pl I L S
- —w——f==cfC-a — i -
i::i:;i::i::— - _— ;ziél’{;;il--iﬁi """ i
04 0] wes@R== EEE ek
, , T , , T ; T , , T ,
10000 20000 30000 40000 50000 60000 10000 20000 30000 40000 50000 60000
Length Length
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Figure 1 Comparison of the FGKU algorithm versus our algorithm for £ = 10 and different
values of €. Large standard deviation for length 60000 is caused by an outlier with very long longest
common substring with k mismatches.
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Figure 2 Comparison of the FGKU algorithm versus our algorithm for £ = 25 and different
values of e.
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Figure 3 Comparison of the FGKU algorithm versus our algorithm for £ = 50 and different
values of €.

Table 1 Accuracy of the LCS with Approximately k& Mismatches algorithm. For each k£ and ¢, we
Show Tmin (€, k), rmax (€, k), as well as the error rate.

Random E. coli
k=10 | k=25 | k=50 k=10 | k=2 [ k=50
o |09 | 141 [ 112 [ 146 [ 1.27 [ 1.54 [ 089 [ 1.34 | 0.94 | 1.48 [ 0.97 [ 1.59
error = 3% | error = 0% | error = 0% | error = 33% | error = 13% | error = 3%
s | 097 [ 147 | 115 [ 163 | 144 | 178 | 088 | 148 | 098 [ 156 | 0.99 | 1.73
error = 1% | error = 0% | error = 0% | error = 28% | error =5% | error = 3%
N | 157 [ 137 [ 1.76 [ 155 [ 1.91 [ 0.88 [ 1.45 | 0.96 | 1.67 | 0.99 | 1.89
error = 0% | error = 0% | error = 0% | error =17% | error = 3% | error = 3%
o5 | 102 | 169 [ 146 [ 1.86 [ 1.72 [ 212 [ 0.88 [ 1.58 | 0.95 | 1.84 | 1.02 [ 215
error = 0% | error = 0% | error = 0% | error =17% | error = 2% | error = 0%
oo |10 | 172 [ 1.59 [ 2.00 [ 1.89 [ 2.24 [ 0.91 [ 1.77 | 1.01 | 2.10 | 1.00 | 2.19
error = 0% | error = 0% | error = 0% error = 9% error = 0% | error = 1%
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LCS;(X,Y) returned by our algorithm divided by LCS,(X,Y’) computed by the dynamic
programming. We estimate rmin(€, k) = minx y (LCS;(X,Y)/LCS,(X,Y)) and rmax(e, k) =
maxx,y (LCS;(X,Y)/LCS,(X,Y)) by computing LCS;(X,Y’) and LCS;(X,Y) for 10 pairs
of strings for each length from 5000 to 60000 with step of 5000, as well as the error rate,
i.e., the percentage of experiments where LCS;(X,Y) < LCS;(X,Y) (see Table 1). Not
surprisingly, rmin and rmax grow as k and e grow, while the error rate drops. Even though
there is no theoretical upper bound on 7.y, the latter is at most 2.24 at all times. We also
note that even in the cases when the error rate is non-negligible, LCS; > 0.86 - LCSg; in
other words, our algorithm returns a reasonable approximation of LCSg.

5 Proof of Fact 3

We now show the lower bound of Fact 3 by a reduction from the (1 + +)-approximate
Bichromatic Closest Pair problem.

» Problem 17 ((1 + ~y)-approximate Bichromatic Closest Pair). Given a constant v > 0 and
two sets of binary strings (U;)ici,n) and (Vj)jen,n), each of length d = O(log N), if the

smallest Hamming distance between a pair (Us, V}); jen,ny s h, we must output (possibly
another) pair of binary strings (U;, V;) with Hamming distance in [h, (1 4+ 7)h].

Rubinstein [22] proved that for every constant 6 > 0, there exists v = y(d) such that any
randomised algorithm that solves (1 + +)-approximate Bichromatic Closest Pair correctly with
constant probability requires O(N27%) time assuming SETH:

» Hypothesis 18 (SETH). For every 6 > 0, there exists an integer q such that SAT on
q-CNF formulas with m clauses and n variables cannot be solved in m©M20=0" time even
by a Monte-Carlo randomised algorithm (with error probability bounded by a small constant)?.

We show the lower bound by reducing a single instance of (1+ +)-approximate Bichromatic
Closest Pair to a polylogarithmic number of instances of LCS with Approximately & Mismatches.
We assume that U;, V; are over the alphabet {0,1}. Let us introduce a string H = (a%b)?*+!
and construct X = HU1HUsH .. HUyH and Y = HViHVoH ... HVyH.

» Observation 19. For every integer k > 0, if there exist i, j € [1, N] such that dg (U;, V;) <
k, then LCSi(X,Y) > 2(d+ 1)% +d.

Proof. If dy(U;,V;) < k for some i, j, then dg(HU;H,HV;H) < k and LCS,(X,Y)
|HUH| = 2(d + 1)% + d. <

Y

» Lemma 20. For cvery integer 0 < k < d, if LCS,(X,Y) > 2(d + 1)? + d, then there exist
i,j € [1, N] such that dg(U;, V;) < k.

Proof. By the assumption of the lemma, there exist substrings S; and S; of X and Y,
respectively, with |S1| = [S2| > 2(d + 1)? + d and dp(S1, S2) < k. The substring Sz contains
either HV; or V;H for some j. Without loss of generality, we can assume that Sy contains a
copy of H followed by V; for some j. Let us consider the substring S of X aligned with the
copy of H in Sy. Below we will prove that S = H, and since S is followed by U; for some i,
this will imply that dg(HU,H, HV; H) < k.

2 Impagliazzo, Paturi, and Zane [16] stated the hypothesis for deterministic algorithms only, but nowadays
it is common to extend SETH to allow randomisation. If we condition on the classic version of the
hypothesis, we will obtain a lower bound for deterministic algorithms. See [27] for more discussion.
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Figure 4 Substrings S1 and S2 of X and Y, respectively, substring S aligned with a copy of H
in Sa, and the shift s.

Suppose that S # H, and let 0 < s < (d + 1)? + d be the distance between the starting
positions of S and the nearest copy of H from the left. If s < d+ 1 or (d + 1)? < s, then
each occurrence of b in H creates a mismatch. There are d + 1 > k of them, a contradiction.
If d+1<s<(d+1)? then S contains U;, creating d mismatches with H. Since |U;| = d
and |H| = (d + 1)2, we will have at least one more mismatch from the alignment of the copy
of H in Y and the copies of H in X that surround U;. Therefore, in total there are at least
d + 1 > k mismatches, a contradiction. To conclude, both cases are impossible, and hence
s = 0. The lemma follows as explained above. |

With this lemma, we can now proceed to prove Fact 3. Define ¢ = /3 and consider all
k=1,(1+¢),(1+¢)% (1+¢)3... until d/(1 +¢). For each k, we run loglogn independent
instances of an algorithm for LCS with Approximately & Mismatches. Let ky be the smallest
k such that the identified longest common substring with approximately & mismatches has
length at least 2(d + 1) + d.

By the definition of kg, Observation 19 and Lemma 20, there do not exist 4, j € [1, N] such
that dg (U;, V;) < ko/(1+ ¢€), but there exist ¢,j € [1, N] such that dg(U;,V;) < ko(1 +¢€).
In the (1 + 7)-approximate Bichromatic Closest Pair problem, this translates to ko/(1 +¢) <
h < ko(1+¢€), where h is the minimal distance between all pairs U;, V;. This is equivalent to

h<ko(l+e) <h(l+e)?=hn(1+2v+1v?) <h(1+7),

which means that the pair (U;,V;) found by the algorithm for k¢ is a valid solution for
(1 + ~)-approximate Bichromatic Closest Pair. It follows that, for some k, the algorithm for
LCS with Approximately k& Mismatches must spend Q(N2*‘5/10g1+E log N) time. We have
n=|X|=Y|=0(d?>N) = O(Nlog® N), which implies N = Q(n/log®n). Fact 3 follows.
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—— Abstract

In the NP-hard EQUALITY-FREE STRING FACTORIZATION problem, we are given a string S and ask
whether S can be partitioned into k factors that are pairwise distinct. We describe a randomized
algorithm for EQUALITY-FREE STRING FACTORIZATION with running time 2% - k€™ +O(n) improving
over previous algorithms with running time k°*) + O(n) [Schmid, TCS 2016; Mincu and Popa,
Proc. SOFSEM 2020]. Our algorithm works for the generalization of EQUALITY-FREE STRING FAC-
TORIZATION where equality can be replaced by an arbitrary polynomial-time computable equivalence

relation on strings. We also consider two factorization problems to which this algorithm does not
apply, namely PREFIX-FREE STRING FACTORIZATION where we ask for a factorization of size k such
that no factor is a prefix of another factor and SUBSTRING-FREE STRING FACTORIZATION where we
ask for a factorization of size k£ such that no factor is a substring of another factor. We show that
these two problems are NP-hard as well. Then, we show that PREFIX-FREE STRING FACTORIZATION
with the prefix-free relation is fixed-parameter tractable with respect to k by providing a polynomial
problem kernel. Finally, we show a generic ILP formulation for R-FREE STRING FACTORIZATION
where R is an arbitrary relation on strings. This formulation improves over a previous one for
EQUALITY-FREE STRING FACTORIZATION in terms of the number of variables.

2012 ACM Subject Classification Theory of computation — Parameterized complexity and exact
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Keywords and phrases NP-hard problem, fixed-parameter algorithms, collision-aware string parti-
tioning
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1 Introduction

In collision-aware string partitioning problems we are given a string S and want to compute
a factorization of S, that is, a partition of S into substrings, called factors, such that no
two factors of the factorization collide. Herein, two strings collide if they are too similar,
for example if they are equal or if one is a prefix of the other [8]. These problems have
applications in synthetic biology, where one important task is to assemble a DNA string S
from some of its factors. To allow for an assembly of .S, the factors from which .S is built need
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to be sufficiently different from each other, as otherwise the assembly process will produce
some unwanted string S’ # S. The demand for pairwise inequality or pairwise prefix-freeness
of the factors is an abstraction of the demand of sufficiently large differences [8]. Such
demands are always fulfilled by the trivial factorization which consists of the single factor S
but in the application described above, we aim to find small factors. Thus, the task is to
find a factorization with the desired property such that each factor has bounded length [7,8].
Another closely related variant of collision-aware string partitioning arises in the context of
pattern matching with variables [11]. Here, the additional restriction is not on the length of
the factors but instead on their number.

EQUALITY-FREE STRING FACTORIZATION
Input: A string S of length n and an integer k.
Question: Is there a factorization of S into k pairwise different factors?

EQUALITY-FREE STRING FACTORIZATION is NP-hard [11]. Motivated by this result,
Schmid [16] initiated a parameterized complexity analysis with respect to parameters such as
the alphabet size of S or the factorization size k. For the latter parameter, an algorithm with
running time O((@ — 1)¥ + n) was proposed [16]. This algorithm relies on a combination
of the brute-force algorithm with running time O(n*) with the observation that instances
with n > "CZT'H“ —1 are yes-instances. The running time was later improved to O(k*/2+n) [15].
We continue the study of EQUALITY-FREE STRING FACTORIZATION with respect to the nat-
ural parameter k. Moreover, we consider several extensions and variants of EQUALITY-FREE
STRING FACTORIZATION and study their classical and parameterized complexity.

Our Results. We present an improved randomized fixed-parameter algorithm for EQUALITY-
FREE STRING FACTORIZATION with a running time of 2% - n©®) . This algorithm relies on
a reduction to the problem of finding a path with k different colors in a directed graph G
and on an algebraic algorithm for finding such a path. This is one of the few applications
of algebraic algorithms to NP-hard string problems, another application was provided for
MaAXiMUuM Duo STRING PARTITIONING [13]. Curiously, in both applications the first step is
a reduction to a path-finding problem in an auxiliary graph. Unlike previous approaches
which are tailored to EQUALITY-FREE STRING FACTORIZATION since they use the fact that
strings with different length are unequal, our algorithm works for an arbitrary equivalence
relation R over strings and thus for further notions of collision. To formulate our result
precisely, we introduce the following generic problem.

R-FREE STRING FACTORIZATION
Input: A string S of length n and an integer k.
Question: Is there a factorization (wi,ws,...,wg) of S such that w; R w; for

all i # j7

» Theorem 1.1. Let R be a polynomial-time computable equivalence relation over the set of
all strings. Then, R-FREE STRING FACTORIZATION can be solved by a randomized algorithm
with one-sided error and running time 2% . n©®).

Two natural examples for such an equivalence relation are to consider two strings as similar
when they use the same set of letters, we denote this relation by =y, and to consider
two strings w and w’ as similar when they have the same Parikh vector, we denote this
relation by =y, x. The Parikh vector of a string w over alphabet ¥ = {a1,...,a,} is the
length-o vector p,, where p,[i] is the number of occurrences of a; in w. This notion of
equivalence is used in JUMBLED PATTERN MATCHING [6]. Since =y, and =5, 4 are equivalence
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relations, Theorem 1.1 directly implies an FPT algorithm for them. It is a priori not clear,
however, whether R-FREE STRING FACTORIZATION is even NP-hard for these particular
special cases of R. To show NP-hardness of these two special cases, we revisit the NP-hardness
proof for EQUALITY-FREE STRING FACTORIZATION [11].

Motivated by the different notions of string collision that have been formulated previ-
ously [7,8] we then consider three cases of R that are not equivalence relations: In the prefic
relation <, we have w <, w’ if w is a prefix of w’, in the suffix relation < we have w <, w’
if w is a suffix of w’, and in the substring relation < we have w < w’ if w is a substring
of w'. By slightly adapting the known hardness reduction for EQUALITY-FREE STRING
FACTORIZATION [11], we obtain the following.

» Theorem 1.2. For each R € {=sx, =5 4, <p, s, <}, R-FREE STRING FACTORIZATION is
NP-complete and cannot be solved in time 2°™) unless the ETH fails.

Our second main technical result is a problem kernel for PREFIX-FREE STRING FACTOR-
IZATION, that is, for the special case where R is the prefix relation =,. This kernel proves
that PREFIX-FREE STRING FACTORIZATION is fixed-parameter tractable for the parameter k&
despite the fact that Theorem 1.1 does not apply. The main idea of the kernelization is to
shrink highly repetitive regions of the string S. Moreover, this result also implies that SUFFIX-
FREE STRING FACTORIZATION, which is the special case of R-FREE STRING FACTORIZATION
where R =<, is fixed-parameter tractable for the parameter k. Finally, as a side result we
obtain an ILP formulation with O(n) variables for R-FREE STRING FACTORIZATION for all
relations R that can be computed in polynomial time. This improves, in terms of the number
of variables, upon a previous formulation for EQUALITY-FREE STRING FACTORIZATION [15].

Related Work. Fernau et al. [11] introduced the problem of maximizing the number of
factors and showed that it is NP-hard. The NP-hardness reduction also implies that, assuming
the ETH, EQUALITY-FREE STRING FACTORIZATION cannot be solved in 20(") time (this uses
the fact that 3D MATCHING cannot be solved in 2°(9) time, where ¢ is the instance size [12]).
Mincu and Popa [15] introduced a version of EQUALITY-FREE STRING FACTORIZATION in
which one allows gaps between the factors. That is, the aim is to find &k disjoint factors of S
such that no two are equal. A further related NP-hard factorization problem is DIVERSE
PALINDROMIC FACTORIZATION, where we ask whether a given string has an equality-free
factorization in which each factor is a palindrome [1].

Preliminaries. For i € IN, we let [i] denote the set {1,...,i}. For i € N and j € NN,
where i < j, we let [¢, j] denote the set {i,...,j}.

The length of a string S is denoted by |S|. For a string S, we let S[é], 1 <14 < |S|, denote
the character at position ¢ and S[é,j], 1 < i < j < |S]|, denote the substring starting at
position i and ending at position j. Given a string S = S[1]S[2] ... S[|S]], we define S* := S
and S := S*~1§ for i > n. Moreover, we let 5= SIIS|]S]|S|—1] ... S[1] denote the reversed
string of S. A period of S is an integer p such that S[i] = S[i + p] for all ¢ € [|S| — p]. The
string S[1, p] is also called period in this case. If a string S can be written as w'w'w” for
some ¢ > 1 and has period |w|, then we call w an internal period of S. A border of a string S
is a suffix of S that is also a prefix of S. If a string has a border of length b, then it has a
period of length |S| — b [9]. Two substrings S[i, j] and S[i’, j'] overlap if [¢, 5] N [i', 5] # 0,
otherwise they are disjoint. A set P of substrings of a string S is a packing if all substrings
in P are disjoint. A set S of strings is prefiz-free if no string in S is a prefix of another
string in §. To avoid confusion, we will use the term factor only in combination with a
factorization and not as a synonym of substring.
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We consider directed graphs D = (V, A) where V is a set of vertices and A CV x V is
a set of directed edges called arcs. A walk of length k in a directed graph D = (V, A4) is a
k-tuple (v1,...,vx) such that v; € V for each i € [k] and (v;,v;41) € A for each i € [k — 1].
A walk (vy,...,v;) is a (simple) path if v; # v; for all i # j. A walk (v1,...,v;) is a cycle
whenever v; = vy.

For more details on parameterized algorithms and the Exponential Time Hypothesis
(ETH), we refer the reader to the standard monographs. For an overview of the parameterized
complexity of string problems, refer to the survey of Bulteau et al. [5]. For an introduction
to algebraic algorithms including evaluation of polynomials over finite fields, refer to the
monograph of Cygan et al. [10].

Due to lack of space, several proofs are deferred to the long version of this paper.

Lower-Bounding the Factorization Size. In the definition of R-FREE STRING FACTORIZ-
ATION we ask for a factorization into exactly k factors. An equally natural question would
be to ask for a factorization into at least k factors. It is known that for EQUALITY-FREE
STRING FACTORIZATION these two questions are equivalent: by merging a largest factor with
a neighboring factor, any equality-free factorization of size k' can be transformed into one of
size k' — 1. Such a property is also possible for the relations R under consideration in this
work: For =y, merge a factor with a maximal set of characters with one of its neighboring
factors. For =y, 4, merge the factor with the lexicographically largest Parikh vector with one
of its neighboring factors. For =,, we make use of the following observation which will also
be useful in the kernelization algorithm.

» Lemma 1.3. Let S be a prefix-free set of strings over an alphabet ¥ and let u € S be any
string of S and let v € ¥*. Then the set S\ {u} U {uv} is prefiz-free.

Proof. The string uv is not a prefix of any other string in S since the string u is not a prefix
of any other string in §. Moreover, no other string w is a prefix of wv: Otherwise, if |w| < |u],
then w is a prefix of u and if |w| > u, then u is a prefix of w. In both cases, we have a
contradiction to the fact that S is prefix-free. <

Lemma 1.3 can now be used to argue that asking for a prefix-factorization of size k is
equivalent to asking for one of size at least k: Given a prefix-free factorization (f1,..., fi’)
where k' > 1, merge f1 and f, into one factor. By Lemma 1.3 the factorization (f1 fo, ..., f&)
is prefix-free and has size size &’ — 1.

2 An Improved Parameterized Algorithm

A Reduction to a Rainbow Path Problem. The first step in the improved algorithm is to
reduce R-FREE STRING FACTORIZATION to the following path problem.

RAINBOW-(s,t)-PATH

Input: A directed graph D = (V, A), two vertices s € V and t € V, and a vertex-
coloring ¢: V — {1,...,|V]}.

Question: Does G contain a rainbow (s,t)-path of length k, that is, a path on k
vertices from s to ¢ such that all vertices on this path have pairwise different colors?

» Lemma 2.1. There is a parameterized polynomial-time reduction from R-FREE STRING
FACTORIZATION parameterized by k to RAINBOW-(s,t)-PATH parameterized by k. Instances
with parameter value k are mapped to instances with parameter value k + 2 and the graph
produced by the reduction is a DAG.
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Proof. For each substring S[i, j], create a vertex v; ;. For each vertex v; ; add an arc to each
vertex vj 414, J +1 < ¢ < n. In other words, arcs are added between vertices that represent
neighboring substrings. For each equivalence class C' of R that has at least one representative
in the set of substrings of S, we introduce one color cc. Each vertex v; ; is colored with the
color of its equivalence class c[,, ;. Finally, we add one vertex s with a unique color ¢ and a
vertex ¢ with a unique color ¢; and the arcs (s,v1,5), 1 <j <n, and (vpn,t), 1 <p <n.
The correctness of the reduction can be seen as follows. If S has a size-k factorization F’
such that for all factors w and w’ of F' we have w R w’, then D has a rainbow (s,t)-path of
length k+2: The vertices corresponding to the factors of F' form a path of length k£ and s has
an arc to the first vertex of the path and the last vertex of the path has an arc to t. Moreover,
the vertices on the path have pairwise different colors since each color corresponds to an
equivalence class of R. Conversely, any (s, t)-path in D corresponds to a factorization of S.
Moreover, if the vertices of the factorization have a different color, then the corresponding
factors are in different equivalence classes and thus not in relation with respect to R. If the
length of the path is k& + 2, then the number of factors in the factorization is k. <

Observe that one approach to obtain a parameterized algorithm for RAINBOW-(s,t)-PATH
parameterized by k is via color coding: randomly map the O(n?) colors in D to a set
of k labels and then find an (s,t)-path with k different labels, if it exists, via dynamic
programming. Using standard derandomization techniques [10], this algorithm can be
derandomized with a slight running time overhead, resulting in a deterministic algorithm
with running time (2€)* - k©0°gk) . nO() improving over the previous fastest algorithm of
Mincu and Popa [15]. We omit the description of this algorithm in favor of a substantially
faster randomized algorithm.

Detecting Rainbow (s, t)-Paths. To solve RAINBOW-(s,t)-PATH, we reduce it to the
problem of testing whether a polynomial can be evaluated to zero in some finite field. This
technique has led to the currently fastest randomized algorithms for several longest path
problems parameterized by the path length [2,3]. We adapt the technique to handle the
constraint that the path should be rainbow. Observe that there is a previous algorithm
for RAINBOW-(s,t)-PATH on undirected graphs [14] which uses the number of colors as
parameter. Since in our application the number of colors can be superlinear in n, we may
not use this algorithm to obtain a fixed-parameter algorithm for EQUALITY-FREE STRING
FACTORIZATION.

The algorithm to detect rainbow (s,t)-paths is a slight adaption of the algorithm for
LONGEST PATH in directed graphs [10]: Associate a set of monomials (that is, a polynomial
with only one summand) with every walk of length k of the graph and then consider the
walk polynomial which is the sum of the walk monomials. More precisely, we will introduce

one monomial Myy ¢ for each walk W = (v1,...,vx) and each bijective labeling ¢ : [k] — [k].

The labeling ¢ will assign a label £(i) to the i¢th color occurring in the walk and is the main
trick to establish the canceling property for walks that are not rainbow. If we ensure that
nonsimple walks cancel out, then the polynomial will not be identically zero if and only if
there is at least one rainbow path of length k.

For each edge (u,v) we introduce a variable z,, , which represents that the edge (u,v)
is traversed in a walk. For each color ¢ of G, we introduce k variables y.;, ¢ € [k], each
representing that a vertex with color ¢ receives the label i. The monomial associated with
the pair (W, £) is now

k—1 k
MW,Z(Xv Y) = H Lo; 41 H Ye(vi),e(i)-
i=1 =1
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To ensure that the path starts with s and ends in ¢, we consider only walks that start
in s and end in ¢. Accordingly, the polynomial is defined as

P(X,y) = Z Z MW,K(X7Y)'

walk W=(s=v1,...,v=t) bijective £:[k]—[k]

As mentioned above, the idea of the construction is that the monomials for walks which have
some label twice will cancel out. To enable this, the polynomial is evaluated over a field of
characteristic 2, that is, addition of some value to itself will give 0. Thus, the walks that
are not paths will cancel out if their monomials can be partitioned into pairs such that each
pair will have the same variables. Observe that the polynomial will never be constructed
explicitly but instead evaluated via dynamic programming.

» Lemma 2.2. P(x,y) is not identically zero in a finite field with characteristic 2 if and
only if there is a rainbow (s,t)-path of length k in G.

Proof. Consider an (s,t)-walk W = (s = vy,...,v; = t) that is not rainbow and any
monomial My . Since W is not rainbow, there are two vertices v; and v; such that c(v;) =
¢(vj). Take the lexicographically smallest pair of indices ¢ and j for which this is true. Consider
the labeling ¢;,; defined as follows: £;c,;(¢) := £(j), Lis;(4) = €(7), and £, ;(q) := ¥(q) for
all ¢ € [k]\ {¢,7}. In other words, ¢;.,; is obtained by swapping the ith and jth elements
in the permutation corresponding to . The monomial My, ,, is the same as My, and,
hence, My ¢+ Mw,, is identically zero. Moreover, since ({;, j)iHj = {, we have a partition
of all monomials corresponding to walks that are not rainbow paths into pairs {¢, ¢;.,;} such

4]

that for each pair, the variables of the monomial are the same. Thus, these monomials cancel
out and P can be written as the sum over all walks that are in fact rainbow paths.

It remains to show that the monomials that correspond to rainbow (s, t)-paths do not
cancel out, by showing that they have pairwise different variable sets. This is obvious for
two monomials that correspond to different walks. Thus, consider a rainbow (s, t)-path W
and two monomials My, and My, where £ and ¢ are two different labelings. Moreover,
choose ¢ € [k] such that £(¢) # ¢/(i). Then, My ¢ and My differ in at least two variables:
the variable y. (., ¢(s) occurs in My, and not in My, er: First, ye(y,),e(s) is a different variable
since £(i) # ¢'(i) and each other y-variable in My is of the form y. 4 for some ¢’ # ¢(v;)
since W is rainbow. <

The polynomial P(x,y) can be efficiently evaluated via dynamic programming.

» Lemma 2.3. The polynomial P(x,y) can be evaluated in 2 - k°) . |A| time over the
field GF(2Mlog 4k,

Proof. We follow the exposition of Cygan et al. [10] and present the details only for the
sake of completeness. Fix a walk W, then the sum of the monomials Myy, over all bijective
labelings ¢ can be written as

> Mwe= Y Mwu(x,y)

surjective £:[k]—[k] [eﬂ'e[k] A;

where A; is the set of labelings such that £(j) = i for some j € [k]. Now, let U denote the
set of all mappings ¢ : [k] — [k]. Using the inclusion—exclusion principle, the latter term can
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be rewritten as.

Yo Muuxy)= Y (DX YT Mu(x,y)
mﬂie[k] A X Clk] zeﬂiex U\A;
— Z MW,Z(X7 y)

X [Eﬂlex A

= Z > Mwu(x,y)
XCIk] €

N

N
=

([k]—=[k]\X
= > > Mwuxy).
XClk] &:[k]—X

The equalities follow from the inclusion—exclusion principle, the fact that the field has
characteristic 2, the fact that (,cy U \ A; is the set of all labelings £ : [k] — [k] that do not

map to any element in X, and a replacement of X by its complement U \ X in the sum,

respectively.

Thus, we have

P(X7y) = Z Z MW,Z(X7y)

walk W=(s=wv1,...,v,=t) bijective £:[k]—[k]

2 2. > Mwlxy)

walk W=(s=wv1,...,u,=t) XC[k] €:[k]>X

2 2 >, Mwe(xy)

XC[k] walk W=(s=v1,...,v5=t) L:[k]>X

It is thus sufficient to show that }_, ;,,x Mw,(x,y) can be computed in KO A] time.

This can be done by dynamic programming, building up the domain of the labeling ¢ from [1]
to [k]. More precisely, one may fill a table with entries of the type Tx[v,d] where v is a
vertex of D and d € [k] such that

Tx|[v,d] = Z Z Myw,e(x,y)

walk W=(v=v1,...,vg=t) £:[d]—X

as follows. For each the vertex ¢, T'[t, 1] = y.(),; as the walk (t) does not contain any edges,

and we may consider all possible labels for y..) . For d > 1, we have

d] = Z Ye(v),i Z Tyw T[U),d - 1]

i€X (v,w)€A

since this sum considers all possibilities for the label of ¢(v), all outgoing edges from v,

and multiplies each with the number of possibilities to continue the walk. Here, we exploit
that T'[w,d] is not just the sum over all walks and all labelings ¢ : [d] — X but due to
symmetry, the sum over all walks and all labelings ¢ : X’ — X for every X’ C X such
that | X'| = d.
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The value of P(x,y) can thus be computed using O(2* - k|A|) field operations since

P(x,y) = Z Z Z MW,E(XﬂY) (1)

XC[k] walk W=(s=v1,...,v=t) £:[k]>X

= Z TX[Sa k] (2)

XC[k]

Since the order of the field is 2M1°84F1 < 8k, each field operation can be performed in
E°M time. <

Now we obtain a randomized algorithm for deciding whether D contains a rainbow
(s,t)-path by evaluating P at a random vector (x,y) of elements of the field GF (218 4*1),
If P(x,y) = 0, then the algorithm returns that D has no rainbow (s, t)-path of length &,
otherwise it returns that D contains such a path. If the graph contains no rainbow (s, t)-path
of length k, then P is identically zero and the algorithm answers correctly. Otherwise, if the
graph contains a rainbow (s, t)-path of length k, then P is not identically zero. Since the
maximum degree of P is at most 2k — 1 and since the field has order at least 4k, the
Schwartz-Zippel Lemma now implies that (x,y) is a root with probability at most 1/2. Thus,
the error probability is at most 1/2. By repeating this procedure log(1/¢) times, we may
achieve an error probability of at most € for any € > 0.

This algorithm in combination with the reduction from R-FREE STRING FACTORIZATION
to RAINBOW-(s,t)-PATH gives Theorem 1.1. Observe that Theorem 1.1 only refers to
the decision version of the problem but in the applications we may want to output the
factorization if it exists. This can be done via applying the framework of Bjorklund et al. [4]
which only relies on two facts: The witness which we wish to extract has size k£ and the
decision algorithm has one-sided error; the running time overhead is a factor of O(klogn).

As a final remark, in our framework of solving R-FREE STRING FACTORIZATION via
reduction to RAINBOW-(s,t)-PATH, we may put any further polynomial-time computable
restriction on the factors: the only additional step is to add only those vertices that fulfill
this restriction to the graph D. For example, we may demand that every factor has length
at least ¢ and at most r for some integers ¢ and r, or we may demand that it contains
every letter of the alphabet. Thus, we may apply the algorithm also when we search for
length-bounded factorizations [8] when the parameter is the factorization size k. We can
also use this framework to solve DIVERSE PALINDROMIC FACTORIZATION where each factor
should be a palindrome [1].

» Corollary 2.4. There is a randomized algorithm with one-sided error that decides in
time 25 - n®M) whether a string has a palindromic factorization with exactly k factors.

3  Further String Relations

Hardness Results. First, we prove Theorem 1.2 . That is, we show that for each R € {=x
,=%,4, <p, s, =}, R-FREE STRING FACTORIZATION is NP-complete and cannot be solved
in time 2°(" unless the ETH fails.

First, we show this result for R € {<,,<}.

» Lemma 3.1. For each R € {<%,,<}, R-FREE STRING FACTORIZATION is NP-complete
and cannot be solved in time 2°™ unless the ETH fails.
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Observe that the hardness result for R ==, also implies hardness for R =< by the
following simple reduction: Let (S, k) be an instance of R-FREE STRING FACTORIZATION
for R =<p. Then, the instance (S, k) is an equivalent instance for R =<;. The equivalence
can be seen as follows: (f1, fo,..., fx) is a prefix-free string factorization of S if and only
if (J<”_k, cey ft, f1) is a suffix-free string factorization of S. Hence, the following holds.

» Lemma 3.2. If R =<, then R-FREE STRING FACTORIZATION is NP-complete and cannot
be solved in time 2°™) unless the ETH fails.

Next, we show NP-hardness for each R € {=x,=x_#}; altogether this shows Theorem 1.2.

» Lemma 3.3. For each R € {=x,,=x 4}, R-FREE STRING FACTORIZATION is NP-complete
and cannot be solved in time 2°") unless the ETH fails.

Prefix-Free String Factorization. In this paragraph we provide a problem kernel for PREFIX-
FREE STRING FACTORIZATION parameterized by the number £ of factors. Recall that PREFIX-
FREE STRING FACTORIZATION is the special case of R-FREE STRING FACTORIZATION,
where R ==,. For EQUALITY-FREE STRING FACTORIZATION, it is very easy to obtain a
problem kernel: since factors with different length are trivially unequal, one may simply
choose strings of increasing length starting with length 1. This implies that instances
with n > @ are yes-instances and thus we have a quadratic kernel for EQUALITY-FREE
STRING FACTORIZATION. For PREFIX-FREE STRING FACTORIZATION, this argument does
not hold. Consider for example the string a™. The maximum prefix-free factorization has
size one because of the periodicity of a™.

To describe the kernelization we first need to establish some notation. Let (S, k) be an
instance of PREFIX-FREE STRING FACTORIZATION. For any string w, a substring S[i, j]
of S is called w-periodic if S[i, j] = w' for some integer ¢ > 0 and if |w| is the shortest period
of S[i, j]. Moreover, S[i, j] is called mazimal w-periodic if there is no substring S[¢’, /] = w?’
with [z, ] € [/, j']. We define R(w) := {t | w" is a maximal w-periodic substring of S}. The
central rule of this kernelization reduces the length of maximal w-periodic substrings of S.
For fixed w, the maximal w-periodic substrings of S are uniquely defined since each begins
with w and |w]| is the shortest period. Hence, for each w we can find all maximal w-periodic
substrings in linear time. We first show that we may assume that for every w the size of R(w)
is bounded, which we need to give a bound for the kernel size.

» Lemma 3.4. Let (S, k) be an instance of PREFIX-FREE STRING FACTORIZATION. If there
exists a string w such that |R(w)| > 2k + 3, then (S, k) is a yes-instance.

Proof. Let w be a substring of S such that |R(w)| > 2k 4+ 3. Then, there are dis-
tinct t1,ta,...,tag+2 € R(w) such that ¢; > 2 for each i € [2k + 1]. We show that we
can use maximal w-periodic occurrences of the w' to find at least k prefix free-factors. To
this end, let X = {(p1,q1),-- ., (P2k+2,g2k+2)} be a set containing the start positions p; and
the end positions ¢; of one maximal w-periodic occurrence of w' for each i € {1,...,2k + 2}.
By the definition of maximal w-periodic substrings no element S[p;, ¢;] includes another
element S[p;,q;] in S. Hence, p; # p; if i # j. Without loss of generality we assume
that p1 < p2 < -+ < pagy2.

Note that in S two strings S[p;, ¢;] and S[p;, ¢;] with i # j overlap with less than |w| char-
acters, since otherwise this contradicts the fact that these strings are maximal w-periodic.
To obtain the prefix-free factors from X, we first show the following.
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> Claim 3.5. In S, every string S[p;, ¢;] overlaps with at most two other strings S[p;, ¢;],
and S[p¢, gt

Proof. Let S[p;, g;] overlap with S[p;, g;], and S[py, g;]. To prove the claim we show that this
implies that S[p;, ¢;] and S[p;, ¢;] do not overlap in S.

Without loss of generality assume p; < p; < p;. Since S[p;, ¢;] overlaps with S[p;, g;]
and S[pt, ¢:], and do not overlap in at least |w| characters as discussed above, we have 0 <
¢; —pi < |w]—1and 0 < ¢; —p; < |w| — 1. Since ty > 2 by the definition of X it also
holds that ¢; — p; > 2|w| — 1 and therefore ¢; — p; > q; — p; + ¢; — p+. Consequently it holds
that ¢; < p; and therefore S[p;, ¢;] and S[p;, ¢:] do not overlap in S. N

We next use Claim 3.5 to define the factors. We define k + 1 disjoint substrings of .S at
follows: fo = S[l,pg — ].], fz = S[p2i+17p2i+3 — ].] for all i € [k — 1}, and fk = S[p2k+17 |SH
Claim 3.5 guarantees that w'2i+1 is a prefix of f; if 4 > 1. Then, for every distinct f, f’ €
{f1,---, fx}, the substring f is not a prefix of f’ since f and f’ start with substrings of
period |w| that have distinct lengths. Next, consider the following cases for fj.

Case 1: There exists no f; with ¢ > 1 such that fj is a prefix of f; or vice versa. Then,
(fo,---, fr) is a prefix-free string factorization of size k + 1 and nothing more needs to be
shown.

Case 2: There exists some f; with ¢ > 1 such that f; is a prefix of f; or vice versa.
Then, fy starts with a maximal w-periodic substring w??i+1. Hence, for every j # 4 it holds
that fo is not a prefix of f; and vice versa. We then discard f;_; and f; and instead consider
their concatenation f;_1f;. We end up with a prefix-free factorization of S containing at
least k factors. Hence, (S, k) is a yes-instance. <

For the rest of this section, we assume that, given an instance (S, k), we have |R(w)| <
2k 4+ 3 for each substring w of S since otherwise (S,k) is a trivial yes-instance due to
Lemma 3.4. The main idea of the kernelization is thus to reduce the number of maximum
repetitions of every substring of the input string S.

» Rule 3.1. Let w be a substring in S such that S has

1. at least one mazximal w-periodic substring S[q,r] = w® with d > 2k* + 2 and

2. for each ¢ € [k?] no mazimal w-periodic substring S[q',r'] = wi=¥.

Then, for each p > d, replace each mazimal w-periodic substring S[q,r] = wP by wP~!.

The rule can be applied in polynomial time by checking for each substring w of S whether it
fulfills the conditions of the rule. The correctness proof of the rule is quite technical and due
to lack of space deferred to the long version. The proof idea is as follows. When the rule
shortens a maximal w-periodic substring w?, one of the k factors that overlaps with this factor
must be shortened by one occurrence of w. This may, however, lead to a factorization that is
not prefix-free. To reestablish prefix-freeness, we may need to remove w from another factor f
that overlaps some other maximal w-periodic substring wP . Since w? is not necessarily
shortened by the rule, we must add w to some other factor f’ that overlaps wP in order
to reestablish that we have a factorization. Due to Lemma 1.3, we may add w safely to
the factor f’ that starts before wP" and ends either right before the first position of w? or
overlaps with w?'.

Let w be a substring of S. According to Lemma 3.4, there are at most 2k + 2 different
repetition numbers in R(w). Let d > 2k2+1 be a repetition number of w such that for each ¢ €
[k?] we have d — ¢ R(w). Then Reduction Rule 3.1 reduces each repetition number p > d by
1. Hence, the largest repetition number of w is at most (2k2+1)+k?2- (2k+2) = 2k3 +4k2+1
if Reduction Rule 3.1 has been applied exhaustively.
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» Corollary 3.6. Let S be an instance to which Reduction Rule 3.1 has been applied ex-
haustively and let w be a substring of S. Then the mazimal repetition number of w in S
is 2k3 + 4k% + 1.

We now show that bounding the number of repetition numbers and their size for all substrings
of S results in an instance that is a yes-instance if |S]| is too big. This implies the problem
kernel.

» Theorem 3.7. PREFIX-FREE STRING FACTORIZATION has a problem kernel of size O(k1°).

Proof. Let (S, k) be an instance of PREFIX-FREE STRING FACTORIZATION that is reduced
exhaustively with respect to Rule 3.1. We show that if |S| > 12k(k + 1)(2k* + 4k3 + 2k)2,
then (5, k) is a yes-instance.

Let (S,k) be a no-instance. Let d(w) be the maximum size of disjoint occurrences of
a substring w in S. To show |S| < 12k(k + 1)(2k* + 4k® + 2k)? we prove that for every
substring with length 2k* + 4k3 + 2k we have d(w) < 2k. Afterwards, we use this upper
bound on the number of occurrences to give an upper bound for the size of S.

Let w be a substring of S such that |w| = 2k* + 4k + 2k. Moreover, let P :=
{Slp1, a1], S[p2; @2, - -, S[pppp, qp)]} with p1 < 1 < p2 < -+ < pjp| < gp| be a maximum
packing of occurrences of w in S. Without loss of generality, we also assume that S[p1, ¢i1] is
the first occurrence of w in S, since otherwise, we can replace p; and ¢; by the start and
endpoint of the first occurrence. Assume towards a contradiction that [P| > 2k + 1. We
define the subpacking

P = {Sp2it1. qeip1] | 1 € [0,k]} C P

containing k+ 1 elements from P. For every i € {1,...,k—1} we define the substring V5,41 :=
S[p2it+1 — k,p2i+1 — 1] which contains the last & characters before po;y1. Since |w| =
2k* 4 4k3 + 2k and P’ contains every second element of P it holds that no Vs, overlaps
with S[pgifh(]mfl] epP.

We first show that no occurrence of w starts in some Va;11. Assume towards a contradiction
that there is one such occurrence starting in some V5;41. Then, since |w| = 2kt + 43 + 2k
and |V;11] = k, the string w has a border of size at least 2k* + 4k® + k. Hence, w has
a period of length at most k [9] and therefore there exists some z such that there is a
maximum z-periodic substring z? with p > 2k3 + 4k? + 2 of S. Together with Corollary 3.6,
this contradicts the fact that (S, k) is reduced exhaustively regarding Rule 3.1. Hence, we
can assume that no occurrence of w starts in some V5;1. In the following case distinction
we consider the possible values of p; and show that in each case we can define a prefix-free
string factorization of size at least k for S, which then contradicts the fact that (S, k) is a
no-instance.

Case 1: p; > k + 1. We define the factors fstars := S[1,p3 — 2], fi := S[p2it1 — ¢, P2its —
(i 4+2)] for all i € [k — 1], and fena := S[p2r+1 — &, |S]]. Note that these k + 1 factors
cover all of S and w is a substring of each such factor. We next show that none of these
factors is the prefix of another factor. To this end, we consider the first occurrence of w
in all factors.

Since p; > k+1 and we assumed that S[py, ¢1] is the first occurrence of w in S we conclude
that in fsart there is no occurrence of w starting in the first & positions of fytare. Next,
the fact that no occurrence of w starts in some Va;;1 implies that the first occurrence
of w starts at position ¢ + 1 of each f;, i € [k — 1]. Moreover, in fond, the first occurrence
of w starts at position k + 1 by the same argument. Since the first occurrence of w starts
at distinct positions in each of the factors, no factor is a prefix of one of the other factors.
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Hence, S has a prefix-free factorization with k+ 1 factors contradicting the fact that (S, k)
is a no-instance.

Case 2: p; € {1,2}. We define the factors fstart :== S[1,p5 — 3|, fi := S[p2i+1 — 4, P2it+3 —

(1 +2)] for all i € [2,k — 1], and fend := S[p2k+1 — k, |S]]. Intuitively, these are the k + 1
factors we defined in Case 1, but we concatenated the first two factors. We obtain &
factors that cover all of S and w is a substring of each of the factors. Again we prove
prefix-freeness by showing that in each pair of factor the first occurrence of w starts at
different positions.
In fstart, the first occurrence of w starts at position 1 or 2 since p; € {1,2}. Since no
occurrence of w starts in some V541, the first occurrence of w starts at position 7 + 1
in each f; and at position k + 1 in fonq. Observe that since i € [2,...,k — 2] it holds
that 4 4+ 1 > 3. Again, this contradicts the fact that (5, k) is a no-instance.

Case 3: p1 € [3,k — 1]. We define the factors fstart := S[1,p3—2], fi := S[p2i+1—1, pP2its—

(i+2)] forall i € [k —1]\{p1 —2,p1 — 1}, fmerge := S[p2p,—3 — (P1 = 2), P2p,+1 — (P +1)],
and fona := S[pak+1 — k,|S|]. Again, these are k factors covering S containing w as
substring. It remains to check for each factor, when the first occurrence of w starts.
In fstart, the first occurrence of w starts at p;. In each f; the first occurrence of i starts
at position ¢ + 1. Note that i +1 & {p1,p1 — 1}. In fierge, the first occurrence of w
starts at position p; — 1. Finally, in fenq, the first occurrence of w starts at position k + 1.
Again, this contradicts the fact that (S, k) is a no-instance.

Case 4: pP1 = k. We define fstart = S[l,pg — 2], fl = S[p2i+1 — i,p2i+3 — (Z + 2)] for
alli € [k‘* 3], fi = S[pg(k_g)_H - (k - 2),p2(k_2)+3 - (k* 1)}, and fong := S[pgk_l —k, |SH
Again, these are k factors covering S containing w as substring. It remains to check for
each factor, when the first occurrence of w starts.

The first occurrence of w in fsar Starts in position k. The first occurrence of w in each f;
starts in position 7+ 1 and the first occurrence of w in fenq starts at position k+ 1. Again,
this contradicts the fact that (S, k) is a no-instance.

Since all cases are contradictory we know that every substring of size 2k* 4 4k + 2k in S
has at most 2k disjoint occurrences in S. We next use this fact to prove |S| < 12k(k+1)(2k* +
4k* + 2k)?. To this end, let X := {w | w is a substring of S and |w| = 2k* + 4k3 + 2k}.
We first show that |X| < 2(k + 1)(2k* + 4k3 + 2k). Assume towards a contradiction
that | X| > 2(k + 1)(2k* + 4k® + 2k). Let w € X. Observe that, since |w| = 2k* + 4k3 + 2k,
every occurrence of w in S overlaps with at most 2(2k* + 4k + 2k — 1) occurrences of
other strings in X. Then, since |X| > 2(k + 1)(2k* + 4k® + 2k), there exists a packing
of k + 1 elements of X. Let X := {ws,..., w41} be such packing and for each i € [k + 1],
let p; be the position in S where w; starts. We then define k 4+ 1 disjoint substrings of S
as follows: f1 := S[1,p2 — 1], fi := S[ps,piy1 — 1) for i = 2,...k, and fry1 := S[pk, |S]].
Clearly, for every distinct f, f' € {f2, f3,... f&, fe+1}, the substring f is not a prefix of f’
since f and f’ start with distinct words of length 2k* 4 4k + 2k. Consider f; and f;
for ¢ > 1. If f; is a prefix of f; or vice versa, we discard f;_; and f; and instead consider their
concatenation f;_1f;. Since |fi| > 2k* + 4k3 + 2k we end up with a prefix-free factorization
of S containing at least k factors which contradicts the fact that (S, k) is a no-instance.
Hence, | X| < 2(k + 1)(2k* + 4k> + 2k).

We can now give a bound for |S|. Recall that d(w) is the maximum size of disjoint
occurrences of w in S and that d(w) € [2k] for every w € X. Given a fixed w € X, for
each of the d(w) disjoint occurrences S[j,j + |w| — 1] of w in S there can be occurrences
of win S[j — |w|,j + 2|w]|] that overlap with S[j,j + |w| — 1]. Hence, for every w € X,
the number of symbols of S in occurrences of w is at most 3|w| - d(w). It then holds

that |S] < 3y 3wl - d(w) < 12k(k + 1)(2k* + 4k + 2k)% € O(k'). <
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The above problem kernelization for PREFIX-FREE STRING FACTORIZATION also implies
a problem kernelization for SUFFIX-FREE STRING FACTORIZATION. To compute a problem
kernel for an instance (S, k), we first apply the problem kernelization for PREFIX-FREE
STRING FACTORIZATION on (S, k). Reversing the string of the resulting instance once more
gives an instance of the original problem of size O(k'°).

» Corollary 3.8. SUFFIX-FREE STRING FACTORIZATION has a problem kernel of size O(k1°).

4  An ILP formulation with O(n) variables

As a side result, we provide an ILP formulation which is better than a previous one in
terms of the number of variables. Mincu and Popa [15] described a 0/1-ILP with O(ny/n)
variables based on the following idea: Introduce a binary variable x; ; for each candidate
factor S[i, j] of S such that x; ; = 1 precisely if the factor S[i, j] is one of the factors of the
factorization. The goal is to maximize », ;< ;,, #i;. The constraints of the ILP ensure that
no two equal factors are chosen, no two overlapping factors are chosen, and that if we choose
some factor x; ; where j < n, then a factor ;41 must be chosen as well. The number of
variables is O(ny/n) since, due to an observation of Mincu and Popa [15], there is an optimal
equality-free string factorization with factors of length O(y/n). The latter observation does
not hold for other equivalence relations. For example, if we consider =y, on binary strings,
then we may have at most three factors and thus some factor must have length Q(n).

We provide an alternative 0/1-ILP that has O(n) variables and works for all string
relations. For each i € {1,...,n + 1}, we introduce one variable x;. This variable will have
the value 1 if some factor starts at S[i], that is, the factorization cuts between positions i — 1
and ¢. The variable x; will correspond to the start of the first factor and the variable ;41
will correspond to the end of the last factor, these variables will be set to 1 and we just
introduce them to make the formulation more concise. The whole ILP reads as follows.

max. Z x; subject to (3)
i€[n+1]
— Ty — Tjp1 — Tp — Tgp1 +ng > —4 Vi < j <p < qwhere (S[i,j] R S[p,q])
Celi+1.510[p+1,4]
(4)
x; € {0,1} Vi € [2,n)] (5)
x;=1Vie{l,n+1} (6)

Every assignment to the variables directly corresponds to the factorization of the input string
where z; = 1 means that some factor starts at position i. The number of factors is one less
than the objective function value. It remains to show that no two factors of the factorization
are in relation. This is ensured by Constraint 4. Let S[i, j] and S[p, q] be nonoverlapping
equivalent candidate factors. Then Constraint 4 for this index set is fulfilled when either one
of z;, Tj41, p, and x441 has value 0, or when one of the variables in the sum has value 1.
In the first, case one of the two strings S[i, j] and S[p, q] is not a factor of the factorization,
since one of the four factor endpoints is not selected by the solution. In the second case, one
of the two candidate factors is not part of the solution since some factor starts after i and
before j or after p and before q. Thus, the factorization produced by the ILP is equality-free.
Conversely, any equality-free factorization corresponds to a feasible solution of the ILP.
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—— Abstract

Quasiperiodicity in strings was introduced almost 30 years ago as an extension of string periodicity.

The basic notions of quasiperiodicity are cover and seed. A cover of a text T is a string whose
occurrences in T cover all positions of T'. A seed of text T is a cover of a superstring of 7. In various
applications exact quasiperiodicity is still not sufficient due to the presence of errors. We consider
approximate notions of quasiperiodicity, for which we allow approximate occurrences in 7" with a
small Hamming, Levenshtein or weighted edit distance.

In previous work Sip et al. (2002) and Christodoulakis et al. (2005) showed that computing
approximate covers and seeds, respectively, under weighted edit distance is NP-hard. They, therefore,
considered restricted approximate covers and seeds which need to be factors of the original string T°
and presented polynomial-time algorithms for computing them. Further algorithms, considering
approximate occurrences with Hamming distance bounded by k, were given in several contributions
by Guth et al. They also studied relaxed approximate quasiperiods that do not need to cover all
positions of T

In case of large data the exponents in polynomial time complexity play a crucial role. We present
more efficient algorithms for computing restricted approximate covers and seeds. In particular,
we improve upon the complexities of many of the aforementioned algorithms, also for relaxed
quasiperiods. Our solutions are especially efficient if the number (or total cost) of allowed errors is
bounded. We also show NP-hardness of computing non-restricted approximate covers and seeds
under Hamming distance.

Approximate covers were studied in three recent contributions at CPM over the last three years.
However, these works consider a different definition of an approximate cover of T, that is, the
shortest exact cover of a string 7" with the smallest Hamming distance from T'.
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1 Introduction

Quasiperiodicity was introduced as an extension of periodicity [6]. Its aim is to capture
repetitive structure of strings that do not have an exact period. The basic notions of
quasiperiodicity are cover (also called quasiperiod) and seed. A cover of a string T is a string
C whose occurrences cover all positions of T. A seed of string T is a cover of a superstring
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of T. Covers and seeds were first considered in [7] and [21], respectively, and linear-time
algorithms computing them are known; see [9, 21, 29, 30, 31] and [24].

A cover is necessarily a border, that is, a prefix and a suffix of the string. A seed C of T'
covers all positions of T' by its occurrences or by left- or right-overhangs, that is, by suffixes
of C being prefixes of T" and prefixes of C' being suffixes of T. In order to avoid extreme
cases one usually assumes that covers C' of T need to satisfy |C| < |T'| and seeds C need to
satisty 2|C| < |T'| (so a seed needs to be a factor of T'). Seeds, unlike covers, preserve an
important property of periods that if 7" has a period or a seed, then every (sufficiently long)
factor of T has the same period or seed, respectively.

The classic notions of quasiperiodicity may not capture repetitive structure of strings
in practical settings; it was also confirmed by a recent experimental study [12]. In order to
tackle this problem, further types of quasiperiodicity were studied that require that only a
certain number of positions in a string are covered. This way notions of enhanced cover,
partial cover and partial seed were introduced. A partial cover and partial seed are required
to cover a given number of positions of a string, where for the partial seed overhangs are
allowed, and an enhanced cover is a partial cover with an additional requirement of being a
border of the string. O(nlogn)-time algorithms for computing shortest partial covers and
seeds were shown in [26] and [25], respectively, whereas a linear-time algorithm for computing
a proper enhanced cover that covers the maximum number of positions in 7" was presented
(among other variations of the problem) in [14].

Further study has lead to approrimate quasiperiodicity in which approximate occurrences
of a quasiperiod are allowed. In particular, Hamming, Levenshtein and weighted edit distance
were considered. A k-approxrimate cover of string T is a string C' whose approximate
occurrences with distance at most k cover T'. Similarly one can define a k-approximate seed,
allowing overhangs. These notions were introduced by Sip et al. [33] and Christodoulakis
et al. [10], respectively, who showed that the problem of checking if a string 7" has a k-
approximate cover and k-approximate seed, respectively, for a given k is NP-complete under
weighted edit distance. (Their proof used arbitrary integer weights and a constant-sized — 12
letters in the case of approximate seeds — alphabet.) Therefore, they considered a restricted
version of the problem in which the approximate cover or seed is required to be a factor
of T. Formally, the problem is to compute, for every factor of T, the smallest k for which
it is a k-approximate cover or seed of T. For this version of the problem, they presented
an O(n?)-time algorithm for the Hamming distance and an O(n?)-time algorithm for the
edit distance!. The same problems under Hamming distance were considered by Guth et
al. [19] and Guth and Melichar [18]. They studied a k-restricted version of the problems,
in which we are only interested in factors of T being f-approximate covers or seeds for
¢ < k, and developed O(n3(|%| + k))-time and O(n?®|3|k)-time automata-based algorithms
for k-restricted approximate covers and seeds, respectively. Experimental evaluation of these
algorithms was performed by Guth [16].

Recently, Guth [17] extended this study to k-approzimate restricted enhanced covers
under Hamming distance. In this problem, we search for a border of T" whose k-approximate
occurrences cover the maximum number of text positions. In another variant of the problem,
which one could see as approximate partial cover problem, we only require the approximate

! In fact, they consider relative Hamming and Levenshtein distances which are inversely proportional to
the length of the candidate factor and seek for an approximate cover/seed that minimizes such distance.
However, their algorithms actually compute the minimum distance k for every factor of 7" under the
standard distance definitions.
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enhanced cover to be a k-approximate border of T, but still to be a factor of T. Guth [17]
proposed O(n?)-time and O(n3(|X| + k))-time algorithms for the two respective variants.

We improve upon previous results on restricted approximate quasiperiodicity. We in-
troduce a general notion of k-coverage of a string S in a string T, defined as the number
of positions in 7" that are covered by k-approximate occurrences of S. Efficient algorithms
computing the k-coverage for factors of T are presented. We also show NP-hardness for
non-restricted approximate covers and seeds under the Hamming distance. A detailed list of
our results is as follows.

1. The Hamming k-coverage for every prefix and for every factor of a string of length n can
be computed in O(nk2/3log!/® nlogk) time (for a string over an integer alphabet) and
O(n?) time, respectively. (See Section 3.)

With this result we obtain algorithms with the same time complexities for the two
versions of k-approximate restricted enhanced covers that were proposed by Guth [17]
and an O(n?k)-time algorithm computing k-restricted approximate covers and seeds. Our
algorithm for prefixes actually works in linear time assuming that a k-mismatch version
of the PREF table [11] is given. Thus, as a by-product, for £ = 0, we obtain an alternative
linear-time algorithm for computing all (exact) enhanced covers of a string. (A different
linear-time algorithm for this problem was given in [14]).

The complexities come from using tools of Kaplan et al. [22] and Flouri et al. [13],
respectively.

2. The k-coverage under Levenshtein distance and weighted edit distance for every factor of

a string of length n can be computed in O(n?) time and O(n3y/nlogn) time, respectively.
(See Section 4.)
We also show in Section 4 how our approach can be used to compute restricted approximate
covers and seeds under weighted edit distance in O(n3\/nlogn) time, thus improving
upon the previous O(n?)-time algorithms of Sip et al. [33] and Christodoulakis et al. [10].
Our algorithm for Levenshtein distance uses incremental string comparison [27].

3. Under Hamming distance, it is NP-hard to check if a given string of length n has a
k-approximate cover or a k-approximate seed of a given length c¢. This statement holds
even for strings over a binary alphabet. (See Section 5.)

This result extends the previous proofs of Sip et al. [33] and Christodoulakis et al. [10]
which worked for the weighted edit distance.

A different notion of approximate cover, which we do not consider in this work, was
recently studied in [1, 2, 3, 4, 5]. This work assumed that the string 7' may not have a cover,
but it is at a small Hamming distance from a string 7" that has a proper cover. They defined
an approximate cover of T as the shortest cover of a string T” that is closest to T' under
Hamming distance. Interestingly, this problem was also shown to be NP-hard [2] and an
O(n*)-time algorithm was developed for it in the restricted case that the approximate cover
is a factor of the string 7" [4]. Our work can be viewed as complementary to this study as
“the natural definition of an approximate repetition is not clear” [4].

2 Preliminaries

We consider strings over an alphabet ¥. The empty string is denoted by . For a string T,
by |T| we denote its length and by T'[0],...,T[|T| — 1] its subsequent letters. By T'[i, j| we
denote the string T'[¢] ... T[j] which we call a factor of T. If i = 0, it is a prefiz of T, and
if j =|T|—1, it is a suffiz of T. A string that is both a prefix and a suffix of T is called
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a border of T. For a string T = XY such that |X| = b, by rot,(T) we denote Y X, called a
cyclic shift of T'.

For equal-length strings U and V', by Ham(U, V') we denote their Hamming distance, that
is, the number of positions where they do not match. For strings U and V', by ed(U, V) we
denote their edit distance, that is, the minimum cost of edit operations (insertions, deletions,
substitutions) that allow to transform U to V. Here the cost of an edit operation can vary
depending both on the type of the operation and on the letters that take part in it. In case
that all edit operations have unit cost, the edit distance is also called Levenshtein distance
and denoted here as Lev(U, V).

For two strings S and T and metric d, we denote by

OCCZ(S’T) = {[27.]] : d(S’T[laj]) < k}

the set of approximate occurrences of S in T', represented as intervals, under the metric d.
We then denote by

Covered{ (S, T) = |U Occ(S,T)|

the k-coverage of S in T. In case of Hamming or Levenshtein distances, k < n, but for the
weighted edit distance k can be arbitrarily large. Moreover, by StartOch(S, T) we denote
the set of left endpoints of the intervals in Occg (S, T).

» Definition 1. Let d be a metric and T be a string. We say that string C, |C| < |T|, is a
k-approximate cover of T under metric d if Covered}(C,T) = |T|.

We say that string C, 2|C| < |T|, is a k-approzimate seed of T if it is a k-approximate
cover of some string 77 whose factor is T'. Let > be a wildcard symbol that matches every
other symbol of the alphabet. Strings over ¥ U {<{} are also called partial words. In order to
compute k-approximate seeds, it suffices to consider k-approximate covers of GITITOITI

The main problems in scope can now be stated as follows.

GENERAL k-APPROXIMATE COVER/SEED
Input: String T of length n, metric d, integer ¢ € {1,...,n — 1} and number k
Output: A string C of length ¢ that is a k-approximate cover/seed of T' under d

PREFIX/FACTOR k-COVERAGE
Input: String T of length n, metric d and number &
Output: For every prefix/factor of T', compute its k-coverage under d

RESTRICTED APPROXIMATE COVERS/SEEDS

Input: String T of length n and metric d

Output: Compute, for every factor C' of T, the smallest k such that C'is a k-approximate
cover/seed of T under d

2.1 Algorithmic Toolbox for Hamming Distance

For a string T of length n, by lcp, (7, j) we denote the length of the longest common prefix
with at most k& mismatches of the suffixes T'[i,n—1] and T[j,n—1]. Flouri et al. [13] proposed
an O(n?)-time algorithm to compute the longest common factor of two strings Ty, To with at
most k£ mismatches. Their algorithm actually computes the lengths of the longest common
prefixes with at most & mismatches of every two suffixes T1[i, |T1| — 1] and T3[j, |T2| — 1] and
returns the maximum among them. Applied for T} = T5, it gives the following result.
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» Lemma 2 ([13]). For a string of length n, values lcpy(i,5) for alli,5=0,...,n—1 can
be computed in O(n?) time.

We also use a table PREFj, such that PREF[i] = lcp,(0,¢). LCP-queries with mismatches
can be answered in O(k) time after linear-time preprocessing using the kangaroo method [28].
In particular, this allows to compute the PREF; table in O(nk) time. Kaplan et al. [22]
presented an algorithm that, given a pattern P of length m, a text T of length n over an
integer alphabet ¥ C {1,...,n°M}, and an integer k, finds in O(nk?/> log'/? mlog k) time
for all positions j of T, the index of the k-th mismatch of P with the suffix T[j,n — 1].
Applied for P =T, it gives the following result.

» Lemma 3 ([22]). The PREFy table of a string of length n over an integer alphabet can be
computed in O(nk*/3log'/ nlogk) time.

We say that strings U and V' have a k-mismatch prefiz-suffiz of length p if U has a prefix
U’ of length p and V has a suffix V' of length p such that Ham(U', V') < k.

2.2 Algorithmic Toolbox for Edit Distance

For z,y € &, let ¢(x,y), c(e,x) and ¢(x,€) be the costs of substituting letter by letter y
(equal to 0 if x = y), inserting letter x and deleting letter x, respectively. They are usually
specified by a penalty matrix ¢; it implies a metric if certain conditions are satisfied (identity
of indiscernibles, symmetry, triangle inequality).

The classic dynamic programming solution to the edit distance problem (see [34]) for
strings T7 and T3 uses the so-called D-table such that D[i, j] is the edit distance between
prefixes T11]0,4] and T5[0, j]. Initially D[—1,—1] =0, D[i,—1] = D[i — 1, —1] + ¢(T1[i], €) for
i > 0and D[-1, j] = D[-1,j —1]+c(e, Tz[j]) for j > 0. For 4,5 > 0, D[, j] can be computed
as follows:

D[i, j] = min(D[i—1,j = 1]+ c(Ti[i], Ta[j]), Dli,j =1+ c(e, Ta[j]), Dli—1, 4]+ c(Ti[il, €)).

Given a threshold % on the Levenshtein distance, Landau et al. [27] show how to compute
the Levenshtein distance between T7 and bTs, for any b € 3, in O(h) time using previously
computed solution for T and T» (another solution was given later by Kim and Park [23]).
They define an h-wave that contains indices of the last value A in diagonals of the D-table.
Let L"(d) = max{i : D[i,i + d] = h}. Formally an h-wave is:

L" = [L"(=h), L"(=h 4+ 1),...,L"(h — 1), L"(h)].

Landau et al. [27] show how to update the h-wave when string T is prepended by a single
letter in O(h) time. This method was introduced to approximate periodicity in [32].

3 Computing k-Coverage under Hamming Distance

Let T be a string of length n and assume that its PREFj table is given. We will show a
linear-time algorithm for computing the k-coverage of every prefix of T' under the Hamming
distance.

In the algorithm we consider all prefix lengths £ = 1,...,n. At each step of the algorithm,
a linked list £ is stored that contains all positions i such that PREF[:] > ¢ and a sentinel
value n, in an increasing order. The list is stored together with a table A(L)[0..n — 1] such
that A(L)[¢] is a link to the occurrence of ¢ in £ or nil if ¢ ¢ £. It can be used to access and
remove a given element of £ in O(1) time. Before the start of the algorithm, £ contains all
numbers 0,...,n.
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If i € £ and j is the successor of i in £, then the approximate occurrence of T'[0,¢ — 1]
at position ¢ accounts for min(¢, j — i) positions that are covered in T. A pair of adjacent
elements i < j in L is called overlapping if j — i < £ and non-overlapping otherwise. Hence,
each non-overlapping adjacent pair adds the same amount to the number of covered positions.

All pairs of adjacent elements of £ are partitioned in two data structures, D, and D,,,,
that store overlapping and non-overlapping pairs, respectively. Data structure D,,, stores
non-overlapping pairs (7, j) in buckets that correspond to j — 4, in a table B(D,,) indexed
from 1 to n. It also stores a table A(D,,) indexed 0 through n — 1 such that A(D,,)[i]
points to the location of (i, 7) in its bucket, provided that such a pair exists for some j, or
nil otherwise. Finally, it remembers the number num(D,,) of stored adjacent pairs. D,
does not store the overlapping adjacent pairs (i, j) explicitly, just the sum of values j — i, as
sum(D,). Then

Covered“™(T[0,£ —1],T) = sum(D,) + num(Dyy,) - L. (1)

Now we need to describe how the data structures are updated when ¢ is incremented.

In the algorithm we store a table Q[0..n] of buckets containing pairs (PREF[i], #) grouped
by the first component. When ¢ changes to ¢ + 1, the second components of all pairs from
Q[{] are removed, one by one, from the list £ (using the table A(L)).

Let us describe what happens when element ¢ is removed from £. Let ¢; and g2 be its
predecessor and successor in L. (They exist because 0 and n are never removed from L.)
Then each of the pairs (¢1,¢) and (g, g2) is removed from the respective data structure D,
or D,,,, depending on the difference of elements. Removal of a pair (i, j) from D, simply
consists in decreasing sum(D,) by j — i, whereas to remove (i,j) from D,, one needs to
remove it from the right bucket (using the table A(D,,)) and decrement num(D,). In the
end, the pair (g1, ¢g2) is inserted to D, or to D,, depending on ga — ¢1. Insertion to D, and
to Dy, is symmetric to deletion.

When ¢ is incremented, non-overlapping pairs (4, j) with j — ¢ = £ become overlapping.
Thus, all pairs from the bucket B(D,,)[¢] are removed from D, and inserted to D,.

This concludes the description of operations on the data structures. Correctness of the
resulting algorithm follows from (1). We analyze its complexity in the following theorem.

» Theorem 4. Let T be a string of length n. Assuming that the PREFy, table for string T is
given, the k-coverage of every prefix of T under the Hamming distance can be computed in
O(n) time.

Proof. There are up to n removals from L. Initially £ contains n adjacent pairs. Every
removal from £ introduces one new adjacent pair, so the total number of adjacent pairs that
are considered in the algorithm is 2n — 1. Each adjacent pair is inserted to D, or to D,,,
then it may be moved from D,,, to D,, and finally it is removed from its data structure. In
total, O(n) insertions and deletions are performed on the two data structures, in O(1) time
each. This yields the desired time complexity of the algorithm. |

Let us note that in order to compute the k-coverage of all factors of T' that start at
a given position i, it suffices to use a table [lcp,(¢,0),...,lcp,(i,n — 1)] instead of PREFy.
Together with Lemma 2 this gives the following result.

» Corollary 5. Let T be a string of length n. The k-coverage of every factor of T under the
Hamming distance can be computed in O(n?) time.
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4 Computing k-Coverage under Edit Distance

Let us state an abstract problem that, to some extent, is a generalization of the k-mismatch
Icp-queries to the edit distance.

LONGEST APPROXIMATE PREFIX PROBLEM

Input: A string T of length n, a metric d and a number k

Output: A table P¢ such that Pf[a,b,a] is the maximum & > a’ — 1 such that
d(T[a,b],T[a’,b']) < k or —1 if no such ¥ exists.

Having the table P{, one can easily compute the k-coverage of a factor T'[a,b] under
metric d as:

n—1

U @', Pla,b.a)]

a’=0

Covered{ (T[a,b],T) = ) (2)

where an interval of the form [a/, ] for b’ < a’ is considered to be empty. The size of the
union of n intervals can be computed in O(n) time, which gives O(n?) time over all factors.

In Section 4.1 and 4.2 we show how to compute the tables P,fe” and Pk?d for a given
threshold k in O(n?) and O(n3y/nlogn) time, respectively. Then in Section 4.3 we apply the
techniques of Section 4.2 to obtain an O(n3y/nlogn)-time algorithm for computing restricted
approximate covers and seeds under the edit distance.

4.1 Longest Approximate Prefix under Levenshtein Distance

Let H; ; be the h-wave for strings T'[¢,n — 1] and T'[j,n — 1] and h = k. Then we can compute
PFev with Algorithm 1. The algorithm basically takes the rightmost diagonal of D-table in
which the value in row b — a + 1 is less than or equal to k.

Algorithm 1 Computing P table.

1 for ¢’ :==n —1 down to 0 do

2 Compute Hy,_1,q4/;

3 for a :=n —1 down to 0 do

4 if a < n then

5 Compute Hy o from Hgy1 05

6 d:=k;

7 forb:=aton—1do

8 i:=b—a+1;

9 while d > —k and H, . (d) < i do
10 d:=d-1;

11 if d < —k then Pl*[a,b,d] := —1;
12 else PFla,b,d’] :== a' +i+d;

The while-loop can run up to 2k times for given a and o’. Computing H,,_1 . takes
O(k?) time and updating H, o takes O(k) time. It makes the algorithm run in O(n?) time.
Together with Equation (2) this yields the following result.

» Proposition 6. Let T' be a string of length n. The k-coverage of every factor of T under
the Levenshtein distance can be computed in O(n3) time.

A similar method could be used in case of constant edit operation costs, by applying the
work of [20]. In the following section we develop a solution for arbitrary costs.
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4.2 Longest Approximate Prefix under Edit Distance

For indices a,a’ € [0,n] we define a table D, o such that D, .[b,b] is the edit distance
between T'[a,b] and T[a’,b'], for b € [a —1,n — 1] and b’ € [’ — 1,n — 1]. For other indices
we set Dy o[b,0] = co. The D, table corresponds to the D-table for T[a,n — 1] and
T[a',n — 1] and so it can be computed in O(n?) time.

We say that pair (d,b) (Pareto-)dominates pair (d’,b’) if (d,b) # (d', V'), d < d and b > b'.
Let us introduce a data structure L, 4 [b] being a table of all among pairs (Dg 4/ [b, 0], )
that are maximal in this sense (i.e., are not dominated by other pairs), sorted by increasing
first component. Using a folklore stack-based algorithm (Algorithm 2), this data structure
can be computed from D, o/ [b,a’ —1],..., Dy o[b,n — 1] in linear time.

Algorithm 2 Computing L, o/ [b] from D, o [b,-].

Q@ :=empty stack;
forb :=a’'—1ton—1do
d:= Dg q[b,V];
while Q not empty do
(d', ) == top(Q);
if d' > d then pop(Q);
else break;

push(Q, (d,));
La,a' [b] = Qa

© O N O A W N -

Every multiple of M = |\/n/logn| will be called a special point. In our algorithm we
first compute the following data structures:
(a) all L, [b] lists where a or o’ is a special point, for a,a’ € [0,n—1] and b € [a — 1,n — 1]
(if a > n or @’ > n, the list is empty); and
(b) all cells D, 4[b,0] of all Dg 4 tables for a,a’ € [0,n] and -1 <b—a,t/ —a’ < M — 1.
Computing part (a) takes O(n*/M) = O(n®\/nlogn) time, whereas part (b) can be computed
in O(n*/M?) = O(n?logn) time. The intuition behind this data structure is shown in the
following lemma.

» Lemma 7. Assume thatb—a > M —1 orb —a’ > M — 1. Then there exists a pair of
positions c, ¢’ such that the following conditions hold:

a<c<b+landd <d <b +1, and

c—a,d —a <M, and

ed(T[a,b], Ta’,V']) = ed(T[a,c — 1], T[a’, —1]) + ed(T[c,b], T, V]), and

at least one of ¢, ¢’ is a special point.
Moreover, if ¢ (¢') is the special point, then ¢ < b (¢! <V, respectively).

Proof. By the assumption, at least one of the intervals [a,b] and [a’, '] contains a special
point. Let p € [a,b] and p’ € [a/, '] be the smallest among them; we have p — a,p’ —a’ < M
provided that p or p’ exists, respectively (otherwise p or p’ is set to 0o). Let us consider the
table D, o and how its cell D, /[, b'] is computed. We can trace the path of parents in the
dynamic programming from D, 4 [b,b'] to the origin (D, . [a — 1,4’ — 1]). Let us traverse
this path in the reverse direction until the first dimension of the table reaches p or the second
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dimension reaches p’. Say that just before this step we are at Dy o[q,¢']. If ¢+ 1 =p and
q¢ <p,then weset c=¢g+1and ¢ =¢ + 1. Indeed ¢ = p is a special point,

ed(Ta,b],T[a',b]) = ed(T[a,c — 1], T[d’, ¢ —1]) + ed(T[c, b], T|c',b'])

and ¢ —a,c —a’ < M. Moreover, ¢’ € [a' —1,V], so ¢ € [a',V + 1]. The opposite case (that
¢ +1=p') is symmetric. <

If P¢la,b,a'] —a’ < M — 1, then it can be computed using one the M x M prefix
fragments of the D, o/ tables. Otherwise, according to the statement of the lemma, one of the
L. »[b] lists can be used, where ¢ — a,¢’ —a’ < M, as shown in Algorithm 3. The algorithm
uses a predecessor operation Pred(z, L) which for a number = and a list L = L. . [b] returns
the maximal pair whose first component does not exceed x, or (0o, 00) if no such pair exists.
This operation can be implemented in O(logn) time via binary search.

Algorithm 3 Computing P{[a,b,d’].

1 res:= —1;

2 if b—a <M —1 then

3 forb :=a'—1toa +M—2do

4 if Dy o [b,0'] <k then

5 res == b';

6 s:=a+ ((—a) mod M); s :=a’ + ((—a’) mod M); // closest special pts
7 foreach (¢,c') in ({s} x [a’,a' + M — 1)) U ([a,a + M — 1] x {s'}) do

8 (d',0') := Pred(k — Dg,o[c — 1,¢ — 1], L¢, [D]);
9 if d’ # oo then

10 res := max(res, b');

11 P¢a,b,a’] := res;

» Theorem 8. Let T be a string of length n. The k-coverage of every factor of T under the
edit distance can be computed in O(n3y/nlogn) time.

Proof. We want to show that Algorithm 3 correctly computes P¢%[a, b,a’]. Let us first check
that the result b’ = res of Algorithm 3 satisfies Dy o/ [b, 0] < k. It is clear if the algorithm
computes b’ in line 5. Otherwise, it is computed in line 10. This means that L. . [b] contains
a pair (Dg . [b,b],b") such that

k > DC,C/ [b, b/} + Da,a/ [C -1, d — 1] > Daﬂ/ [b, b/].

Now we show that the returned value res is at least z = P¢%[a,b,a’]. If b—a < M —1 and
2 —a’ < M — 1, then the condition in line 4 holds for b = x, so indeed res > x. Otherwise,
the condition of Lemma 7 is satisfied. The lemma implies two positions ¢, ¢’ such that at
least one of them is special and that satisfy additional constraints.

If ¢ is special, then the constraints a < ¢ and ¢ — a < M imply that ¢ = s, as defined in

line 6. Additionally, o’ < ¢ <a'+ M —1, so (¢, ') will be considered in the loop from line 7.

By the lemma and the definition of x, we have

D o [b, 33] = Dy [b, m] — Dy [C -1, - 1] < kE—=Dgo [C -1, — 1]. (3)
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The list L ./ [b] either contains the pair (D, [b,z],z), or a pair (D, [b,2],2’) such that
D, [b,2'] < D, [b,z] and 2’ > x. In the latter case by (3) we would have

k > Dyalc—1, =1+ Deelbyz] > Dawlc—1, =1+ D w[b,2'] > Dy ar[b, 2]

and 2’ > z. In both cases the predecessor computed in line 8 returns a value res such that

res > x and res # co. The case that ¢’ is special admits an analogous argument.
Combining Algorithm 3 with Equation (2), we obtain correctness of the computation.
As for complexity, Algorithm 3 computes P¢%[a,b,a’] in O(M logn) = O(y/nlogn) time

and the pre-computations take O(n®/nlogn) total time. <

4.3 Restricted Approximate Covers and Seeds under Edit Distance

The techniques that were developed in Section 4.2 can be used to improve upon the O(n*)
time complexity of the algorithms for computing the restricted approximate covers and seeds
under the edit distance [10, 33]. We describe our solution only for restricted approximate
covers; the solution for restricted approximate seeds follows by considering the text {!T1TGITI

Let us first note that the techniques from the previous subsection can be used as a black
box to solve the problem in scope in O(n?y/nlognlog(nw)) time, where w is the maximum
cost of an edit operation. Indeed, for every factor T'[a, b] we binary search for the smallest
k for which T'[a,b] is a k-approximate cover of T. A given value k is tested by computing
the tables Pfa,b,a’] for all @’ =0,...,n — 1 and checking if Covered{(T'[a,b], T) = n using
Equation (2).

Now we proceed to a more efficient solution. Same as in the algorithms from [10, 33] we
compute, for every factor T'[a,b], a table Qg 5[0..n] such that Q4 [7] is the minimum edit
distance threshold k for which T[a, b] is a k-approximate cover of T[i,n — 1]. In the end, all
factors T'[a,b] for which @, [0] is minimal need to be reported as restricted approximate
covers of T. We will show how, given the data structures (a) and (b) of the previous section,
we can compute this table in O(nM logn) time.

A dynamic programming algorithm for computing the @), ; table, similar to the one
in [10], is shown in Algorithm 4. Computing Q,; takes O(n?) time provided that all D,
arrays, of total size O(n?), are available. The algorithm considers all possibilities for the
approximate occurrence T'[i, j] of T'a, b].

Algorithm 4 Computing Q.5 in quadratic time.

1 Qualn] = 0;

2 for i :=n—1 down to 0 do

Qupli] 1= o0

minQ := oo;

for j:=iton—1do
min@ = min(minQ, Qqs[j + 1]); // minQ = min Qg p[i + 1..5 + 1]
Quplil = min(Qu [i], max(Dqi[b, ], minQ));

N 0 oA W

During the computation of Qg 5, we will compute a data structure for on-line range-
minimum queries over the table. We can use the following simple data structure with
O(nlogn) total construction time and O(1)-time queries. For every position 7 and power of
two 2P, we store as RM i, p] the minimal value in the table @, on the interval [¢,7 + 27 — 1].
When a new value @, [i] is computed, we compute RM[i, 0] = Qq[i] and RM[i, p] for all
0 < p < logy(n — i) using the formula RM[i, p] = min(RM[i,p — 1], RM[i + 2P~ p — 1]).
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Then a range-minimum query over an interval [i, j] of Q,, can be answered by inspecting
up to two cells of the RM table for p such that 2P < j — i+ 1 < 2P+1,

Let us note that the variable min(@), which denotes the minimum of a growing segment in
the @, table, can only decrease. We would like to make the second argument of max in
line 7 non-decreasing for increasing j. The values ed(T[a,b], T'[i, j]) = Dq,[b, j] may increase
or decrease as j grows. However, it is sufficient to consider only those values of j for which
(Dq,i[b, 7], ) is not (Pareto-)dominated (as in Section 4.2), i.e., the elements of the list L, ;[0].
For these values, D, ;[b, j] is indeed increasing for increasing j. The next observation follows
from this monotonicity and the monotonicity of min @, p[¢ + 1..5 + 1].

» Observation 9. Let (D, ;[b,j'],j') be the first element on the list L, ;[b] such that
min Qqpli + 1.5 + 1] < Dy ;[b, §'].

If j' does not exist, we simply take the last element of L, ;[b]. Further let (Dqg (b, 5"],7")
be the predecessor of (Dgi[b,j'],7") in Las[b] (if it exists). Then j € {5, 5"} minimizes the
value of the expression max(min Qg p[¢ + 1..5 + 1], Dg ;[b, 7]).

If we had access to the list L, ;[b], we could use binary search to locate the index j’
defined in the observation. However, we only store the lists L, ;[b] for a and i such that at
least one of them is a special point. We can cope with this issue by separately considering all
j such that j < i+ M — 1 and then performing binary search on every of O(M) lists L [b]
where a < c<a+ M, 1 <c <i+ M and at least one of ¢, ¢’ is a special point, just as in
Algorithm 3. A pseudocode of the resulting algorithm is given as Algorithm 5.

Algorithm 5 Computing Q. in O(ny/nlogn) time using pre-computed data structures.

1 Qa,b[n] = Ov
2 for i :=n —1 down to 0 do
3 Qa,b[i] = 005
4 min@ := oo;
5 if b—a< M —1 then
6 for j:=itoi+ M — 2 do
7 min@Q := min(min@, Qqp[j + 1]);
8 Qap[7] := min(Qq p[7], max(Dy, ;[b, 7], minQ));
9 s:=a+ ((—a) mod M); s' := i+ ((—i) mod M);
10 foreach (¢,c¢) in ({s} x [i,i + M — 1)) U ([a,a + M — 1] x {s'}) do
11 if L. [b] is empty then continue;

/* Binary search */
12 (djr,j") := the first pair in L [b] such that

min Qq i + 1.5 + 1] < Dy i[c — 1, — 1] 4+ d;: or the last pair;

13 (djr,j") :=predecessor of (dj/,j") in L. [b] or (dj/,j") if there is none;
14 foreach j in {j’,j"} do
15 Qaplt] = min(Qq p[i], max(Dy[c — 1,¢ — 1] +d;j, min Qqp[i + 1.5 + 1]));

Let us summarize the complexity of the algorithm. Pre-computation of auxiliary data
structures requires O(n®y/nlogn) time. Then for every factor T'[a,b] we compute the table
Qa.b- The data structure for constant-time range-minimum queries over the table costs only
additional O(nlogn) space and computation time. When computing @, 5[¢] using dynamic
programming, we may separately consider first M — 1 indices j, and then we perform a
binary search in O(M) lists L. [b]. In total, the time to compute Q,[i] given a, b, i is

O(Mlogn) = O(v/nlogn).
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» Theorem 10. Let T be a string of length n. All restricted approximate covers and seeds
of T under the edit distance can be computed in O(n3y/nlogn) time.

The work of [10, 33] on approximate covers and seeds originates from a study of ap-
proximate periods [32]. Interestingly, while our algorithm improves upon the algorithms for
computing approximate covers and seeds, it does not work for approximate periods.

5 NP-hardness of General Hamming k-Approximate Cover and Seed

We make a reduction from the following problem.

HAMMING STRING CONSENSUS

Input: Strings Si,...,Snm, each of length ¢, and an integer k < ¢

Output: A string S, called consensus string, such that Ham(S,S;) < k for all ¢ =
1,....m

The following fact is known.
» Fact 11 ([15]). HAMMING STRING CONSENSUS is NP-complete even for the binary alphabet.

Let strings Si,..., S, of length ¢ over the alphabet ¥ = {0,1} and integer k be an
instance of HAMMING STRING CONSENSUS. We introduce a morphism ¢ such that

#(0) = 0% 1010024, ¢(1) = 0*4T1 1011 0%F+4,
We will exploit the following simple property of this morphism.

» Observation 12. For every string S, every length-(2k +4) factor of ¢(S) contains at most
three ones.

We set v; = 12874¢(S;) and T = 71 ...7,,. Further let ¢(U) be an operation that
reverses this encoding, i.e., ¥(y;) = S;. Formally, it takes as input a string U and outputs
Uldk +12 - 1)U[2- (4k+12) = 1])...U[(£ — 1)(4k + 12) — 1].

» Lemma 13. Strings v; and v;, for anyi,j € {1,...,m}, have no 2k-mismatch prefiz-suffiz
of length p € {2k +4,...,|v|—1}.

Proof. We will show that the prefix U of v; of length p and the suffix V' of v; of length p
have at least 2k + 1 mismatches. Let us note that U starts with 12**%. The proof depends
on the value d = |y;| — p; we have 1 < d < |y;| — 2k — 4. Let us start with the following
observation that can be readily verified.

» Observation 14. For A, B € {1010, 1011}, the strings A0* and 0*B have no 1-mismatch
prefir-suffiz of length in {5,...,8}.

If 1 <d <4, then U and V have a mismatch at position 2k + 4 since V starts with
12k+4=d(, Moreover, they have at least 2¢ mismatches by the observation (applied for the
prefix-suffix length d 4+ 4). In total, Ham(U,V) > 2{ +1 > 2k + 1.

If 4 < d < 2k + 4, then every block 1010 or 1011 in v; and in «y; is matched against a
block of zeroes in the other string, which gives at least 4¢ mismatches. Hence, Ham(U, V') >
40 > 2k + 1.

Finally, if 2k + 4 < d < |;| — 2k — 4, then U starts with 12*** and every factor of V' of
length 2k + 4 has at most three ones (see Observation 12). Hence, Ham(U,V) > 2k +1. <«
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The following lemma gives the reduction.

» Lemma 15. If HAMMING STRING CONSENSUS for Si,...,S, has a positive answer, then
the GENERAL k-APPROXIMATE COVER under Hamming distance for T, k, and ¢ = ||
returns a k-approzimate cover C such that S = (C) is a Hamming consensus string for
S1,.0,Sm.

Proof. By Lemma 13, if C is a k-approximate cover of T' of length ¢, then every position
a € StartOcct! (C,T) satisfies ¢ | a. Hence, StartOcci! (C,T) = {0,¢,2¢, ..., (m —1)c}.

If HAMMING STRING CONSENSUS for Sy, ..., S, has a positive answer S, then 12¥+4¢(9)
is a k-approximate cover of T" of length c. Moreover, if T has a k-approximate cover C' of
length ¢, then for S = ¢(C) and for each i = 1,..., m, we have that

Ham(C,T[(i — 1)c,ic — 1]) > Ham(S, S;),
so S is a consensus string for Si,...,.S,,. This completes the proof. |

Lemma 15 and Fact 11 imply that computing k-approximate covers is NP-hard. Obviously,
it is in NP.
» Theorem 16. GENERAL k-APPROXIMATE COVER under the Hamming distance is NP-
complete even over a binary alphabet.

A lemma that is similar to Lemma 15 can be shown for approximate seeds. We leave its

technical proof for the full version of the paper. Let 7" = y171 ... Yy 124, 1284,

» Lemma 17. If HAMMING STRING CONSENSUS for Si,...,Sm, has a positive answer, then
the GENERAL k-APPROXIMATE SEED under Hamming distance for T', k, and ¢ = |y1|+2k+4
returns a k-approzimate seed C' such that S = ¢(C") is a Hamming consensus string for
S1,...,Sm for some cyclic shift C' of C.

» Theorem 18. GENERAL k-APPROXIMATE SEED under the Hamming distance is NP-
complete even over a binary alphabet.

6 Conclusions

We have presented several polynomial-time algorithms for computing restricted approximate
covers and seeds and k-coverage under Hamming, Levenshtein and weighted edit distances
and shown NP-hardness of non-restricted variants of these problems under the Hamming
distance. It is not clear if any of the algorithms are optimal. The only known related
conditional lower bound shows hardness of computing the Levenshtein distance of two strings
in strongly subquadratic time [8]; however, our algorithms for approximate covers under edit
distance work in Q(n?) time. An interesting open problem is if restricted approximate covers
or seeds under Hamming distance, as defined in [10, 33], can be computed in O(n3~¢) time,
for any € > 0. Here we have shown an efficient solution for k-restricted versions of these
problems.
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—— Abstract

We consider the general problem of the Longest Common Subsequence (LC'S) on weighted sequences.
Weighted sequences are an extension of classical strings, where in each position every letter of the
alphabet may occur with some probability. Previous results presented a PT'AS and noticed that
no FPTAS is possible unless P = NP. In this paper we essentially close the gap between upper
and lower bounds by improving both. First of all, we provide an EPT AS for bounded alphabets
(which is the most natural case), and prove that there does not exist any EPTAS for unbounded
alphabets unless F'PT = W[1]. Furthermore, under the Exponential Time Hypothesis, we provide a
lower bound which shows that no significantly better PT'AS can exist for unbounded alphabets. As
a side note, we prove that it is sufficient to work with only one threshold in the general variant of
the problem.
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1 Introduction

1.1 General concepts

We consider the problem of determining the LCS (Longest Common Subsequence) on
weighted sequences. Weighted sequences, also known as p-weighted sequences or Position
Weighted Matrices (PWM) [3, 36] are probabilistic sequences which extend the notion of
strings, in the sense that in each position there is some probability for each letter of an
alphabet ¥ to occur there.

Weighted sequences were introduced as a tool for motif discovery and local alignment
and are extensively used in molecular biology [23]. They have been studied both in the
context of short sequences (binding sites, sequences resulting from multiple alignment, etc.)
and on large sequences, such as complete chromosome sequences that have been obtained
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using a whole-genome shotgun strategy [32, 37]. Weighted sequences are able to keep all
the information produced by such strategies, while classical strings impose restrictions that
oversimplify the original data.

Basic concepts concerning the combinatorics of weighted sequences (like pattern matching,
repeats discovery and cover computation) were studied using weighted suffix trees [26],
Crochemore’s partitioning [9, 11, 18], the Karp-Miller-Rabin algorithm [18], and other
approaches [43, 30]. Other interesting results include approximate and gapped pattern
matching [6, 41, 34], online pattern matching [16], weighted indexing [2, 10], swapped
matching [40], the all-covers and all-seeds problem [39, 42], extracting motifs [28], and the
weighted shortest common supersequence problem [4, 17]. There are also some more practical
results on mapping short weighted sequences to a reference genome [7] (also studied in the
parallel setting [27]), as well as on the reporting version of the problem which we also consider
in this paper [11].

The Longest Common Subsequence (LC'S) problem is a well-known measure of similarity
between two strings. Given two strings, the output should be the length of the longest
subsequence common to both strings. Dynamic programming solutions [25, 38] for this
problem are classical textbook algorithms in Computer Science. LC'S has been applied in
computational biology for measuring the commonality of DNA molecules or proteins which
may yield similar functionality. A very interesting survey on algorithms for the LCS can
be found in [13]. The current LC'S algorithms are considered optimal, since matching lower
bounds (under the Strong Exponential Time Hypothesis) were proven [1, 14].

Extensions of this problem on more general structures have also been investigated (trees
and matrices [5], run-length encoded strings [8], and more). One interesting variant of the
LCS is the Heaviest Common Subsequence (HC'S) where the matching between different
letters is assigned a different weight, and the goal is to maximize the weight of the common
subsequence, rather than its length.

1.2 Weighted LCS

The problem studied in this paper is the weighted LC'S (WLCS) problem. It was introduced
by Amir et al. [3] as an extension of the classical LC'S problem on weighted sequences. Given
two weighted sequences, the goal is to find a longest string which has a high probability of
appearing in both sequences. Amir et al. initially solved an easier version of this problem
in polynomial time, but unfortunately its applications are limited. As far as the general
problem is concerned, they hinted its NP-Hardness by giving an NP-Hardness result on a
closely related problem, which they call the log-probability version of WLCS. In short, the
problem is the same, but all products in its definition are replaced with sums. Their proof is
based on a Turing reduction and only works for unbounded alphabets. Finally, Amir et al.
provide an ﬁ—approximation algorithm for the WLCS problem.

Cygan et al. [19] strengthened the evidence that WLCS is NP-Hard by providing an NP-
Completeness result on the decision log-probability version of WLCS (informally introduced
in the previous paragraph), already for alphabets of size 2, using a Karp reduction; for
alphabets of size 1 the solution is trivial since there is no uncertainty. They also gave
an %—approximation algorithm and a PTAS, while also noticing that an FFPTAS cannot
exist, assuming WLCS is indeed NP-Hard, as hinted by their evidence, and that P # NP.
Finally, they proved that every instance of the problem can be reduced to a more restricted
class of instances. However, for this to be achieved their algorithm needs to perform exact

computations of roots and logarithms that may make the algorithm to err.
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Finally, it is worth noting that Charalampopoulos et al. [17], proved that unless P=NP,
WLCS cannot be solved in O(nf(®)) time, for any function f(a), where a is the cut-off

probability. We note that this result concerns exact computations rather than approximations.

1.3 Our results

In this paper we essentially close the gap between upper and lower bounds for WLCS by

improving both; we prove that the problem is indeed NP-Hard even for alphabets of size 2.

Furthermore, we provide an FPT AS for bounded alphabets. These two results, along with
the FPTAS observation by Cygan et al. completely characterize the complexity of WLCS
for bounded alphabets. For unbounded alphabets, a PT'AS was already known by Cygan et
al. [19]. We show matching lower bounds, both by ruling out the possibility of an EPTAS,
and by showing that, under the Exponential Time Hypothesis, no significantly better PT' AS
can exist. We also prove that every instance of WLCS can be reduced to a restricted class
of instances without using roots and logarithms, thus being able to actually achieve exact
computations without rounding errors that can make the algorithm err.

As noted in the previous paragraph, apart from essentially closing the gap between
hardness results and faster algorithms we also circumvent the need to work with roots and
logarithms as the previous results did. In short, by taking advantage of the property that
(ab)¢ = ab® and setting ¢ to be an appropriate logarithm, previous results transformed any
instance to a more manageable form. However, this transformation introduces an error that
may make the algorithm err as noted in the full version of the paper [29]. Table 1 summarizes
the above discussion. Table 2 summarizes our results depending on the alphabet-size.

A short discussion is in order with respect to what new insights on weighted LC'S enabled
us to achieve progress. Our most crucial observation is the fact that the problem behaves
differently in the natural case of a bounded alphabet, and in the case of an unbounded
alphabet. Without this distinction, closing the gap between upper and lower bounds was
unlikely. That’s because, on the one hand, no EPT AS for the general case could be found,
as none existed. On the other hand, proving that no EPT AS exists requires reductions that
work only on unbounded alphabets. The aforementioned distinction is what enabled us to
understand that modifying the existing reductions, which work for alphabets of size 2, would
be futile in proving W[1]-Hardness.

Furthermore, it was crucial to identify that working with products is the core difficulty
in proving NP-Hardness of weighted LC'S. The introduction of the log-probability version of
the weighted LC'S reflects the assumption that the difference between working with sums
and working with products is just a technicality. After [3] and [19] successfully proved
NP-Hardness for the log-probability version, it was natural to attempt reducing from it
for proving NP-Hardness of the weighted LC'S problem. Despite the apparent similarities
between the two problems, their difference did not allow us to craft such a reduction. For
the same reason, Cygan et al. used a model that assumed infinite precision computations
with reals, while we are able to avoid such a strong assumption.

1.4 Organization of the paper

The rest of the paper is organized as follows. In Section 2, we provide necessary definitions
and discuss the model of computation. In Section 3, we show that WLCS is NP-Complete
while in Section 4, we provide the EPT AS algorithm for bounded alphabets, which is also
an improved PTAS for unbounded alphabets. In Section 5, we show that there can be
no EPTAS for unbounded alphabets by showing that this problem is W{1]-hard and in
Section 6, we describe the matching conditional lower bound. We conclude in Section 7.
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Due to space constraints, some proofs and technical discussions are only available on the
full version of the paper [29]. More specifically, in the full version we present an algorithm
that transforms any instance of our problem to an equivalent, but easier to handle, instance.
We also show that the rounding errors introduced by working with reals (logarithms and
roots) may cause a similar algorithm by Cygan et al. [19] to err if standard rounding is used.

Table 1 Results on WLCS.

Amir et al. Cygan et al. Our results

Hinted, by NP-Hardness of Hinted, by NP-Hardness of

L T b‘bilit rersion L T bibilit rsion Proved
NP-Hardness of WLCS 08ProbabIiity versio 0&-ProbabItity versio (Karp Reduction -

(Turing reduction - (Karp reduction -

already fi Iphabets of size 2
only for unbounded alphabets) | already from alphabets size 2) already from alphabets of size 2)

EPTAS for bounded
alphabets,
Improved PTAS for
unbounded

Approximation Algorithms %-Approximation PTAS

Proof that no EPTAS exists

N N Yes
for unbounded alphabets © ° *

Matching the

Lower bound on any PT'AS No No upper bound,
under ETH

Reduction to a restricted No Yes, by assuming exact Yes, without any

class of instances computations of logarithms extra assumptions

Table 2 Results depending on the Alphabet Size.

Alphabet Size Previous Results Our results
1 Trivial Trivial
Constant Size No FPTAS possible | Achieved EPTAS
No EPTAS possible,
Depending on the input | Achieved PT AS Improved PTAS,
Matching Lower Bound

2 Preliminaries

2.1 Basic Definitions

Let ¥ = {01,092,...,0K} be a finite alphabet. We deal both with bounded (K = O(1)) and
unbounded alphabets. ¥ denotes the set of all words of length d over ¥. ¥* denotes the set
of all words over X.

» Definition 1 (Weighted Sequence). A weighted sequence X is a sequence of functions

pﬁX), . ,pl())((‘), where each function assigns a probability to each letter from X. We thus have

Zjilpz(-x)(crj) =1 for all i, and pl(.X)(aj) >0 foralli,j.

By WS(X) we denote the set of all weighted sequences over ¥. Let X € WS(X). Let
SeqllX‘ be the set of all increasing sequences of d positions in X. For a string s € £¢ and
mE Seqllxl, define Px (7, s) as the probability that the subsequence on positions corresponding
to m in X equals s. More formally, if 7 = (41,42, ...,iq4) and s, denotes the k-th letter of s,
then

d
Px(m,s) = [T i (s1)
k=1
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Denote
SUBS(X,a) ={se€X*|3r € Seql‘j‘(‘ such that Px(m,s) > a}

That is, SUBS(X,a) is the set of deterministic strings which match a subsequence of X
with probability at least a. Every s € SUBS(X, a) is called an a-subsequence of X.

Let us give a clarifying example. If ¥ = {01,02} and X is a long weighted sequence,
where in each position the probability for each letter to appear is 0.5, then SUBS(X,0.3)
does not contain s = 01071, as, for any increasing subsequence of 2 positions, the probability
of s appearing is 0.25 < 0.3.

The decision problem we consider is the following:

» Definition 2 ((aq, as)-WLCS decision problem). Given two weighted sequences X, Y, two cut-
off probabilities a1, as and a number k, find if the longest string s contained in SUBS(X,a1)N
SUBS(Y, az) has length at least k.

Naturally, the respective optimization problem is the following:

» Definition 3 ((a1, az)-WLCS optimization problem). Given two weighted sequences X,Y , and
two cut-off probabilities ay, as, find the length of the longest string contained in SUBS(X, a1)N
SUBS(Y, as).

Both in the decision and the optimization version, the WLCS problem is the (a1, as)-
WLCS problem, where a1 = as. We denote these (equal) probabilities by a (a = a1 = ag) for
concreteness.

Let us note that the problem is only interesting if |X| > 2. For |X| = 1 the problem is
trivial since there is no uncertainty at all. The same letter appears in every position in both
strings with probability 1, and thus the answer is simply the length of the shorter weighted
sequence.

Finally, let us also state that the Log-Probability version of the WLCS, studied in
previous papers, is the same as the original WLCS if we replace Px (7, s) = szl p<X)(5k)

1k
by Px(m,s) = S0_ p) (s1).

2.2 Model of Computation

Our model of computation is the standard word RAM, introduced by Fredman and Willard
[20] to simulate programming languages like C. The word size is w = Q(log I'), where I is the
input size in bits, so as to allow random access indexing of the whole input. Thus, arithmetic
operations between words take constant time. However, due to the nature of our problem,
it is necessary to compute products of many numbers. This can produce numbers that are
much larger than the word size. We even allow numbers in the input to be larger than 2%
(these numbers just need to use more than one word to be represented). We generally assume
that each number in the input is represented by at most B bits, but we do not pose any
constraint on B other than the trivial one that B < I. Of course, in cases where we deal
with numbers that occupy many words, we no longer have unit-cost arithmetic operations;
we guarantee, however, that our results only use linear or near-linear time operations (like
comparisons and multiplications) on numbers polynomial in the input size. Thus, although
we do not enjoy the unit-cost assumption for arbitrary numbers, we always stay within the
polynomial-time regime.
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2.3 Basic Operations

In this subsection we discuss the multiplication of two B-bit input numbers in (poly-
nomial) Mul,,(B) time, where w is the word-size. For example, for integers there ex-
ists a multiplication algorithm by Harvey and van der Hoeven [24] with time complexity
Mul,,(B) = O (Blog B) (generally the running time can also depend on w, although in this
case it does not). Let us notice that although the result is unpublished yet, we use it due to
its easy to read time complexity; it is trivial to use other algorithms instead, like the one
from Fiirer [21], or the more practical one by Schéonhage and Strassen [35]. We establish the
complexity of multiplying « B-bit numbers. Our divide and conquer algorithm splits the
numbers into two (equal sized) groups, recursively multiplies each, and multiplies the results
in Mul, (22) time. By a direct application of the Master Theorem by Bentley et al. [12]
we prove the following lemma.

» Lemma 4. Multiplying x B-bit numbers costs
O(Mul,(xB)log(xB)) time if Mul,(xB) = ©(zBlog®(xB)) for some constant k,
O((zB)°) else if Muly,(zB) = O(zB)°) for some constant ¢ > 1,

assuming that Mul,,(N) is a polynomial time algorithm that multiplies two N-bit numbers.

Proof. The algorithm simply splits the numbers in two equal-sized groups, recursively
multiplies each, and then multiplies the results. Let N = zB. We have that the running time
for multiplying = B-bit numbers is T'(N) = QT(%) + Muly,(N). Since cerit = logs2 = 1,
and Mul,(N) = Q(N), the Master Theorem [12] gives two cases. Either Mul,(N) =
O(N log"(N)) for some constant k, in which case T(N) = O(Mul,(N)logN), or else
Mul,,(N) = O(N¢) for some constant ¢ > 1 (such a constant exists since we assume
polynomial time multiplications). In this case, since it holds that 2Mul,,(§) < 2Mul,,(N),
we get that T(N) = Mul,(N) if ¢ > ¢erip = 1. Notice that we handled all cases, since
Mul,,(N) = N is handled by the first case with k& = 0, and whatever does not fit in the first
case, definitely fits in the second, since we assumed that Mul, (V) is polynomial in N. <«

» Corollary 5. Multiplying x B-bit numbers costs polynomial time by using any polynomial
time algorithm for multiplying two B-bit numbers as a black box. Especially if we use Harvey
and Van Der Hoeven’s algorithm, the time cost is O (asB log? (;EB))

Let us also notice that the way to divide two B-bit numbers is simply storing both the
numerator and the denominator. Comparing two numbers x; = % and zo = 7;722122 can
be done by comparing numy x dens and numso X deny. The only other operation we need

when working with such fractions is subtracting a B-bit number x = = from 1. This is

den—num
den

simply

3 NP-Completeness

An NP-Completeness proof for the integer log-probability version of the WLCS problem
has been given in [19]. This is a closely related problem, with the main difference being
that products are replaced with sums. We do not know of any way to reduce from this
log-probability version to WLCS other than exponentiating. As stated in the explanation
of our model of computation in Section 2, there is no limit on the number of bits needed
to represent a single number (it just occupies a lot of words). This means that, if the
input consisted of T bits, and there was a number (probability) represented with ﬁ bits,
exponentiating would result in a number with 2160 bits, meaning the reduction would not
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be a polynomial-time one. For this reason, we believe that although it is easier to prove
NP-Completeness for the integer log-probability version of the problem, there is no easy way
to use it for proving NP-Completeness for the general version. We, thus, give a reduction
from the NP-Complete problem Subset Product [22] which proves NP-Completeness directly
for the general problem.

Notice that for alphabets consisting of one letter, the problem is trivial since there is
no uncertainty at all. In the following, we prove that even for alphabets consisting of two
letters, the problem is NP-Complete.

» Definition 6 (Subset Product). Given a set L of n integers and an integer P, find if there
exists a subset of the numbers in L with product P.

» Lemma 7. WLCS is NP-Complete, even for alphabets of size 2.

Proof. Obviously WLCS € NP since the increasing subsequences my, 73 and the string s
for which Px(m1,s) > a, Py (ma,s) > a are a certificate which, along with the input, can be
used to verify in polynomial time that the problem has a solution.

Let (L, P) be an instance of Subset Product and let n = |L|. By L; we denote the
i-th number of the set L, assuming any fixed ordering of the n numbers of L. We give a
polynomial-time reduction to a (X,Y,a, k) instance of WLCS, with alphabet size 2 (we call
the letters A" and 'B’).

The core idea is the following: The weighted sequences have n positions (plus 2 more
for technical reasons related to the threshold a). The number k is equal to the length of
the sequences, meaning that we pick every position, and the only question is whether we
picked letter 'A’ or letter 'B’. Letter ‘A’ in position 7 corresponds to picking the i-th number
in the original Subset Product, while letter 'B’ corresponds to not picking it. Finally, the
letters A’ picked in X form an inequality of the form: “some product is > P”, while the
same letters in Y form the inequality: “the same product is < P”. For these two to hold
simultaneously, it must be the case that we found some product equal to P, which is the
goal of the original Subset Product.

More formally, the weighted sequences have size n + 2. Let ¢; = 1

1 o 1
manddl—

1+ Lli

d; .

PA) =L 1<i<n p§Y>(’A'):f,1gzgn

(X) (1 g (Y) 11 41 ool H?Zl &

(A7) =1 pn+1(A):H7_ n

j=1 L; Hj:l d;
1
k(A = =5 P (' A) =1

P2

where pEX)(’B’) =1- pz(-X)(’A’) for all 4, and similarly for Y. Notice that, in particular,
pz(X)(’B’) =¢,1 <1< nand p(Y)(’B’) =d;,1 < ¢ < n. Finally, we set kK = n + 2 and

i
Ci

=1

a= =

First of all, notice that since we must find a string of length n + 2, we must choose a
letter from every position. Thus, a choice of letter at some position on X corresponds to the
same choice of letter at that position on Y. The choice of letter on positions n + 1 and n + 2
is ’A’ in both cases since

(X)

PN (B =)

- pn+2(,B/) =0
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Suppose that the numbers at positions {iy,...,i¢} give product P:

L
[z, =P
j=1

Then, we form the string s by picking ‘A’ at positions {i1,...,i¢,,n+ 1,n+ 2} and ‘B’ at all
other positions. Thus

14
H_j:l Liy' H?:l Ci HSL:I Ci

PX({172,,77/+2}7S): PQ _ P —a
I | e
Py({1,2,...,n+2},s) = 1_%,1 H];l _ H]; .,
Hj:l Ly, Hj:l d;

Conversely, suppose a solution for the WLCS problem, where the string s is formed by
picking ’A’ at positions {i1,...,i¢,n+ 1,n + 2} and B’ at all other positions. It holds that:

£ n £
[Tj=1 i [Tj= i >4

Px({l,Q,,n—f—Q},S): P2 =

AT e ¢
Py({1,2,...,n+2},s) = Hjmidilljy >a = [[Li, <P

Z - 4

Hj:l Li H?:l d; j=1 ’
The above imply that H§:1 L;; = P. Finally, notice that all computations are done in
polynomial time, due to Corollary 5. |

4 EPTAS for Bounded Alphabets, Improved PTAS for Unbounded
Alphabets

We now give an Efficient Polynomial Time Approximation Scheme (EPTAS) for the case
where our alphabet size is bounded (|X| = O(1)). Let us notice that this is the case when
working with DNA sequences (]| = 4), the most usual application of weighted sequences.
The same algorithm is an improved (when compared to [19]) PTAS in the case of unbounded
alphabets. This means that the WLCS problem is Fixed-Parameter Tractable for constant
size alphabets and thus belongs to the corresponding complexity class F'PT as shown in
Corollary 11.

The authors in [19] first noted that there is no FPTAS unless P = NP, and so we can
only hope for an EPTAS. Our result relies on their following result:

» Lemma 8 (Lemma 4.6 of [19]). It is possible to find, in polynomial time, a solution of size
d to the WLCS optimization problem such that the optimal value OPT is guaranteed to be
either d or d+ 1 (however we do not know which one holds).

Their PT AS uses the above result and in case the approximation is guaranteed to be
good enough (d > (1 —€)(d + 1), which implies that d > (1 — €)OPT), it stops. Else, it
holds that % >d+1>OPT, and the PT AS exhaustively searches all subsequences of X,
all subsequences of Y, and all possible strings of length d + 1, for a total complexity of

o (arat (2)10s (2) 1 (1))
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Mul,,(2)log(£) is the time needed to multiply d + 1 numbers with at most B-bits each,
by Lemma 4, and is insignificant compared to the other terms. Our EPT AS improves the
exhaustive search part to

o <Mulw (B) S i)
€ €

which is polynomial in the input size, in case of bounded alphabets. The following lemma is
needed.

» Lemma 9. Given a weighted sequence X of length n, and a string s of length d, it is
possible to find the maximum number a such that there exists an increasing subsequence
of length d for which Px(w,s) = a. The running time of the algorithm is O(Mul,,(dB)nd),
where B is the maximum number of bits needed to represent each probability in X .

Proof. We use dynamic programming. Let s; be the string formed by the first j letters of
s, ¢j be the j-th letter of s and optx (4, j) be the maximum number such that there exists
an increasing subsequence 7’ of length j whose last term 7r§ is at most ¢ and for which
Px(n',s;) = optx(i,7). Since we choose whether ¢; is picked from the i-th position of X, it
holds that:

. . . . ; X
optx (i, j) = max{optx (i — 1, ), optx (i — 1,5 — 1)p{™ (c;)}
For the base cases, optx (,0) = 1 for all ¢ (we can always form the empty string with certainty,

by not picking anything), and optx (0,5) = 0 for j > 0 (not picking anything never gives us a
non-empty string). We are interested in the value optx (|X]|, |s]). <

Now we are ready to give our EPTAS.

» Theorem 10. For any value € € (0, 1] there exists an (1 — €)-approzimation algorithm for
the WLCS problem which runs in O (poly([) + 2Mul, ()| %> time and uses O (poly(I))
space, where I is the input size, n = |X| + |Y| and B is the mazximum number of bits needed
to represent a probability in X and Y. Consequently, the WLCS problem admits an EPTAS
for bounded alphabets.

Proof. We begin by using Lemma 8 to find an a-subsequence of length d, such that the
optimal solution is at most d +1. If d + 1 > %, we are done, since in that case we have a

ﬁil =1- ﬁ > (1 — €) approximation. Otherwise, we try all possible strings s € |34+,
and use Lemma 9 to check if any one of them can appear in both weighted sequences with
probability at least a. <

» Corollary 11. WLCS € FPT for bounded alphabets, parameterized by the solution length.

Proof. Follows directly from [31], Proposition 2. <

5 No EPTAS for Unbounded Alphabets

We have already seen that there is no FPTAS for WLCS, even for alphabets of size 2,
unless P = NP. We have also shown an EPT AS for bounded alphabets and a PT AS for
unbounded alphabets. The natural question that arises is: Is it possible to give an EPTAS
for unbounded alphabets?

We answer this question negatively, by proving that WLCS is W[l]-hard, meaning
that it does not admit an EPTAS (and is in fact not even in FPT) unless FPT = W1]
([31], Corollary 1). To show this, we give a 2-step F'PT-reduction from Perfect Code, which
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was shown to be W[1]-Complete in [15], to k-sized Subset Product and then to WLCS. The
k-sized Subset Product problem is the Subset Product problem with the additional constraint
that the target subset must be of size k.

» Definition 12 (Perfect Code). A perfect code is a set of vertices V! C V with the property
that for each vertex u € V there is precisely one vertex in Ng(u) N'V', where Ng(u) is the
set of adjacent nodes of u in G.

In the perfect code problem, we are given an undirected graph G and a positive integer k,
and we need to decide whether GG has a k-element perfect code. Notice that the definition
of a perfect code implies that there is a perfect code iff there is a set V/ C V for which
Uwev: Na(u) = V and Ng(u) N Ng(v) = 0 for all u,v € V',u # v. First we show that
k-sized Subset Product is W[1]-hard.

» Lemma 13. k-sized Subset Product is W[1]-hard.

Proof. Let (G = (V,E), k) be an instance of Perfect Code. Suppose that the vertices
are V = {1,...,n}. First of all, we compute the first n prime numbers using the Sieve
of Eratosthenes. We denote the i-th prime number as p;. The set of positive integers
L={Ly,Ls,...,L,} as well as the positive integer P are defined as follows:

L, = H Du,s P= Hpv
v=1

uwENg(v)

Notice that due to the unique prime factorization theorem, a subset of k numbers from the
set L have product P iff G has a k-element Perfect Code.

The size of our primes is O(nlogn) due to the prime number theorem. Thus, they
require O(logn) bits to be represented. Each integer in L, as well as in P, is computed using
Corollary 5 in O(nlog®n) time, for an overall O(n?log®n) complexity for our reduction.
Since the new parameter k is the same as the old one (no dependence on n), our reduction is
in fact an F PT-reduction. |

Our result for this section is the following.
» Theorem 14. WLCS, parameterized by the length of the solution, is W([1]-hard.

Proof. To prove the theorem we create diagonal weighted sequences. That is, we require
each letter to appear only in one position and vice-versa. In this way, the subsequences
picked for X and Y are the same. The above rule is broken by the addition of two auxiliary
letters that are there to make the probabilities add up to 1 in each position. This creates
no problem because we make sure that these letters are never picked. Finally, we force the
product to be equal to our target, by forcing it to be at most our target and at least our
target at the same time.

More formally, let (L = {L1,Ls,..., Ly}, k, P) be an instance of the k-sized Subset
Product problem and let M = m**! where m is the maximum number in set L. Notice
that if m* < P then we only need to check the product of the highest & numbers of L, which
means the problem is solvable in polynomial time. Thus we can assume that M > m* > P.
The alphabet of X,Y is ¥ ={1,2,...,n,n+ 1,n+2,n + 3} and we set a = ﬁ.

L

P =T 1<i<n p ) = g 1<i<n
X 1 Y
Po(n+1) = 5 Par(n+1) =1

Pn+2)=1-pF04), 1<i<n+1 P n+3)=1-p), 1<i<n+1
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All non-specified probabilities are equal to 0. Notice that symbols n + 2 and n + 3 are used
to guarantee that probabilities sum up to 1.

We show that the instance (X,Y,a,k + 1) has a solution iff (L, %, P) has a solution.

Suppose there exists a solution to (L, k, P). Then, there exists an increasing subsequence
m = (i1,...,1) such that H;ﬂ:l Li; = P. Let ©' be  extended by the number iy 1 =n+ 1
and s be the string 414 ...ix41. It holds that Px(n’,s) = Py (7', s) = a.

Conversely, suppose there exists a solution to (X,Y, a,k + 1). Then there exist increasing
subsequences ™ = (i1,...,%+1),™ = (j1,.-.,Jk+1) and a string s such that Px(m,s) >

a, Py (n',s) > a. First of all, notice that, due to pl(-X)(n +3) = pz(.Y) (n+2)=0for all i, s

does not contain letters n + 2 and n + 3, which leaves only one choice for every position.

Also each letter appears only once in each sequence, and in the same position. Thus, 7 = 7/,
and due to our construction the i-th letter of s is the i-th member of 7. Finally, not picking
position n + 1 would result in Py (7, s) < a due to the fact that P < M. Thus, the last letter
of s is n + 1. It holds that:

. . =1 T
Px({i1,..,ikt1},8) > a = ];2Mk 2 Bk - ilzlle > P
1 k
Py({il,...7ik+1},5)2a:> — ||Lﬂ. <P

k = k
M*¥ Hi:l L‘ﬂ'i, PM

The above two inequalities imply a k-sized subset of L with product equal to P.

The reduction is a polynomial-time one, due to Corollary 5. More than that, it is an
F PT-reduction since the new parameter k is equal to the old parameter incremented by one,
and thus has no dependence on n. <

6 Matching Conditional Lower Bound on any PTAS

In the d-SUM problem, we are given N numbers and need to decide whether there exists a
d-tuple that sums to zero. Patrascu and Williams [33] proved that any algorithm for solving
the d-SUM problem requires n4% time, unless the Exponential Time Hypothesis (ETH)
fails. To show this, they first proved a hardness result for a variant of 3-SAT, the sparse
1-in-3 SAT.

» Definition 15 (Sparse 1-in-3 SAT). Given a boolean formula with n variables and O(n)
clauses in 8 CNF form, where each variable appears in a constant number of clauses, determine
whether there exists an assignment of the variables such that each clause is satisfied by exactly
one variable.

They first prove the following hardness result under ETH.

» Proposition 16. Under ETH, there is an (unknown) constant sz such that there exists
no algorithm to solve sparse 1-in-3 SAT in O(2°") time for § < s3.

By assuming an n°(@ time algorithm for d-SUM they disproved the above fact, which

Q(k)

cannot happen under ETH. We use the same technique for proving an n lower bound

for k-sized Subset Product.

» Lemma 17. Assuming the ETH, the problem of k-sized Subset Product cannot be solved
n (’)(n%) time on instances satisfying k < n°% and each number in the input set L has
O (logn(logk +loglogn)) bits, where n is the size of L, and P is the target which can be
arbitrarily big.
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Proof. Let f be a sparse 1-in-3 SAT instance with N variables and M = O(N) clauses, and
k> i Conceptually, we split the variables of f into k blocks of equal size - apart from
the last block that may have smaller size. Each block contains at most [4] variables, and
thus there are at most 2/ % different assignments of values to the group-of-variables within
a block. For each block and for each one of these assignments we generate a number which
serves as an identifier of the corresponding block and assignment. Thus, there are n = k2l %]
different identifiers.

Let p; be the i-th prime number. In order to compute an identifier, we initialize it to
Py, where b is the index of the identifier’s corresponding block. Then, we run through all
of the M = O(N) clauses and do the following: suppose we process the i-th clause and let
0 < j < 3 be the number of variables of the identifier’s corresponding assignment that satisfy
the clause. We update the identifier by multiplying it with pi i

Since each variable appears only in a constant number of clauses, each identifier is a
product of O(%) numbers. The prime number theorem guarantees O(log N) bits to represent
each factor, which means the identifiers have O(4 log N) bits. Using the fact that n = k2l %1,
each identifier is represented by O (logn(logk + loglogn)) bits.

These n identifiers, along with the target P = HfilM p; (recall that p; is the i-th prime
number), form a k-sized Subset Product instance. This preprocessing step costs (9(2%) time,
ignoring polynomial terms, which is more efficient than O(253V).

Due to the unique prime factorization, a solution to the k-sized Subset Product corresponds
to a solution in f and vice-versa. If the running time of the k-sized Subset Product was
O(n%) then we could solve the above instance in O((kQ%)%{) time.

Since k = —%~ and k < n®%, it follows that %~ < n®% = n0% < 291, But
2"k 2'F

k < n%% which means k < 2991 %1,

Thus the previous running time becomes 0(2%531\[ ). Both the preprocessing step and
the solution of the k-sized Subset Product can be achieved in time O(2°V), where § < s3.
However, this would violate Proposition 16. |

Using the above, we are ready to prove our (matching) lower bound, conditional on ETH.

» Theorem 18. Under ETH, there is no PT AS for WLCS with running time \I\O(%), where
|I| is the input size in bits.

Proof. Suppose that such an algorithm A(7,¢) existed. Let R() be the polynomial time
reduction from k-sized Subset Product to WLCS given in the proof of Theorem 14. Then,
there is a solution to k-sized Subset Product iff there is a solution to WLCS of size k + 1, or,
equivalently, iff the optimal solution to WLCS is at least k + 1.

Using the hypothetical A(I,¢) with an appropriate value of ¢, we solve k-sized Subset
Product more efficiently than possible, thus reaching a contradiction.

Consider the following algorithm for k-sized Subset Product, where there are |L| numbers
in the input, each having O (log|L|(logk + loglog|L|)) bits and k < |L|*%. Given an
instance (L, k, P), we define the instance for the WLCS to be I = R(L,k, P). We run
A(I, m) and if the output is at least k + 1 we return that (L, k, P) is satisfied, otherwise
we return that it cannot be satisfied.

Note that if k-sized Subset Product is solvable, then OPT(I) > k + 1, and the value
output by A is at least (1— ﬁ)(lﬁ—t— 1) = k44 > k. Thus, the value output by A is at least
k + 1. On the other hand, if k-sized Subset Product is not solvable, then OPT(I) < k + 1,
and obviously the value output by A is at most k.
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Thus we found an algorithm for k-sized Subset Product whose running time is |I|€).
Since I is obtained by a polynomial time reduction, its size is bounded by a polynomial in
|(L, k, P)|. Therefore, the above running time becomes |(L, k, P)|°*). Under our assumptions,
this becomes |L|°®*) | which is not feasible under ETH, due to Lemma 17. |

7 Conclusion

In this paper we prove NP-Completeness for the WLCS decision problem, and give a PT AS
along with a matching conditional lower bound for the optimization problem. In the most
usual setting, where the alphabet size is constant, the above PT AS is in fact an EPTAS,
and it is known that no F'PTAS can exist unless P = NP. In the full version of the paper
[29], we give a transformation such that algorithms for the WLCS problem can be applied
for the (ay, az)-WLCS problem.

In proving that WLCS does not admit any EPTAS, we proved that it is W[1] — hard.
It may be interesting to determine the exact complexity of WLCS in the W — hierarchy.
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—— Abstract

Considering matrices with missing entries, we study NP-hard matrix completion problems where the

resulting completed matrix should have limited (local) radius. In the pure radius version, this means
that the goal is to fill in the entries such that there exists a “center string” which has Hamming
distance to all matrix rows as small as possible. In stringology, this problem is also known as
CLOSEST STRING WITH WILDCARDS. In the local radius version, the requested center string must be
one of the rows of the completed matrix.

Hermelin and Rozenberg [CPM 2014, TCS 2016] performed a parameterized complexity analysis
for CLOSEST STRING WITH WILDCARDS. We answer one of their open questions, fix a bug concerning
a fixed-parameter tractability result in their work, and improve some running time upper bounds.
For the local radius case, we reveal a computational complexity dichotomy. In general, our results
indicate that, although being NP-hard as well, this variant often allows for faster (fixed-parameter)
algorithms.
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1 Introduction

In many applications data can only be partially measured, which leads to incomplete data
records with missing entries. A common problem in data mining, machine learning, and
computational biology is to infer these missing entries. In this context, matrix completion
problems play a central role. Here the goal is to fill in the unknown entries of an incomplete
data matrix such that certain measures regarding the completed matrix are optimized. Ganian
et al. [9] recently studied parameterized algorithms for two variants of matrix completion
problems; their goal was to minimize either the rank or the number of distinct rows in the
completed matrix. In this work, we focus our study on another variant, namely, minimizing
the “radius” of the completed matrix. Indeed, this is closely related to the topic of consensus
(string) problems, which received a lot of attention in stringology and particularly with
respect to parameterized complexity studies [16, 15, 3]. Indeed, radius minimization for
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Figure 1 An example of MINRMC and MINLRMC. The incomplete input matrix is depicted
in the left (a * denotes a missing entry). Optimal solutions for MINRMC (d = 2) and MINLRMC
(d = 3) are shown in the middle and right. Entries differing from the solution vector are marked
gray.

incomplete matrices is known in the stringology community under the name CLOSEST STRING
WITH WILDCARDS [12], a generalization of the frequently studied CLOSEST STRING problem.
Herein, an incomplete matrix shall be completed such that there exists a vector that is not
too far from each row vector of the completed matrix in terms of the Hamming distance (that
is, the completed matrix has small radius). We consider this radius minimization problem
and also a local variant where all row vectors of the completed matrix must be close to a row
vector in the matrix.

Given the close relation to CLOSEST STRING, which is NP-hard already for binary
strings [8], all problems we study in this work are NP-hard in general. However, we provide
several positive algorithmic results, namely fixed-parameter tractability with respect to
natural parameters or even polynomial-time solvability for special cases. Formally, we study
the following problems (see Figure 1 for illustrative examples):

MINIMUM RADIUS MATRIX COMPLETION (MINRMC)

Input: An incomplete matrix S € (X U {*})"*¢ and d € N.
Question: Is there a “completion” T € ¥"** of S such that d(v,T) < d for some
vector v € %¢?

MiNiMUM LocAL RADIUS MATRIX COMPLETION (MINLRMC)

Input: An incomplete matrix S € (X U {*})"* and d € N.
Question: Is there a “completion” T € X"** of S such that §(v, T) < d for some
vector v € T?

Here, missing entries are denoted by *. A completion of an incomplete matrix S € XU {x}
is a matrix obtained by replacing each missing entry with some symbol from . We denote
the Hamming distance by 6. The Hamming distance between a vector v and a matrix T
is the maximum Hamming distance between v and a vector in T. In fact, our results for
MINRMC also hold for the following more general problem:

CONSTRAINT RADIUS MATRIX COMPLETION (CONRMC)

Input: An incomplete matrix S € (X U {*})"*¢ and d,...,d, € N.
Question: Is there a “completion” T € "¢ of S such that for some vector v € X¢,
§(v, T[i]) < d; for each i € [n]?

Related work

Our most important reference point is the work of Hermelin and Rozenberg [12] who
analyzed the parameterized complexity of MINRMC (under the name CLOSEST STRING
WITH WILDCARDS) with respect to several problem-specific parameters (also see Table 1). In
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Table 1 Overview of known results and our new results for MINRMC and MINLRMC. Notation:
n — number of rows, £ — number of columns, |X| — alphabet size, d — distance bound, k¥ — maximum
number of missing entries in any row vector. Note that all our results for MINRMC also hold for

CoNRMC.

Parameter MINRMC Reference MINLRMC Reference

n 0227 [12] O*(20(* leam)) Corollary 3
O* (20(n2 log n)) [13}

¢ 07 (2°/?) [12] O* (¢4 Corollary 7
o (£%) Corollary 6

d=1 O(nf?) for |¥| =2 [12] O(n?¢) Corollary 2
O(nf) Theorem 1

d=2 NP-hard for |X| = 2 [12] NP-hard for |Z| = 2 [12]

k NP-hard for k =0 8] O*(k*) Corollary 7

d+k O*((d +1)%tF) Theorem 9

d+k+12] o (%" -d%) [12] o*(1%%) trivial
O* (244+k .| 3|4tk Theorem 12

particular, they provided fixed-parameter tractability results for the parameters number n
of rows, number ¢ of columns, and radius d combined with maximum number k of missing
entries per row. However, we will show that their fixed-parameter tractability result for the
combined parameter d + k is flawed. Moreover, they showed a computational complexity
dichotomy for binary inputs between radius 1 (polynomial time) and radius 2 (NP-hard) (see
Table 1 for a complete overview).

As mentioned before, Ganian et al. [9] started research on the parameterized complexity
of two related matrix completion problems (minimizing rank and minimizing number of
distinct rows). Very recently, Eiben et al. [7] studied generalizations of our problems
which demand that the completed matrix be clustered into several submatrices of small
(local) radius — basically, our work studies the case of a single cluster. They proved fixed-
parameter tractability (problem kernels of superexponential size) with respect to the combined
parameter (c,d,r). Here, ¢ is the number of clusters and r is the minimum number of rows
and columns covering all missing entries. On the negative side, they proved that dropping any
of ¢, d, or r results in parameterized intractability even for binary alphabet. Amir et al. [1]
showed that the clustering version of MINLRMC on complete matrices with unbounded
alphabet size is NP-hard when restricted to only two columns. Note that fixed-parameter
tractability for the clustering variant implies fixed-parameter tractability for MINRMC and
MINLRMC with respect to d + r. Indeed, to reach for (more) practical algorithms, we
consider an alternative parameterization by the maximum number k of missing entries in any
row vector (which can be much smaller than r). Finally, let us also mention our companion
work [14], in which we studied a matrix completion problem with diametrical constraints —
all pairwise row distances must be within a specified range in the completion.

Our contributions

We survey our and previous results in Table 1. Notably, all of our results for MINRMC
indeed also hold for the more general CONRMC when setting d := max{ds,ds,...,d,}.
Let us highlight a few of our new results in comparison with previous work. For MINRMC,
we give a linear-time algorithm for the case radius d = 1 and arbitrary alphabet. This answers
an open question of Hermelin and Rozenberg [12]. We also show fixed-parameter tractability
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with respect to the combined parameter d + k, which was already claimed by Hermelin and
Rozenberg [12] but was flawed, as we will point out by providing a counter-example to their
algorithm. Lastly, inspired by known results for CLOSEST STRING, we give a more efficient
algorithm for small alphabet size.

Regarding MINLRMC, we show that it can be solved in polynomial time when d = 1.
This yields a computational complexity dichotomy since MINLRMC is NP-hard for d = 2.
Moreover, we show that MINLRMC is fixed-parameter tractable with respect to the maximum
number k of missing entries per row. Remarkably, this stands in sharp contrast to MINRMC,
which is NP-hard even for k = 0.

2 Preliminaries

For m <n €N, let [m,n] := {m,...,n} and [n] := [1,n].

Let T € £"*¢ be an (n x £)-matrix over a finite alphabet ¥. Let i € [n] and j € [¢]. We
use T[i, j] to denote the character in the i-th row and j-th column of T. We use TJi,:] (or
T[i] in short) to denote the row vector (T[i,1],...,T[i,¢]) and T[:, j] to denote the column
vector (T[1,4],...,T[n,j])T. For any subsets I C [n] and J C [¢], we write T[I, J] to denote
the submatrix obtained by omitting rows in [n] \ I and columns in [¢] \ J from T. We
abbreviate T[I, [¢(]] and T[[n], J] as T[I,:] (or T[I] for short) and T[:, J], respectively. We
use the special character * for a missing entry. A matrix S € (X U {*})"** that contains a
missing entry is called incomplete. We say that T € "** is a completion of S € (LU {x})"*¢
if either S[¢, j] = % or S[i, j] = TJi, j] holds for all i € [n] and j € [£].

Let v,v’ € (3 U {*})¢ be row vectors and let ¢ € ¥ U {*}. We write P, (v) to denote the
set {j € [{] | v[j] = o} of column indices where the corresponding entries of v are . We
write Q(v,v’) to denote the set {j € [€] | v[j] # v'[] A v[j] # * Av'[j] # *} of column indices
where v and v’ disagree (not considering positions with missing entries). The Hamming
distance between v and v’ is 6(v,v’) := |Q(v,v")|. For S € (S U {x})™** and v € (X U {*})*,
let §(v,S) := max;c[y 0(v, S[i]). The binary operation v @ v’ replaces the missing entries
of v with the character in v’ in the corresponding position, given that v’ contains no missing
entry. We sometimes use string notation oi0503 to represent the row vector (017 o9, 03).

Parameterized Complexity

We sometimes use the O*-notation which suppresses polynomial factors in the input size. A
parameterized problem TI is a set of instances (I, k) € ¥* x N, where k is called the parameter
of the instance. A parameterized problem is fized-parameter tractable if (I,k) € II can be
determined in f(k) - [I|°") time for an arbitrary computable function f. An algorithm with
such a running time is called a fized-parameter algorithm.

3 Linear-time algorithm for radius d = 1

Hermelin and Rozenberg [12, Theorem 6] gave a reduction from MINRMC to 2-SAT for the
case |X| = 2 and d = 1, resulting in an O(nf?)-time algorithm. We provide a more efficient
reduction to 2-SAT, exploiting the compact encoding C<; of the “at-most-one” constraint
by Sinz [20]. Let L = {l1,...,ln} be a set of m literals. The encoding uses m — 1 additional
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variables rq,...,7.,,—1 and it is defined as follows:
Oﬁl(L) = (_‘ll \v Tl) A (_‘lm \ _‘Tm—l)

N /\ ((ﬁlj \/ﬁ’l‘jfl) /\(ﬁlj \/'f‘j)/\ (ﬁ’r‘j,1 \/Tj)).
2<j<m—1

Note that if [; is true for some j € [m], then rj,...,r,_1 are all true and r1,...,7,_1 are
all false. Hence, at most one literal in L can be true.

Actually, our algorithm solves CONRMC, the generalization of MINRMC where the
distance bound can be specified for each row vector individually.

» Theorem 1. If max;c[,) d; = 1, then CONRMC can be solved in O(nf) time.

Proof. We reduce CONRMC to 2-SAT. Let I := {i € [n] | d; = d} be the row indices for
which the distance bound is d for d € {0,1}. We define a variable z; , for each j € [¢] and
o € Y. The intuition behind our reduction is that the j-th entry of the solution vector v
becomes o when z; , is true. We give the construction of a 2-CNF formula ¢ in three parts
¢1, P2, ¢3 (that is, ¢ = 1 A 2 A ¢3).
Let X; = {z;, | 0 € £} for each j € [¢]. The first subformula will ensure that at most
one character is assigned to each entry of the solution vector v:

¢ = J\ C<aa(X)).

JEle]

Subformula ¢5 handles distance-0 constraints:

P2 = /\ /\ (75,80i.5))-

i€ly jE]
Sl[i,j]#*
Finally, subformula ¢3 guarantees that the solution vector v deviates from each row vector
of S[1] in at most one position.

¢3 = /\ C<i({—zjs0i,5 | 7 € [€],S[i, 7] # *})-

i€l

Note that our construction uses O(|X| - £) variables and O((n + |X]) - £) = O(nf) clauses. We
prove the correctness of the reduction.

(=) Suppose that there exists a vector v € ¢ such that §(v,S[i]) < d; holds for each
i € [n]. For each j € [(] and 0 € X, we set z, , to true if v[j] = o, and false otherwise. It is
easy to see that this truth assignment satisfies ¢.

(<) Suppose that there exists a satisfying truth assignment ¢. Let J* denote the column
indices j € [¢] such that ¢(z;,) = 0 for all 0 € 3. Note that at most one variable in X is
set to true in ¢ for each j € [¢]. It follows that, for each j € [¢] \ J*, there exists exactly one
character o; € ¥ satisfying ¢(z;,,) = 1 and we assign v[j] = 0;. For each j € J*, we set
v[j] = o* for some arbitrary character c* € X. The formula ¢ ensures that §(v, S[i]) =0
holds for each i € Iy. Moreover, ¢3 ensures that there is at most one column index j € [{]
such that S[i, j] # * and S[i, j] # v[j] for each i € I;. <

Note that MINRMC (and thus CONRMC) is NP-hard for |¥| = 2 and d = 2 [12]. Thus,
our result implies a complete complexity dichotomy regarding d. We remark that this
dichotomy also holds for MINLRMC since there is a simple reduction from MINLRMC to
CoNRMC. To solve an instance (S, d) of MINLRMC, we solve n instances of ConRMC: For

20:5

CPM 2020



20:6

Parameterized Algorithms for Matrix Completion with Radius Constraints

Algorithm 1 Improved algorithm for CONRMC (based on Hermelin and Rozenberg [12]).

Input: An incomplete matrix S € (X U {*})"*¢ and dy,...,d, € N.
Task: Decide whether there exists a row vector v € X¢ with d(v, S[i]) < d; for all i € [n].

1: if d; < 0 for some i € [n] then return No.

2: if ¢ — |P.(S[i])| < d; for all i € [n] then return Yes.

> | P«(S[i])| is the number of missing entries in S[i]
Choose any ¢ € [n] such that £ — |P.(S[i])| > d;.
Choose any R C [{] \ P.(S[i]) with |R| =d; + 1.
for all j € R do
Let 8" = S[:, [4] \ {j}] and d}, = d; — §(S[4, 5], S[¢’, 5]) for each i’ € [n].

if recursion on (S’,d},...,d}) returns Yes then return Yes.

return No.

each i € [n], we solve the instance (S,dy,...,d,) where d;; = d for each i’ € [n] \ {i} and
d; = 0. Clearly, (S,d) is a Yes-instance if and only if at least one CONRM C-instance is a
Yes-instance. This yields the following.

» Corollary 2. MINLRMC can be solved in O(n?f) time when d = 1.

Since CONRMC is solvable in O*(QO(”2 logn)) time [13], we also obtain the following
result, where the running time bound only depends on the number n of rows.

» Corollary 3. MINLRMC can be solved in O*(20("*1°6m) time.

Finally, we remark that CONRMC can be solved in linear time for binary alphabet
¥ ={0,1}if d; > ¢—1 for all i € [n] (the problem remains NP-hard in the case of unbounded
alphabet size [17] even if d; > ¢ — 1 for all i € [n]): First, we remove each row vector with
distance bound ¢. We also remove every row vector with at least one missing entry since it
has distance at most £ — 1 from any vector of length ¢. We then remove every duplicate row
vector. This can be achieved in linear time: We sort the row vectors lexicographically using
radix sort and we compare each row vector to the adjacent row vectors in the sorted order.
We return Yes if and only if there are at most 2¢ — 1 row vectors, because each distinct row
vector u € {0, 1}* excludes exactly one row vector @ € {0,1}¢ where w[j] = 1 — u[j] for each
j € [£]. Summarizing, we arrive at the following.

» Proposition 4. If ¥ ={0,1} and d; > ¢ —1 for alli € [n], then CONRMC can be solved
in linear time.

4 Parameter number £ of columns

Hermelin and Rozenberg [12, Theorem 3] showed that one can solve MINRMC in 0(252/ 2.ne)
time using a search tree algorithm. We use a more refined recursive step to obtain a better
running time (see Algorithm 1). In particular we employ a trick used by Gramm et al. [11]
in order to reduce the search space to d + 1 subcases. Note that for nontrivial instances
clearly d < /.

» Theorem 5. For d := max;c[, d;, CONRMC can be solved in O((d + 1)* - nl) time.
Proof. We prove that Algorithm 1 is correct by induction on £. More specifically, we show

that it returns Yes if there exists a vector v € X¢ that satisfies §(Sli],v) < d; for all i € [n].
It is easy to see that the algorithm is correct for the base case ¢ = 0, because it returns
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Yes if d; is nonnegative for all i € [n] and No otherwise (Lines 1 and 2). Consider the
case £ > 0. The terminating conditions in Lines 1 and 2 are clearly correct. We show that
branching on R is correct in Lines 4 and 5. If v[j] # S[i, j] holds for all j € R, then we have

a contradiction 6(v,S[i]) > |R| > d;. Thus the branching on R leads to a correct output.

Now the induction hypothesis ensures that the recursion on S[:, [¢] \ {j}] (notice that it has

exactly one column less) returns a desired output. This implies that our algorithm is correct.

As regards the time complexity, note that each node in the search tree has at most d + 1
children. Moreover, the depth of the search tree is at most £ because the number of columns
decreases for each recursion. Since each recursion step only requires linear (that is, O(nf))
time, the overall running time is in O((d + 1)¢ - nf). <

Since d < £ for nontrivial input instances, Theorem 5 yields “linear-time fixed-parameter
tractability” with respect to ¢, meaning an exponential speedup over the previous result due
to Hermelin and Rozenberg [12].

» Corollary 6. CONRMC' can be solved in O(nf’*') time.

Proof. For each i € [n], we construct an CONRMC-instance, where the input matrix is
S; = S[;, P.(S[i])] and d; ;; = d — 6(S[i],S[i']) for each i € [n]. We return Yes if and
only if there is a Yes-instance (S;,d; 1,...,d; ) of CONRMC. Each CONRMC-instance
requires O(nf) time to construct, and O(nk**1) time to solve, because S; contains at most k
columns. <

We remark that this algorithm cannot be significantly improved assuming the ETH.! Tt
is known that there is no £°9 . n@M_time algorithm for the special case CLOSEST STRING
unless the ETH fails [17]. The running time of our algorithm matches this lower bound (up
to a constant in the exponent) and therefore there is presumably no substantially faster
algorithm with respect to .

As a consequence of Corollary 6, we obtain a fixed-parameter algorithm for MINLRMC
with respect to the maximum number k of missing entries per row in the input matrix.

» Corollary 7. MINLRMC can be solved in time O(n?¢ + n2kF+1).

5 Combined parameter d + k

In this section we generalize two algorithms (one by Gramm et al. [11] and one by Ma and
Sun [18]) for the special case of MINRMC in which the input matrix is complete (known as
the CLOSEST STRING problem) to the case of incomplete matrices. We will describe both
algorithms briefly. In fact, both algorithms solve the special case of CONRMC, referred to as
NEIGHBORING STRING (generalizing CLOSEST STRING by allowing row-individual distances),
where the input matrix is complete.

NEIGHBORING STRING
Input: A matrix T € ¥"*¢ and dy,...,d, € N
Question: Is there a row vector v € ¢ such that &(v, T[i]) < d; for each i € [n]?

The algorithm of Gramm et al. [11] is given in Algorithm 2. First, it determines whether
the first row vector T[1] is a solution. If not, then it finds another row vector T[i] that differs
from T[1] on more than d; positions and branches on the column positions Q(T[1], T[])
where T[1] and T[i] disagree.

! The Exponential Time Hypothesis asserts that 3-SAT cannot be solved in O*(2°**™)) time for a
3-CNF formula with n variables and m clauses.
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Algorithm 2 Algorithm for NEIGHBORING STRING by Gramm et al. [11].

Input: A matrix T € (YU {*})"** and dy,...,d, € N.
Task: Decide whether there exists a row vector v € X¢ with d(v, T[i]) < d; for all i € [n].
if d; < 0 for some i € [n] then return No.
if §(T[1], T[{]) < d; for all i € [n] then return Yes.
Choose any i € [n] such that §(T[1], T[i]) > d;.
Choose any Q' C Q(T[1], T[¢]) with |Q'| = d; + 1.
for all j € Q' do
Let T = T[;, [¢] \ {j}] and d}, = d; — 6(T[i, j], T[¢’, j]) for each i’ € [n].

if recursion on (T',d},...,d]) returns Yes then return Yes.

return No.

Using a search variant of Algorithm 2, Hermelin and Rozenberg [12, Theorem 4] claimed
that MINRMUC is fixed-parameter tractable with respect to d 4+ k. Here, we reveal that their
algorithm is in fact not correct. The algorithm chooses an arbitrary row vector S[i] and
calls the algorithm by Gramm et al. [11] with input matrix S’ = S[;, [¢] \ P.(S[¢])]. This
results in a set of row vectors v satisfying 6(v,S’) < d. Then, the algorithm constructs
an instance of CONRMC where the input matrix is S[P.(S[¢])] and the distance bound
is given by dy = d — 6(v,S'[i]) for each i’ € [n]. The correctness proof was based on
the erroneous assumption that the algorithm of Gramm et al. [11] finds all row vectors v
satisfying 6(v,S’) < d in time O((d + 1)? - nf). Although Gramm et al. [11] noted that this
is indeed the case when d is optimal, it is not always true. In fact, it is generally impossible
to enumerate all solutions in time O((d + 1)% - nf) because there can be Q(¢?) solutions.
We use the following simple matrix to illustrate the error in the algorithm of Hermelin and
Rozenberg [12]:

0 1 1
S = 1 1 1
* 0 0

We show that the algorithm may output an incorrect answer for d = 2. If the algorithm
chooses i = 3, then the algorithm by Gramm et al. [11] returns only one row vector 00. Then
the algorithm of Hermelin and Rozenberg [12] constructs an instance of CONRMC with
S = [O 1]T and dy = do = 0, resulting in No. However, the row vector v = 001 satisfies
d(v,S) = 2 and thus the correct output is Yes. To remedy this, we give a fixed-parameter
algorithm for MINRMC, adapting the algorithm by Gramm et al. [11].

Before presenting our algorithm, let us give an observation noted by Gramm et al. [11]
for the case of no missing entries. Suppose that the input matrix S € (X U {*})"*¢ contains
more than nd dirty columns (a column is said to be dirty if it contains at least two distinct
symbols from the alphabet). Clearly, we can assume that every column is dirty. For any
vector v € X3¢, there exists ¢ € [n] with §(v, S[i]) > d by the pigeon hole principle and hence
we can immediately conclude that it is a No-instance. It is easy to see that this argument
also holds for MINRMC and thus CONRMC.

» Lemma 8. Let (S,dy,...,d,) be a CONRMC instance, where S € (3 U {x})"** and
dy,...,d, € N. If S contains more than nd dirty columns for d = max;c,) d;, then there is
no row vector v € %X with §(v,S[i]) < d; for all i € [n].

Our algorithm is given in Algorithm 3. It generalizes Algorithm 2 and finds the solution
vector even if the input matrix is incomplete. In contrast to NEIGHBORING STRING, the
output cannot be immediately determined even if d; = 0. We use Algorithm 1 to overcome
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Algorithm 3 Algorithm for CONRMC (generalizing Algorithm 2).

Input: An incomplete matrix S € (X U {*})"*¢ and dy,...,d, € N.
Task: Decide whether there exists a row vector v € X¢ with d(v, S[i]) < d; for all i € [n].
1: if d; = 0 then
2 Let S' = S[[2,n], P.(S[1])] and d} = d; — §(S[1], S[¢]) for each i € [2,n].
3 return the output of Algorithm 1 on (S’,d5,...,d}).
4: Let R; = (P«(S[1]) \ P.(S[i])) U Q(S[1], S]i]) for each i € [2,n].
5: if |R;| < d; for all i € [2,n] then return Yes.
6: Choose any ¢ € [n] with |R;| > d;.
7: Choose any R C R; with |R| =d; + 1.
8: for all j € R do
9 Let S’ = S[:, [¢] \ {j}] and d}, = d; — §(S[i, 5], S[¢’, 5]) for each i’ € [n].
10: if recursion on (S’,d},...,d}) returns Yes then return Yes.

11: return No.

this issue (Line 3). Algorithm 3 also considers the columns where the first row vector
has missing entries (recall that P, (S[1]) denotes column indices j with S[1, j] = %) in the
branching step (Line 8), and not only the columns where S[1] and S[i] disagree. Again, we
restrict the branching to d; + 1 subcases (Line 7). This reduces the size of the search tree
significantly. We show the correctness of Algorithm 3 and analyze its running time in the
proof of the following theorem.

» Theorem 9. For d = max;e|,) d;, CONRMC can be solved in O(nd + (d+ 1)+ 1n) time.

Proof. First, we prove that Algorithm 3 is correct by induction on d; + |P.(S[1])|. More
specifically, we show that the algorithm returns Yes if and only if a vector v € £¢ satisfying
§(S[i],v) < d; for all i € [n] exists.

Consider the base case d; + |P.(S[1])| = 0. Since d; = 0, the algorithm terminates in
Line 3. When d; = 0, any solution vector must agree with S[1] on each entry unless the
entry is missing in S[1]. Hence, the output in Line 3 is correct by Theorem 5. Consider the
case di + |P«(S[1])| > 0. Let R; = (P.(S[1]) \ P«(S[i])) U Q(S[1], S[¢]) for each i € [2,n]. If
|R;| < d; holds for all i € [2,n], then the vector S[1] @ o’ (the vector obtained by filling each
missing entry in S[1] with o) is a solution for an arbitrary character o € ¥. Hence, Line 5 is

correct. Suppose that there exists a solution vector v € %.¢ with 6(v, S[i]) < d; for all i € [n].

We show that the branching in Line 8 is correct. Let R be as specified in Line 7. We claim
that there exists a j € R with v[j] = S[i, j] for every choice of R. Otherwise, v[j] # S[i, j]
and S[i, j] # * holds for all j € R and we have §(v, S[i]) > d; (a contradiction). Note that
S[:, [4] \ {s}] has exactly one less missing entry if j € P,(S[1]) and that d} = d; — 1 in case
of j € Q(S[1],S[é]). It follows that dy + |P.(S[1])] is strictly smaller in the recursive call
(Line 10). Hence, the induction hypothesis ensures that the algorithm returns Yes when
v[j] = S[i, 7] holds. On the contrary, it is not hard to see that the algorithm returns No if
there is no solution vector. Thus, Algorithm 3 is correct.

We examine the time complexity. Assume without loss of generality that k = |P,(S[1])]
and d = dy hold initially. Consider the search tree where each node corresponds to a call
on either Algorithm 1 or Algorithm 3. If d; > 0, then dy + P.(S[1]) decreases by 1 in each
recursion and there are at most d + 1 recursive calls. Let u be some node in the search tree
that invokes Algorithm 1 for the first time. We have seen in the proof of Theorem 5 that the
subtree rooted at u is a tree of depth at most |P,(S[1])], in which each node has at most
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Algorithm 4 Algorithm for NEIGHBORING STRING by Ma and Sun [18].

Input: A matrix T € (YU {*})"** and dy,...,d, € N.
Task: Decide whether there exists a row vector v € X¢ with d(v, T[i]) < d; for all i € [n].
1. if §(T[1], T[¢]) < d; for all i € [n] then return Yes .
2: Choose any i € [n] such that 6(T[1], T[¢]) > d;.
3: Let Q = Q(T[1], T[1]).
4: for all v € X!9I such that (v, T[1]) < d; and §(v, T[i]) < d; do
5: Let TV = T[;, [{] \ Q] and d} = min{d; — §(v, T[1,Q)), [d1/2] — 1}.
6
7
8

Let d}, = di» — d(v, T[¢/, Q]) for each ¢’ € [2,n].
if recursion on (T,d},...,d]) returns Yes then return Yes.

: return No.

d; —0(S[1],S[i]) + 1 < d+ 1 children. Note also that u lies at depth d + k — |P.(S[1])|. Thus,
the depth of the search tree is at most d + k and the search tree has size O((d + 1)4+*). We
can assume that ¢ < nd by Lemma 8 and hence each node requires O(nd) time. This results
in the overall running time of O(nf + (d + 1)4+*+1n). <

Now, we provide a more efficient fixed-parameter algorithm when the alphabet size is
small, based on an algorithm by Ma and Sun [18] (see Algorithm 4). Whereas Algorithm 2
considers each position of (a subset of) Q(T[1], T[i]) one by one, their algorithm considers
all vectors on Q(T[1], T[¢]) in a single recursion. The following lemma justifies that d;
can actually be halved in each iteration (the vectors u and w correspond to T[1] and T[],
respectively).

» Lemma 10. [18, Lemma 3.1] Let u,v,w € X¢ be row vectors satisfying &(u,w) > &(v,w).
Then, it holds that §(u[Q'],v[Q]) < §(u,v)/2 for Q" = [{]\ Q(u,w).

Proof. Assume that 6(u[Q'],v[Q']) > d(u,v)/2. We can rewrite the value of §(u, v) + 6(v, w)
as follows:

0(u, v) + 0(v,w) = 6(u[Q], v[Q]) + 6 (v[Q"], w[Q]) + 6(u[Q], v[Q)) + d(v[@Q], w[Q)),
where @ is a shorthand for @ = Q(v, w). It follows from the definition of @’ that u[Q'] = w[Q’]
and hence

0(ul@'],v[Q"]) = 0(v[Q"], w[@]). (1)

We also note that §(u[Q] +v[Q]) + d(v[Q] + w[Q)]) > |Q] = d(v,w) because it must hold that
ulj] # v[j] or v[j] # wlj] for each j € Q. Now, we obtain the following contradiction:

d(u,v) +6(v,w) > 26(u[Q], v[Q']) + (u, w) > 6(u,v) + d(v, w),
concluding the proof. <

Lemma 10 plays a crucial role in obtaining the running time O(nf + (16/%|)%nd) of Ma
and Sun [18]. However, Lemma 10 may not hold in the presence of missing entries. To work
around this issue, let us introduce a new variant of CLOSEST STRING which will be useful
to derive a fixed-parameter algorithm for CONRMC (Theorem 12). We will use a special
character “¢” to denote a “dummy” character.

NEIGHBORING STRING WITH DUuMMIES (NSD)

Input: A matrix T € (S U {o})"* and dy,...,d, € N.
Question: Is there a row vector v € X¢ such that (v, T[i]) < d; for each i € [n]?



T. Koana, V. Froese, and R. Niedermeier

Note that the definition of NSD forbids dummy characters in the solution vector v.
Observe that Lemma 10 holds even if row vectors v and w contain dummy characters. We
show (based on Lemma 10) that NSD can be solved using the algorithm of Ma and Sun [18]
as a subroutine.

» Lemma 11. NSD can be solved in O(nf + |X|* - nk + 244=3% . |5|1 . nd)) time, where
d :=maxX;cp,) d; and k is the minimum number of dummy characters in any row vector of T.

Proof. With Lemma 10, assuming d = d; one can prove by induction on d; that Algorithm 4
solves the NSD problem if the first row vector T[1] contains no dummy characters by
induction on dy. Refer to [18, Theorem 3.2] for details. We describe how we use Algorithm 4
of Ma and Sun [18] to solve NSD. Let I = (T,d;,...,d,) be an instance of NSD. We assume
that | P,(T[1])| = k. For each row vector u of X*, we invoke Algorithm 4 with the input matrix
T = T[[¢] \ P-(T[1])] and the distance bounds d; — k,ds — §(u, T[2, P,(T[1])]),...,dn —
d(u, T[n, Ps(T[1])]). Note that T’[1] contains no dummy character and thus the output of
Algorithm 4 is correct. We return Yes if and only if Algorithm 4 returns Yes at least once.
Let us prove that this solves NSD. If I is a Yes-instance with solution vector v € %, then
it is easy to verify that Algorithm 4 returns Yes when u = v[P,(T[1])]. On the contrary,
the distance bounds in the above procedure ensure that I is a Yes-instance if Algorithm 4
returns Yes.

Now we show that this procedure runs in the claimed time. Ma and Sun [18] proved that
Algorithm 4 runs in

O (n€ + (dmax * dmin) : (4|Z|)dmin : ndmax)

dmin

time, where dyax = max;c[p) d; and dypin = mincy) d;- In fact, they showed that each node

in the search tree requires O(ndpyax) time by remembering previous distances, as it only

concerns O(dmax) columns. In the same spirit, one can compute distances from the first row

vector for each NSD-instance under consideration in O(nk) time, given the corresponding

distances in the input matrix. Since we have dp.x < d and dpin < d — k for each call of

Algorithm 4, it remains to show that (Zd;k) € O(229-F). Using Stirling’s approximation
2 H1/2e=" < pl < en™t1/2e=" which holds for all positive integers n, we obtain

2d—k\  (2d—k)! - (2d — k)2d—k
( d ) d!'(d—k)!_c.dd.(d_k)dfk

for some constant ¢. We claim that the last term is upper-bounded by ¢ - 22¢=% We
use the fact that the function = — xlogz is convex over its domain = > 0 (note that
the second derivative is given by = — 1/x). Since a convex function f: D — R satisfies
(f@x)+ f(y)/2 > f((x+y)/2) for any z,y € D, we obtain

dlogd + (d — k)log(d — k) > 2 <2d2_k) -log (Qd;k) )

1t follows that dd A (d _ k,)d—k — 2d10gd+(d—k) log(d—k) > 2(2d—k)log(d—k/2) — (d _ ](,‘/2)2d_k.

This shows that (Qd(;k) € 0(224=k), <

Finally, to show our second main result in this section, we provide a polynomial-time
reduction from CONRMC to NSD.

» Theorem 12. CONRMC can be solved in O(nf + 244tk . |S|9HF . n(d + k) time.
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Figure 2 An illustration of the reduction in Theorem 12. Given the matrix S with k = 2 (left),
our reduction constructs the matrix T with &k additional columns (right). Note that every row vector
in T contains exactly two dummy characters. The MINRMC instance (S,d = 1) is a Yes-instance
with a solution vector v = 100. The corresponding NSD-instance (T, d+k = 3) is also a Yes-instance
with a solution vector v’ = 10000.

Proof. Let I = (S,ds,...,d,) be an instance of CONRMC. We construct an instance
I'=(T,dy +F,...,d, + k) of NSD where T € (XU {o})"*(+%) and each row vector of T
contains exactly k dummy characters. Note that such a construction yields an algorithm
running in O(n(€ +k) + |S|F - nk 4 244+ S|4k n(d + k) = O(nl 4 244+F . |S]4+k . n(d 4 k))
time using Lemma 11. Let o € ¥ be an arbitrary character. We define the row vector T[i]
for each i € [n] as follows: Let T[i, [(]] = S[i] @ o* (in other words, the row vector T[i, [¢]] is
obtained from S[i] by replacing * by ¢) for the leading ¢ entries. For the remainder, let

Tl o4 ] = {a if j < | P.(S[i),
o otherwise,
for each j € [k] (Figure 2 shows an illustration). We claim that I is a Yes instance if and
only if I’ is a Yes instance.
(=) Let v € X be a solution of . We claim that the vector v’ € 2% with v/[[(]] = v
and v[[{ + 1,¢ + k]] = ¢* is a solution of I'. For each i € [n], we have

0(v', Ti]) = 6(v'[[4]], TLi, [A]) + 8(c™, Tli, [€ + 1, £ + K])).

It is easy to see that the first term is at most d; + |P.(S[i])| and that the second term equals
k — |P(S[i])|]. Thus we have 6(v',T) < d; + k.

(<) Let v' € 2 be a solution of I’. Since the row vector T[i,[¢ + 1,¢ + k]] contains
k — |P.(S[i])| dummy characters, we have §(v'[[¢]], T[¢, [£]) < (d; + k) — (k — |P.(S[]))]) =
d; + |P«(S[é])| for each i € [n]. It follows that §(v'[[£]], S[¢]) < d; holds for each i € [n]. =

Note that the algorithm of Theorem 12 is faster than the algorithm of Theorem 9 for
|¥| < d/16 and faster than the O*(|Z|* - d%)-time algorithm by Hermelin and Rozenberg [12]
for |X| < d/24+d/k,

6 Conclusion

We studied problems appearing both in stringology and in the context of matrix completion.
The goal in both settings is to find a consensus string (matrix row) that is close to all
given input strings (rows). The special feature here now is the existence of wildcard letters
(missing entries) appearing in the strings (rows). Thus, these problems naturally generalize
the well-studied CLOSEST STRING and related string problems. Although with applications
in the context of data mining, machine learning, and computational biology at least as well
motivated as CLOSEST STRING, so far there is comparatively little work on these “wildcard
problems”. This work is also meant to initiate further research in this direction.
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—— Abstract

One of the most well-known variants of the Burrows-Wheeler transform (BWT) [Burrows and
Wheeler, 1994] is the bijective BWT (BBWT) [Gil and Scott, arXiv 2012], which applies the
extended BWT (EBWT) [Mantaci et al., TCS 2007] to the multiset of Lyndon factors of a given
text. Since the EBWT is invertible, the BBWT is a bijective transform in the sense that the inverse
image of the EBWT restores this multiset of Lyndon factors such that the original text can be
obtained by sorting these factors in non-increasing order.

In this paper, we present algorithms constructing or inverting the BBWT in-place using quadratic
time. We also present conversions from the BBWT to the BWT, or vice versa, either (a) in-place
using quadratic time, or (b) in the run-length compressed setting using O(nlgr/lglgr) time with
O(rlgn) bits of words, where 7 is the sum of character runs in the BWT and the BBWT.
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compressed by run-length compression, i.e., representing a substring of ¢ a’s by the tuple
(a,£). On the other hand, self-indexing data structures like the FM-index [11] enhance the
BWT to a full-text self-index. A combined approach of both compression and indexing is
the run-length compressed FM-index [21], representing a BWT with rgwt character runs,
i.e., maximal repetitions of a character, run-length compressed in O(rgwt lgn) bits. This
representation can be computed directly in run-length compressed space thanks to Policriti
and Prezza [30]. The BWT and its run-length compressed representation have been intensively
studied during the past decades (e.g., [12, 1, 14] and the references therein). Contrary to that,
a variant, called the bijective BWT (BBWT) [16], is far from being well-studied despite its
mathematically appealing characteristics!. As a matter of fact, we are only aware of one index
data structure based on the BBWT [3] and of two non-trivial construction algorithms [5, 2]
of the (uncompressed) BBWT, both with the need of additional data structures.

In this article, we shed more light on the connection between the BWT and the BBWT
by quadratic time in-place conversion algorithms in Sect. 5 constructing the BWT from the
BBWT, or vice versa. We can also perform these conversions in the run-length compressed
setting in O(nlgr/lglgr) time with space linear to the number of the character runs
(cf. Sect. 4 and Thm. 3), where r is the sum of character runs in the BWT and the BBWT.

2 Related Work

Given a text T of length n, the BWT of T is the string obtained by assigning BWTi] to
the character preceding the i-th lexicographically smallest suffix of T' (or the last character
of T if this suffix is the text itself). By this definition, we can construct the BWT with
any suffix array [22] construction algorithm. However, storing the suffix array inherently
needs nlgn bits of space. Crochemore et al. [9] tackled this space problem with an in-place
algorithm constructing the BWT in O(n?) online on the reversed text by simulating queries
on a dynamic wavelet tree [17] that would be built on the (growing) BWT. They also gave
an algorithm for restoring the text in-place in O(n?*¢) time.

In the run-length compressed setting, Policriti and Prezza [30] can compute the run-length
compressed BWT having rgw character runs in O(nlgrgwt) time while using O(rgwr lgn)
bits of space. They additionally presented an adaption of the wavelet tree on run-length
compressed texts, yielding a representation using O(rgwr lgn) bits of space with O(lg rgwT)
query and update time. Finally, practical improvements of the run-length compressed BWT
construction were considered by Ohno et al. [29].

The BBWT is the string obtained by assigning BBWT(i] to the last character of the i-th
smallest string in the list of all conjugates of the factors of the Lyndon factorization sorted
with respect to the <, order [23, Def. 4]. Bannai et al. [2] recently revealed a connection
between the bijective BWT and suffix sorting by presenting an O(n) time BBWT construction
algorithm based on SAIS [28]. With dynamic data structures like a dynamic wavelet tree [27],
Bonomo et al. [5] could devise an algorithm computing the BBWT in O(nlgn/lglgn) time.
With nearly the same techniques, Mantaci et al. [24] presented an algorithm computing the
BWT (and simultaneously the suffix array if needed) from the Lyndon factorization. All
these construction algorithms need however data structures taking O(nlgn) bits of space.
However, the latter two (i.e., [5] and [24]) can work in-place by simulating the LF mapping
(cf. Sects. 3.4 and 3.5), which we focus on in Sect. 5.1.

! The BBWT is a bijection between strings without the need of an artificial delimiter needed, e.g., to
invert the BWT.
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3 Preliminaries

Our computational model is the word RAM model with word size Q(lgn). Accessing a word
costs O(1) time. An algorithm is called in-place if it uses, besides a rewriteable input, only
O(lgn) bits of working space. We write [b(I)..e(I)] = I for an interval I of natural numbers.

3.1 Strings

Let ¥ denote an integer alphabet of size o with o = n®®). We call an element T € %*
a string. Its length is denoted by |T|. Given an integer j € [1..|T|], we access the j-th
character of T with T'[j]. Concatenating a string T € X* k times is abbreviated by T*. A
string T is called primitive if there is no string S € ¥+ with 7' = S* for an integer k with
k> 2.

When T is represented by the concatenation of X,Y, Z € ¥* ie., T = XYZ then X, Y
and Z are called a prefir, substring and suffiz of T, respectively; the prefix X, substring Y,
or suffix Z is called proper it X #T,Y # T, or Z # T, respectively. For two integers i, j
with 1 <i < j <|T|, let T[i..j] denote the substring of T' that begins at position ¢ and ends
at position j in 7. If ¢ > j, then T[i. . j] is the empty string. In particular, the suffix starting
at position j of T is called the j-th suffiz of T, and denoted with T'[j..]. An occurrence of a
substring S in T is treated as a sub-interval of [1..|T'|] such that S = T'[b(S) ..e(S)]. The
longest common prefix (LCP) of two strings S and T is the longest string that is a prefix of
both S and T.

Orders on Strings. We denote the lezicographic order with <o, . Given two strings S
and T, S <jex T if S is a prefix of T or there exists an integer ¢ with 1 < /¢ < min(|S|, |T)
such that S[1..£—1]=T[1..£—1] and S[¢] < T[¢]. Next we define the <, order of strings,
which is based on the lexicographic order of infinite strings: We write S <, T if the infinite
concatenation S¥ := S§SS--- is lexicographically smaller than 7% := TTT - - -. For instance,
ab <jex aba but aba <, ab.

Rank and Select Queries. Given a string T' € ¥*, a character ¢ € ¥, and an integer j, the
rank query T.rank.(j) counts the occurrences of ¢ in T[1..j], and the select query T'select.(5)
gives the position of the j-th ¢ in T. We stipulate that rank.(0) = select.(0) = 0. A wavelet
tree is a data structure supporting rank and select queries.

3.2 Lyndon Words

Given a string T = T'[1..n], its i-th conjugate conj,(T') is defined as T[i +1..n]T[1..4] for an
integer ¢ € [0..n — 1]. We say that T and all of its conjugates belong to the conjugate class
conj(T) := {conj,(T),...,conj,_,(T)}. If a conjugate class contains ezactly one conjugate
that is lexicographically smaller than all other conjugates, then this conjugate is called a
Lyndon word [20]. Equivalently, a string T is said to be a Lyndon word if and only if T <jex S
for every proper suffix S of T' [10, Prop. 1.2].

The Lyndon factorization [8] of T € TV is the factorization of T into a sequence of
lexicographically non-increasing Lyndon words T3 - - - Ty, where (a) each T,, € ¥ is a Lyndon
word for z € [1..¢], and (b) Ty Zjex Tp41 for each z € [1..¢t). Each Lyndon word T, is
called a Lyndon factor.
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F BBWT F BWT® F BWT
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10 Czag b5 bﬁ ary bg bg $ b1 as

Figure 1 All three BWT variants studied in this paper applied on our running example T' =
bacabbabb. Left: BBWT built on the last characters of the conjugates of all Lyndon words sorted in
the <., order. Middle and Right: BWT® and BWT built on the lexicographically sorted conjugates
of T and of T'$, respectively. To ease understanding, each character is marked with its position
in T in subscript. Reading these positions in F of BBWT and in F of BWT gives a circular suffix
array (there are multiple possibilities with 75 = T4 = abb) and the suffix array (the position of $ is
uniquely defined as |T'$| = 10).

» Lemma 1 ([10, Algo. 2.1]). Given a string T of length n, there is an algorithm that outputs
the Lyndon factors Ty, ..., Ty one by one in increasing order in O(n) total time while keeping
only a constant number of pointers to positions in T that (a) can move one position forward
at one time or (b) can be set to the position of another pointer.

For what follows, we fix a string T[1 .. n] over an alphabet ¥ with size 0. We use the
string T' := bacabbabb as our running example. Its Lyndon factors are T} = b, Tb = ac,
T3 = abb, and T, = abb.

3.3 Burrows-Wheeler Transforms

We denote the bijective BWT of T' by BBWT, where BBWT(i] is the last character of the
i-th string in the list storing the conjugates of all Lyndon factors 717,...,7T; of T sorted with
respect to the <, order. A property of BBWT used in this paper as a starting point for an
inversion algorithm is the following:

» Lemma 2 ([5, Lemma 15]). BBWTI1] = T'[n].

Proof. There is no conjugate of a Lyndon factor that is smaller than the smallest Lyndon
factor T} since Ty <iex T <1ex Tx[j . -] for every j € [2..]T,|] and every = € [1..¢t]. Therefore,
T is the smallest string among all conjugates of all Lyndon factors. Hence, BBWT][1] is the
last character of T}, which is T'[n]. <

The BWT of T, called in the following BWT, is the BBWT of $T for a delimiter $ ¢
smaller than all other characters in T (cf. [15, Lemma 12] since $7 is a Lyndon word).
Originally, the BWT is defined by reading the last characters of all cyclic rotations of T
(without $) sorted lexicographically [6]. Here, we call the resulting string BWT®. BWT? is
equivalent to BWT if T contains the aforementioned unique delimiter $. We further write
BWTp (and analogously BBWT p or BWT%) to denote the BWT of P for a string P.

Since BWT (and analogously BBWT or BWT?) is a permutation of T, it is natural to
identify each entry of BWT with a text position: By construction BWT[i] = T'[j], where
T[j+1..]is the i-th lexicographically smallest suffix, i.e., SA[i] = j+ 1, where SA is the suffix
array of T. A similar relation is given between BBWT and the circular suffix array [19, 2],
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which is uniquely defined up to positions of equal Lyndon factors. Figure 1 gives an example
for all three variants. In what follows, we review means to simulate a linear traversal of the
text in forward or backward manner by BWT, and then translate this result to BBWT.

3.4 Backward and Forward Steps

Having the location of T'[i] in BWT, we can compute T[i+ 1] (i.e., T[1] for ¢ = 1) and T'[i — 1]
(i.e., T[n] for i = 0) by rank and select queries. To move from T[] to T'[i + 1], which we call
a forward step, we can use the FL mapping:

FL[i] := BWT.selectg; (F.rankg; (7)), (1)

where F[i] is the i-th lexicographically smallest character in BWT. To move from T'[i] to
T[i — 1], we can use the backward step of the FM-index [11], which is also called LF mapping,
and is defined as follows:

LF[i] := F.selectgwr;) (BWT .rankgwy; () = C[BWT(i]] + BWT .rankgwy; (4), (2)

where Cc] is the number of occurrences of those characters in BWT that are smaller than ¢
(for each character ¢ € [1..g]). We observe from the second equation of (2) that there is no
need for F when having C. This is important, as we can compute C[i] in O(n) time only
having BWT available. Hence, we can compute LF[i] in O(n) time in-place. However, the
same trick does not work with FL[i] = BWT .selectg; (i — C[F[i]]). To lookup F[i], we can use
the selection algorithm of Chan et al. [7] using BWT and O(Ilgn) bits as working space (the
algorithm restores BWT after execution) to compute an entry of F in O(n) time.

In summary, we can compute both FL[{] and LF[i] in-place in O(n) time. The algorithm
of Crochemore et al. [9, Thm. 2] inverting BWT in-place in O(n?"¢) time uses the result of
Munro and Raman [26] computing F[i] in O(n'*€) time for a constant ¢ > 0 in the comparison
model. As noted by Chan et al. [7, Sect. 1], the time bound for the inversion can be improved
to O(n?) time in the RAM model under the assumption that BWT is rewritable.

If we allow more space, it is still advantageous to favor storing C' instead of F if o = o(n)
because storing F and C' in their plain forms take nlg o bits and o lgn bits, respectively. To
compute FL[i], we can also compute FL without F by endowing C with a predecessor data
structure (which we do in Sect. 4.3).

Finally, we also need LF and FL on BBWT for our conversion algorithms. We can define
LF and FL similarly for BBWT with the following peculiarity:

3.5 Steps in the Bijective BWT

The major difference to the BWT is that the LF mapping of the BBWT can contain multiple
cycles, meaning that LF (or FL) recursively applied to a BBWT position would result in
searching circular (more precisely, the search stays within the same Lyndon factor). This is
because BBWT is the extended BWT [23, Thm. 20 and Remark 12] applied to the multiset
of Lyndon factors {T7,...,T;}. This fact was exploited for circular pattern matching [19],
but is not of interest here.

Instead, we follow the analysis of the so-called rewindings [3, Sect. 3]: Remembering
that we store the last character of all conjugates of all Lyndon factors in BBWT, we observe
that the entries in BBWT representing the Lyndon factors (i.e., the last characters of the
Lyndon factors) are in sorted order (starting with 73[|73|] and ending with T1[|T3|]). That
is because the lexicographic order and the <, order are the same for Lyndon words [5,
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Thm. 8]. Applying the backward step at such an entry results in a rewinding, i.e., we can
move from the beginning of a Lyndon factor T} (represented by T, [|T|] in BBWT) to the
end of T, (represented by T,[1] in BBWT) with one backward step. We use this property
with Lemma 2 in the following sections to read the Lyndon factors from T individually in
the order T3, ..., T7.

4 Run-Length Compressed Conversions

We now consider BWT and BBWT represented as run-length compressed strings taking
O(rgwtlgn) and O(rgewt lgn) bits of space, where rgwt and rggwt are the number of
character runs in BWT and BBWT, respectively. For r := max(rgwr, rsewT), the goal of
this section is the following:

» Theorem 3. We can convert RLBBWT to RLBWT in O(nlgr/lglgr) time using O(rlgn)

bits as working space, or vice versa.

To prove this theorem, we need a data structure that works in the run-length compressed
space while supporting rank and select queries as well as updates more efficiently than the
O(n) time in-place approach described in Sects. 3.4 and 3.5:

4.1 Run-length Compressed Wavelet Trees

Given a run-length compressed string S of uncompressed length n with 7 character runs,

there is an O(rlgn) bits representation of S that supports access, rank, select, insertions, and

deletions in O(lgr) time [30, Lemma 1]. It consists of (1) a dynamic wavelet tree maintaining

the starting characters of each character run and (2) a dynamic Fenwick tree maintaining

the lengths of the runs. It can be accelerated to O(lgr/lglgr) time by using the following

representations:

1. The dynamic wavelet tree of Navarro and Nekrich [27] on a text of length r uses O(rlgr)
bits, and supports both updates and queries in O(lgr/lglgr) time.

2. The dynamic Fenwick tree of Bille et al [4, Thm. 2] on r (lgn)-bit numbers uses O(rlgn)
bits, and supports both updates and queries in constant time if updates are restricted to
be in-/decremental.

The obtained time complexity of this data structure directly improves the construction of
RLBWT:

» Corollary 4 ([30, Thm. 2]). We can construct the RLBWT in O(rgwr lgn) bits of space
online on the reversed text in O(nlgrawr/lglgrawr) time.

In the run-length compressed wavelet tree representation, RLBWT and RLBBWT support
an update operation and a backward step in O(lgr/lglgr) time with r := max(rgwT, rBBWT)-
This helps us to devise the following two conversions:

4.2 From RLBBWT to RLBWT

We aim for directly outputting the characters of T' in reversed order since we can then use
the algorithm of Cor. 4 building RLBWT online on the reversed text. We start with the
first entry of BBWT (corresponding to the last Lyndon factor T, i.e., storing T3[|7|] = T'[n]
according to Lemma 2) and do a backward step until we come back at this first entry (i.e.,
we have visited all characters of T;). During that search, we copy the read characters to
RLBWT and mark in an array R of length rggwt at entry ¢ how often we visited the i-th
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character run of RLBBWT. Finally, we remove the read cycle of RLBBWT by decreasing the
run lengths of RLBBWT by the numbers stored in R. By doing so, we remove the last Lyndon
factor T} from RLBBWT and consequently know that the currently first entry of BBWT must
correspond to T;_;. This means that we can apply the algorithm recursively on the remaining
RLBBWT to extract and delete the Lyndon factors in reversed order while building RLBWT
in the meantime. By removing Ty, BBWT is still a valid BBWT since BBWT becomes the

BBWT of T := T} - - - T;—; whose Lyndon factors are the same as of T' (but without T3).

Note that it is also possible to build RLBWT in forward order, i.e., computing RLBWTr,...1,
for increasing = by applying the algorithm of Mantaci et al. [24, Fig. 1] while omitting the
suffix array construction.

4.3 From RLBWT to RLBBWT

To build BBWT, we need to be aware of the Lyndon factors of T, which we compute with
Lemma 1 by simulating a forward scan on 7" with FL on BWT. To this end, we store the
entries of the C array in a Fusion tree [13] using O(co lgn) bits and supporting predecessor
search in O(lgo/lglgo) = O(lgr/lglgr) time.? This time complexity also covers a forward
step in RLBWT by simulating F with the Fusion tree on C. Hence, this fusion tree allows us to
apply Lemma 1 computing the Lyndon factorization of T' with a multiplicative O(lgr/1glgr)
time penalty since this algorithm only needs to perform forward traversals. The starting
point of such a traversal is the position ¢ with BWT[i] = $ because FL[i] returns the first
character of T. Whenever we detect a Lyndon factor T, (starting with = 1), we copy this
factor to our dynamic RLBBWT. For that, we always maintain the first and the last position
of T, in memory. Having the last position of T, we perform backward steps on RLBWT
until returning at the first position of T}, to read the characters of T, in reversed order. Then

we continue with the algorithm of Lemma 1 at the position after T}, (for recursing on T,41).

Inserting a Lyndon factor into RLBBWT works exactly as sketched by Bonomo et al. [5,
Thm. 17] (we review this algorithm in detail in Sect. 5.1).

5 In-Place Conversions

We finally present our in-place conversions that work in quadratic time by computing LF
or FL in O(n) time having only stored either BWT, BBWT, or BWT®. We note that the
constructions from the text also work in the comparison model, while inverting a transform
or converting two different transforms have a multiplicative O(n¢) time penalty as the fastest
option to access F in the comparison model uses O(n!*¢) time for a constant € > 0 [26]. We
start with the construction and inversion of BWT® (Sects. 5.1 and 5.2), where we show (a)
that we can construct BWT® from the text in the same manner as Bonomo et al. [5] construct
BBWT, and (b) that the latter construction works also in-place. Next, we show in Sect. 5.3
how to invert BBWT with the BWT inversion algorithm of Crochemore et al. [9, Fig. 3],
which allows us to also convert BBWT to BWT with the BWT construction algorithm of the
same paper [9, Fig. 2]. Finally, we show a conversion from BWT to BBWT in Sect. 5.4. An
overview is given in Table 1.

2 We assume that the alphabet X is effective, i.e., that each character of ¥ appears at least once in 7T'.
Otherwise, assume that 7" uses o’ characters. Then we build the static dictionary of Hagerup [18] in
O(0'1go’) time, supporting access to a character in O(Iglgo’) = O(Iglgr) time, assigning each of the
o’ characters an integer from [1..0’]. We further map RLBWT to the alphabet [1.. '], which can be
done in O(r) time by using O(rlgn) space for a linear-time integer sorting algorithm.
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Table 1 Overview of in-place conversions in focus of Sect. 5 working in quadratic time.

From

To T BWT BBWT BWT®
T \ [9, Fig. 3] Sect. 5.3 Sect. 5.2

BWT [9, Fig. 2] \  Sect. 5.3

BBWT Sect. 5.1 Sect. 5.4 \
BWT®  Sect. 5.1 \

5.1 Constructing BWT° and BBWT

We can compute BWT® and BBWT from 7 with the algorithm of Bonomo et al. [5] computing
the extended BWT [23]. The extended BWT is the BWT defined on a set of primitive strings.
As stated in Sect. 3.5, the extended BWT coincides with BBWT if this set of primitive strings
is the set of Lyndon factors of T' [5, Thm. 14]. We briefly describe the algorithm of Bonomo
et al. [5] for computing the BBWT (cf. Fig. 2): For each Lyndon factor T, (starting with
x = 1), prepend T,[|T|] to BBWT. To insert the remaining characters of the factor T, let
p < 1 be the position of the currently inserted character. Then perform, for each j = |T,| — 1
down to 1, a backward step p < LF[p] + 1, and insert T, [j] at BBWTI[p]. To understand
why this computes BBWT, we observe that the last character of the most recently inserted
Lyndon factor T}, is always the first character in BBWTr,...;, according to Lemma 2. By
recursively inserting the preceding character at the place returned by a backward step, we
precisely insert this character at the position where we would expect it (another backward
step from the same position p would then return the inserted character). Using only n
backward steps and n insertions, this algorithm works in-place in O(n?) time by simulating
LF as described in Sect. 3.4.

Consequently, we can build BWT® if T is a Lyndon word since in this case BWT® and
BBWT coincide [15, Lemma 12]. That is because sorting the suffixes of T is equivalent to
sorting the conjugates of T' (if T' is a Lyndon word, then its Lyndon factorization consists
only of T itself).

It is easy to generalize this to work for a general string T'. First, if T is primitive, then
we compute its so-called Lyndon conjugate, i.e., a conjugate of T that is a Lyndon word.
(The Lyndon conjugate of T is uniquely defined if 7' is primitive.) We can find the Lyndon
conjugate of T'in O(n) time with the following two lemmata:

» Lemma 5 ( [10, Prop. 1.3] ). Given two Lyndon words S and T, ST is a Lyndon word if
S <lex T.

» Lemma 6. Given a primitive string T', we can find its Lyndon conjugate in O(n) time
with O(lgn) bits of space.

Proof. We use Lemma 1 to detect the last Lyndon factor T; of the Lyndon factoriza-
tion Ty --- T3 of T with O(lgn) bits of working space. According to Lemma 5, T;7} is a
Lyndon word since T; <jex 11, and so is T;T; - - - T;_1 a Lyndon word by a recursive argument.
Hence, we have found 7’s Lyndon conjugate. |

Let conj,;(T") be the Lyndon conjugate of 7" for j € [0..7n — 1]. Since BWT? is identical
to BBWTconjj(T), we are done by running the algorithm of Bonomo et al. [5] on conj;(T).
Finally, if T is not primitive, then there is a primitive string P such that T' = P* for an
integer k > 2. We can compute BWT% with the above considerations. For obtaining BWT®,
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F F F F BBWT(TiTaT)
1 as C3 1 as //bﬁ p 1 as b@ 1 aq bs
2 by by 2 bﬁL’C;; 2 b(j ~C3 2 az Cs
3 C3 ag 3 b1 b1 3 b5®b5 p 3 b6 b5
4 ay 4 c3 a 4 by by 4 by ay
5 b5 —> 5 a4 — 5 C3 a —> 5 b1 b1
6 ________] b 6 .. _bs 6 a 6 c3 ay
7 ar 7 ary 7 ar 7 ary
8 bg 8 bg 8 bg 8 bg
9 by 9 by 9 by 9 by

Figure 2 Computing BBWT from our running example 7' = bacabbabb in four steps (visualized
by four columns separated by three arrows =), cf. Sect. 5.1. In each column, the characters from the
top to the solid horizontal line (—) form the currently built BBWT. The characters below that up
to the dashed horizontal line (- -) are under consideration of being merged into BBWT. This dashed
line is always before the beginning of the next yet unread Lyndon factor. First column: We have
already computed the BBWT of 717> = bac, which is cba. In the following we want to add the next
Lyndon factor T3 = abb to it. For that, we prepend its last character to the currently constructed
BBWT. Second column: We move the last character above the dashed line to the position LF[p] + 1
with p = 1, and update p < LF[p] + 1. We recurse in the third column, and have produced the
BBWT of T1T>T3 = bacabb in the forth column.

according to [25, Prop. 2], we only need to make each character in BWT$% to a character run
of length k, i.e., if BWT%[i] = c, we append c* to BWT® for increasing i € [1 .. |P]] (cf. [15,
Thm. 13]). Checking whether T is primitive can be done in O(n?) time by checking for each
pair of positions their longest common prefix.

5.2 Inverting BWT®

To invert BWT?®, we use the techniques of Crochemore et al. [9, Fig. 3] inverting BWT in-place
in O(n?) time. An invariant is that the BWT entry, whose FL mapping corresponds to the
next character to output, is marked with a unique delimiter $. Given that BWT[i] = $, the
algorithm outputs BWT/[FL[:]], sets BWT[FL[i]] < $, removes BWT][i], and recurses until $ is
the last character remaining in BWT. By doing so, it restores the text in text order.

To adapt this algorithm for inverting BWT®, we additionally need a pointer p storing
the first symbol of the text (since there is no unique delimiter such as $ in general). Given
that p points to BWT°[i], we set i + FL[i] and subsequently output BWT[:]. From now on,
the algorithm works exactly as [9, Fig. 3] if we set BWT®[i] +— $ after outputting BWT®[i].
More involving is inverting BBWT or converting BBWT to BWT, which we tackle next.

5.3 Inverting BBWT

Similarly to Sect. 4.2, we read the Lyndon factors from BBWT in the order Ty, ..., T}, and
move each read Lyndon factor directly to a text buffer such that while reading the last
Lyndon factor T, for an = € [1..¢] from BBWTq,...7,, we move the characters of T} to
Ty41--- T, producing BBWTq, ..., , and T, ---T;. This allows us to recurse by reading
always the last Lyndon factor T, stored in BBWT¢, .1, .

Here, we want to apply the inversion algorithm for BWT® described in Sect. 5.3. For
adapting this algorithm to work with BBWT, it suffices to insert $ at BBWTI[2] (cf. Fig. 3).
By doing so, we add $ to the cycle of the currently last Lyndon factor T, stored in BBWT,
i.e., we enlarge the Lyndon factor T, to $7,.. That is because (a) BBWTJ[1] corresponds to
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F BBWT F F F

1 $ bo 1 $ bg 1 $ by =, 1 §+>g
2 a7 §$ o 2 ag bg 2 ay bg ‘ 2 ay bg
3 ay / b : 3 as c3 3 as C3 I 3 as c3
4 as C3 : 4 bg bg - “ 4 bg $ N 4 beg bs
5 bg bg | 5 b6 b5 | 5 bﬁ b5 5 b5 aq
6 b6 b5 : —> 6 bg $ . 6 b5 ay —> 6 b1 b1
7 bs a; - 7 bs ay 7 b b 7 c3 ag
8 bs aq 8 by by 8 c3 ag 000 mmmmmm—————
9 b by 9 ¢ Y 1 ar ar
100 c3 L 1 ar ar 2 by bs
1 ar ar 2 by bg 3 by bg

Figure 3 Inverting BBWT of our running example 7' = bacabbabb (cf. Sect. 5.3). First Column:
We prepend the $ delimiter to the last Lyndon factor T; by inserting $ at BBWT[2]. A forward step
symbolized by the dashed arrow () leads us from $ to the first character of T;. Second Column:
We output BBWT[6] = T3[1] = T'[7], remove $ and update BBWTI[6] < $. The output is appended
to the string shown below the dashed horizontal line (=*). We continue with a forward step to
access BBWT[4] = T}[2] = T'[8], and recurse in the third column. Forth Column: Since a forward
step returns $, we know that we have successfully extracted T; = abb.

the last character T,[|T;|] of T, (cf. Lemma 2), and after inserting $, F[1] = $, F[2] = T,,[1],
hence FL[1] = 2 (a forward step on the last character of T, gives $) and FL[2] gives the
position in BBWT corresponding to T,[1]. Moreover, inserting $ makes BBWT the BBWT of
T =Ty - Ty, $T,, where $T}, is the last Lyndon factor of 7. We now use the property that
$T.[i..|T]] is a Lyndon word for each i € [1..|T;|], allowing us to perform the inversion
steps of Crochemore et al. [9, Fig. 3] on BBWT. By doing so, we can remove the entry of
BBWT corresponding to conj,(7%) for increasing j € [0..|T,| — 1] and prepend the extracted
characters to the text buffer storing 7,1 ---7; within our working space while keeping
BBWT a valid BBWT.

Instead of inverting BBWT, we can convert BBWT to BWT in-place by running the
in-place BWT construction algorithm of Crochemore et al. [9, Fig. 2] on the text buffer
after the extraction of each Lyndon factor. Unfortunately, this works not character-wise,
but needs a Lyndon factor to be fully extracted before inserting its characters into BWT.
Interestingly, for the other direction (from BWT to BBWT), we can propose a different kind
of conversion that works directly on BWT without decoding it.

5.4 From BWT to BBWT on the Fly

Like in Sect. 4.3, we process the Lyndon factors of T individually to compute BBWT by
scanning BWT in text order to simulate Lemma 1. Suppose that we have built BWT on
T$ # $ with $ being the (¢ + 1)-th Lyndon factor of T'$, and suppose that we have detected
the first Lyndon factor T;. Let £ denote the last character of T;. Further let i¢ and ig be
the position of the last character of T} and the last character of T, respectively, such that
BWTIi¢] = £ and BWT[ig] = $. Let p := LF[i¢] such that F[p] = £ and BWT[p] = T1[|T1| — 1]
if [Th] > 1 or BWT[p] = $ otherwise. Since 77 and T are Lyndon factors, 71 =jex To.
Consequently, the suffix T'[b(73) ..] (the context of BWT(iz]) is lexicographically smaller
than the suffix T'[b(77) .. ] (the context of BWT(ig]), i.e., ir < ig. Figure 4 gives an overview
of the introduced setting.

Our aim is to change BWT such that a forward or backward step within the characters
belonging to T always results in a cycle. Informally, we want to cut 77 out of BWT, which
additionally allows us to recursively continue with the FL mapping to find the end of the
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; BWT FooBwr
£fl1 f1
ef.| 2 8.
£13 ,E 12
LEd ) g3
$ ’i$’ f 4

1| £ "1 f

2| £ |l 2| 4 A

31°f T 31t <
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5| f 5| £
£]5 | | £15

Figure 4 Setting of Sect. 5.4 with focus on forming a cycle for a Lyndon factor ending with f in
BWT. Left: We exchange BWT(i¢] with BWT|[ig] with the aim to form a cycle. Right: To obtain
this cycle we additionally need to swap BWT[p] with the elements of the dashed rectangle (--)
corresponding to the interval 7 having the same height as the dotted rectangle (") covering BWT[is +
1..ds—1].

next Lyndon factor To. For that, we exchange BWT(ig] with BWT][i¢] (cf. Fig. 5). Then the
character T'[e(T7) + 1] (i-e., the first character of T5) becomes the next character of $ in terms
of the forward step (BWTIFL[it]] = T'[b(T%)]), while a backwards search on the first character
of Ty yields Ty’s last character (LF returns ig, but now BWT([ig] = T1[|T1|] = £). This is
sufficient as long as BWT(i] # £ for every i € (if .. ig]. Otherwise, it can