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—— Abstract

We consider three classes of geodesic embeddings of graphs on Euclidean flat tori:
A torus graph G is equilibrium if it is possible to place positive weights on the edges, such that
the weighted edge vectors incident to each vertex of G sum to zero.
A torus graph G is reciprocal if there is a geodesic embedding of the dual graph G™ on the same
flat torus, where each edge of G is orthogonal to the corresponding dual edge in G™.
A torus graph G is coherent if it is possible to assign weights to the vertices, so that G is the
(intrinsic) weighted Delaunay graph of its vertices.
The classical Maxwell-Cremona correspondence and the well-known correspondence between convex
hulls and weighted Delaunay triangulations imply that the analogous concepts for plane graphs
(with convex outer faces) are equivalent. Indeed, all three conditions are equivalent to G being
the projection of the 1-skeleton of the lower convex hull of points in R*. However, this three-way
equivalence does not extend directly to geodesic graphs on flat tori. On any flat torus, reciprocal and
coherent graphs are equivalent, and every reciprocal graph is equilibrium, but not every equilibrium
graph is reciprocal. We establish a weaker correspondence: Every equilibrium graph on any flat
torus is affinely equivalent to a reciprocal/coherent graph on some flat torus.
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1 Introduction

The Maxwell-Cremona correspondence is a fundamental theorem establishing an equivalence
between three different structures on straight-line graphs G in the plane:
An equilibrium stress on G is an assignment of non-zero weights to the edges of G, such
that the weighted edge vectors around every interior vertex p sum to zero:

> wplp—q) = <8)

p: pgEE

A reciprocal diagram for G is a straight-line drawing of the dual graph G*, in which every
edge e* is orthogonal to the corresponding primal edge e.
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A polyhedral lifting of G assigns z-coordinates to the vertices of G, so that the resulting
lifted vertices in R3 are not all coplanar, but the lifted vertices of each face of G are
coplanar.

Building on earlier seminal work of Varignon [76], Rankine [62, 61], and others, Maxwell
[52, 51, 50] proved that any straight-line planar graph G with an equilibrium stress has both
a reciprocal diagram and a polyhedral lifting. In particular, positive and negative stresses
correspond to convex and concave edges in the polyhedral lifting, respectively. Moreover,
for any equilibrium stress w on G, the vector 1/w is an equilibrium stress for the reciprocal
diagram G*. Finally, for any polyhedral liftings of G, one can obtain a polyhedral lifting of
the reciprocal diagram G* via projective duality. Maxwell’s analysis was later extended and
popularized by Cremona [25, 26] and others; the correspondence has since been rediscovered
several times in other contexts [3, 39]. More recently, Whiteley [77] proved the converse
of Maxwell’s theorem: every reciprocal diagram and every polyhedral lift corresponds to
an equilibrium stress; see also Crapo and Whiteley [24]. For modern expositions of the
Maxwell-Cremona correspondence aimed at computational geometers, see Hopcroft and Kahn
[38], Richter-Gebert [64, Chapter 13], or Rote, Santos, and Streinu [66].

If the outer face of G is convex, the Maxwell-Cremona correspondence implies an equi-
valence between equilibrium stresses in G that are positive on every interior edge, conver
polyhedral liftings of G, and reciprocal embeddings of G*. Moreover, as Whiteley et al. [78]
and Aurenhammer [3] observed, the well-known equivalence between convex liftings and
weighted Delaunay complexes [5, 4, 13, 32] implies that all three of these structures are
equivalent to a fourth:

A Delaunay weighting of G is an assignment of weights to the vertices of G, so that G is
the (power-)weighted Delaunay graph [4, 7] of its vertices.

Among many other consequences, combining the Maxwell-Cremona correspondence [77]
with Tutte’s spring-embedding theorem [75] yields an elegant geometric proof of Steinitz’s
theorem [70, 69] that every 3-connected planar graph is the 1-skeleton of a 3-dimensional
convex polytope. The Maxwell-Cremona correspondence has been used for scene analysis
of planar drawings [24, 74, 3, 5, 39], finding small grid embeddings of planar graphs and
polyhedra [31, 15, 59, 64, 63, 67, 30, 40], and several linkage reconfiguration problems
[22, 29, 73, 72, 60].

It is natural to ask how or whether these correspondences extend to graphs on surfaces
other than the Euclidean plane. Lovasz [47, Lemma 4] describes a spherical analogue of
Maxwell’s polyhedral lifting in terms of Colin de Verdiere matrices [17, 20]; see also [44].
Izmestiev [42] provides a self-contained proof of the correspondence for planar frameworks,
along with natural extensions to frameworks in the sphere and the hyperbolic plane. Finally,
and most closely related to the present work, Borcea and Streinu [11], building on their
earlier study of rigidity in infinite periodic frameworks [10, 9], develop an extension of the
Maxwell-Cremona correspondence to infinite periodic graphs in the plane, or equivalently,
to geodesic graphs on the Euclidean flat torus. Specifically, Borcea and Streinu prove
that periodic polyhedral liftings correspond to periodic stresses satisfying an additional
homological constraint.!

! Phrased in terms of toroidal frameworks, Borcea and Streinu consider only equilibrium stresses for
which the corresponding reciprocal toroidal framework contains no essential cycles.
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1.1 Our Results

In this paper, we develop a different generalization of the Maxwell-Cremona-Delaunay
correspondence to geodesic embeddings of graphs on Euclidean flat tori. Our work is inspired
by and uses Borcea and Streinu’s recent results [11], but considers a different aim. Stated
in terms of infinite periodic planar graphs, Borcea and Streinu study periodic equilibrium
stresses, which necessarily include both positive and negative stress coefficients, that include
periodic polyhedral lifts; whereas, we are interested in periodic positive equilibrium stresses
that induce periodic reciprocal embeddings and periodic Delaunay weights. This distinction
is aptly illustrated in Figures 8-10 of Borcea and Streinu’s paper [11].

Recall that a Euclidean flat torus T is the metric space obtained by identifying opposite
sides of an arbitrary parallelogram in the Euclidean plane. A geodesic graph G in the flat
torus T is an embedded graph where each edge is represented by a “line segment”. Equilibrium
stresses, reciprocal embeddings, and weighted Delaunay graphs are all well-defined in the
intrinsic metric of the flat torus. We prove the following correspondences for any geodesic
graph G on any flat torus T.

Any equilibrium stress for G is also an equilibrium stress for the affine image of G on

any other flat torus T (Lemma 2.2). Equilibrium depends only on the common affine

structure of all flat tori.

Any reciprocal embedding G* on T — that is, any geodesic embedding of the dual graph

such that corresponding edges are orthogonal — defines unique equilibrium stresses in

both G and G* (Lemma 3.1).

G has a reciprocal embedding if and only if G is coherent. Specifically, each reciprocal

diagram for GG induces an essentially unique set of Delaunay weights for the vertices of G

(Theorem 4.5). Conversely, each set of Delaunay weights for G induces a unique reciprocal

diagram G*, namely the corresponding weighted Voronoi diagram (Lemma 4.1). Thus, a

reciprocal diagram G* may not be a weighted Voronoi diagram of the vertices of G, but

some unique translation of G* is.

Unlike in the plane, G may have equilibrium stresses that are not induced by reciprocal

embeddings; more generally, not every equilibrium graph on T is reciprocal (Theorem 3.2).

Unlike equilibrium, reciprocality depends on the conformal structure of T, which is

determined by the shape of its fundamental parallelogram. We derive a simple geometric

condition that characterizes which equilibrium stresses are reciprocal on T (Lemma 5.4).

More generally, we show that for any equilibrium stress on G, there is a flat torus T’,

unique up to rotation and scaling of its fundamental parallelogram, such that the same

equilibrium stress is reciprocal for the affine image of G on T’ (Theorem 5.7). In short,
every equilibrium stress for G is reciprocal on some flat torus. This result implies a natural
toroidal analogue of Steinitz’s theorem (Theorem 6.1): Every essentially 3-connected
torus graph G is homotopic to a weighted Delaunay graph on some flat torus.

Due to space limitations, we defer several proofs to the full version of the paper [33].

1.2 Other Related Results

Our results rely on a natural generalization (Theorem 2.3) of Tutte’s spring-embedding
theorem to the torus, first proved (in much greater generality) by Colin de Verdiére [18], and
later proved again, in different forms, by Delgado-Friedrichs [28], Lovédsz [48, Theorem 7.1][49,
Theorem 7.4], and Gortler, Gotsman, and Thurston [36]. Steiner and Fischer [68] and
Gortler et al. [36] observed that this toroidal spring embedding can be computed by solving
the Laplacian linear system defining the equilibrium conditions. We describe this result
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and the necessary calculation in more detail in Section 2. Equilibrium and reciprocal
graph embeddings can also be viewed as discrete analogues of harmonic and holomorphic
functions [49, 48].

Our weighted Delaunay graphs are (the duals of) power diagrams [4, 6] in the intrinsic
metric of the flat torus. Toroidal Delaunay triangulations are commonly used to generate
finite-element meshes for simulations with periodic boundary conditions, and several efficient
algorithms for constructing these triangulations are known [53, 37, 14, 8]. Building on earlier
work of Rivin [65] and Indermitte et al. [41], Bobenko and Springborn [7] proved that on any
piecewise-linear surface, intrinsic Delaunay triangulations can be constructed by an intrinsic
incremental flipping algorithm, mirroring the classical planar algorithm of Lawson [46]; their
analysis extends easily to intrinsic weighted Delaunay graphs. Weighted Delaunay complexes
are also known as regular or coherent subdivisions [79, 27].

Finally, equilibrium and reciprocal embeddings are closely related to the celebrated
Koebe-Andreev circle-packing theorem: Every planar graph is the contact graph of a set of
interior-disjoint circular disks [43, 1, 2]; see Felsner and Rote [34] for a simple proof, based in
part on earlier work of Brightwell and Scheinerman [12] and Mohar [54]. The circle-packing
theorem has been generalized to higher-genus surfaces by Colin de Verdiére [16, 19] and
Mohar [55, 56]. In particular, Mohar proves that any well-connected graph G on the torus is
homotopic to an essentially unique circle packing for a unique Fuclidean metric on the torus.
This disk-packing representation immediately yields a weighted Delaunay graph, where the
areas of the disks are the vertex weights. We revisit this result in Section 6.

Discrete harmonic and holomorphic functions, circle packings, and intrinsic Delaunay
triangulations have numerous applications in discrete differential geometry; we refer the
reader to monographs by Crane [23], Lovasz [49], and Stephenson [71].

2 Background and Definitions

2.1 Flat Tori

A flat torus is the metric surface obtained by identifying opposite sides of a parallelogram in
the Euclidean plane. Specifically, for any nonsingular 2 x 2 matrix M = (Z 3)7 let Tp; denote
the flat torus obtained by identifying opposite edges of the fundamental parallelogram ¢,
with vertex coordinates (8), (‘Z), (Z), and (Zi's) In particular, the square flat torus T = T
is obtained by identifying opposite sides of the Euclidean unit square 00 = ¢ = [0, 1]?. The
linear map M : R? — R? naturally induces a homeomorphism from Tg to Tpy.

Equivalently, Ty is the quotient space of the plane R? with respect to the lattice I'p; of
translations generated by the columns of M; in particular, the square flat torus is the quotient
space R?/Z2. The quotient map mps: R? — Ty is called a covering map or projection. A
lift of a point p € T is any point in the preimage 7r;41 (p) C R%. A geodesic in Ty is
the projection of any line segment in R?; we emphasize that geodesics are not necessarily
shortest paths.

2.2 Graphs and Embeddings

We regard each edge of an undirected graph G as a pair of opposing darts, each directed
from one endpoint, called the tail of the dart, to the other endpoint, called its head. For
each edge e, we arbitrarily label the darts e™ and e™; we call e the reference dart of e.
We explicitly allow graphs with loops and parallel edges. At the risk of confusing the reader,
we often write p—¢q to denote an arbitrary dart with tail p and head ¢, and g—p for the
reversal of p—q.
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A drawing of a graph G on a torus T is any continuous function from G (as a topological
space) to T. An embedding is an injective drawing, which maps vertices of G to distinct
points and edges to interior-disjoint simple paths between their endpoints. The faces of an
embedding are the components of the complement of the image of the graph; we consider
only cellular embeddings, in which all faces are open disks. (Cellular graph embeddings are
also called maps.) We typically do not distinguish between vertices and edges of G and their
images in any embedding; we will informally refer to any embedded graph on any flat torus
as a torus graph.

In any embedded graph, left(d) and right(d) denote the faces immediately to the left and
right of any dart d. (These are possibly the same face.)

The universal cover G of an embedded graph GG on any flat torus T, is the unique
infinite periodic graph in R? such that ﬂM(é) = (@, in particular, each vertex, edge, or face
of G projects to a vertex, edge, or face of G, respectively. A torus graph G is essentially
simple if its universal cover G is simple, and essentially 3-connected if G is 3-connected
[55, 56, 57, 58, 35]. We emphasize that essential simplicity and essential 3-connectedness are
features of embeddings; see Figure 1.
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Figure 1 An essentially simple, essentially 3-connected geodesic graph on the square flat torus
(showing the homology vectors of all four darts from u to v), a small portion of its universal cover,
and its dual graph.

2.3 Homology, Homotopy, and Circulations

For any embedding of a graph G on the square flat torus T, we associate a homology
vector [d] € Z? with each dart d, which records how the dart crosses the boundary edges
of the unit square. Specifically, the first coordinate of [d] is the number of times d crosses
the vertical boundary rightward, minus the number of times d crosses the vertical boundary
leftward; and the second coordinate of [d] is the number of times d crosses the horizontal

boundary upward, minus the number of times d crosses the horizontal boundary downward.
In particular, reversing a dart negates its homology vector: [e*] = —[e™]. Again, see Figure 1.

For graphs on any other flat torus Tj;, homology vectors of darts are similarly defined by
how they crosses the edges of the fundamental parallelogram ;.

The (integer) homology class [7] of a directed cycle v in G is the sum of the homology
vectors of its forward darts. A cycle is contractible if its homology class is (8) and essential

otherwise. In particular, the boundary cycle of each face of G is contractible.
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Two cycles on a torus T are homotopic if one can be continuously deformed into the
other, or equivalently, if they have the same integer homology class. Similarly, two drawings
of the same graph G on the same flat torus T are homotopic if one can be continuously
deformed into the other. Two drawings of the same graph G on the same flat torus T are
homotopic if and only if every cycle has the same homology class in both embeddings [45, 21].

A circulation ¢ in G is a function from the darts of G to the reals, such that ¢(p—q) =
—¢(g—p) for every dart p—¢q and Zpﬂq ¢(p—~q) = 0 for every vertex p. We represent
circulations by column vectors in R¥, indexed by the edges of G, where ¢. = ¢(e*t). Let
A denote the 2 x E matrix whose columns are the homology vectors of the reference darts
in G. The homology class of a circulation is the matrix-vector product

6] = Ap = > o(e)-[eT].

ecl

(This identity directly generalizes our earlier definition of the homology class [y] of a cycle ~.)

2.4 Geodesic Drawings and Embeddings

A geodesic drawing of G on any flat torus Ty, is a drawing that maps edges to geodesics;
similarly, a geodesic embedding is an embedding that maps edges to geodesics. Equival-
ently, an embedding is geodesic if its universal cover Gisa straight-line plane graph.

A geodesic drawing of G in Ty, is uniquely determined by its coordinate representa-
tion, which consists of a coordinate vector (p) € ¢ for each vertex p, together with the
homology vector [et] € Z? of each edge e.

The displacement vector Ay of any dart d is the difference between the head and tail
coordinates of any lift of d in the universal cover G. Displacement vectors can be equivalently
defined in terms of vertex coordinates, homology vectors, and the shape matrix M as follows:

Apog = (q) — (p) + M [p—q].

Reversing a dart negates its displacement: A4, = —A,_,. We sometimes write Az, and
Ay, to denote the first and second coordinates of Ay. The displacement matrix A of a
geodesic drawing is the 2 x F matrix whose columns are the displacement vectors of the
reference darts of G. Every geodesic drawing on Ty, is determined up to translation by its
displacement matrix.

On the square flat torus, the integer homology class of any directed cycle is also equal to
the sum of the displacement vectors of its darts:

M= > =d = > Apg
P—qEY p—qEY
In particular, the total displacement of any contractible cycle is zero, as expected. Extending

this identity to circulations by linearity gives us the following useful lemma:

» Lemma 2.1. Fiz a geodesic drawing of a graph G on Tg with displacement matriz A. For
any circulation ¢ in G, we have Ap = Ao = [¢)].

2.5 Equilibrium Stresses and Spring Embeddings

A stress in a geodesic torus graph G is a real vector w € R¥ indexed by the edges of G.
Unlike circulations, homology vectors, and displacement vectors, stresses can be viewed as
symmetric functions on the darts of G. An equilibrium stress in G is a stress w that
satisfies the following identity at every vertex p:

0
prqu—uz = (0>

p—q



J. Erickson and P. Lin

Unlike Borcea and Streinu [11, 10, 9], we consider only positive equilibrium stresses, where
we > 0 for every edge e. It may be helpful to imagine each stress coefficient w, as a linear
spring constant; intuitively, each edge pulls its endpoints inward, with a force equal to the
length of e times the stress coefficient w,.

Recall that the linear map M : R? x R? associated with any nonsingular 2 x 2 matrix
induces a homeomorphism M : Tg — Tjs. In particular, applying this homeomorphism to
a geodesic graph in Th with displacement matrix A yields a geodesic graph on Ty, with
displacement matrix M A. Routine definition-chasing now implies the following lemma.

» Lemma 2.2. Let G be a geodesic graph on the square flat torus To. If w is an equilibrium
stress for G, then w is also an equilibrium stress for the image of G on any other flat
torus Tpy.

Our results rely on the following natural generalization of Tutte’s spring embedding
theorem to flat torus graphs.

» Theorem 2.3 (Colin de Verdiére [18]; see also [28, 48, 36]). Let G be any essentially simple,
essentially 3-connected embedded graph on any flat torus T, and let w be any positive stress
on the edges of G. Then G is homotopic to a geodesic embedding in T that is in equilibrium
with respect to w; moreover, this equilibrium embedding is unique up to translation.

Theorem 2.3 implies the following sufficient condition for a displacement matrix to
describe a geodesic embedding on the square torus.

» Lemma 2.4. Fiz an essentially simple, essentially 3-connected graph G on Tg, a 2 x E
matriz A, and a posilive stress vector w. Suppose for every directed cycle (and therefore
any circulation) ¢ in G, we have A¢ = Ad = [¢]. Then A is the displacement matriz of a
geodesic drawing on To that is homotopic to G. If in addition w is an equilibrium stress
for that drawing, the drawing is an embedding.

Proof. A result of Ladegaillerie [45] implies that two embeddings of a graph on the same
surface are homotopic if the images of each directed cycle are homotopic. Since homology
and homotopy coincide on the torus, the assumption A¢ = A¢p = [¢] for every directed
cycle immediately implies that A is the displacement matrix of a geodesic drawing that is
homotopic to G.

If w is an equilibrium stress for that drawing, then the uniqueness clause in Theorem 2.3
implies that the drawing is in fact an embedding. |

Following Steiner and Fischer [68] and Gortler, Gotsman, and Thurston [36], given the
coordinate representation of any geodesic graph G on the square flat torus, with any positive
stress vector w > 0, we can compute an isotopic equilibrium embedding of G' by solving the
linear system

prq(<Q> —(p) + [p—q]) = <8) for every vertex ¢

pP—q

for the vertex locations (p), treating the homology vectors [p—¢] as constants. Alternatively,
Lemma 2.4 implies that we can compute the displacement vectors of every isotopic equilibrium
embedding directly, by solving the linear system

40:7
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0
prquqq = ( 0) for every vertex ¢

p—q
Z Ay = (8) for every face f

left(d)=f
> Aa=n]
dev
Z Ag =[]
dEyz

where 7, and 7, are any two directed cycles with independent non-zero homology classes.

2.6 Duality and Reciprocality

Every embedded torus graph G defines a dual graph G* whose vertices correspond to the
faces of G, where two vertices in G are connected by an edge for each edge separating the
corresponding pair of faces in G. This dual graph G* has a natural embedding in which
each vertex f* of G* lies in the interior of the corresponding face f of G, each edge e* of G*
crosses only the corresponding edge e of GG, and each face p* of G* contains exactly one
vertex p of G in its interior. We regard any embedding of G* to be dual to G if and only if
it is homotopic to this natural embedding. Each dart d in G has a corresponding dart d*
in G*, defined by setting head(d*) = left(d)* and tail(d*) = right(d*); intuitively, the dual of
a dart in G is obtained by rotating the dart counterclockwise.

It will prove convenient to treat vertex coordinates, displacement vectors, homology
vectors, and circulations in any dual graph G* as row vectors. For any vector v € R? we
define v+ := (Jv)T, where J := ((1) 73) is the matrix for a 90° counterclockwise rotation.
Similarly, for any 2 x n matrix A, we define A+ := (JA)T = —ATJ.

Two dual geodesic graphs G and G* on the same flat torus T are reciprocal if every
edge e in G is orthogonal to its dual edge e* in G*.

A cocirculation in G a row vector § € RF whose transpose describes a circulation in G*.
The cohomology class [8]* of any cocirculation is the transpose of the homology class of the
circulation #7 in G*. Recall that A is the 2 x E matrix whose columns are homology vectors
of edges in G. Let A1 and A2 denote the first and second rows of A. The following lemma is
illustrated in Figure 2; we defer the proof to the full version of the paper [33].

» Lemma 2.5. The row vectors A\ and Ao describe cocirculations in G with cohomology
classes [M1]* = (0 1) and [A2]* = (=1 0).

2.7 Coherent Subdivisions

Let G be a geodesic graph in Ty, and fix arbitrary real weights 7, for every vertex p of G.
Let p—q, p—r, and p—s be three consecutive darts around a common tail p in clockwise
order. Thus, left(p—q) = right(p—r) and left(p—r) = right(p—s). We call the edge pr locally
Delaunay if the following determinant is positive:

Axp.q Aypog %‘Ap~q|2 + Ty — Ty
Azpr Aypoy A2+ 71, — 7 >0. (2.1)

1 2
Azps Aypos  5|Apas]® +mp — 7
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Figure 2 Proof of Lemma 2.5: The darts in G crossing either boundary edge of the fundamental
square dualize to a closed walk in G parallel to that boundary edge.

This inequality follows by elementary row operations and cofactor expansion from the
standard determinant test for appropriate lifts of the vertices p, ¢, 7, s to the universal cover:

[

1 zp yp §(xf,+y§)—wp
R o
Uoae oy sty —m| '
1oae ys (a2 4y2) —ms

(The factor 1/2 simplifies our later calculations, and is consistent with Maxwell’s construction
of polyhedral liftings and reciprocal diagrams.) Similarly, we say that an edge is locally flat
if the corresponding determinant is zero. Finally, G is the weighted Delaunay graph of
its vertices if every edge of G is locally Delaunay and every diagonal of every non-triangular
face is locally flat.

One can easily verify that this condition is equivalent to G being the projection of the
weighted Delaunay graph of the lift W;/[l(V) of its vertices V' to the universal cover. Results
of Bobenko and Springborn [7] imply that any finite set of weighted points on any flat torus
has a unique weighted Delaunay graph. We emphasize that weighted Delaunay graphs are
not necessarily either simple or triangulations; however, every weighted Delaunay graphs on
any flat torus is both essentially simple and essentially 3-connected. The dual weighted
Voronoi graph of P, also known as its power diagram [4, 6], can be defined similarly by
projection from the universal cover.

Finally, a geodesic torus graph is coherent if it is the weighted Delaunay graph of its
vertices, with respect to some vector of weights.

3 Reciprocal Implies Equilibrium

» Lemma 3.1. Let G and G* be reciprocal geodesic graphs on some flat torus Tp;. The
vector w defined by w. = |e*|/|e] is an equilibrium stress for G; symmetrically, the vector w*
defined by wi. = 1/w. = |e|/|e*| is an equilibrium stress for G*.

Proof. Let w, = |e*|/|e| and wi = 1/w. = |e|/|e*| for each edge e. Let A denote the
displacement matrix of G, and let A* denote the (transposed) displacement matrix of G*.
We immediately have A*. = w, AL for every edge e of G. The darts leaving each vertex p
of G dualize to a facial cycle around the corresponding face p* of G*, and thus

Z A>(k1Hq)"

q: pgEE

L

_ 1 _
E WpgAp-g = E, wqupﬂq_

q: pgeE q: pgeE

= (00).

We conclude that w is an equilibrium stress for G, and thus (by swapping the roles of G
and G*) that w* is an equilibrium stress for G*. <

40:9
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A stress vector w is a reciprocal stress for G if there is a reciprocal graph G* on the
same flat torus such that w. = |e*|/|e| for each edge e. Thus, a geodesic torus graph is
reciprocal if and only if it has a reciprocal stress.

» Theorem 3.2. Not every positive equilibrium stress for G is a reciprocal stress. More
generally, not every equilibrium graph on T is reciprocal/coherent on T.

Proof. Let G be the geodesic triangulation in the flat square torus T with a single vertex p
and three edges, whose reference darts have displacement vectors ((1)), (}), and (?) Every
stress w in G is an equilibrium stress, because the forces applied by each edge cancel out.
The weighted Delaunay graph of a single point is identical for all weights, so it suffices to
verify that G is not an intrinsic Delaunay triangulation. We easily observe that the longest
edge of GG is not Delaunay. See Figure 3.

A

Figure 3 A one-vertex triangulation G on the square flat torus, and a lift of its faces to the
universal cover. Every stress in G is an equilibrium stress, but G is not a (weighted) intrinsic
Delaunay triangulation.

More generally, for any positive integer k, let G denote the k x k covering of G;. The
vertices of G form a regular k x k square toroidal lattice, and the edges of Gy, fall into three
parallel families, with displacement vectors (1;:), (f?:), and (1ék). Every positive stress
vector where all parallel edges have equal stress coefficients is an equilibrium stress.

For the sake of argument, suppose Gy, is coherent. Let p—r be any dart with displacement
vector (??Z), and let ¢ and s be the vertices before and after r in clockwise order around p.
The local Delaunay determinant test implies that the weights of these four vertices satisfy
the inequality 7, + 7 + 1 < 7y + 5. Every vertex of G}, appears in exactly four inequalities
of this form — twice on the left and twice on the right — so summing all k% such inequalities
and canceling equal terms yields the obvious contradiction 1 < 0. |

Every equilibrium stress on any graph G on any flat torus induces an equilibrium stress
on the universal cover (77, which in turn induces a reciprocal diagram (é)*, which is periodic.
Typically, however, for almost all equilibrium stresses, (é)* is periodic with respect to a
different lattice than G. We describe a simple necessary and sufficient condition for an

equilibrium stress to be reciprocal in Section 5.

4 Coherent iff Reciprocal

Unlike in the previous and following sections, the equivalence between coherent graphs and
graphs with reciprocal diagrams generalizes fully from the plane to the torus.

4.1 Notation

In this section we fix a non-singular matrix M = (u v) where u,v € R? are column vectors
and det M > 0. We primarily work with the universal cover G of G; if we are given a
reciprocal embedding G*, we also work with its universal cover G* (which is reciprocal
to é) Vertices in G are denoted by the letters p and ¢ and treated as column vectors
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in R2. A generic face in G is denoted by the letter f; the corresponding dual vertex in G*
is denoted f* and interpreted as a row vector. To avoid nested subscripts when edges are
indexed, we write A; = A, and w; = w,,, and therefore by Lemma 3.1, A} = wiAiL. For
any integers a and b, the translation p + au + bv of any vertex p of G is another vertex of é,
and the translation f + au + bv of any face f of G is another face of G.

4.2 Results

The following lemma follows directly from the definitions of weighted Delaunay graphs and
their dual weighted Voronoi diagrams; see, for example, Aurenhammer [4, 6].

» Lemma 4.1. Let G be a weighted Delaunay graph on some flat torus T, and let G* be the
corresponding weighted Voronoi diagram on T. Every edge e of G is orthogonal to its dual e*.
In short, every coherent torus graph is reciprocal.

Maxwell’s theorem implies a convex polyhedral lifting z: R? — R of the universal cover G
of G, where the gradient vector Vz|; within any face f is equal to the coordinate vector of
the dual vertex f* in G*. To make this lifting unique, we fix a vertex o of G to lie at the
origin (8), and we require z(0) = 0.

Define the weight of each vertex p € G as Tp = 3|p|* — 2(p). The determinant conditions
(2.1) and (2.2) for an edge to be locally Delaunay are both equivalent to interpreting
%|p|2 — Tp as a z-coordinate and requiring that the induced lifting be locally convex at said
edge. Because z is a convex polyhedral lifting, G is the intrinsic weighted Delaunay graph of
its vertex set with respect to these weights.

To compute z(q) for any point ¢ € R?, we choose an arbtirary face f containing ¢ and
identify the equation of the plane through the lift of f, that is, z|f(¢) = n¢g + ¢ where n is a
row vector and ¢ € R. Borcea and Streinu [11] give a calculation for  and ¢, which for our
setting can be written as follows:

» Lemma 4.2 ([11, Eq. 7]). For g € R?, let f be a face containing q. The function z|; can
be explicitly computed as follows:
Pick an arbitrary root face fy incident to o.
Pick an arbitrary path from f§ to f* in CN}’*, and let e7,...,e; be the dual edges along
this path. By definition, f* = f§ + Zle Ar. Set C(f) = z(o) + Zle w; |pi qi|, where
ei = pi—~q; and |p; ¢;| = det (p; ¢;)-
Setn = f* and ¢ = C(f), implying that z|(q) = f*q+ C(f). In particular, C(f) is the
intersection of this plane with the z-axis.

Reciprocality of G* implies that the actual choice of root face fj and the path to f* do
not matter. We use this explicit computation to establish the existence of a translation of G*
such that 7, = 7, = m, = 0. We then show that after this translation, every lift of the same
vertex of G has the same Delaunay weight.

» Lemma 4.3. There is a unique translation of G* such that T, = 7, = 0. Specifically, this
translation places the dual vertex of the root face fo at the point

o= (=% (Jul® [o]*) = (C(fo +u) C(fo+v))) M.
Proof. Lemma 4.2 implies that

2w) = (fotwutClfotu) = fout|u*+Cfo+u),
and by definition, 7, = 0 if and only if z(u) = 3|u[?>. Thus, m, = 0 if and only if
1

fou = —3[ul* = C(fo + u). A symmetric argument implies 7, = 0 if and only if ffv =

—1w2 = C(fo+v). <
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We defer the proof of the following lemma to the full version of the paper [33].

» Lemma 4.4. Ifn, = m, =m, =0, then m, = Tpyy = Tpyo for all p € V(G). In other
words, all lifts of any vertex of G have equal weight.

The previous two lemmas establish the existence of a set of periodic weights with respect
to which G is the weighted Delaunay complex of its point set, and a unique translation of G*
that is the corresponding intrinsic weighted Voronoi diagram. Projecting from the universal
cover back to the torus, we conclude:

» Theorem 4.5. Let G and G* be reciprocal geodesic graphs on some flat torus Tyr. G is a
weighted Delaunay complex, and a unique translation of G* is the corresponding weighted
Voronoi diagram. In short, every reciprocal torus graph is coherent.

5 Equilibrium Implies Reciprocal, Sort Of

In this section, we will fix a positive equilibrium stress w. It will be convenient to represent w
as the £/ x E diagonal stress matriz 2 whose diagonal entries are {2 . = we.

Let G be an essentially simple, essentially 3-connected geodesic graph on the square flat
torus T, and let A be its 2 x E displacement matrix. Our results are phrased in terms of

the covariance matrix AQAT = (: g), where
a= ZweAxg, 8= ZwCAyg, v = ZwCA:veAy@. (5.1)

Recall that A+ = (JA)T.

5.1 The Square Flat Torus

Before considering arbitrary flat tori, as a warmup we first establish necessary and sufficient
conditions for w to be a reciprocal stress for G on the square flat torus T, in terms of the
parameters «, 3, and 7.

» Lemma 5.1. Ifw is a reciprocal stress for G on T, then AQAT = ((1) 2)

Proof. Suppose w is a reciprocal stress for G on Tg. Then there is a geodesic embedding
of the dual graph G* on T where e L e* and |e*| = we|e| for every edge e of G. Let
A* = (AQ)* denote the E x 2 matrix whose rows are the displacement row vectors of G*.
Recall from Lemma 2.5 that the first and second rows of A describe cocirculations of G
with cohomology classes (0 1) and (—1 0), respectively. Applying Lemma 2.1 to G* implies
OA* = [g]* for any cocirculation 6 in G. It follows immediately that AA* = (_{ (1)) =—J.
Because the rows of A* are displacement vectors of G*, for every vertex p of G we have

YAy = Y. AR = > AL =(00). (5.2)

q: pgEE d: tail(d)=p d: left(d*)=p*

It follows that the columns of A* describe circulations in G. Lemma 2.1 now implies that

AA* = —J. We conclude that AQAT = AA*J = ((1) (1)) <

» Lemma 5.2. Fiz an E x 2 matrix A*. If AA* = —J, then A* is the displacement matriz
of a geodesic drawing on Ty that is dual to G. Moreover, if that drawing has an equilibrium
stress, it is actually an embedding.
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Proof. Let A1 and Ay denote the rows of A. Rewriting the identity AA* = —J in terms of these
row vectors gives us >, Al . = (01) = [A\]* and Y, AlXy . = (=1 0) = [A2]*. Because
[A1]* and [A2]* are linearly independent, we have )" A%, = [0]* for any cocirculation 6
in G*. The result follows from Lemma 2.4. |

» Lemma 5.3. If AQAT = ((1) (1)), then w is a reciprocal stress for G on TQ.

Proof. Set A* = (AQ)+. Because w is an equilibrium stress in G, for every vertex p of G

we have
N 0
Y ALy = D Wy = o) (5.3)
q: pgeEE q: pqgeE

It follows that the columns of A* describe circulations in GG, and therefore Lemma 2.1 implies
AA* = AA* = A(AQ)L = AQATJT = — .

Lemma 5.2 now implies that A* is the displacement matrix of an drawing G* dual to G.
Moreover, the stress vector w* defined by w}. = 1/w, is an equilibrium stress for G*: under
this stress vector, the darts leaving any dual vertex f* are dual to the clockwise boundary
cycle of face f in G. Thus G* is in fact an embedding. By construction, each edge of G* is
orthogonal to the corresponding edge of G. <

5.2 Arbitrary Flat Tori

In the full version of the paper [33], we generalize our previous analysis to graphs on the flat
torus Tjs defined by an arbitrary non-singular matrix M = (Z Z). These results are stated in

terms of the covariance parameters «, [, and -y, which are still defined in terms of T.

» Lemma 5.4. Ifw is a reciprocal stress for the affine image of G on Ty, then aff — 72 = 1;
in particular, if M = (f Z), then

b4 d? G —(ab + cd)

CT ad—be " ad —be’ 7T T ad—be

» Corollary 5.5. If w is a reciprocal stress for the image of G on Ty, then M = oR(g 7'{)
for some 2 x 2 rotation matriz R and some real number o > 0.

» Lemma 5.6. IfaB—~2=1and M = O’R(g _1) for any 2 x 2 rotation matriz R and any
real number o > 0, then w is a reciprocal stress for the image G on Tyy.

» Theorem 5.7. Let G be a geodesic graph on Tg with positive equilibrium stress w. Let a,
B, and v be defined as in Equation (5.1). If a8 —~? = 1, then w is a reciprocal stress for
the image of G on the flat torus Ty if and only if M = JR(ﬁ _Y) for some (in fact any)
rotation matriz R and real number o > 0. On the other hand, if a8 — 2 # 1, then w is not
a reciprocal stress for G on any flat torus T py.

Theorem 5.7 immediately implies that every equilibrium graph on any flat torus has
a coherent affine image on some flat torus. The requirement a8 —v2 = 1 is a necessary
scaling condition: Given any equilibrium stress w, the scaled equilibrium stress w/+/af — 72
satisfies the requirement.
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6 A Toroidal Steinitz Theorem

Finally, Theorem 2.3 and Theorem 5.7 immediately imply a natural generalization of Steinitz’s
theorem to graphs on the flat torus.

» Theorem 6.1. Let G be any essentially simple, essentially 3-connected embedded graph
on the square flat torus T, and let w be any positive stress on the edges of G. Then G is
homotopic to a geodesic embedding in T whose image in some flat torus Ty is coherent.

As we mentioned in the introduction, Mohar’s generalization [55] of the Koebe-Andreev
circle packing theorem already implies that every essentially simple, essentially 3-connected
torus graph G is homotopic to one coherent homotopic embedding on one flat torus. In
contrast, Lemma 3.1 and Theorem 6.1 characterize all coherent homotopic embeddings of G
on all flat tori; every positive vector w € R¥ corresponds to such an embedding.

—— References

1 E. M. Andreev. Convex polyhedra in Lobacevskil space. Mat. Sbornik, 10(3):413-440, 1970.
doi:10.1070/SM1970v010n03ABEH001677.

2 E. M. Andreev. On convex polyhedra of finite volume in Lobacevskil space. Mat. Sbornik,
12(2):2707259, 1970. doi:10.1070/SM1970v012n02ABEH000920.

3 Franz Aurenhammer. A criterion for the affine equivalence of cell complexes in R¢ and convex
polyhedra in R*™'. Discrete Comput. Geom., 2(1):49-64, 1987. doi:10.1007/BF02187870.

4  Franz Aurenhammer. Power diagrams: Properties, algorithms and applications. SIAM J.
Comput., 16(1):78-96, 1987. doi:10.1137/0216006.

5 Franz Aurenhammer. Recognising polytopical cell complexes and constructing projection
polyhedra. J. Symb. Comput., 3(3):249-255, 1987. doi:10.1016/S0747-7171(87)80003-2.

6  Franz Aurenhammer and Hiroshi Imai. Geometric relations among Voronoi diagrams. Geom.
Dedicata, 27(1):65—75, 1988. doi:10.1007/BF00181613.

7  Alexander I. Bobenko and Boris A. Springborn. A discrete Laplace-Beltrami operator
for simplicial surfaces. Discrete Comput. Geom., 38(4):740-756, 2007. doi:10.1007/
s00454-007-9006-1.

8  Mikhail Bogdanov, Monique Teillaud, and Gert Vegter. Delaunay triangulations on orientable
surfaces of low genus. In Sandor Fekete and Anna Lubiw, editors, Proc. 32nd Int. Symp.

Comput. Geom., number 51 in Leibniz Int. Proc. Informatics, pages 20:1-20:17, 2016. doi:
10.4230/LIPIcs.SoCG.2016.20.

9 Ciprian Borcea and Ileana Streinu. Periodic frameworks and flexibility. Proc. Royal Soc. A,
466(2121):2633-2649, 2010. doi:10.1098/rspa.2009.0676.

10 Ciprian Borcea and Ileana Streinu. Minimally rigid periodic graphs. Bull. London Math. Soc.,
43(6):1093-1103, 2011. doi:10.1112/blms/bdr044.

11  Ciprian Borcea and Ileana Streinu. Liftings and stresses for planar periodic frameworks.
Discrete Comput. Geom., 53(4):747-782, 2015. doi:10.1007/s00454-015-9689-7.

12 Graham R. Brightwell and Edward R. Scheinerman. Representations of planar graphs. SIAM
J. Discrete Math., 6(2):214-229, 1993. doi:10.1137/0406017.

13 Kevin Q. Brown. Voronoi diagrams from convex hulls. Inform. Process. Lett., 9(5):223-228,
1979. doi:10.1016/0020-0190(79)90074-7.

14  Manuel Caroli and Monique Teillaud. Delaunay triangulations of closed Euclidean d-orbifolds.
Discrete Comput. Geom., 55(4):827-853, 2016. doi:10.1007/s00454-016-9782-6.

15  Marek Chrobak, Michael T. Goodrich, and Roberto Tamassia. Convex drawings of graphs in
two and three dimensions (preliminary version). In Proc. 12th Ann. Symp. Comput. Geom.,
pages 310-328, 1996. doi:10.1145/237218.237401.

16 Yves Colin de Verdiére. Empilements de cercles: Convergence d’une méthode de point fixe.
Forum Math., 1(1):395-402, 1989. doi:10.1515/form.1989.1.395.


https://doi.org/10.1070/SM1970v010n03ABEH001677
https://doi.org/10.1070/SM1970v012n02ABEH000920
https://doi.org/10.1007/BF02187870
https://doi.org/10.1137/0216006
https://doi.org/10.1016/S0747-7171(87)80003-2
https://doi.org/10.1007/BF00181613
https://doi.org/10.1007/s00454-007-9006-1
https://doi.org/10.1007/s00454-007-9006-1
https://doi.org/10.4230/LIPIcs.SoCG.2016.20
https://doi.org/10.4230/LIPIcs.SoCG.2016.20
https://doi.org/10.1098/rspa.2009.0676
https://doi.org/10.1112/blms/bdr044
https://doi.org/10.1007/s00454-015-9689-7
https://doi.org/10.1137/0406017
https://doi.org/10.1016/0020-0190(79)90074-7
https://doi.org/10.1007/s00454-016-9782-6
https://doi.org/10.1145/237218.237401
https://doi.org/10.1515/form.1989.1.395

J. Erickson and P. Lin

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

Yves Colin de Verdiére. Sur un nouvel invariant des graphes et un critére de planarité.
J. Comb. Theory Ser. B, 50(1):11-21, 1990. In French, English translation in [20]. doi:
10.1016/0095-8956(90) 90093-F.

Yves Colin de Verdiére. Comment rendre géodésique une triangulation d’une surface?
L’Enseignment Mathématique, 37:201-212, 1991. doi:10.5169/seals-58738.

Yves Colin de Verdiére. Un principe variationnel pour les empilements de cercles. Invent.
Math., 104(1):655-669, 1991. doi:10.1007/BF01245096.

Yves Colin de Verdiére. On a new graph invariant and a criterion for planarity. In Neil
Robertson and Paul Seymour, editors, Graph Structure Theory, number 147 in Contemporary
Mathematics, pages 137-147. Amer. Math. Soc., 1993. English translation of [17] by Neil
Calkin.

Eric Colin de Verdiére and Arnaud de Mesmay. Testing graph isotopy on surfaces. Discrete
Comput. Geom., 51(1):171-206, 2014. doi:10.1007/s00454-013-9555-4.

Robert Connelly, Erik D. Demaine, and Giinter Rote. Infinitesimally locked self-touching
linkages with applications to locked trees. In Jorge Calvo, Kenneth Millett, and Eric Rawdon,
editors, Physical Knots: Knotting, Linking, and Folding of Geometric Objects in R, pages
287-311. Amer. Math. Soc., 2002.

Keenan Crane. Discrete differential geometry: An applied introduction, 2019. URL: http:
//www.cs.cmu.edu/~kmcrane/Projects/DDG/paper.pdf.

Henry Crapo and Walter Whiteley. Plane self stresses and projected polyhedra I: The
basic pattern. Topologie structurale / Structural Topology, 20:55-77, 1993. URL: http:
//hdl .handle.net/2099/1091.

Luigi Cremona. Le figure reciproche nella statica grafica. Tipografia di Giuseppe Bernardoni,
1872. English translation in [26]. URL: http://www.luigi-cremona.it/download/Scritti_
matematici/1872_statica_grafica.pdf.

Luigi Cremona. Graphical Statics. Oxford Univ. Press, 1890. English translation of [25] by
Thomas Hudson Beare. URL: https://archive.org/details/graphicalstaticO2cremgoog.
Jests De Loera, Jorg Rambau, and Francisco Santos. Triangulations: Structures for Algorithms
and Applications. Number 25 in Algorithms and Computation in Mathematics. Springer, 2010.
d0i:10.1007/978-3-642-12971-1.

Olaf Delgado-Friedrichs. Equilibrium placement of periodic graphs and convexity of plane
tilings. Discrete Comput. Geom., 33(1):67-81, 2004. doi:10.1007/s00454-004-1147~-x.
Erik D. Demaine and Joseph O’Rourke. Geometric Folding Algorithms: Linkages, Origami,
Polyhedra. Cambridge Univ. Press, 2007.

Erik D. Demaine and André Schulz. Embedding stacked polytopes on a polynomial-size grid.
Discrete Comput. Geom., 57(4):782-809, 2017. doi:10.1007/s00454-017-9887-6.

Peter Eades and Patrick Garvan. Drawing stressed planar graphs in three dimensions. In
Proc. 2nd Symp. Graph Drawing, number 1027 in Lecture Notes Comput. Sci., pages 212-223,
1995. doi:10.1007/BFb0021805.

Herbert Edelsbrunner and Raimund Seidel. Voronoi diagrams and arrangements. Discrete
Comput. Geom., 1(1):25-44, 1986. doi:10.1007/BF02187681.

Jeff Erickson and Patrick Lin. A toroidal Maxwell-Cremona-Delaunay correspondence. Prepint,
March 2020.

Stefan Felsner and Giinter Rote. On Primal-Dual Circle Representations. In Proc. 2nd Symp.
Simplicity in Algorithms, volume 69 of OpenAccess Series in Informatics (OASIcs), pages

8:1-8:18. Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2018. doi:10.4230/0ASIcs.

S0SA.2019.8.

Daniel Gongalves and Benjamin Lévéque. Toroidal maps: Schnyder woods, orthogonal

surfaces and straight-line representations. Discrete Comput. Geom., 51(1):67-131, 2014.

doi:10.1007/s00454-013-9552-7.

40:15

SoCG 2020


https://doi.org/10.1016/0095-8956(90)90093-F
https://doi.org/10.1016/0095-8956(90)90093-F
https://doi.org/10.5169/seals-58738
https://doi.org/10.1007/BF01245096
https://doi.org/10.1007/s00454-013-9555-4
http://www.cs.cmu.edu/~kmcrane/Projects/DDG/paper.pdf
http://www.cs.cmu.edu/~kmcrane/Projects/DDG/paper.pdf
http://hdl.handle.net/2099/1091
http://hdl.handle.net/2099/1091
http://www.luigi-cremona.it/download/Scritti_matematici/ 1872_statica_grafica.pdf
http://www.luigi-cremona.it/download/Scritti_matematici/ 1872_statica_grafica.pdf
https://archive.org/details/graphicalstatic02cremgoog
https://doi.org/10.1007/978-3-642-12971-1
https://doi.org/10.1007/s00454-004-1147-x
https://doi.org/10.1007/s00454-017-9887-6
https://doi.org/10.1007/BFb0021805
https://doi.org/10.1007/BF02187681
https://doi.org/10.4230/OASIcs.SOSA.2019.8
https://doi.org/10.4230/OASIcs.SOSA.2019.8
https://doi.org/10.1007/s00454-013-9552-7

40:16

A Toroidal Maxwell-Cremona-Delaunay Correspondence

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

Steven J. Gortler, Craig Gotsman, and Dylan Thurston. Discrete one-forms on meshes and
applications to 3D mesh parameterization. Comput. Aided Geom. Design, 23(2):83-112, 2006.
do0i:10.1016/j.cagd.2005.05.002.

Clara I. Grima and Alberto Marquez. Computational Geometry on Surfaces. Springer, 2001.
John E. Hopcroft and Peter J. Kahn. A paradigm for robust geometric algorithms. Algorithmica,
7(1-6):339-380, 1992. doi:10.1007/BF01758769.

David Huffman. A duality concept for the analysis of polyhedral scenes. In Edward W. Elcock
and Donald Michie, editors, Machine Intelligence, volume 8, pages 475-492. Ellis Horwood
Ltd. and John Wiley & Sons, 1977.

Alexander Igambardiev and André Schulz. A duality transform for constructing small grid
embeddings of 3d polytopes. Comput. Geom. Theory Appl., 56:19-36, 2016. doi:10.1016/j.
comgeo.2016.03.004.

Clause Indermitte, Thomas M. Liebling, Marc Troyanov, and Heinz Clemencgon. Voronoi
diagrams on piecewise flat surfaces and an application to biological growth. Theoret. Comput.
Sci., 263(172):2637274, 2001. doi:10.1016/S0304-3975(00)00248-6.

Ivan Izmestiev. Statics and kinematics of frameworks in Euclidean and non-Euclidean geometry.
In Vincent Alberge and Athanase Papadopoulos, editors, Fighteen Essays in Non-FEuclidean
Geometry, number 29 in IRMA Lectures in Mathematics and Theoretical Physics. Europ.
Math. Soc., 2019. doi:10.4171/196-1/12.

Paul Koebe. Kontaktprobleme der Konformen Abbildung. Ber. Sachs. Akad. Wiss. Leipzig,
Math.-Phys. Kl., 88:141-164, 1936.

Andrew Kotlov, Laszlé Lovasz, and Santosh Vempala. The Colin de Verdiére number and sphere
representations of a graph. Combinatorica, 17(4):483-521, 1997. doi:10.1007/BF01195002.
Yves Ladegaillerie. Classes d’isotopie de plongements de 1-complexes dans les surfaces. Topology,
23(3):303-311, 1984.

Charles L. Lawson. Transforming triangulations. Discrete Math., 3(4):365-372, 1972. doi:
10.1016/0012-365X(72)90093-3.

Lészl6 Lovéasz. Representations of polyhedra and the Colin de Verdiére number. J. Comb.
Theory Ser. B, 82(2):223-236, 2001. doi:10.1006/jctb.2000.2027.

Lészl6 Lovész. Discrete analytic functions: An exposition. In Alexander Grigor’yan and Shing-
Tung Yau, editors, Figenvalues of Laplacians and other geometric operators, volume 9 of Surveys
in Differential Geometry, pages 241-273. Int. Press, 2004. doi:10.4310/SDG.2004.v9.n1.a7.
Léaszl6 Lovasz. Graphs and Geometry. Number 69 in Colloquium Publications. Amer. Math.
Soc., 2019.

James Clerk Maxwell. On reciprocal figures and diagrams of forces. Phil. Mag. (Ser. 4),
27(182):250-261, 1864. doi:10.1080/14786446408643663.

James Clerk Maxwell. On the application of the theory of reciprocal polar figures to the
construction of diagrams of forces. Engineer, 24:402, 1867.

James Clerk Maxwell. On reciprocal figures, frames, and diagrams of forces. Trans. Royal Soc.
Edinburgh, 26(1):1-40, 1870. doi:10.1017/S0080456800026351.

Maria Mazén and Tomés Recio. Voronoi diagrams on orbifolds. Comput. Geom. Theory Appl.,
8(5):219-230, 1997. doi:10.1016/50925-7721(96)00017-X.

Bojan Mohar. A polynomial time circle packing algorithm. Discrete Math., 117(1-3):257-263,
1993. doi:10.1016/0012-365X(93)90340-Y.

Bojan Mohar. Circle packings of maps—The Euclidean case. Rend. Sem. Mat. Fis. Milano,
67(1):191-206, 1997. doi:10.1007/BF02930499.

Bojan Mohar. Circle packings of maps in polynomial time. Europ. J. Combin., 18(7):785-805,
1997. doi:10.1006/eujc.1996.0135.

Bojan Mohar and Pierre Rosenstiehl. Tessellation and visibility representations of maps on
the torus. Discrete Comput. Geom., 19(2):249-263, 1998. doi:10.1007/PL00009344.

Bojan Mohar and Alexander Schrijver. Blocking nonorientability of a surface. J. Comb. Theory
Ser. B, 87(1):2-16, 2003.


https://doi.org/10.1016/j.cagd.2005.05.002
https://doi.org/10.1007/BF01758769
https://doi.org/10.1016/j.comgeo.2016.03.004
https://doi.org/10.1016/j.comgeo.2016.03.004
https://doi.org/10.1016/S0304-3975(00)00248-6
https://doi.org/10.4171/196-1/12
https://doi.org/10.1007/BF01195002
https://doi.org/10.1016/0012-365X(72)90093-3
https://doi.org/10.1016/0012-365X(72)90093-3
https://doi.org/10.1006/jctb.2000.2027
https://doi.org/10.4310/SDG.2004.v9.n1.a7
https://doi.org/10.1080/14786446408643663
https://doi.org/10.1017/S0080456800026351
https://doi.org/10.1016/S0925-7721(96)00017-X
https://doi.org/10.1016/0012-365X(93)90340-Y
https://doi.org/10.1007/BF02930499
https://doi.org/10.1006/eujc.1996.0135
https://doi.org/10.1007/PL00009344

J. Erickson and P. Lin

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

Shmuel Onn and Bernd Sturmfels. A quantitative Steinitz’ theorem. Beitr. Algebra Geom.,
35(1):125-129, 1994. URL: https://www.emis.de/journals/BAG/vol.35/no.1/.

David Orden, Giinter Rote, Fransisco Santos, Brigitte Servatius, Herman Servatius, and Walter
Whiteley. Non-crossing frameworks with non-crossing reciprocals. Discrete Comput. Geom.,
32(4):567-600, 2004. doi:10.1007/s00454-004-1139-x.

W. J. Macquorn Rankine. Principle of the equilibrium of polyhedral frams. London, Edinburgh,
and Dublin Phil. Mag J. Sci., 27(180):92, 1864. doi:10.1080/14786446408643629.

William John Macquorn Rankine. A Manual of Applied Mechanics. Richard Griffin and Co.,
1858. URL: https://archive.org/details/manualappmechaOOrankrich.

Ares Rib6é Mor, Giinter Rote, and André Schulz. Small grid embeddings of 3-polytopes.
Discrete Comput. Geom., 45(1):65-87, 2011. doi:10.1007/s00454-010-9301-0.

Jirgen Richter-Gebert. Realization spaces of polytopes. Number 1643 in Lecture Notes Math.
Springer, 1996. doi:10.1007/BFb0093761.

Igor Rivin. Euclidean structures on simplicial surfaces and hyperbolic volume. Ann. Math.,
139:553-580, 1994. doi:10.2307/2118572.

Giinter Rote, Fransisco Santos, and Ileana Streinu. Pseudo-triangulations—a survey. In Jacob E.
Goodman, Janos Pach, and Richard Pollack, editors, Essays on Discrete and Computational
Geometry: Twenty Years Later, number 453 in Contemporary Mathematics, pages 343—410.
Amer. Math. Soc., 2008.

André Schulz. Drawing 3-polytopes with good vertex resolution. J. Graph Algorithms Appl.,
15(1):33-52, 2011. doi:10.7155/jgaa.00216.

Dvir Steiner and Anath Fischer. Planar parameterization for closed 2-manifold genus-1 meshes.
In Proc. 9th ACM Symp. Solid Modeling Appl., pages 83—91, 2004.

Ernst Steinitz. Polyeder und Raumeinteilungen. FEnzyklopidie der mathematischen Wis-
senschaften mit Einschluss ihrer Anwendungen, II1.AB(12):1-139, 1916.

Ernst Steinitz and Hans Rademacher. Vorlesungen tiber die Theorie der Polyeder: unter Einsch-
luf der Elemente der Topologie, volume 41 of Grundlehren der mathematischen Wissenschaften.
Springer-Verlag, 1934. Reprinted 1976.

Kenneth Stephenson. Introduction to Circle Packing: The Theory of Discrete Analytic
Functions. Cambridge Univ. Press, 2005.

Ileana Streinu. Erratum to “Pseudo-triangulations, rigidity and motion planning”. Discrete
Comput. Geom., 35(2):358, 2006. doi:10.1007/s00454-006-3300-1.

Ileana Streinu. Pseudo-triangulations, rigidity and motion planning. Discrete Comput. Geom.,
34(4):587-635, 2006. Publisher’s erratum in [72]. doi:10.1007/s00454-005-1184-0.
Kokichi Sugihara. Realizability of polyhedrons from line drawings. In Godfried T. Toussaint,
editor, Computational Morphology: A Computational Geometric Approach to the Analysis Of
Form, number 6 in Machine Intelligence and Pattern Recognition, pages 177-206, 1988.
William T. Tutte. How to draw a graph. Proc. London Math. Soc., 13(3):743-768, 1963.
Pierre Varignon. Nouvelle mechanique ou statique, dont le projet fut donné en M.DC.LXXVII.

Claude Jombert, Paris, 1725. URL: https://gallica.bnf.fr/ark:/12148/bpt6k5652714w.

textelmage.

Walter Whiteley. Motion and stresses of projected polyhedra. Topologie structurale / Structural
Topology, 7:13-38, 1982. URL: http://hdl.handle.net/2099/989.

Walter Whiteley, Peter F. Ash, Ethan Poiker, and Henry Crapo. Convex polyhedra, Dirichlet
tesselations, and spider webs. In Marjorie Senechal, editor, Shaping Space: Exploring Polyhedra
in Nature, Art, and the Geometrical Imagination, chapter 18, pages 231-251. Springer, 2013.
do0i:10.1007/978-0-387-92714-5_18.

Gunter M. Ziegler. Lectures on Polytopes. Number 152 in Graduate Texts in Mathematics.
Springer, 1995.

40:17

SoCG 2020


https://www.emis.de/journals/BAG/vol.35/no.1/
https://doi.org/10.1007/s00454-004-1139-x
https://doi.org/10.1080/14786446408643629
https://archive.org/details/manualappmecha00rankrich
https://doi.org/10.1007/s00454-010-9301-0
https://doi.org/10.1007/BFb0093761
https://doi.org/10.2307/2118572
https://doi.org/10.7155/jgaa.00216
https://doi.org/10.1007/s00454-006-3300-1
https://doi.org/10.1007/s00454-005-1184-0
https://gallica.bnf.fr/ark:/12148/bpt6k5652714w.texteImage
https://gallica.bnf.fr/ark:/12148/bpt6k5652714w.texteImage
http://hdl.handle.net/2099/989
https://doi.org/10.1007/978-0-387-92714-5_18

	Introduction
	Our Results
	Other Related Results

	Background and Definitions
	Flat Tori
	Graphs and Embeddings
	Homology, Homotopy, and Circulations
	Geodesic Drawings and Embeddings
	Equilibrium Stresses and Spring Embeddings
	Duality and Reciprocality
	Coherent Subdivisions

	Reciprocal Implies Equilibrium
	Coherent iff Reciprocal
	Notation
	Results

	Equilibrium Implies Reciprocal, Sort Of
	The Square Flat Torus
	Arbitrary Flat Tori

	A Toroidal Steinitz Theorem

