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Abstract
Given x, y ∈ {0, 1}n, Set Disjointness consists in deciding whether xi = yi = 1 for some index i ∈ [n].
We study the problem of computing this function in a distributed computing scenario in which
the inputs x and y are given to the processors at the two extremities of a path of length d. Each
vertex of the path has a quantum processor that can communicate with each of its neighbours
by exchanging O(logn) qubits per round. We are interested in the number of rounds required for
computing Set Disjointness with constant probability bounded away from 1/2. We call this problem
“Set Disjointness on a Line”.

Set Disjointness on a Line was introduced by Le Gall and Magniez [12] for proving lower bounds
on the quantum distributed complexity of computing the diameter of an arbitrary network in the
CONGEST model. However, they were only able to provide a lower bound when the local memory
used by the processors on the intermediate vertices of the path is severely limited. More precisely,
their bound applies only when the local memory of each intermediate processor consists of O(logn)
qubits.

In this work, we prove an unconditional lower bound of Ω̃
( 3√

nd2+
√
n
)
rounds for Set Disjointness

on a Line with d+ 1 processors. This is the first non-trivial lower bound when there is no restriction
on the memory used by the processors. The result gives us a new lower bound of Ω̃

( 3√
nδ2 +

√
n
)
on

the number of rounds required for computing the diameter δ of any n-node network with quantum
messages of size O(logn) in the CONGEST model.

We draw a connection between the distributed computing scenario above and a new model
of query complexity. In this model, an algorithm computing a bi-variate function f (such as Set
Disjointness) has access to the inputs x and y through two separate oracles Ox and Oy, respectively.
The restriction is that the algorithm is required to alternately make d queries to Ox and d queries
to Oy, with input-independent computation in between queries. The model reflects a “switching
delay” of d queries between a “round” of queries to x and the following “round” of queries to y. The
technique we use for deriving the round lower bound for Set Disjointness on a Line also applies to
this query model. We provide an algorithm for Set Disjointness in this query model with query
complexity that matches the round lower bound stated above, up to a polylogarithmic factor. In
this sense, the round lower bound we show for Set Disjointness on a Line is optimal.
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1 Introduction

1.1 Context
The field of Distributed Computing aims to model a collection of processors or computers
communicating with each other over some network with the goal of collectively solving a
global computational task. This task may depend on the structure of the network and on
some additional data distributed among the computers. For instance, one may want to
compute the distance between two nodes of the network, or its diameter, a proper colouring,
a spanning tree, or even all-pairs shortest paths. In the context of cloud computing, data
centres serve as special nodes of the network where data are stored. These centres are
usually spread all over the world in order to minimise access time by clients. Since some
operations need to be performed in order to synchronise the centres, the distance between
these centres influence the quality of the network. For instance, one may want to decide if
there is any inconsistency between two or more remote databases, or check for the availability
of a common slot for booking some service.

In this work, we focus on the case of two remote data centres deployed on two nodes
of a distributed network, and consider the problem of computing Set Disjointness. This
fundamental problem, which we denote by Dn, consists in deciding whether two n-bit input
strings x and y modelling two remote databases have the bit 1 at the same position. (This
may indicate a schedule conflict, for instance.) The problem has been studied extensively
in Communication Complexity [20], due to its many applications in other contexts (see, for
example, the survey by Chattopadhyay and Pitassi [6]). In the most basic setting, two remote
parties, Alice and Bob, hold the inputs x and y, respectively. They communicate with each
other directly in order to solve the problem, while minimising the total length of the messages
exchanged. Depending upon the model of computation and the type of communication
channel connecting the players, the messages may be deterministic, randomised, or quantum.

The two-party communication model may be too simplistic in some scenarios, since it
assumes instantaneous communication and full access to the input (by the party that is
“given” the input). To address the first issue, we may include the communication delay as a
multiplicative factor in the communication complexity. However, this would not account for
a potentially more sophisticated use of the communication channel between the two parties.
Consider the case when the channel consists of a chain of d devices, say, repeaters. One
could use the channel as a network of processors in order to minimise the communication
delay, for instance using cached memories. With regard to the second issue – pertaining to
access to the input – the standard two-party model may not be suitable when the inputs are
massive, and may only be accessed in small parts. Such access is better modelled as in Query
Complexity, in which inputs are accessed by querying oracles (see, e.g., Refs. [5, 7, 2]).

Motivated by a concrete problem in distributed computing, we define a new model of
query complexity, two-oracle query complexity with a “switching delay”. In this model we
consider a single computer with access to two oracles, one for each input x or y, such that
switching between queries to the two inputs involves a time delay d. The delay accounts
for the lag in communication between the parties holding the inputs, for instance when the
inputs are not physically at the same place. It might be advantageous to balance this delay
by making several accesses to the same input, say x, before switching to the other input y;
we also incorporate this feature in the model. The new model attempts to address both the
issues discussed above, and is described more precisely in Section 4.1.
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There are several bridges between query complexity and communication complexity, but
we are not aware of any previous work in a query model such as the one above. The two
models – communication through a chain of d devices, and two-oracle query algorithms with
a switching delay of d – share some similarities but also have fundamental differences. In
the first model, one node has full access to half of the input. In the second model, all the
information obtained so far from the inputs x and y is kept in the same memory registers,
even when the algorithm switches between inputs.

In this work, we show that the above refinements of the two-party communication
model and the query model differ significantly from their standard versions for solving Set
Disjointness in the quantum setting. Such a difference does not occur in the setting of
deterministic or randomised computing, and we do not know whether such a difference arises
for another “natural” problem.

1.2 Application to quantum distributed computing
This study was initially motivated by a problem left open by Le Gall and Magniez [12] in the
context of distributed computing with congestion (CONGEST model). They demonstrated
the superiority of quantum computing for computing the diameter δ of some n-node net-
work (Diameter problem). They designed a quantum distributed algorithm using Õ(

√
nδ )

synchronised rounds, where simultaneous messages of O(logn) qubits are exchanged at each
round between neighbouring nodes in the network. They also established a lower bound of
Ω̃(
√
n+ δ) rounds.
Classically the congested distributed complexity of Diameter is well understood, and

requires Θ̃(n) rounds [9, 16, 8]. The lower bound is based on the construction of a two-party
communication protocol for Set Disjointness from any distributed algorithm for Diameter.
From n-bit inputs x, y, two pieces of a Θ̃(n)-node network are constructed by the two players.
Then the pieces are connected by paths of length d. The diameter of the resulting network is
either d+ 4 or d+ 5 depending on the solution to Set Disjointness with inputs (x, y). Finally,
the classical lower bound of Ω(n) for the communication complexity of Set Disjointness
implies the same lower bound on the number of rounds for any distributed algorithm for
computing Diameter.

In the quantum setting, the situation is much more complex since Set Disjointness has
communication complexity Θ(

√
n ) [17, 1]. This leads to the lower bound of Ω̃(

√
n + δ)

rounds for computing the diameter of a quantum congested network, which is significantly
smaller than the upper bound stated above. Nonetheless, Le Gall and Magniez improved
the lower bound for a restricted set of protocols in which each node has memory of size at
most poly(logn) qubits. For this, they used a more refined lower bound for Set Disjointness
for bounded-round protocols.

Recall that the number of rounds in a two-party protocol is the number of messages
exchanged, where the length of the messages may vary. Braverman, Garg, Ko, Mao, and
Touchette [3] showed that the communication complexity of r-round two-party quantum
protocols for Set Disjointness is Ω̃(n/r + r). Using this, Le Gall and Magniez showed that
any quantum distributed protocol for Diameter with congestion O(logn) and memory-size
poly(logn) per node requires Ω̃(

√
nδ ) rounds. However, without any restriction on the

memory size of the nodes, no better bound than Ω̃(
√
n+ δ) was known.

1.3 Contributions
We prove that solving Set Disjointness with the two n-bit inputs given to the processors at the
extremities of a line of d+ 1 quantum processors requires Ω̃( 3

√
nd2 ) rounds of communication

of messages of size O(logn) (Theorem 3). As a corollary, we get a new lower bound of

ICALP 2020
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Ω̃( 3
√
nδ2 ) rounds for quantum distributed protocols computing the diameter δ of an n-node

network with congestion O(logn) (Corollary 4). This bound improves on the previous
bound of Ω̃(

√
n ) rounds when δ ∈ Ω̃( 4

√
n ). The improvement is obtained by a more refined

analysis of a reduction similar to one due to Le Gall and Magniez [12].
We observe that the technique used to derive the above round lower bound for Set

Disjointness also applies to two-oracle query algorithms with switching delay d (Theorem 11).
We show that this bound, and the bound of Ω(

√
n ) coming from the standard query complexity

model, are tight to within polylogarithmic factors in different ranges of the parameters n
and d (Theorem 12). This hints at the possibility that the round lower bound for Set
Disjointness may be tight. We hope that these results and, more generally, the models we
study also provide a better understanding of quantum distributed computing.

2 Preliminaries

We assume that the reader is familiar with the basic notions of quantum information and
computation. We recommend the texts by Nielsen and Chuang [14] and Watrous [19], and
the lecture notes by de Wolf [7] for a good introduction to these topics. We briefly describe
some notation, conventions, and the main concepts that we encounter in this work.

We write pure quantum states using the ket notation, for example as |ψ〉. By a quantum
register, we mean a sequence of quantum bits (qubits). We assume for simplicity (and without
loss of generality) that the computations do not involve any intermediate measurements, i.e.,
they are unitary until the measurement that is made to obtain the output in the final step of
the computation.

We use the notation Õ(·) to indicate that we are suppressing factors that are poly-
logarithmic in the stated expression. For a positive integer k, we denote the set {1, 2, . . . , k}
by [k]. In the sequel, we consider the computation of Boolean bi-variate functions f : {0, 1}n×
{0, 1}n → {0, 1} in several models of computation.

2.1 Quantum distributed computing in the CONGEST model
We consider the quantum analogue of the standard CONGEST communication model [15].
The topology of the network is given by some graph G = (V,E). Each node in the network
has a distinct identifier and represents a processor. Initially, the nodes know nothing about
the topology of the network except the set of edges incident on them, and the total number of
nodes |V |. The nodes of the network do not share any entanglement at the beginning of the
protocol. Communication protocols are executed with round-based synchrony. In each round,
each node may perform some quantum computation on its local memory and the message
registers it uses to communicate with its neighbours. Then each node transfers one message
with b qubits to each adjacent node to complete that round. The parameter b is called the
congestion or bandwidth of the communication channels. Unless explicitly mentioned, we
assume that the congestion b is of order logn, and |V | = poly(n). All links and nodes in the
network (corresponding to the edges and vertices of G, respectively) are reliable and do not
suffer any faults.

In this paper we consider the special case of a d-line network, where G consists in a
single path of length d. The nodes/processors at the extremities receive inputs x, y ∈ {0, 1}n,
respectively, and the intermediate nodes get no input. In this setting, the quantum distributed
complexity of f on a d-line is the minimum number of rounds of any quantum protocol that
computes f with probability at least 2/3 and congestion O(logn). We assume that d ≤ n;
otherwise the complexity of any non-trivial function f of both its arguments is Θ(d).
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2.2 Quantum information theory
We refer the reader to the texts by Nielsen and Chuang [14] and Watrous [19] for the basic
elements of quantum information theory.

Unless specified, we take the base of the logarithm function to be 2. Whenever we
consider information-theoretic quantities involving quantum registers, we assume they are in
a quantum state that is implied by the context. For ease of notation, we identify the register
with the quantum state.

For a register X the von Neumann entropy of X is defined as S(X) := −Tr(X logX). If
the state space of X has dimension k, then S(X) ≤ log k. Suppose that the registers WXY Z

are in some joint quantum state. The mutual information I(X : Y ) of X and Y is defined
as I(X : Y ) := S(X) + S(Y ) − S(XY ). The conditional mutual information I(X : Y |Z)
of X and Y given Z is defined as I(X : Y |Z) := I(X : Y Z)− I(X : Z). Conditional mutual
information is invariant under the application of an isometry to any of its three arguments.
The quantity also satisfies the following important property.

I Lemma 1 (Data Processing Inequality). I(X : WY |Z) ≥ I(X : Y |Z).

We may also bound conditional mutual information as follows.

I Lemma 2. I(X : WY |Z) ≤ 2 S(W ) + I(X : Y |Z).

2.3 Quantum communication complexity
We informally describe a two-party quantum communication protocol without shared entan-
glement for computing a bi-variate Boolean function f(x, y) of n-bit inputs x, y. For a formal
definition, we refer the reader to an article by Touchette [18]. In such a protocol, we have two
parties, Alice and Bob, each of whom gets an input in registers X and Y , respectively. In
the protocols we consider, the inputs are classical, i.e., the joint quantum state in the input
registers XY is diagonal in the basis (|x, y〉 : x, y ∈ {0, 1}n). Alice and Bob’s goal is to
compute the value of the function on the pair of strings in the input registers by interacting
with each other.

The protocol proceeds in some number m ≥ 1 of rounds. At the cost of increasing the
number of rounds by 1, we assume that Alice sends the message in the first round, after
which the parties alternate in sending messages. Each party holds a work register in addition
to the input register. Initially, Alice has work register A0, Bob has B0. We denote the work
register with Alice at the end of round k ∈ [m] by Ak and that with Bob by Bk.

The qubits in the work registers A0B0 are initialised to a fixed pure state |0̄〉. Suppose
that Alice is supposed to send the message in the k-th round, for some k ∈ [m]. Alice
applies an isometry controlled by her input register X to the work register Ak−1 to obtain
registers AkMk. She then sends the message register Mk to Bob. Bob’s work register at the
end of the k-th round is then Bk := MkBk−1. After the m-th round (the last round), the
recipient of the last message, say Bob, measures his work register Bk, possibly controlled by
his input register Y , to produce the binary output of the protocol.

The length of a message is the number of qubits in the message register for that round.
The communication complexity of the protocol is the sum of the length of the m messages
in it. We say the protocol computes the function f with success probability p if for all
inputs x, y, the probability that the protocol outputs f(x, y) is at least p. The goal of the two
parties is to compute the function while minimising the communication between themselves.
The quantum communication complexity of f is the minimum communication complexity of
a quantum protocol that computes f with success probability at least 2/3.

ICALP 2020
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We analyse the conditional information loss of two-party protocols, a notion introduced
by Jain, Radhakrishnan, and Sen [10]. We define this notion following the convention and
notation given above. In particular, we assume that Alice sends the messages in the odd
rounds and Bob sends the messages in the even rounds. Suppose the input registers XY
are initialised to a pair of inputs drawn from a joint distribution over {0, 1}n × {0, 1}n. We
identify the registers with the jointly distributed input random variables. Suppose Z is some
random variable correlated with XY . The conditional information loss IL(Π |XY Z) of a
two-party protocol as above is defined as

IL(Π |XY Z) :=
∑

i∈[m], i odd

I(X : BiY |Z) +
∑

i∈[m], i even

I(Y : AiX |Z) ,

where the registers are implicitly assumed to be in the state given by the protocol. Since
Alice sends the messages in the odd rounds, and Bob in the even rounds, this quantity
measures the cumulative information about the inputs leaked to the other party, over the
course of the entire protocol.

2.4 Quantum query complexity
For a thorough introduction to the quantum query model, see, for example, the lecture
notes by de Wolf [7] and the survey by Ambainis [2]. In this work, we study algorithms for
computing a bi-variate Boolean function f(x, y) as above, using two unitary operators Ox

and Oy that provide access to the n-bit inputs x and y, respectively. For any z ∈ {0, 1}n, the
operator Oz acts as Oz|i, b〉 = |i, b⊕ zi〉 on the Hilbert space H spanned by the orthonormal
basis {|i, b〉 : i ∈ [n], b ∈ {0, 1}}. We call operators of the form Oz an oracle, and each
application of such an operator a query.

A query algorithm A with access to two oracles Ox and Oy is an alternating sequence of
unitary operators U0,Oz1 , U1,Oz2 , U2,Oz3 , U3, . . . ,Ozt , Ut, where the operators Ui act on a
Hilbert space of the form H⊗W and are independent of the inputs x, y, and the zi ∈ {x, y}.
The computation starts in a fixed state |0̄〉 ∈ H ⊗W, followed by the sequence of unitary
operators to get the final state UtOzt

· · ·U3Oz3U2Oz2U1Oz1U0|0̄〉. Finally, we measure the
first qubit in the standard basis to obtain the output A(x, y) of the algorithm. We say the
algorithm computes f with success probability p if for all inputs x, y, we have A(x, y) = f(x, y)
with probability at least p.

As in the standard quantum query model, we focus on the number of applications of the
operators Ox and Oy in an algorithm, and ignore the cost of implementing unitary operators
that are independent of x and y. The query complexity of an algorithm is the number of
queries made by the algorithm (t in the definition above). The quantum query complexity of
a function f is the minimum query complexity of any quantum algorithm that computes f
with probability at least 2/3.

3 Set Disjointness on a Line

3.1 The problem and results
The Set Disjointness problem Ln,d on a line was introduced recently by Le Gall and Mag-
niez [12] in the context of distributed computing. It is a communication problem involving d+1
communicating parties, A0,A1, . . . ,Ad, arranged on the vertices of a path of length d. The
edges of the path denote two-way quantum communication channels between the players.
Parties A0 and Ad receive n-bit inputs x, y ∈ {0, 1}n, respectively. The communication
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protocol proceeds in rounds. In each round, parties Ai−1 and Ai may exchange b qubits in
each direction, for each i ∈ [d], i.e., the bandwidth of each communication channel is b. The
goal of the parties is to determine if the sets x and y intersect or not. I.e., they would like to
compute the Set Disjointness function Dn(x, y) :=

∨n
i=1(xi ∧ yi).

We are interested in the number of rounds required to solve Ln,d. We readily get a
quantum protocol Πd for this problem with O(

√
nd ) rounds by following an observation

due to Zalka [22] on black-box algorithms that make “parallel” queries. Let Π denote the
optimal two-party quantum communication protocol for Set Disjointness due to Aaronson and
Ambainis [1]. In Πd, we partition the n-bit inputs into d parts of length n/d each. Parties A0
and Ad then simulate Π on each of the d corresponding pairs of inputs independently.
The protocol Π runs in

√
n/d rounds with O(1) qubits of communication per instance of

length n/d, per round. So the total communication to or from A0 due to one round of
the d runs of Π is O(d). Since O(d) qubits can be transmitted across the path of length d
in O(d) rounds of the multi-party protocol, the protocol Πd simulates the d parallel runs
of Π in O(

√
nd ) rounds. Since Π finds an intersection with probability at least 3/4 whenever

there is one, and does not err when there is no intersection, the protocol Πd also has the
same correctness probability.

Le Gall and Magniez observed that a lower bound of Ω(
√
n/b) for the number of rounds

follows from the Ω(
√
n ) lower bound due to Razborov [17] on the quantum communication

complexity of Set Disjointness in the two-party communication model. This is because two
parties, Alice and Bob, may use any r-round protocol for Ln,d to solve Set Disjointness
with 2rb qubits of communication: Alice simulates A0 and Bob simulates the actions of the
remaining parties A1,A2, . . . ,Ad. An Ω(d) lower bound is also immediate due to the need for
communication between A0 and Ad.

Le Gall and Magniez devised a more intricate simulation of a protocol for Ln,d by two
parties, thereby obtaining a two-party protocol for Set Disjointness. Using this, they obtained
a round lower bound of Ω̃(

√
nd ) for Ln,d when the bandwidth b of each communication channel

(in each round) and the local memory of the players A1,A2, . . . ,Ad−1 are both O(logn) qubits.
We show that a similar simulation leads to an unconditional round lower bound of Ω(nd2/b)1/3

by studying the conditional information loss of the resulting two-party protocol, a quantity
introduced and analysed by Jain, Radhakrishnan, and Sen [10].

I Theorem 3. Any quantum communication protocol with error probability at most 1/3 for
the Set Disjointness problem Ln,d on the line requires Ω( 3

√
nd2/b ) rounds.

This bound dominates the straightforward bound of Ω(
√
n/b) mentioned above when d ≥

4
√
n/b, i.e., when d ≥ 4

√
n/ logn when b = logn. However, we do not know if either bound

is achievable in their respective parameter regimes. We study the optimality via a related
query model in Section 4.

Using the reduction from Ln,d to the problem of computing the diameter described in
the proof of Theorem 1.3 in Ref. [12], we get a new lower bound for quantum distributed
protocols for the diameter problem in the CONGEST model.

I Corollary 4. Any quantum distributed protocol for computing the diameter δ of n-node
networks with congestion O(logn) requires Ω̃( 3

√
nδ2 ) rounds.

3.2 Overview of the proof
We begin by giving an overview of the proof of Theorem 3. It rests on a simulation of a
protocol for Ln,d by a two-party protocol for Set Disjointness similar to one designed by
Le Gall and Magniez [12, Theorem 6.1]. (In fact, the simulation works for any multi-party

ICALP 2020
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protocol over the path of length d that computes some bi-variate function g(x, y) of the
inputs given to A0 and Ad.) The idea underlying the simulation is the following. Suppose
we have a protocol Πd for the problem Ln,d. In the two-party protocol Π, Alice begins by
holding the registers used by parties A0,A1, . . . ,Ad−1. She then simulates all the actions –
local operations and communication – of the parties A0,A1, . . . ,Ad−1 from the first round
in Πd, except for the communication between Ad−1 and Ad. This is possible because these
actions do not depend on the input y held by Ad. She can continue simulating the actions
of A0,A1, . . . ,Ad−2 from the second round, except the communication between Ad−2 and Ad−1,
as these do not depend on the message from Ad from the first round in Πd. Continuing
this way, Alice can simulate the actions of A0,A1, . . . ,Ad−i from round i of Πd, except the
communication between Ad−i and Ad−i+1, for all i ∈ [d], all in one round of Π. These actions
constitute Alice’s local operations in the first round of Π.

Alice then sends Bob the local memory used by parties A1, . . . ,Ad−1 in Πd, along with
the qubits sent by Ai−1 to Ai in round i, for each i ∈ [d]. (Alice retains the input x and the
memory used by party A0.) This constitutes the first message from Alice to Bob in Π.

Given the first message, Bob can simulate the remaining actions of A1,A2, . . . ,Ad from
the first d rounds of Πd, except for the communication from A1 to A0. These constitute his
local operations in the second round of Π. He then sends Alice the qubits sent by A1 to A0
in round d of Πd along with the local memory used by the parties Ai, for i ∈ [d− 1]. (Bob
retains the input y and the local memory used by party Ad.) This constitutes the second
message in Π.

In effect, the simulation implements the first d rounds of Πd in two rounds of Π (see
Figure 2). The same idea allows Alice and Bob to simulate the rest of the protocol Πd while
implementing each successive block of d rounds of Πd in two rounds of Π, with communic-
ation per round of the order of d(b + s), where b is the bandwidth of the communication
channels in Πd, and s is a bound on the number of qubits of local memory used by any of
the parties A1, . . . ,Ad−1. Building on the detailed description of protocols on the line in
Section 3.3, we describe the simulation formally in Section 3.4, and show the following.

I Lemma 5. Given any r-round quantum protocol Πd for Ln,d over communication channels
with bandwidth b in which each party uses local memory at most s, there is a two-party
quantum protocol Π for Set Disjointness Dn that has 2dr/de rounds, total communication of
order r(b+ s), and has the same probability of success.

The communication required by a k-round bounded-error two-party protocol for Set
Disjointness is Ω(n/(k log8 k)) [3, Theorem A]. This gives us the lower bound of Ω̃(

√
nd )

due to Le Gall and Magniez on the number of rounds r in Πd, when b+ s is of order logn.
In fact, we may derive an unconditional lower bound on the number of rounds from the

same reduction, one that holds without any restriction on the local memory used by the
parties in Πd. This is because the state of the registers of any party Ai, with i ∈ [d− 1], in
an r-round protocol has support on a fixed subspace of dimension at most (2b)r, independent
of the inputs, at any moment in the protocol. This follows from an argument due to Yao [21],
by considering a two party protocol obtained by grouping all parties except Ai together. So
the state of party Ai at any point in the protocol can be mapped to one over r log(2b) qubits.
Using this for the bound s on the local memory, bandwidth b ∈ O(logn), and the same
reasoning as before, we get a lower bound of Ω̃(nd)1/3 on the number of rounds r in Πd.

We refine the analysis further to obtain Theorem 3, by appealing to an information-
theoretic argument. The key insight is that regardless of the size of the local memory
maintained by the parties Ai, for i ∈ [d − 1], the new information they get about either
input x or y in one round is bounded by b, the length of the message from A0 or Ad,
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respectively. Thus, the total information contained in the memory and messages of these
parties about the inputs may be bounded by rb at any point in the protocol (see Lemma 8).
This carries over to the information contained in the messages between Alice and Bob in the
two-party protocol Π derived from Πd. The conditional information loss of the two-party
protocol may then be bounded by rbm, where m is the number of rounds in Π (for suitable
distributions over the inputs).

I Lemma 6. Let XY Z be jointly distributed random variables such that X,Y ∈ {0, 1}n,
and X and Y are independent given Z. The conditional information loss of the two-party
protocol Π for Set Disjointness Dn mentioned in Lemma 5 is bounded as IL(Π |XY Z) ∈
O(r2b/d).

We derive this as Corollary 9 in Section 3.5.
We now appeal to the following result due to Jain et al. [10] on the conditional information

loss of bounded-round protocols for Set Disjointness. This result is implicit in the proof of
the Ω(n/m2) lower bound on the communication required by m-round quantum protocols
for Set Disjointness.

I Theorem 7 (Jain, Radhakrishnan, Sen [10]). There is a choice of distribution for XY Z
such that X,Y ∈ {0, 1}n, the random variables X and Y are independent given Z, and for
any bounded-error two-party quantum communication protocol Γ for Set Disjointness Dn

with m rounds, the conditional information loss IL(Γ |XY Z) is at least Ω(n/m).

Since the number of rounds m in the two-party protocol Π is at most 2dr/de, we conclude
the Ω(nd2/b)1/3 lower bound stated in Theorem 3.

3.3 Formal description of protocols on the line
In order to establish the lemmas stated in Section 3.2, we introduce some conventions and
notation associated with multi-party protocols on the line of the sort we study for Ln,d. By
using unitary implementations of measurements, we assume that all the local operations
in the protocol, except the final measurement to obtain the outcome of the protocol, are
unitary. We also assume that the parties do not share any entangled state at the beginning
of the protocol, and that the input registers X with A0 and Y with Ad are read-only. I.e., the
input registers may only be used as control registers during the protocol, and are retained by
the respective parties throughout.

For ease of exposition, we use subscripts on the registers held by all the parties to
implicitly specify the state of the register and the party which last modified the state of
the register. At the beginning of round t + 1, for t ∈ {0, 1, . . . , r − 1}, party A0 holds
registers XA0,t L1,t, party Ad holds registers Rd−1,t Ad,t Y , and for i ∈ [d− 1], party Ai holds
registers Ri−1,t Ai,t Li+1,t. The registers Li,t and Ri,t, for i ∈ [0, d] and t ∈ [0, r], all have b
qubits. Except in the first round, the first subscript at the beginning of the round, say i,
indicates that party Ai held the register in the previous round, and sent the register to the
neighbour that holds it in the current round.

At the beginning of the first round, registers X and Y are initialized to the input to
the protocol. The qubits in the remaining registers are all initialized to a fixed pure state,
say |0〉, independent of the inputs.

In round t + 1, each party Ai applies a unitary operation to the registers they hold.
We view the unitary operation as an isometry Ui,t+1 that maps the registers to another
sequence of registers with the same dimensions. The registers XA0,t L1,t with A0 are mapped
to XA0,t+1 R0,t+1. The registers Rd−1,t Ad,t Y with Ad are mapped to Ld,t+1 Ad,t+1 Y .

ICALP 2020
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X

<latexit sha1_base64="v0o5ACgr3ftHt/xR4/YfqJjRFAc=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJWkKLoRC25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9CN/Djfg2Ti8Lrf4w8PH/5zDnnCDhTGnX/bJyS8srq2v5dXtjc2t7p7C711BxKinWacxj2QqIQs4E1jXTHFuJRBIFHJvB8GqSN+9QKhaLGz1K0I9IX7CQUaKNVWt1C0W35E7l/AVvDsXLd/siefu0q93CR6cX0zRCoSknSrU9N9F+RqRmlOPY7qQKE0KHpI9tg4JEqPxsOujYOTJOzwljaZ7QztT92ZGRSKlRFJjKiOiBWswm5n9ZO9XhuZ8xkaQaBZ19FKbc0bEz2drpMYlU85EBQiUzszp0QCSh2tzGNkfwFlf+C41yyTspnda8YqUMM+XhAA7hGDw4gwpcQxXqQAHhHh7hybq1Hqxn62VWmrPmPfvwS9brN/2okAI=</latexit>

Round A0

<latexit sha1_base64="0cgJqj0XqF1RthbOYXrkpVhAFn8=">AAAB83icbVA9SwNBFHwXNcb4FbW0WQyCVbgLipYRG8sEzAfkjrC32UuW7O0du3tCOPIjbNJYKCJY+Ucs7cQ/4+aSQhMHFoaZ93iz48ecKW3bX1ZubX0jv1nYKm7v7O7tlw4OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2Rzczv31PpWKRuNPjmHohHggWMIK1kVw3xHqogvR60rN7pbJdsTOgVeIsSLmWb3x/TB/e6r3Sp9uPSBJSoQnHSnUdO9ZeiqVmhNNJ0U0UjTEZ4QHtGipwSJWXZpkn6NQofRRE0jyhUab+3khxqNQ49M1klnHZm4n/ed1EB1deykScaCrI/FCQcKQjNCsA9ZmkRPOxIZhIZrIiMsQSE21qKpoSnOUvr5JWteKcVy4aTrlWhTkKcAwncAYOXEINbqEOTSAQwxSe4NlKrEfrxXqdj+asxc4R/IH1/gNYepWY</latexit>

A1

<latexit sha1_base64="PhCX2RWOmQrYYl8BYN40IfgWsKc=">AAAB83icbVA9SwNBFHwXNcb4FbW0WQyCVbgLipYRG8sEzAfkjrC32UuW7O0du3tCOPIjbNJYKCJY+Ucs7cQ/4+aSQhMHFoaZ93iz48ecKW3bX1ZubX0jv1nYKm7v7O7tlw4OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2Rzczv31PpWKRuNPjmHohHggWMIK1kVw3xHqogvR60nN6pbJdsTOgVeIsSLmWb3x/TB/e6r3Sp9uPSBJSoQnHSnUdO9ZeiqVmhNNJ0U0UjTEZ4QHtGipwSJWXZpkn6NQofRRE0jyhUab+3khxqNQ49M1klnHZm4n/ed1EB1deykScaCrI/FCQcKQjNCsA9ZmkRPOxIZhIZrIiMsQSE21qKpoSnOUvr5JWteKcVy4aTrlWhTkKcAwncAYOXEINbqEOTSAQwxSe4NlKrEfrxXqdj+asxc4R/IH1/gNZ/pWZ</latexit>

A2

<latexit sha1_base64="82DCbQjUA2efBpZ6h5jOUzGElvg=">AAAB83icbVA9SwNBFHwXNcb4FbW0WQyCVbgLipYRG8sEzAfkjrC32UuW7O0du3tCOPIjbNJYKCJY+Ucs7cQ/4+aSQhMHFoaZ93iz48ecKW3bX1ZubX0jv1nYKm7v7O7tlw4OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2Rzczv31PpWKRuNPjmHohHggWMIK1kVw3xHqogvR60qv2SmW7YmdAq8RZkHIt3/j+mD681XulT7cfkSSkQhOOleo6dqy9FEvNCKeTopsoGmMywgPaNVTgkCovzTJP0KlR+iiIpHlCo0z9vZHiUKlx6JvJLOOyNxP/87qJDq68lIk40VSQ+aEg4UhHaFYA6jNJieZjQzCRzGRFZIglJtrUVDQlOMtfXiWtasU5r1w0nHKtCnMU4BhO4AwcuIQa3EIdmkAghik8wbOVWI/Wi/U6H81Zi50j+APr/QdbgpWa</latexit>

A3

<latexit sha1_base64="8zfIlv4NKkGFPdAB7cSNYxuxfFE=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuxGRcuIjWUC5gHZJcxOZpMhs7PLzKwQlnyETRoLRQQrf8TSTvwZJ5sUmnhg4HDOvdwzx485U9q2v6yV1bX13EZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dY9lYpF4k6PYuqFuC9YwAjWRnLdEOuBCtLrcfesWyzZZTsDWibOnJSqufr3x+ThrdYtfrq9iCQhFZpwrFTHsWPtpVhqRjgdF9xE0RiTIe7TjqECh1R5aZZ5jE6M0kNBJM0TGmXq740Uh0qNQt9MZhkXvan4n9dJdHDlpUzEiaaCzA4FCUc6QtMCUI9JSjQfGYKJZCYrIgMsMdGmpoIpwVn88jJpVsrOefmi7pSqFZghD0dwDKfgwCVU4RZq0AACMUzgCZ6txHq0XqzX2eiKNd85hD+w3n8AXQaVmw==</latexit>

A0,0

<latexit sha1_base64="3yRa+aXXLrYQUI5kcxCtIDzOjy8=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLiI1lBHOBZAmzk0kyZHZ2mTkrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIpTDoup/OwuLS8spqZi27vrG5tZ3b2a2aKNGMV1gkI10PqOFSKF5BgZLXY81pGEheC/pXo7x2x7URkbrFQcz9kHaV6AhG0Vq1y1bqnrjDVi7vFtyxyDx4U8iX9r/fzddbr9zKfTTbEUtCrpBJakzDc2P0U6pRMMmH2WZieExZn3Z5w6KiITd+Oh53SI6s0yadSNunkIzd3x0pDY0ZhIGtDCn2zGw2Mv/LGgl2LvxUqDhBrtjko04iCUZktDtpC80ZyoEFyrSwsxLWo5oytBfK2iN4syvPQ7VY8E4LZzdevlSEiTJwAIdwDB6cQwmuoQwVYNCHe3iEJyd2Hpxn52VSuuBMe/bgj5zXH08Vk08=</latexit>

L1,0

<latexit sha1_base64="APrYCf9wLKDy2y2/XVdypWOVZLs=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI2FRQRzgWQJs5NJMmR2dpk5K4QlD2FjoYitvfgidr6Cvb2TS6GJPwx8/P85zDkniKUw6LqfzsLi0vLKamYtu76xubWd29mtmijRjFdYJCNdD6jhUiheQYGS12PNaRhIXgv6l6O8dse1EZG6xUHM/ZB2legIRtFatetW6p24w1Yu7xbcscg8eFPIl/a/383XW6/cyn002xFLQq6QSWpMw3Nj9FOqUTDJh9lmYnhMWZ92ecOioiE3fjoed0iOrNMmnUjbp5CM3d8dKQ2NGYSBrQwp9sxsNjL/yxoJdi78VKg4Qa7Y5KNOIglGZLQ7aQvNGcqBBcq0sLMS1qOaMrQXytojeLMrz0O1WPBOC2c3Xr5UhIkycACHcAwenEMJrqAMFWDQh3t4hCcndh6cZ+dlUrrgTHv24I+c1x9hipNb</latexit>

R0,0

<latexit sha1_base64="khUiKZOhx59jwFHQWOaP9YLM3fQ=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI1lFHOBZAmzk0kyZHZ2mTkrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIpTDoup/OwuLS8spqZi27vrG5tZ3b2a2aKNGMV1gkI10PqOFSKF5BgZLXY81pGEheC/qXo7x2x7URkbrFQcz9kHaV6AhG0Vq1m1bqnrjDVi7vFtyxyDx4U8iX9r/fzddbr9zKfTTbEUtCrpBJakzDc2P0U6pRMMmH2WZieExZn3Z5w6KiITd+Oh53SI6s0yadSNunkIzd3x0pDY0ZhIGtDCn2zGw2Mv/LGgl2LvxUqDhBrtjko04iCUZktDtpC80ZyoEFyrSwsxLWo5oytBfK2iN4syvPQ7VY8E4LZ9devlSEiTJwAIdwDB6cQwmuoAwVYNCHe3iEJyd2Hpxn52VSuuBMe/bgj5zXH2k/k2A=</latexit>

A1,0

<latexit sha1_base64="PkKz75le1duby1Y6VjSfCqnIKvQ=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLiI1lBHOBZAmzk0kyZHZ2mTkrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIpTDoup/OwuLS8spqZi27vrG5tZ3b2a2aKNGMV1gkI10PqOFSKF5BgZLXY81pGEheC/pXo7x2x7URkbrFQcz9kHaV6AhG0Vq1y1bqnbjDVi7vFtyxyDx4U8iX9r/fzddbr9zKfTTbEUtCrpBJakzDc2P0U6pRMMmH2WZieExZn3Z5w6KiITd+Oh53SI6s0yadSNunkIzd3x0pDY0ZhIGtDCn2zGw2Mv/LGgl2LvxUqDhBrtjko04iCUZktDtpC80ZyoEFyrSwsxLWo5oytBfK2iN4syvPQ7VY8E4LZzdevlSEiTJwAIdwDB6cQwmuoQwVYNCHe3iEJyd2Hpxn52VSuuBMe/bgj5zXH1Cck1A=</latexit>

L2,0

<latexit sha1_base64="HlAVk1x2SQ3JD8J09FCweSYde3s=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI2FRQRzgWQJs5OTZMjs7DIzK4QlD2FjoYitvfgidr6Cvb2TS6GJPwx8/P85zDkniAXXxnU/nYXFpeWV1cxadn1jc2s7t7Nb1VGiGFZYJCJVD6hGwSVWDDcC67FCGgYCa0H/cpTX7lBpHslbM4jRD2lX8g5n1Firdt1KiyfusJXLuwV3LDIP3hTypf3vd/311iu3ch/NdsSSEKVhgmrd8NzY+ClVhjOBw2wz0RhT1qddbFiUNETtp+Nxh+TIOm3SiZR90pCx+7sjpaHWgzCwlSE1PT2bjcz/skZiOhd+ymWcGJRs8lEnEcREZLQ7aXOFzIiBBcoUt7MS1qOKMmMvlLVH8GZXnodqseCdFs5uvHypCBNl4AAO4Rg8OIcSXEEZKsCgD/fwCE9O7Dw4z87LpHTBmfbswR85rz9jEZNc</latexit>

L3,0

<latexit sha1_base64="FiVGEreOh+2jxr/gQ/8b+4Diut4=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaBmwsLCKYCyRLmJ3MJkNmZ4eZWSEseQgbC0Vs7cUXsfMV7O2dXApN/GHg4//PYc45geRMG9f9dDILi0vLK9nV3Nr6xuZWfnunpuNEEVolMY9VI8CaciZo1TDDaUMqiqOA03rQvxzl9TuqNIvFrRlI6ke4K1jICDbWql+305Njd9jOF9yiOxaaB28KhfLe97v+eutV2vmPVicmSUSFIRxr3fRcafwUK8MIp8NcK9FUYtLHXdq0KHBEtZ+Oxx2iQ+t0UBgr+4RBY/d3R4ojrQdRYCsjbHp6NhuZ/2XNxIQXfsqETAwVZPJRmHBkYjTaHXWYosTwgQVMFLOzItLDChNjL5SzR/BmV56HWqnonRbPbrxCuQQTZWEfDuAIPDiHMlxBBapAoA/38AhPjnQenGfnZVKacaY9u/BHzusPZJiTXQ==</latexit>

R1,0

<latexit sha1_base64="UTxUq7uw/raqOQkj99iqI3dzqQE=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI1lFHOBZAmzk0kyZHZ2mTkrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIpTDoup/OwuLS8spqZi27vrG5tZ3b2a2aKNGMV1gkI10PqOFSKF5BgZLXY81pGEheC/qXo7x2x7URkbrFQcz9kHaV6AhG0Vq1m1bqnbjDVi7vFtyxyDx4U8iX9r/fzddbr9zKfTTbEUtCrpBJakzDc2P0U6pRMMmH2WZieExZn3Z5w6KiITd+Oh53SI6s0yadSNunkIzd3x0pDY0ZhIGtDCn2zGw2Mv/LGgl2LvxUqDhBrtjko04iCUZktDtpC80ZyoEFyrSwsxLWo5oytBfK2iN4syvPQ7VY8E4LZ9devlSEiTJwAIdwDB6cQwmuoAwVYNCHe3iEJyd2Hpxn52VSuuBMe/bgj5zXH2rGk2E=</latexit>

A2,0

<latexit sha1_base64="PvzP6gcxlYVOU2TOIBe+36oqR9w=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLiI1lBHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9qlNfuUGkeyVsziNEPaVfyDmfUWKt22UqLJ+6wlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzm68fKkIE2XgAA7hGDw4hxJcQxkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP1Ijk1E=</latexit>

Y

<latexit sha1_base64="41IGFeqg1CxWD9v6bBK5HJZXH90=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZoOhFDHjxmIBZJBlCT6cmadOz0N0jhJAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacbyuztLyyupZdtzc2t7Z3crt7NRWnkmGVxSKWDZ8qFDzCquZaYCORSENfYN3vX43z+j1KxePoRg8S9ELajXjAGdXGqty2c3mn4ExEFsGdQf7yw75I3r/scjv32erELA0x0kxQpZquk2hvSKXmTODIbqUKE8r6tItNgxENUXnDyaAjcmScDgliaV6kycT93TGkoVKD0DeVIdU9NZ+Nzf+yZqqDc2/IoyTVGLHpR0EqiI7JeGvS4RKZFgMDlEluZiWsRyVl2tzGNkdw51dehFqx4J4UTituvlSEqbJwAIdwDC6cQQmuoQxVYIDwAE/wbN1Zj9aL9TotzViznn34I+vtB/8skAM=</latexit>

A3,0

<latexit sha1_base64="A4qITtInGCB2TtcQLmS6NbKYUIc=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaRmwsI5gLJEuYncwmQ2Znh5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjmB5Ewb1/10MguLS8sr2dXc2vrG5lZ+e6em40QRWiUxj1UjwJpyJmjVMMNpQyqKo4DTetC/GuX1O6o0i8WtGUjqR7grWMgINtaqX7bTk2N32M4X3KI7FpoHbwqF8t73u/5661Xa+Y9WJyZJRIUhHGvd9Fxp/BQrwwinw1wr0VRi0sdd2rQocES1n47HHaJD63RQGCv7hEFj93dHiiOtB1FgKyNseno2G5n/Zc3EhBd+yoRMDBVk8lGYcGRiNNoddZiixPCBBUwUs7Mi0sMKE2MvlLNH8GZXnodaqeidFs9uvEK5BBNlYR8O4Ag8OIcyXEMFqkCgD/fwCE+OdB6cZ+dlUppxpj278EfO6w9TqpNS</latexit>

R2,0

<latexit sha1_base64="HMszw0rXjF7m5rGmQkGaQ8OueaI=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI1lFHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9ylNfuUGkeyVsziNEPaVfyDmfUWKt200qLJ+6wlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzq69fKkIE2XgAA7hGDw4hxJcQRkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP2xNk2I=</latexit>

(1)

U0,1

<latexit sha1_base64="3LYjipOgCCbUyqWIose/6la4D2E=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNyhaBmwsI7hJIFnC7GQ2GTIzu8zMCmHJQ9hYKGJrL76Ina9gb+/kUmjiDwMf/38Oc84JE860cd1PJ7e0vLK6ll8vbGxube8Ud/fqOk4VoT6JeayaIdaUM0l9wwynzURRLEJOG+Hgapw37qjSLJa3ZpjQQOCeZBEj2Fir4Xcy99QbdYolt+xOhBbBm0GpevD9rr/e+rVO8aPdjUkqqDSEY61bnpuYIMPKMMLpqNBONU0wGeAebVmUWFAdZJNxR+jYOl0Uxco+adDE/d2RYaH1UIS2UmDT1/PZ2Pwva6UmugwyJpPUUEmmH0UpRyZG491RlylKDB9awEQxOysifawwMfZCBXsEb37lRahXyt5Z+fzGK1UrMFUeDuEITsCDC6jCNdTABwIDuIdHeHIS58F5dl6mpTln1rMPf+S8/gBvYpNk</latexit>

(2)

(3)

0/1

measurement

U1,1

<latexit sha1_base64="MTfH6bNZolIVBsjDrbyhcLeBVGk=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhJyhaBmwsI7hJIFnC7GQ2GTI7u8zMCmHJQ9hYKGJrL76Ina9gb+/kUmjiDwMf/38Oc84JEsG1cd1PJ7e0vLK6ll8vbGxube8Ud/fqOk4VZR6NRayaAdFMcMk8w41gzUQxEgWCNYLB1Thv3DGleSxvzTBhfkR6koecEmOthtfJ8CkedYolt+xOhBYBz6BUPfh+119v/Vqn+NHuxjSNmDRUEK1b2E2MnxFlOBVsVGinmiWEDkiPtSxKEjHtZ5NxR+jYOl0Uxso+adDE/d2RkUjrYRTYyoiYvp7PxuZ/WSs14aWfcZmkhkk6/ShMBTIxGu+OulwxasTQAqGK21kR7RNFqLEXKtgj4PmVF6FeKeOz8vkNLlUrMFUeDuEITgDDBVThGmrgAYUB3MMjPDmJ8+A8Oy/T0pwz69mHP3JefwBw6ZNl</latexit>

U2,1

<latexit sha1_base64="+JGKrwqv0jxH96WYfo+BuBSU0kc=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNyhaBmwsI7hJIFnC7GQ2GTIzu8zMCmHJQ9hYKGJrL76Ina9gb+/kUmjiDwMf/38Oc84JE860cd1PJ7e0vLK6ll8vbGxube8Ud/fqOk4VoT6JeayaIdaUM0l9wwynzURRLEJOG+Hgapw37qjSLJa3ZpjQQOCeZBEj2Fir4Xeyyqk36hRLbtmdCC2CN4NS9eD7XX+99Wud4ke7G5NUUGkIx1q3PDcxQYaVYYTTUaGdappgMsA92rIosaA6yCbjjtCxdbooipV90qCJ+7sjw0LroQhtpcCmr+ezsflf1kpNdBlkTCapoZJMP4pSjkyMxrujLlOUGD60gIlidlZE+lhhYuyFCvYI3vzKi1CvlL2z8vmNV6pWYKo8HMIRnIAHF1CFa6iBDwQGcA+P8OQkzoPz7LxMS3POrGcf/sh5/QFycJNm</latexit>

U3,1

<latexit sha1_base64="4/0TTpKssDxFy0AAXZv2BUdtI5Y=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsRkXLgI1lBDcJJEuYncwmQ2Zml5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjlhwpk2rvvpLCwuLa+s5tby6xubW9uFnd2ajlNFqE9iHqtGiDXlTFLfMMNpI1EUi5DTeti/GuX1O6o0i+WtGSQ0ELgrWcQINtaq++3s9MQbtgtFt+SOhebBm0Kxsv/9rr/eetV24aPViUkqqDSEY62bnpuYIMPKMMLpMN9KNU0w6eMubVqUWFAdZONxh+jIOh0Uxco+adDY/d2RYaH1QIS2UmDT07PZyPwva6YmugwyJpPUUEkmH0UpRyZGo91RhylKDB9YwEQxOysiPawwMfZCeXsEb3bleaiVS95Z6fzGK1bKMFEODuAQjsGDC6jANVTBBwJ9uIdHeHIS58F5dl4mpQvOtGcP/sh5/QFz95Nn</latexit>

U3,2

<latexit sha1_base64="x3Kl/rlF73lG7GsLcQsP1vfAwrY=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsRkXLgI1lBDcJJEuYncwmQ2Zml5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjlhwpk2rvvpLCwuLa+s5tby6xubW9uFnd2ajlNFqE9iHqtGiDXlTFLfMMNpI1EUi5DTeti/GuX1O6o0i+WtGSQ0ELgrWcQINtaq++3s9KQ8bBeKbskdC82DN4ViZf/7XX+99artwkerE5NUUGkIx1o3PTcxQYaVYYTTYb6Vappg0sdd2rQosaA6yMbjDtGRdTooipV90qCx+7sjw0LrgQhtpcCmp2ezkflf1kxNdBlkTCapoZJMPopSjkyMRrujDlOUGD6wgIlidlZEelhhYuyF8vYI3uzK81Arl7yz0vmNV6yUYaIcHMAhHIMHF1CBa6iCDwT6cA+P8OQkzoPz7LxMShecac8e/JHz+gN1fJNo</latexit>

U3,3

<latexit sha1_base64="1xGYj8Qqb7ULa1DA3Vdxp3KMbcY=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhN1G0XLCxjOAmgWQJs5PZZMjs7DIzK4QlD2FjoYitvfgidr6Cvb2TS6GJPwx8/P85zDknSDhT2rY/rdzS8srqWn69sLG5tb1T3N2rqziVhHok5rFsBlhRzgT1NNOcNhNJcRRw2ggGV+O8cUelYrG41cOE+hHuCRYygrWxGl4nq55WR51iyS7bE6FFcGZQcg++39XXW7/WKX60uzFJIyo04ViplmMn2s+w1IxwOiq0U0UTTAa4R1sGBY6o8rPJuCN0bJwuCmNpntBo4v7uyHCk1DAKTGWEdV/NZ2Pzv6yV6vDSz5hIUk0FmX4UphzpGI13R10mKdF8aAATycysiPSxxESbCxXMEZz5lRehXik7Z+XzG6fkVmCqPBzCEZyAAxfgwjXUwAMCA7iHR3iyEuvBerZepqU5a9azD39kvf4AdwGTaQ==</latexit>

U2,3

<latexit sha1_base64="rz2wxzP1dwkgQHald1O+otGnoCI=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsRkXLgI1lBDcJJEuYncwmQ2Zml5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjlhwpk2rvvpLCwuLa+s5tby6xubW9uFnd2ajlNFqE9iHqtGiDXlTFLfMMNpI1EUi5DTeti/GuX1O6o0i+WtGSQ0ELgrWcQINtaq++2sfHI6bBeKbskdC82DN4ViZf/7XX+99artwkerE5NUUGkIx1o3PTcxQYaVYYTTYb6Vappg0sdd2rQosaA6yMbjDtGRdTooipV90qCx+7sjw0LrgQhtpcCmp2ezkflf1kxNdBlkTCapoZJMPopSjkyMRrujDlOUGD6wgIlidlZEelhhYuyF8vYI3uzK81Arl7yz0vmNV6yUYaIcHMAhHIMHF1CBa6iCDwT6cA+P8OQkzoPz7LxMShecac8e/JHz+gN1epNo</latexit>

U1,3

<latexit sha1_base64="2iQf1KlZX4MHnpxI14wR0+IZyuA=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsRkXLgI1lBDcJJEuYncwmQ2Zml5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjlhwpk2rvvpLCwuLa+s5tby6xubW9uFnd2ajlNFqE9iHqtGiDXlTFLfMMNpI1EUi5DTeti/GuX1O6o0i+WtGSQ0ELgrWcQINtaq++3MOzkdtgtFt+SOhebBm0Kxsv/9rr/eetV24aPViUkqqDSEY62bnpuYIMPKMMLpMN9KNU0w6eMubVqUWFAdZONxh+jIOh0Uxco+adDY/d2RYaH1QIS2UmDT07PZyPwva6YmugwyJpPUUEkmH0UpRyZGo91RhylKDB9YwEQxOysiPawwMfZCeXsEb3bleaiVS95Z6fzGK1bKMFEODuAQjsGDC6jANVTBBwJ9uIdHeHIS58F5dl4mpQvOtGcP/sh5/QFz85Nn</latexit>

U0,3

<latexit sha1_base64="5Ioq5F/llO12wcjVnDBQcJJQDbM=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsRkXLgI1lBDcJJEuYncwmQ2Zml5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjlhwpk2rvvpLCwuLa+s5tby6xubW9uFnd2ajlNFqE9iHqtGiDXlTFLfMMNpI1EUi5DTeti/GuX1O6o0i+WtGSQ0ELgrWcQINtaq++3MPTkdtgtFt+SOhebBm0Kxsv/9rr/eetV24aPViUkqqDSEY62bnpuYIMPKMMLpMN9KNU0w6eMubVqUWFAdZONxh+jIOh0Uxco+adDY/d2RYaH1QIS2UmDT07PZyPwva6YmugwyJpPUUEkmH0UpRyZGo91RhylKDB9YwEQxOysiPawwMfZCeXsEb3bleaiVS95Z6fzGK1bKMFEODuAQjsGDC6jANVTBBwJ9uIdHeHIS58F5dl4mpQvOtGcP/sh5/QFybJNm</latexit>

U0,2

<latexit sha1_base64="lfmLGj9BeLuQi8z3nxEfosqCGdw=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNyhaBmwsI7hJIFnC7GQ2GTI7O8zMCmHJQ9hYKGJrL76Ina9gb+/kUmjiDwMf/38Oc84JJWfauO6nk1taXlldy68XNja3tneKu3t1naSKUJ8kPFHNEGvKmaC+YYbTplQUxyGnjXBwNc4bd1RplohbM5Q0iHFPsIgRbKzV8DuZe1oZdYolt+xOhBbBm0GpevD9rr/e+rVO8aPdTUgaU2EIx1q3PFeaIMPKMMLpqNBONZWYDHCPtiwKHFMdZJNxR+jYOl0UJco+YdDE/d2R4VjrYRzayhibvp7PxuZ/WSs10WWQMSFTQwWZfhSlHJkEjXdHXaYoMXxoARPF7KyI9LHCxNgLFewRvPmVF6FeKXtn5fMbr1StwFR5OIQjOAEPLqAK11ADHwgM4B4e4cmRzoPz7LxMS3POrGcf/sh5/QFw55Nl</latexit>

U1,2

<latexit sha1_base64="ZtthzgcixvGWrtrMXbPrRrdr7Co=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNyhaBmwsI7hJIFnC7GQ2GTIzu8zMCmHJQ9hYKGJrL76Ina9gb+/kUmjiDwMf/38Oc84JE860cd1PJ7e0vLK6ll8vbGxube8Ud/fqOk4VoT6JeayaIdaUM0l9wwynzURRLEJOG+Hgapw37qjSLJa3ZpjQQOCeZBEj2Fir4Xcy77Qy6hRLbtmdCC2CN4NS9eD7XX+99Wud4ke7G5NUUGkIx1q3PDcxQYaVYYTTUaGdappgMsA92rIosaA6yCbjjtCxdbooipV90qCJ+7sjw0LroQhtpcCmr+ezsflf1kpNdBlkTCapoZJMP4pSjkyMxrujLlOUGD60gIlidlZE+lhhYuyFCvYI3vzKi1CvlL2z8vmNV6pWYKo8HMIRnIAHF1CFa6iBDwQGcA+P8OQkzoPz7LxMS3POrGcf/sh5/QFybpNm</latexit>

U2,2

<latexit sha1_base64="yqv9eF7K/ZbfB+n0LkFKK3TyKiY=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhd1G0DNhYRnCTQLKE2clsMmR2dpmZFcKSh7CxUMTWXnwRO1/B3t7ZJIUm/jDw8f/nMOecIOFMadv+tApLyyura8X10sbm1vZOeXevoeJUEuqRmMeyFWBFORPU00xz2kokxVHAaTMYXuV5845KxWJxq0cJ9SPcFyxkBGtjNb1u5p664265YlftidAiODOo1A6+39XX26DeLX90ejFJIyo04ViptmMn2s+w1IxwOi51UkUTTIa4T9sGBY6o8rPJuGN0bJweCmNpntBo4v7uyHCk1CgKTGWE9UDNZ7n5X9ZOdXjpZ0wkqaaCTD8KU450jPLdUY9JSjQfGcBEMjMrIgMsMdHmQiVzBGd+5UVouFXnrHp+41RqLkxVhEM4ghNw4AJqcA118IDAEO7hEZ6sxHqwnq2XaWnBmvXswx9Zrz9z9ZNn</latexit>

X

<latexit sha1_base64="v0o5ACgr3ftHt/xR4/YfqJjRFAc=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJWkKLoRC25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9CN/Djfg2Ti8Lrf4w8PH/5zDnnCDhTGnX/bJyS8srq2v5dXtjc2t7p7C711BxKinWacxj2QqIQs4E1jXTHFuJRBIFHJvB8GqSN+9QKhaLGz1K0I9IX7CQUaKNVWt1C0W35E7l/AVvDsXLd/siefu0q93CR6cX0zRCoSknSrU9N9F+RqRmlOPY7qQKE0KHpI9tg4JEqPxsOujYOTJOzwljaZ7QztT92ZGRSKlRFJjKiOiBWswm5n9ZO9XhuZ8xkaQaBZ19FKbc0bEz2drpMYlU85EBQiUzszp0QCSh2tzGNkfwFlf+C41yyTspnda8YqUMM+XhAA7hGDw4gwpcQxXqQAHhHh7hybq1Hqxn62VWmrPmPfvwS9brN/2okAI=</latexit>

X

<latexit sha1_base64="v0o5ACgr3ftHt/xR4/YfqJjRFAc=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJWkKLoRC25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9CN/Djfg2Ti8Lrf4w8PH/5zDnnCDhTGnX/bJyS8srq2v5dXtjc2t7p7C711BxKinWacxj2QqIQs4E1jXTHFuJRBIFHJvB8GqSN+9QKhaLGz1K0I9IX7CQUaKNVWt1C0W35E7l/AVvDsXLd/siefu0q93CR6cX0zRCoSknSrU9N9F+RqRmlOPY7qQKE0KHpI9tg4JEqPxsOujYOTJOzwljaZ7QztT92ZGRSKlRFJjKiOiBWswm5n9ZO9XhuZ8xkaQaBZ19FKbc0bEz2drpMYlU85EBQiUzszp0QCSh2tzGNkfwFlf+C41yyTspnda8YqUMM+XhAA7hGDw4gwpcQxXqQAHhHh7hybq1Hqxn62VWmrPmPfvwS9brN/2okAI=</latexit>

X

<latexit sha1_base64="v0o5ACgr3ftHt/xR4/YfqJjRFAc=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJWkKLoRC25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9CN/Djfg2Ti8Lrf4w8PH/5zDnnCDhTGnX/bJyS8srq2v5dXtjc2t7p7C711BxKinWacxj2QqIQs4E1jXTHFuJRBIFHJvB8GqSN+9QKhaLGz1K0I9IX7CQUaKNVWt1C0W35E7l/AVvDsXLd/siefu0q93CR6cX0zRCoSknSrU9N9F+RqRmlOPY7qQKE0KHpI9tg4JEqPxsOujYOTJOzwljaZ7QztT92ZGRSKlRFJjKiOiBWswm5n9ZO9XhuZ8xkaQaBZ19FKbc0bEz2drpMYlU85EBQiUzszp0QCSh2tzGNkfwFlf+C41yyTspnda8YqUMM+XhAA7hGDw4gwpcQxXqQAHhHh7hybq1Hqxn62VWmrPmPfvwS9brN/2okAI=</latexit>

X

<latexit sha1_base64="v0o5ACgr3ftHt/xR4/YfqJjRFAc=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJWkKLoRC25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9CN/Djfg2Ti8Lrf4w8PH/5zDnnCDhTGnX/bJyS8srq2v5dXtjc2t7p7C711BxKinWacxj2QqIQs4E1jXTHFuJRBIFHJvB8GqSN+9QKhaLGz1K0I9IX7CQUaKNVWt1C0W35E7l/AVvDsXLd/siefu0q93CR6cX0zRCoSknSrU9N9F+RqRmlOPY7qQKE0KHpI9tg4JEqPxsOujYOTJOzwljaZ7QztT92ZGRSKlRFJjKiOiBWswm5n9ZO9XhuZ8xkaQaBZ19FKbc0bEz2drpMYlU85EBQiUzszp0QCSh2tzGNkfwFlf+C41yyTspnda8YqUMM+XhAA7hGDw4gwpcQxXqQAHhHh7hybq1Hqxn62VWmrPmPfvwS9brN/2okAI=</latexit>

X

<latexit sha1_base64="v0o5ACgr3ftHt/xR4/YfqJjRFAc=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJWkKLoRC25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9CN/Djfg2Ti8Lrf4w8PH/5zDnnCDhTGnX/bJyS8srq2v5dXtjc2t7p7C711BxKinWacxj2QqIQs4E1jXTHFuJRBIFHJvB8GqSN+9QKhaLGz1K0I9IX7CQUaKNVWt1C0W35E7l/AVvDsXLd/siefu0q93CR6cX0zRCoSknSrU9N9F+RqRmlOPY7qQKE0KHpI9tg4JEqPxsOujYOTJOzwljaZ7QztT92ZGRSKlRFJjKiOiBWswm5n9ZO9XhuZ8xkaQaBZ19FKbc0bEz2drpMYlU85EBQiUzszp0QCSh2tzGNkfwFlf+C41yyTspnda8YqUMM+XhAA7hGDw4gwpcQxXqQAHhHh7hybq1Hqxn62VWmrPmPfvwS9brN/2okAI=</latexit>

X

<latexit sha1_base64="v0o5ACgr3ftHt/xR4/YfqJjRFAc=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJWkKLoRC25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9CN/Djfg2Ti8Lrf4w8PH/5zDnnCDhTGnX/bJyS8srq2v5dXtjc2t7p7C711BxKinWacxj2QqIQs4E1jXTHFuJRBIFHJvB8GqSN+9QKhaLGz1K0I9IX7CQUaKNVWt1C0W35E7l/AVvDsXLd/siefu0q93CR6cX0zRCoSknSrU9N9F+RqRmlOPY7qQKE0KHpI9tg4JEqPxsOujYOTJOzwljaZ7QztT92ZGRSKlRFJjKiOiBWswm5n9ZO9XhuZ8xkaQaBZ19FKbc0bEz2drpMYlU85EBQiUzszp0QCSh2tzGNkfwFlf+C41yyTspnda8YqUMM+XhAA7hGDw4gwpcQxXqQAHhHh7hybq1Hqxn62VWmrPmPfvwS9brN/2okAI=</latexit>

Y

<latexit sha1_base64="41IGFeqg1CxWD9v6bBK5HJZXH90=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZoOhFDHjxmIBZJBlCT6cmadOz0N0jhJAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacbyuztLyyupZdtzc2t7Z3crt7NRWnkmGVxSKWDZ8qFDzCquZaYCORSENfYN3vX43z+j1KxePoRg8S9ELajXjAGdXGqty2c3mn4ExEFsGdQf7yw75I3r/scjv32erELA0x0kxQpZquk2hvSKXmTODIbqUKE8r6tItNgxENUXnDyaAjcmScDgliaV6kycT93TGkoVKD0DeVIdU9NZ+Nzf+yZqqDc2/IoyTVGLHpR0EqiI7JeGvS4RKZFgMDlEluZiWsRyVl2tzGNkdw51dehFqx4J4UTituvlSEqbJwAIdwDC6cQQmuoQxVYIDwAE/wbN1Zj9aL9TotzViznn34I+vtB/8skAM=</latexit>

Y

<latexit sha1_base64="41IGFeqg1CxWD9v6bBK5HJZXH90=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZoOhFDHjxmIBZJBlCT6cmadOz0N0jhJAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacbyuztLyyupZdtzc2t7Z3crt7NRWnkmGVxSKWDZ8qFDzCquZaYCORSENfYN3vX43z+j1KxePoRg8S9ELajXjAGdXGqty2c3mn4ExEFsGdQf7yw75I3r/scjv32erELA0x0kxQpZquk2hvSKXmTODIbqUKE8r6tItNgxENUXnDyaAjcmScDgliaV6kycT93TGkoVKD0DeVIdU9NZ+Nzf+yZqqDc2/IoyTVGLHpR0EqiI7JeGvS4RKZFgMDlEluZiWsRyVl2tzGNkdw51dehFqx4J4UTituvlSEqbJwAIdwDC6cQQmuoQxVYIDwAE/wbN1Zj9aL9TotzViznn34I+vtB/8skAM=</latexit>

Y

<latexit sha1_base64="41IGFeqg1CxWD9v6bBK5HJZXH90=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZoOhFDHjxmIBZJBlCT6cmadOz0N0jhJAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacbyuztLyyupZdtzc2t7Z3crt7NRWnkmGVxSKWDZ8qFDzCquZaYCORSENfYN3vX43z+j1KxePoRg8S9ELajXjAGdXGqty2c3mn4ExEFsGdQf7yw75I3r/scjv32erELA0x0kxQpZquk2hvSKXmTODIbqUKE8r6tItNgxENUXnDyaAjcmScDgliaV6kycT93TGkoVKD0DeVIdU9NZ+Nzf+yZqqDc2/IoyTVGLHpR0EqiI7JeGvS4RKZFgMDlEluZiWsRyVl2tzGNkdw51dehFqx4J4UTituvlSEqbJwAIdwDC6cQQmuoQxVYIDwAE/wbN1Zj9aL9TotzViznn34I+vtB/8skAM=</latexit>

Y

<latexit sha1_base64="41IGFeqg1CxWD9v6bBK5HJZXH90=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZoOhFDHjxmIBZJBlCT6cmadOz0N0jhJAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacbyuztLyyupZdtzc2t7Z3crt7NRWnkmGVxSKWDZ8qFDzCquZaYCORSENfYN3vX43z+j1KxePoRg8S9ELajXjAGdXGqty2c3mn4ExEFsGdQf7yw75I3r/scjv32erELA0x0kxQpZquk2hvSKXmTODIbqUKE8r6tItNgxENUXnDyaAjcmScDgliaV6kycT93TGkoVKD0DeVIdU9NZ+Nzf+yZqqDc2/IoyTVGLHpR0EqiI7JeGvS4RKZFgMDlEluZiWsRyVl2tzGNkdw51dehFqx4J4UTituvlSEqbJwAIdwDC6cQQmuoQxVYIDwAE/wbN1Zj9aL9TotzViznn34I+vtB/8skAM=</latexit>

Y

<latexit sha1_base64="41IGFeqg1CxWD9v6bBK5HJZXH90=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZoOhFDHjxmIBZJBlCT6cmadOz0N0jhJAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacbyuztLyyupZdtzc2t7Z3crt7NRWnkmGVxSKWDZ8qFDzCquZaYCORSENfYN3vX43z+j1KxePoRg8S9ELajXjAGdXGqty2c3mn4ExEFsGdQf7yw75I3r/scjv32erELA0x0kxQpZquk2hvSKXmTODIbqUKE8r6tItNgxENUXnDyaAjcmScDgliaV6kycT93TGkoVKD0DeVIdU9NZ+Nzf+yZqqDc2/IoyTVGLHpR0EqiI7JeGvS4RKZFgMDlEluZiWsRyVl2tzGNkdw51dehFqx4J4UTituvlSEqbJwAIdwDC6cQQmuoQxVYIDwAE/wbN1Zj9aL9TotzViznn34I+vtB/8skAM=</latexit>

Y

<latexit sha1_base64="41IGFeqg1CxWD9v6bBK5HJZXH90=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZoOhFDHjxmIBZJBlCT6cmadOz0N0jhJAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacbyuztLyyupZdtzc2t7Z3crt7NRWnkmGVxSKWDZ8qFDzCquZaYCORSENfYN3vX43z+j1KxePoRg8S9ELajXjAGdXGqty2c3mn4ExEFsGdQf7yw75I3r/scjv32erELA0x0kxQpZquk2hvSKXmTODIbqUKE8r6tItNgxENUXnDyaAjcmScDgliaV6kycT93TGkoVKD0DeVIdU9NZ+Nzf+yZqqDc2/IoyTVGLHpR0EqiI7JeGvS4RKZFgMDlEluZiWsRyVl2tzGNkdw51dehFqx4J4UTituvlSEqbJwAIdwDC6cQQmuoQxVYIDwAE/wbN1Zj9aL9TotzViznn34I+vtB/8skAM=</latexit>

A0,3

<latexit sha1_base64="pQgjBA4Vy2Bi7pUksW+IRcpkCCU=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaRmwsI5gLJEuYncwmQ2Znh5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjmB5Ewb1/10MguLS8sr2dXc2vrG5lZ+e6em40QRWiUxj1UjwJpyJmjVMMNpQyqKo4DTetC/GuX1O6o0i8WtGUjqR7grWMgINtaqX7ZT9/hk2M4X3KI7FpoHbwqF8t73u/5661Xa+Y9WJyZJRIUhHGvd9Fxp/BQrwwinw1wr0VRi0sdd2rQocES1n47HHaJD63RQGCv7hEFj93dHiiOtB1FgKyNseno2G5n/Zc3EhBd+yoRMDBVk8lGYcGRiNNoddZiixPCBBUwUs7Mi0sMKE2MvlLNH8GZXnodaqeidFs9uvEK5BBNlYR8O4Ag8OIcyXEMFqkCgD/fwCE+OdB6cZ+dlUppxpj278EfO6w9TpJNS</latexit>

A1,3

<latexit sha1_base64="/ZtS4dnQgZDuICXz6ea5/oLpjZE=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaRmwsI5gLJEuYncwmQ2Znh5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjmB5Ewb1/10MguLS8sr2dXc2vrG5lZ+e6em40QRWiUxj1UjwJpyJmjVMMNpQyqKo4DTetC/GuX1O6o0i8WtGUjqR7grWMgINtaqX7ZT7/hk2M4X3KI7FpoHbwqF8t73u/5661Xa+Y9WJyZJRIUhHGvd9Fxp/BQrwwinw1wr0VRi0sdd2rQocES1n47HHaJD63RQGCv7hEFj93dHiiOtB1FgKyNseno2G5n/Zc3EhBd+yoRMDBVk8lGYcGRiNNoddZiixPCBBUwUs7Mi0sMKE2MvlLNH8GZXnodaqeidFs9uvEK5BBNlYR8O4Ag8OIcyXEMFqkCgD/fwCE+OdB6cZ+dlUppxpj278EfO6w9VK5NT</latexit>

A1,2

<latexit sha1_base64="z/qXalftkmSrV106lOcU2IDkw2U=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLiI1lBHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9qlNfuUGkeyVsziNEPaVfyDmfUWKt22Uq9k+Kwlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzm68fKkIE2XgAA7hGDw4hxJcQxkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP1Omk1I=</latexit>

A1,1

<latexit sha1_base64="VC4UWn/D7kTFvCf7m3dqOpvDrtU=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhJ0S0jNhYRjAXSJYwO5lNhszOLjOzQljyEDYWitjaiy9i5yvY2zu5FJr4w8DH/5/DnHP8WHBtXPfTySwtr6yuZddzG5tb2zv53b26jhJFWY1GIlJNn2gmuGQ1w41gzVgxEvqCNfzB1Thv3DGleSRvzTBmXkh6kgecEmOtxmUnxad41MkX3KI7EVoEPINC5eD7XX+99aud/Ee7G9EkZNJQQbRuYTc2XkqU4VSwUa6daBYTOiA91rIoSci0l07GHaFj63RRECn7pEET93dHSkKth6FvK0Ni+no+G5v/Za3EBBdeymWcGCbp9KMgEchEaLw76nLFqBFDC4QqbmdFtE8UocZeKGePgOdXXoR6qYjLxbMbXKiUYKosHMIRnACGc6jANVShBhQGcA+P8OTEzoPz7LxMSzPOrGcf/sh5/QFSIZNR</latexit>

A2,1

<latexit sha1_base64="ifqxIeVL1kMUP6WoXBqCgJ3r+p8=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLiI1lBHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9qlNfuUGkeyVsziNEPaVfyDmfUWKt22UqLJ96wlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzm68fKkIE2XgAA7hGDw4hxJcQxkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP1Ook1I=</latexit>

A2,2

<latexit sha1_base64="Qgwigdj6tnXz1gYVRlo+eW9LE5E=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsLoqWERvLCOYCyRJmJ7PJkJnZZWZWCEsewsZCEVt78UXsfAV7eyeXQhN/GPj4/3OYc06YcKaN6346C4tLyyurubX8+sbm1nZhZ7em41QRWiUxj1UjxJpyJmnVMMNpI1EUi5DTeti/GuX1O6o0i+WtGSQ0ELgrWcQINtaqX7Yz/8QftgtFt+SOhebBm0KxvP/9rr/eepV24aPViUkqqDSEY62bnpuYIMPKMMLpMN9KNU0w6eMubVqUWFAdZONxh+jIOh0Uxco+adDY/d2RYaH1QIS2UmDT07PZyPwva6YmuggyJpPUUEkmH0UpRyZGo91RhylKDB9YwEQxOysiPawwMfZCeXsEb3bleaj5Je+0dHbjFcs+TJSDAziEY/DgHMpwDRWoAoE+3MMjPDmJ8+A8Oy+T0gVn2rMHf+S8/gBVLZNT</latexit>

A2,3

<latexit sha1_base64="e/mImFBKR03o9rg88e34LV1IMPs=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaRmwsI5gLJEuYncwmQ2Znh5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjmB5Ewb1/10MguLS8sr2dXc2vrG5lZ+e6em40QRWiUxj1UjwJpyJmjVMMNpQyqKo4DTetC/GuX1O6o0i8WtGUjqR7grWMgINtaqX7bT0vHJsJ0vuEV3LDQP3hQK5b3vd/311qu08x+tTkySiApDONa66bnS+ClWhhFOh7lWoqnEpI+7tGlR4IhqPx2PO0SH1umgMFb2CYPG7u+OFEdaD6LAVkbY9PRsNjL/y5qJCS/8lAmZGCrI5KMw4cjEaLQ76jBFieEDC5goZmdFpIcVJsZeKGeP4M2uPA+1UtE7LZ7deIVyCSbKwj4cwBF4cA5luIYKVIFAH+7hEZ4c6Tw4z87LpDTjTHt24Y+c1x9WspNU</latexit>

A0,1

<latexit sha1_base64="xbZOUf1JtyGEtXrE7RYYxBeWmKo=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLiI1lBHOBZAmzk0kyZHZ2mTkrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIpTDoup/OwuLS8spqZi27vrG5tZ3b2a2aKNGMV1gkI10PqOFSKF5BgZLXY81pGEheC/pXo7x2x7URkbrFQcz9kHaV6AhG0Vq1y1bqnnjDVi7vFtyxyDx4U8iX9r/fzddbr9zKfTTbEUtCrpBJakzDc2P0U6pRMMmH2WZieExZn3Z5w6KiITd+Oh53SI6s0yadSNunkIzd3x0pDY0ZhIGtDCn2zGw2Mv/LGgl2LvxUqDhBrtjko04iCUZktDtpC80ZyoEFyrSwsxLWo5oytBfK2iN4syvPQ7VY8E4LZzdevlSEiTJwAIdwDB6cQwmuoQwVYNCHe3iEJyd2Hpxn52VSuuBMe/bgj5zXH1Cak1A=</latexit>

A0,2

<latexit sha1_base64="SvcbCeiiWDsir2lK1gMBeADbu0s=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLiI1lBHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9qlNfuUGkeyVsziNEPaVfyDmfUWKt22Urdk+Kwlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzm68fKkIE2XgAA7hGDw4hxJcQxkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP1Ifk1E=</latexit>

A3,3

<latexit sha1_base64="iLe83iuXYlkx1OVqm1p5PAUKYSM=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsJoqWERvLCOYCyRJmJ7PJkNnZYWZWCEsewsZCEVt78UXsfAV7eyeXQhN/GPj4/3OYc04gOdPGdT+dhcWl5ZXVzFp2fWNzazu3s1vTcaIIrZKYx6oRYE05E7RqmOG0IRXFUcBpPehfjfL6HVWaxeLWDCT1I9wVLGQEG2vVL9tp6aQ0bOfybsEdC82DN4V8ef/7XX+99Srt3EerE5MkosIQjrVueq40foqVYYTTYbaVaCox6eMubVoUOKLaT8fjDtGRdToojJV9wqCx+7sjxZHWgyiwlRE2PT2bjcz/smZiwgs/ZUImhgoy+ShMODIxGu2OOkxRYvjAAiaK2VkR6WGFibEXytojeLMrz0OtWPBOC2c3Xr5chIkycACHcAwenEMZrqECVSDQh3t4hCdHOg/Os/MyKV1wpj178EfO6w9YOZNV</latexit>

A3,3

<latexit sha1_base64="iLe83iuXYlkx1OVqm1p5PAUKYSM=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsJoqWERvLCOYCyRJmJ7PJkNnZYWZWCEsewsZCEVt78UXsfAV7eyeXQhN/GPj4/3OYc04gOdPGdT+dhcWl5ZXVzFp2fWNzazu3s1vTcaIIrZKYx6oRYE05E7RqmOG0IRXFUcBpPehfjfL6HVWaxeLWDCT1I9wVLGQEG2vVL9tp6aQ0bOfybsEdC82DN4V8ef/7XX+99Srt3EerE5MkosIQjrVueq40foqVYYTTYbaVaCox6eMubVoUOKLaT8fjDtGRdToojJV9wqCx+7sjxZHWgyiwlRE2PT2bjcz/smZiwgs/ZUImhgoy+ShMODIxGu2OOkxRYvjAAiaK2VkR6WGFibEXytojeLMrz0OtWPBOC2c3Xr5chIkycACHcAwenEMZrqECVSDQh3t4hCdHOg/Os/MyKV1wpj178EfO6w9YOZNV</latexit>

A0,2

<latexit sha1_base64="SvcbCeiiWDsir2lK1gMBeADbu0s=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLiI1lBHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9qlNfuUGkeyVsziNEPaVfyDmfUWKt22Urdk+Kwlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzm68fKkIE2XgAA7hGDw4hxJcQxkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP1Ifk1E=</latexit>

A0,1

<latexit sha1_base64="xbZOUf1JtyGEtXrE7RYYxBeWmKo=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLiI1lBHOBZAmzk0kyZHZ2mTkrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIpTDoup/OwuLS8spqZi27vrG5tZ3b2a2aKNGMV1gkI10PqOFSKF5BgZLXY81pGEheC/pXo7x2x7URkbrFQcz9kHaV6AhG0Vq1y1bqnnjDVi7vFtyxyDx4U8iX9r/fzddbr9zKfTTbEUtCrpBJakzDc2P0U6pRMMmH2WZieExZn3Z5w6KiITd+Oh53SI6s0yadSNunkIzd3x0pDY0ZhIGtDCn2zGw2Mv/LGgl2LvxUqDhBrtjko04iCUZktDtpC80ZyoEFyrSwsxLWo5oytBfK2iN4syvPQ7VY8E4LZzdevlSEiTJwAIdwDB6cQwmuoQwVYNCHe3iEJyd2Hpxn52VSuuBMe/bgj5zXH1Cak1A=</latexit>

A2,3

<latexit sha1_base64="e/mImFBKR03o9rg88e34LV1IMPs=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaRmwsI5gLJEuYncwmQ2Znh5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjmB5Ewb1/10MguLS8sr2dXc2vrG5lZ+e6em40QRWiUxj1UjwJpyJmjVMMNpQyqKo4DTetC/GuX1O6o0i8WtGUjqR7grWMgINtaqX7bT0vHJsJ0vuEV3LDQP3hQK5b3vd/311qu08x+tTkySiApDONa66bnS+ClWhhFOh7lWoqnEpI+7tGlR4IhqPx2PO0SH1umgMFb2CYPG7u+OFEdaD6LAVkbY9PRsNjL/y5qJCS/8lAmZGCrI5KMw4cjEaLQ76jBFieEDC5goZmdFpIcVJsZeKGeP4M2uPA+1UtE7LZ7deIVyCSbKwj4cwBF4cA5luIYKVIFAH+7hEZ4c6Tw4z87LpDTjTHt24Y+c1x9WspNU</latexit>

A2,2

<latexit sha1_base64="Qgwigdj6tnXz1gYVRlo+eW9LE5E=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsLoqWERvLCOYCyRJmJ7PJkJnZZWZWCEsewsZCEVt78UXsfAV7eyeXQhN/GPj4/3OYc06YcKaN6346C4tLyyurubX8+sbm1nZhZ7em41QRWiUxj1UjxJpyJmnVMMNpI1EUi5DTeti/GuX1O6o0i+WtGSQ0ELgrWcQINtaqX7Yz/8QftgtFt+SOhebBm0KxvP/9rr/eepV24aPViUkqqDSEY62bnpuYIMPKMMLpMN9KNU0w6eMubVqUWFAdZONxh+jIOh0Uxco+adDY/d2RYaH1QIS2UmDT07PZyPwva6YmuggyJpPUUEkmH0UpRyZGo91RhylKDB9YwEQxOysiPawwMfZCeXsEb3bleaj5Je+0dHbjFcs+TJSDAziEY/DgHMpwDRWoAoE+3MMjPDmJ8+A8Oy+T0gVn2rMHf+S8/gBVLZNT</latexit>

A2,1

<latexit sha1_base64="ifqxIeVL1kMUP6WoXBqCgJ3r+p8=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLiI1lBHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9qlNfuUGkeyVsziNEPaVfyDmfUWKt22UqLJ96wlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzm68fKkIE2XgAA7hGDw4hxJcQxkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP1Ook1I=</latexit>

A1,1

<latexit sha1_base64="VC4UWn/D7kTFvCf7m3dqOpvDrtU=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhJ0S0jNhYRjAXSJYwO5lNhszOLjOzQljyEDYWitjaiy9i5yvY2zu5FJr4w8DH/5/DnHP8WHBtXPfTySwtr6yuZddzG5tb2zv53b26jhJFWY1GIlJNn2gmuGQ1w41gzVgxEvqCNfzB1Thv3DGleSRvzTBmXkh6kgecEmOtxmUnxad41MkX3KI7EVoEPINC5eD7XX+99aud/Ee7G9EkZNJQQbRuYTc2XkqU4VSwUa6daBYTOiA91rIoSci0l07GHaFj63RRECn7pEET93dHSkKth6FvK0Ni+no+G5v/Za3EBBdeymWcGCbp9KMgEchEaLw76nLFqBFDC4QqbmdFtE8UocZeKGePgOdXXoR6qYjLxbMbXKiUYKosHMIRnACGc6jANVShBhQGcA+P8OTEzoPz7LxMSzPOrGcf/sh5/QFSIZNR</latexit>

A1,2

<latexit sha1_base64="z/qXalftkmSrV106lOcU2IDkw2U=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLiI1lBHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9qlNfuUGkeyVsziNEPaVfyDmfUWKt22Uq9k+Kwlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzm68fKkIE2XgAA7hGDw4hxJcQxkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP1Omk1I=</latexit>

A0,3

<latexit sha1_base64="pQgjBA4Vy2Bi7pUksW+IRcpkCCU=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaRmwsI5gLJEuYncwmQ2Znh5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjmB5Ewb1/10MguLS8sr2dXc2vrG5lZ+e6em40QRWiUxj1UjwJpyJmjVMMNpQyqKo4DTetC/GuX1O6o0i8WtGUjqR7grWMgINtaqX7ZT9/hk2M4X3KI7FpoHbwqF8t73u/5661Xa+Y9WJyZJRIUhHGvd9Fxp/BQrwwinw1wr0VRi0sdd2rQocES1n47HHaJD63RQGCv7hEFj93dHiiOtB1FgKyNseno2G5n/Zc3EhBd+yoRMDBVk8lGYcGRiNNoddZiixPCBBUwUs7Mi0sMKE2MvlLNH8GZXnodaqeidFs9uvEK5BBNlYR8O4Ag8OIcyXEMFqkCgD/fwCE+OdB6cZ+dlUppxpj278EfO6w9TpJNS</latexit>

A1,3

<latexit sha1_base64="/ZtS4dnQgZDuICXz6ea5/oLpjZE=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaRmwsI5gLJEuYncwmQ2Znh5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjmB5Ewb1/10MguLS8sr2dXc2vrG5lZ+e6em40QRWiUxj1UjwJpyJmjVMMNpQyqKo4DTetC/GuX1O6o0i8WtGUjqR7grWMgINtaqX7ZT7/hk2M4X3KI7FpoHbwqF8t73u/5661Xa+Y9WJyZJRIUhHGvd9Fxp/BQrwwinw1wr0VRi0sdd2rQocES1n47HHaJD63RQGCv7hEFj93dHiiOtB1FgKyNseno2G5n/Zc3EhBd+yoRMDBVk8lGYcGRiNNoddZiixPCBBUwUs7Mi0sMKE2MvlLNH8GZXnodaqeidFs9uvEK5BBNlYR8O4Ag8OIcyXEMFqkCgD/fwCE+OdB6cZ+dlUppxpj278EfO6w9VK5NT</latexit>

A3,1

<latexit sha1_base64="b+vvH7DgSQHUjuK/6UepRDh0nWo=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaRmwsI5gLJEuYncwmQ2Znh5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjmB5Ewb1/10MguLS8sr2dXc2vrG5lZ+e6em40QRWiUxj1UjwJpyJmjVMMNpQyqKo4DTetC/GuX1O6o0i8WtGUjqR7grWMgINtaqX7bTk2Nv2M4X3KI7FpoHbwqF8t73u/5661Xa+Y9WJyZJRIUhHGvd9Fxp/BQrwwinw1wr0VRi0sdd2rQocES1n47HHaJD63RQGCv7hEFj93dHiiOtB1FgKyNseno2G5n/Zc3EhBd+yoRMDBVk8lGYcGRiNNoddZiixPCBBUwUs7Mi0sMKE2MvlLNH8GZXnodaqeidFs9uvEK5BBNlYR8O4Ag8OIcyXEMFqkCgD/fwCE+OdB6cZ+dlUppxpj278EfO6w9VL5NT</latexit>

A3,2

<latexit sha1_base64="SkrK0i3M17nOrhPRnQg5x3EDaQk=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaRmwsI5gLJEuYncwmQ2Znh5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjmB5Ewb1/10MguLS8sr2dXc2vrG5lZ+e6em40QRWiUxj1UjwJpyJmjVMMNpQyqKo4DTetC/GuX1O6o0i8WtGUjqR7grWMgINtaqX7bTk+PSsJ0vuEV3LDQP3hQK5b3vd/311qu08x+tTkySiApDONa66bnS+ClWhhFOh7lWoqnEpI+7tGlR4IhqPx2PO0SH1umgMFb2CYPG7u+OFEdaD6LAVkbY9PRsNjL/y5qJCS/8lAmZGCrI5KMw4cjEaLQ76jBFieEDC5goZmdFpIcVJsZeKGeP4M2uPA+1UtE7LZ7deIVyCSbKwj4cwBF4cA5luIYKVIFAH+7hEZ4c6Tw4z87LpDTjTHt24Y+c1x9WtJNU</latexit>

A3,1

<latexit sha1_base64="b+vvH7DgSQHUjuK/6UepRDh0nWo=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaRmwsI5gLJEuYncwmQ2Znh5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjmB5Ewb1/10MguLS8sr2dXc2vrG5lZ+e6em40QRWiUxj1UjwJpyJmjVMMNpQyqKo4DTetC/GuX1O6o0i8WtGUjqR7grWMgINtaqX7bTk2Nv2M4X3KI7FpoHbwqF8t73u/5661Xa+Y9WJyZJRIUhHGvd9Fxp/BQrwwinw1wr0VRi0sdd2rQocES1n47HHaJD63RQGCv7hEFj93dHiiOtB1FgKyNseno2G5n/Zc3EhBd+yoRMDBVk8lGYcGRiNNoddZiixPCBBUwUs7Mi0sMKE2MvlLNH8GZXnodaqeidFs9uvEK5BBNlYR8O4Ag8OIcyXEMFqkCgD/fwCE+OdB6cZ+dlUppxpj278EfO6w9VL5NT</latexit>

A3,2

<latexit sha1_base64="SkrK0i3M17nOrhPRnQg5x3EDaQk=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaRmwsI5gLJEuYncwmQ2Znh5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjmB5Ewb1/10MguLS8sr2dXc2vrG5lZ+e6em40QRWiUxj1UjwJpyJmjVMMNpQyqKo4DTetC/GuX1O6o0i8WtGUjqR7grWMgINtaqX7bTk+PSsJ0vuEV3LDQP3hQK5b3vd/311qu08x+tTkySiApDONa66bnS+ClWhhFOh7lWoqnEpI+7tGlR4IhqPx2PO0SH1umgMFb2CYPG7u+OFEdaD6LAVkbY9PRsNjL/y5qJCS/8lAmZGCrI5KMw4cjEaLQ76jBFieEDC5goZmdFpIcVJsZeKGeP4M2uPA+1UtE7LZ7deIVyCSbKwj4cwBF4cA5luIYKVIFAH+7hEZ4c6Tw4z87LpDTjTHt24Y+c1x9WtJNU</latexit>

R0,3

<latexit sha1_base64="zr7X+yxX+UZ2fE3AM53/EJN7UF0=">AAAB7nicbZC7SgNBFIbPxFuMt3jpbAaDYCFhNypaBmwso5gLJEuYncwmQ2Znl5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjl+LLg2jvOJMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/Ocrrd0xpHslbM4iZF5Ku5AGnxFirftNOneOTYTtfcIrOWHge3CkUynvf7/rrrVdp5z9anYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU2LkoRMe+l43CE+tE4HB5GyTxo8dn93pCTUehD6tjIkpqdns5H5X9ZMTHDhpVzGiWGSTj4KEoFNhEe74w5XjBoxsECo4nZWTHtEEWrshXL2CO7syvNQKxXd0+LZtVsol2CiLOzDARyBC+dQhiuoQBUo9OEeHuEJxegBPaOXSWkGTXt24Y/Q6w9tzpNj</latexit>

R1,3

<latexit sha1_base64="tky1DM4ZiMO15BXesOtIxekmqps=">AAAB7nicbZC7SgNBFIbPxFuMt3jpbAaDYCFhNypaBmwso5gLJEuYncwmQ2Znl5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjl+LLg2jvOJMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/Ocrrd0xpHslbM4iZF5Ku5AGnxFirftNO3eOTYTtfcIrOWHge3CkUynvf7/rrrVdp5z9anYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU2LkoRMe+l43CE+tE4HB5GyTxo8dn93pCTUehD6tjIkpqdns5H5X9ZMTHDhpVzGiWGSTj4KEoFNhEe74w5XjBoxsECo4nZWTHtEEWrshXL2CO7syvNQKxXd0+LZtVsol2CiLOzDARyBC+dQhiuoQBUo9OEeHuEJxegBPaOXSWkGTXt24Y/Q6w9vVZNk</latexit>

R1,2

<latexit sha1_base64="zPSASOjWmKzR4zdw8ru8lrrNx04=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI1lFHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9ylNfuUGkeyVsziNEPaVfyDmfUWKt200q9k+Kwlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzq69fKkIE2XgAA7hGDw4hxJcQRkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP23Qk2M=</latexit>

R1,1

<latexit sha1_base64="Ecz2YeEE5Z+SwbQHPaQ1OpxfP2E=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhJ0S0DNhYRjEXSJYwO5lNhszOLjOzQljyEDYWitjaiy9i5yvY2zu5FJr4w8DH/5/DnHP8WHBtXPfTySwtr6yuZddzG5tb2zv53b26jhJFWY1GIlJNn2gmuGQ1w41gzVgxEvqCNfzB5Thv3DGleSRvzTBmXkh6kgecEmOtxk0nxad41MkX3KI7EVoEPINC5eD7XX+99aud/Ee7G9EkZNJQQbRuYTc2XkqU4VSwUa6daBYTOiA91rIoSci0l07GHaFj63RRECn7pEET93dHSkKth6FvK0Ni+no+G5v/Za3EBBdeymWcGCbp9KMgEchEaLw76nLFqBFDC4QqbmdFtE8UocZeKGePgOdXXoR6qYjLxbNrXKiUYKosHMIRnACGc6jAFVShBhQGcA+P8OTEzoPz7LxMSzPOrGcf/sh5/QFsS5Ni</latexit>

R2,1

<latexit sha1_base64="YCZ2YwKDbOXApnsc+u5ilX9IvDg=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI1lFHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9ylNfuUGkeyVsziNEPaVfyDmfUWKt200qLJ96wlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzq69fKkIE2XgAA7hGDw4hxJcQRkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP23Sk2M=</latexit>

R2,2

<latexit sha1_base64="5l9XUYoucZOGJMwzeKuOlztXJBk=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsLoqWARvLKOYCyRJmJ7PJkJnZZWZWCEsewsZCEVt78UXsfAV7eyeXQhN/GPj4/3OYc06YcKaN6346C4tLyyurubX8+sbm1nZhZ7em41QRWiUxj1UjxJpyJmnVMMNpI1EUi5DTeti/HOX1O6o0i+WtGSQ0ELgrWcQINtaq37Qz/8QftgtFt+SOhebBm0KxvP/9rr/eepV24aPViUkqqDSEY62bnpuYIMPKMMLpMN9KNU0w6eMubVqUWFAdZONxh+jIOh0Uxco+adDY/d2RYaH1QIS2UmDT07PZyPwva6YmuggyJpPUUEkmH0UpRyZGo91RhylKDB9YwEQxOysiPawwMfZCeXsEb3bleaj5Je+0dHbtFcs+TJSDAziEY/DgHMpwBRWoAoE+3MMjPDmJ8+A8Oy+T0gVn2rMHf+S8/gBvV5Nk</latexit>

R2,3

<latexit sha1_base64="nY3OxJt7Xg22ku9XMSp/cxFYEtw=">AAAB7nicbZC7SgNBFIbPxFuMt3jpbAaDYCFhNypaBmwso5gLJEuYncwmQ2Znl5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjl+LLg2jvOJMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/Ocrrd0xpHslbM4iZF5Ku5AGnxFirftNOS8cnw3a+4BSdsfA8uFMolPe+3/XXW6/Szn+0OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5oWJQmZ9tLxuEN8aJ0ODiJlnzR47P7uSEmo9SD0bWVITE/PZiPzv6yZmODCS7mME8MknXwUJAKbCI92xx2uGDViYIFQxe2smPaIItTYC+XsEdzZleehViq6p8Wza7dQLsFEWdiHAzgCF86hDFdQgSpQ6MM9PMITitEDekYvk9IMmvbswh+h1x9w3JNl</latexit>

R0,1

<latexit sha1_base64="a+Sdjk60QrCkWI0LMTICeBznXxo=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI1lFHOBZAmzk0kyZHZ2mTkrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIpTDoup/OwuLS8spqZi27vrG5tZ3b2a2aKNGMV1gkI10PqOFSKF5BgZLXY81pGEheC/qXo7x2x7URkbrFQcz9kHaV6AhG0Vq1m1bqnnjDVi7vFtyxyDx4U8iX9r/fzddbr9zKfTTbEUtCrpBJakzDc2P0U6pRMMmH2WZieExZn3Z5w6KiITd+Oh53SI6s0yadSNunkIzd3x0pDY0ZhIGtDCn2zGw2Mv/LGgl2LvxUqDhBrtjko04iCUZktDtpC80ZyoEFyrSwsxLWo5oytBfK2iN4syvPQ7VY8E4LZ9devlSEiTJwAIdwDB6cQwmuoAwVYNCHe3iEJyd2Hpxn52VSuuBMe/bgj5zXH2rEk2E=</latexit>

R0,2

<latexit sha1_base64="PoACVMRdPOYpn3IZMPdGnpJYXlU=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI1lFHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9ylNfuUGkeyVsziNEPaVfyDmfUWKt200rdk+Kwlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzq69fKkIE2XgAA7hGDw4hxJcQRkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP2xJk2I=</latexit>

R0,1

<latexit sha1_base64="a+Sdjk60QrCkWI0LMTICeBznXxo=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI1lFHOBZAmzk0kyZHZ2mTkrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIpTDoup/OwuLS8spqZi27vrG5tZ3b2a2aKNGMV1gkI10PqOFSKF5BgZLXY81pGEheC/qXo7x2x7URkbrFQcz9kHaV6AhG0Vq1m1bqnnjDVi7vFtyxyDx4U8iX9r/fzddbr9zKfTTbEUtCrpBJakzDc2P0U6pRMMmH2WZieExZn3Z5w6KiITd+Oh53SI6s0yadSNunkIzd3x0pDY0ZhIGtDCn2zGw2Mv/LGgl2LvxUqDhBrtjko04iCUZktDtpC80ZyoEFyrSwsxLWo5oytBfK2iN4syvPQ7VY8E4LZ9devlSEiTJwAIdwDB6cQwmuoAwVYNCHe3iEJyd2Hpxn52VSuuBMe/bgj5zXH2rEk2E=</latexit>

R0,2

<latexit sha1_base64="PoACVMRdPOYpn3IZMPdGnpJYXlU=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI1lFHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9ylNfuUGkeyVsziNEPaVfyDmfUWKt200rdk+Kwlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzq69fKkIE2XgAA7hGDw4hxJcQRkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP2xJk2I=</latexit>

R0,3

<latexit sha1_base64="zr7X+yxX+UZ2fE3AM53/EJN7UF0=">AAAB7nicbZC7SgNBFIbPxFuMt3jpbAaDYCFhNypaBmwso5gLJEuYncwmQ2Znl5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjl+LLg2jvOJMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/Ocrrd0xpHslbM4iZF5Ku5AGnxFirftNOneOTYTtfcIrOWHge3CkUynvf7/rrrVdp5z9anYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU2LkoRMe+l43CE+tE4HB5GyTxo8dn93pCTUehD6tjIkpqdns5H5X9ZMTHDhpVzGiWGSTj4KEoFNhEe74w5XjBoxsECo4nZWTHtEEWrshXL2CO7syvNQKxXd0+LZtVsol2CiLOzDARyBC+dQhiuoQBUo9OEeHuEJxegBPaOXSWkGTXt24Y/Q6w9tzpNj</latexit>

R1,1

<latexit sha1_base64="Ecz2YeEE5Z+SwbQHPaQ1OpxfP2E=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhJ0S0DNhYRjEXSJYwO5lNhszOLjOzQljyEDYWitjaiy9i5yvY2zu5FJr4w8DH/5/DnHP8WHBtXPfTySwtr6yuZddzG5tb2zv53b26jhJFWY1GIlJNn2gmuGQ1w41gzVgxEvqCNfzB5Thv3DGleSRvzTBmXkh6kgecEmOtxk0nxad41MkX3KI7EVoEPINC5eD7XX+99aud/Ee7G9EkZNJQQbRuYTc2XkqU4VSwUa6daBYTOiA91rIoSci0l07GHaFj63RRECn7pEET93dHSkKth6FvK0Ni+no+G5v/Za3EBBdeymWcGCbp9KMgEchEaLw76nLFqBFDC4QqbmdFtE8UocZeKGePgOdXXoR6qYjLxbNrXKiUYKosHMIRnACGc6jAFVShBhQGcA+P8OTEzoPz7LxMSzPOrGcf/sh5/QFsS5Ni</latexit>

R1,2

<latexit sha1_base64="zPSASOjWmKzR4zdw8ru8lrrNx04=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI1lFHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9ylNfuUGkeyVsziNEPaVfyDmfUWKt200q9k+Kwlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzq69fKkIE2XgAA7hGDw4hxJcQRkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP23Qk2M=</latexit>

R1,3

<latexit sha1_base64="tky1DM4ZiMO15BXesOtIxekmqps=">AAAB7nicbZC7SgNBFIbPxFuMt3jpbAaDYCFhNypaBmwso5gLJEuYncwmQ2Znl5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjl+LLg2jvOJMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/Ocrrd0xpHslbM4iZF5Ku5AGnxFirftNO3eOTYTtfcIrOWHge3CkUynvf7/rrrVdp5z9anYgmIZOGCqJ103Vi46VEGU4FG+ZaiWYxoX3SZU2LkoRMe+l43CE+tE4HB5GyTxo8dn93pCTUehD6tjIkpqdns5H5X9ZMTHDhpVzGiWGSTj4KEoFNhEe74w5XjBoxsECo4nZWTHtEEWrshXL2CO7syvNQKxXd0+LZtVsol2CiLOzDARyBC+dQhiuoQBUo9OEeHuEJxegBPaOXSWkGTXt24Y/Q6w9vVZNk</latexit>

R2,1

<latexit sha1_base64="YCZ2YwKDbOXApnsc+u5ilX9IvDg=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI1lFHOBZAmzk5NkyOzsMjMrhCUPYWOhiK29+CJ2voK9vZNLoYk/DHz8/znMOSeIBdfGdT+dhcWl5ZXVzFp2fWNzazu3s1vVUaIYVlgkIlUPqEbBJVYMNwLrsUIaBgJrQf9ylNfuUGkeyVsziNEPaVfyDmfUWKt200qLJ96wlcu7BXcsMg/eFPKl/e93/fXWK7dyH812xJIQpWGCat3w3Nj4KVWGM4HDbDPRGFPWp11sWJQ0RO2n43GH5Mg6bdKJlH3SkLH7uyOlodaDMLCVITU9PZuNzP+yRmI6F37KZZwYlGzyUScRxERktDtpc4XMiIEFyhS3sxLWo4oyYy+UtUfwZleeh2qx4J0Wzq69fKkIE2XgAA7hGDw4hxJcQRkqwKAP9/AIT07sPDjPzsukdMGZ9uzBHzmvP23Sk2M=</latexit>

R2,2

<latexit sha1_base64="5l9XUYoucZOGJMwzeKuOlztXJBk=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsLoqWARvLKOYCyRJmJ7PJkJnZZWZWCEsewsZCEVt78UXsfAV7eyeXQhN/GPj4/3OYc06YcKaN6346C4tLyyurubX8+sbm1nZhZ7em41QRWiUxj1UjxJpyJmnVMMNpI1EUi5DTeti/HOX1O6o0i+WtGSQ0ELgrWcQINtaq37Qz/8QftgtFt+SOhebBm0KxvP/9rr/eepV24aPViUkqqDSEY62bnpuYIMPKMMLpMN9KNU0w6eMubVqUWFAdZONxh+jIOh0Uxco+adDY/d2RYaH1QIS2UmDT07PZyPwva6YmuggyJpPUUEkmH0UpRyZGo91RhylKDB9YwEQxOysiPawwMfZCeXsEb3bleaj5Je+0dHbtFcs+TJSDAziEY/DgHMpwBRWoAoE+3MMjPDmJ8+A8Oy+T0gVn2rMHf+S8/gBvV5Nk</latexit>

R2,3

<latexit sha1_base64="nY3OxJt7Xg22ku9XMSp/cxFYEtw=">AAAB7nicbZC7SgNBFIbPxFuMt3jpbAaDYCFhNypaBmwso5gLJEuYncwmQ2Znl5lZISx5CBsLRWztxRex8xXs7Z1cCk38YeDj/89hzjl+LLg2jvOJMguLS8sr2dXc2vrG5lZ+e6emo0RRVqWRiFTDJ5oJLlnVcCNYI1aMhL5gdb9/Ocrrd0xpHslbM4iZF5Ku5AGnxFirftNOS8cnw3a+4BSdsfA8uFMolPe+3/XXW6/Szn+0OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5oWJQmZ9tLxuEN8aJ0ODiJlnzR47P7uSEmo9SD0bWVITE/PZiPzv6yZmODCS7mME8MknXwUJAKbCI92xx2uGDViYIFQxe2smPaIItTYC+XsEdzZleehViq6p8Wza7dQLsFEWdiHAzgCF86hDFdQgSpQ6MM9PMITitEDekYvk9IMmvbswh+h1x9w3JNl</latexit>

L1,1

<latexit sha1_base64="R4EAXMAbdGdP/OPJjsVd61SFxUI=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhJ0S0DNhYWEQwF0iWMDuZTYbMzi4zs0JY8hA2ForY2osvYucr2Ns7uRSa+MPAx/+fw5xz/FhwbVz308ksLa+srmXXcxubW9s7+d29uo4SRVmNRiJSTZ9oJrhkNcONYM1YMRL6gjX8weU4b9wxpXkkb80wZl5IepIHnBJjrcZ1J8WneNTJF9yiOxFaBDyDQuXg+11/vfWrnfxHuxvRJGTSUEG0bmE3Nl5KlOFUsFGunWgWEzogPdayKEnItJdOxh2hY+t0URAp+6RBE/d3R0pCrYehbytDYvp6Phub/2WtxAQXXsplnBgm6fSjIBHIRGi8O+pyxagRQwuEKm5nRbRPFKHGXihnj4DnV16EeqmIy8WzG1yolGCqLBzCEZwAhnOowBVUoQYUBnAPj/DkxM6D8+y8TEszzqxnH/7Ief0BYw+TXA==</latexit>

L2,1

<latexit sha1_base64="pbZaW/he0ih8ZUNoaR1ydngONyo=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI2FRQRzgWQJs5OTZMjs7DIzK4QlD2FjoYitvfgidr6Cvb2TS6GJPwx8/P85zDkniAXXxnU/nYXFpeWV1cxadn1jc2s7t7Nb1VGiGFZYJCJVD6hGwSVWDDcC67FCGgYCa0H/cpTX7lBpHslbM4jRD2lX8g5n1Firdt1KiyfesJXLuwV3LDIP3hTypf3vd/311iu3ch/NdsSSEKVhgmrd8NzY+ClVhjOBw2wz0RhT1qddbFiUNETtp+Nxh+TIOm3SiZR90pCx+7sjpaHWgzCwlSE1PT2bjcz/skZiOhd+ymWcGJRs8lEnEcREZLQ7aXOFzIiBBcoUt7MS1qOKMmMvlLVH8GZXnodqseCdFs5uvHypCBNl4AAO4Rg8OIcSXEEZKsCgD/fwCE9O7Dw4z87LpHTBmfbswR85rz9klpNd</latexit>

L3,1

<latexit sha1_base64="FitxSB57Vz2gTldLM+Nt9UsDq9Y=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaBmwsLCKYCyRLmJ3MJkNmZ4eZWSEseQgbC0Vs7cUXsfMV7O2dXApN/GHg4//PYc45geRMG9f9dDILi0vLK9nV3Nr6xuZWfnunpuNEEVolMY9VI8CaciZo1TDDaUMqiqOA03rQvxzl9TuqNIvFrRlI6ke4K1jICDbWql+305Njb9jOF9yiOxaaB28KhfLe97v+eutV2vmPVicmSUSFIRxr3fRcafwUK8MIp8NcK9FUYtLHXdq0KHBEtZ+Oxx2iQ+t0UBgr+4RBY/d3R4ojrQdRYCsjbHp6NhuZ/2XNxIQXfsqETAwVZPJRmHBkYjTaHXWYosTwgQVMFLOzItLDChNjL5SzR/BmV56HWqnonRbPbrxCuQQTZWEfDuAIPDiHMlxBBapAoA/38AhPjnQenGfnZVKacaY9u/BHzusPZh2TXg==</latexit>

L3,2

<latexit sha1_base64="QyEsotj+plX7/Q5yPRHE2Knaq5Q=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaBmwsLCKYCyRLmJ3MJkNmZ4eZWSEseQgbC0Vs7cUXsfMV7O2dXApN/GHg4//PYc45geRMG9f9dDILi0vLK9nV3Nr6xuZWfnunpuNEEVolMY9VI8CaciZo1TDDaUMqiqOA03rQvxzl9TuqNIvFrRlI6ke4K1jICDbWql+305Pj0rCdL7hFdyw0D94UCuW973f99dartPMfrU5MkogKQzjWuum50vgpVoYRToe5VqKpxKSPu7RpUeCIaj8djztEh9bpoDBW9gmDxu7vjhRHWg+iwFZG2PT0bDYy/8uaiQkv/JQJmRgqyOSjMOHIxGi0O+owRYnhAwuYKGZnRaSHFSbGXihnj+DNrjwPtVLROy2e3XiFcgkmysI+HMAReHAOZbiCClSBQB/u4RGeHOk8OM/Oy6Q040x7duGPnNcfZ6KTXw==</latexit>

L2,2

<latexit sha1_base64="kt8B+RlyGMdZ48QX7fBFFvskEJg=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsLoqWARsLiwjmAskSZiezyZCZ2WVmVghLHsLGQhFbe/FF7HwFe3snl0ITfxj4+P9zmHNOmHCmjet+OguLS8srq7m1/PrG5tZ2YWe3puNUEVolMY9VI8SaciZp1TDDaSNRFIuQ03rYvxzl9TuqNIvlrRkkNBC4K1nECDbWql+3M//EH7YLRbfkjoXmwZtCsbz//a6/3nqVduGj1YlJKqg0hGOtm56bmCDDyjDC6TDfSjVNMOnjLm1alFhQHWTjcYfoyDodFMXKPmnQ2P3dkWGh9UCEtlJg09Oz2cj8L2umJroIMiaT1FBJJh9FKUcmRqPdUYcpSgwfWMBEMTsrIj2sMDH2Qnl7BG925Xmo+SXvtHR24xXLPkyUgwM4hGPw4BzKcAUVqAKBPtzDIzw5ifPgPDsvk9IFZ9qzB3/kvP4AZhuTXg==</latexit>

L1,2

<latexit sha1_base64="sRfPicU0DLrkVXR7USUl9xBiyfk=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI2FRQRzgWQJs5OTZMjs7DIzK4QlD2FjoYitvfgidr6Cvb2TS6GJPwx8/P85zDkniAXXxnU/nYXFpeWV1cxadn1jc2s7t7Nb1VGiGFZYJCJVD6hGwSVWDDcC67FCGgYCa0H/cpTX7lBpHslbM4jRD2lX8g5n1Firdt1KvZPisJXLuwV3LDIP3hTypf3vd/311iu3ch/NdsSSEKVhgmrd8NzY+ClVhjOBw2wz0RhT1qddbFiUNETtp+Nxh+TIOm3SiZR90pCx+7sjpaHWgzCwlSE1PT2bjcz/skZiOhd+ymWcGJRs8lEnEcREZLQ7aXOFzIiBBcoUt7MS1qOKMmMvlLVH8GZXnodqseCdFs5uvHypCBNl4AAO4Rg8OIcSXEEZKsCgD/fwCE9O7Dw4z87LpHTBmfbswR85rz9klJNd</latexit>

L3,3

<latexit sha1_base64="N2FtsbUTwFB973UfjcjHiDUJ/bU=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsJoqWARsLiwjmAskSZiezyZDZ2WFmVghLHsLGQhFbe/FF7HwFe3snl0ITfxj4+P9zmHNOIDnTxnU/nYXFpeWV1cxadn1jc2s7t7Nb03GiCK2SmMeqEWBNORO0apjhtCEVxVHAaT3oX47y+h1VmsXi1gwk9SPcFSxkBBtr1a/baemkNGzn8m7BHQvNgzeFfHn/+11/vfUq7dxHqxOTJKLCEI61bnquNH6KlWGE02G2lWgqMenjLm1aFDii2k/H4w7RkXU6KIyVfcKgsfu7I8WR1oMosJURNj09m43M/7JmYsILP2VCJoYKMvkoTDgyMRrtjjpMUWL4wAImitlZEelhhYmxF8raI3izK89DrVjwTgtnN16+XISJMnAAh3AMHpxDGa6gAlUg0Id7eIQnRzoPzrPzMildcKY9e/BHzusPaSeTYA==</latexit>

L2,3

<latexit sha1_base64="o89uAvSnZhONHj6t1RNc6yIYV/s=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaBmwsLCKYCyRLmJ3MJkNmZ4eZWSEseQgbC0Vs7cUXsfMV7O2dXApN/GHg4//PYc45geRMG9f9dDILi0vLK9nV3Nr6xuZWfnunpuNEEVolMY9VI8CaciZo1TDDaUMqiqOA03rQvxzl9TuqNIvFrRlI6ke4K1jICDbWql+309LxybCdL7hFdyw0D94UCuW973f99dartPMfrU5MkogKQzjWuum50vgpVoYRToe5VqKpxKSPu7RpUeCIaj8djztEh9bpoDBW9gmDxu7vjhRHWg+iwFZG2PT0bDYy/8uaiQkv/JQJmRgqyOSjMOHIxGi0O+owRYnhAwuYKGZnRaSHFSbGXihnj+DNrjwPtVLROy2e3XiFcgkmysI+HMAReHAOZbiCClSBQB/u4RGeHOk8OM/Oy6Q040x7duGPnNcfZ6CTXw==</latexit>

L1,3

<latexit sha1_base64="erci+e3H4biA+dURXizmEoF7kFI=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaBmwsLCKYCyRLmJ3MJkNmZ4eZWSEseQgbC0Vs7cUXsfMV7O2dXApN/GHg4//PYc45geRMG9f9dDILi0vLK9nV3Nr6xuZWfnunpuNEEVolMY9VI8CaciZo1TDDaUMqiqOA03rQvxzl9TuqNIvFrRlI6ke4K1jICDbWql+3U+/4ZNjOF9yiOxaaB28KhfLe97v+eutV2vmPVicmSUSFIRxr3fRcafwUK8MIp8NcK9FUYtLHXdq0KHBEtZ+Oxx2iQ+t0UBgr+4RBY/d3R4ojrQdRYCsjbHp6NhuZ/2XNxIQXfsqETAwVZPJRmHBkYjTaHXWYosTwgQVMFLOzItLDChNjL5SzR/BmV56HWqnonRbPbrxCuQQTZWEfDuAIPDiHMlxBBapAoA/38AhPjnQenGfnZVKacaY9u/BHzusPZhmTXg==</latexit>

L1,1

<latexit sha1_base64="R4EAXMAbdGdP/OPJjsVd61SFxUI=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhJ0S0DNhYWEQwF0iWMDuZTYbMzi4zs0JY8hA2ForY2osvYucr2Ns7uRSa+MPAx/+fw5xz/FhwbVz308ksLa+srmXXcxubW9s7+d29uo4SRVmNRiJSTZ9oJrhkNcONYM1YMRL6gjX8weU4b9wxpXkkb80wZl5IepIHnBJjrcZ1J8WneNTJF9yiOxFaBDyDQuXg+11/vfWrnfxHuxvRJGTSUEG0bmE3Nl5KlOFUsFGunWgWEzogPdayKEnItJdOxh2hY+t0URAp+6RBE/d3R0pCrYehbytDYvp6Phub/2WtxAQXXsplnBgm6fSjIBHIRGi8O+pyxagRQwuEKm5nRbRPFKHGXihnj4DnV16EeqmIy8WzG1yolGCqLBzCEZwAhnOowBVUoQYUBnAPj/DkxM6D8+y8TEszzqxnH/7Ief0BYw+TXA==</latexit>

L2,1

<latexit sha1_base64="pbZaW/he0ih8ZUNoaR1ydngONyo=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI2FRQRzgWQJs5OTZMjs7DIzK4QlD2FjoYitvfgidr6Cvb2TS6GJPwx8/P85zDkniAXXxnU/nYXFpeWV1cxadn1jc2s7t7Nb1VGiGFZYJCJVD6hGwSVWDDcC67FCGgYCa0H/cpTX7lBpHslbM4jRD2lX8g5n1Firdt1KiyfesJXLuwV3LDIP3hTypf3vd/311iu3ch/NdsSSEKVhgmrd8NzY+ClVhjOBw2wz0RhT1qddbFiUNETtp+Nxh+TIOm3SiZR90pCx+7sjpaHWgzCwlSE1PT2bjcz/skZiOhd+ymWcGJRs8lEnEcREZLQ7aXOFzIiBBcoUt7MS1qOKMmMvlLVH8GZXnodqseCdFs5uvHypCBNl4AAO4Rg8OIcSXEEZKsCgD/fwCE9O7Dw4z87LpHTBmfbswR85rz9klpNd</latexit>

L3,1

<latexit sha1_base64="FitxSB57Vz2gTldLM+Nt9UsDq9Y=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaBmwsLCKYCyRLmJ3MJkNmZ4eZWSEseQgbC0Vs7cUXsfMV7O2dXApN/GHg4//PYc45geRMG9f9dDILi0vLK9nV3Nr6xuZWfnunpuNEEVolMY9VI8CaciZo1TDDaUMqiqOA03rQvxzl9TuqNIvFrRlI6ke4K1jICDbWql+305Njb9jOF9yiOxaaB28KhfLe97v+eutV2vmPVicmSUSFIRxr3fRcafwUK8MIp8NcK9FUYtLHXdq0KHBEtZ+Oxx2iQ+t0UBgr+4RBY/d3R4ojrQdRYCsjbHp6NhuZ/2XNxIQXfsqETAwVZPJRmHBkYjTaHXWYosTwgQVMFLOzItLDChNjL5SzR/BmV56HWqnonRbPbrxCuQQTZWEfDuAIPDiHMlxBBapAoA/38AhPjnQenGfnZVKacaY9u/BHzusPZh2TXg==</latexit>

L3,2

<latexit sha1_base64="QyEsotj+plX7/Q5yPRHE2Knaq5Q=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaBmwsLCKYCyRLmJ3MJkNmZ4eZWSEseQgbC0Vs7cUXsfMV7O2dXApN/GHg4//PYc45geRMG9f9dDILi0vLK9nV3Nr6xuZWfnunpuNEEVolMY9VI8CaciZo1TDDaUMqiqOA03rQvxzl9TuqNIvFrRlI6ke4K1jICDbWql+305Pj0rCdL7hFdyw0D94UCuW973f99dartPMfrU5MkogKQzjWuum50vgpVoYRToe5VqKpxKSPu7RpUeCIaj8djztEh9bpoDBW9gmDxu7vjhRHWg+iwFZG2PT0bDYy/8uaiQkv/JQJmRgqyOSjMOHIxGi0O+owRYnhAwuYKGZnRaSHFSbGXihnj+DNrjwPtVLROy2e3XiFcgkmysI+HMAReHAOZbiCClSBQB/u4RGeHOk8OM/Oy6Q040x7duGPnNcfZ6KTXw==</latexit>

L3,3

<latexit sha1_base64="N2FtsbUTwFB973UfjcjHiDUJ/bU=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsJoqWARsLiwjmAskSZiezyZDZ2WFmVghLHsLGQhFbe/FF7HwFe3snl0ITfxj4+P9zmHNOIDnTxnU/nYXFpeWV1cxadn1jc2s7t7Nb03GiCK2SmMeqEWBNORO0apjhtCEVxVHAaT3oX47y+h1VmsXi1gwk9SPcFSxkBBtr1a/baemkNGzn8m7BHQvNgzeFfHn/+11/vfUq7dxHqxOTJKLCEI61bnquNH6KlWGE02G2lWgqMenjLm1aFDii2k/H4w7RkXU6KIyVfcKgsfu7I8WR1oMosJURNj09m43M/7JmYsILP2VCJoYKMvkoTDgyMRrtjjpMUWL4wAImitlZEelhhYmxF8raI3izK89DrVjwTgtnN16+XISJMnAAh3AMHpxDGa6gAlUg0Id7eIQnRzoPzrPzMildcKY9e/BHzusPaSeTYA==</latexit>

L2,2

<latexit sha1_base64="kt8B+RlyGMdZ48QX7fBFFvskEJg=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsLoqWARsLiwjmAskSZiezyZCZ2WVmVghLHsLGQhFbe/FF7HwFe3snl0ITfxj4+P9zmHNOmHCmjet+OguLS8srq7m1/PrG5tZ2YWe3puNUEVolMY9VI8SaciZp1TDDaSNRFIuQ03rYvxzl9TuqNIvlrRkkNBC4K1nECDbWql+3M//EH7YLRbfkjoXmwZtCsbz//a6/3nqVduGj1YlJKqg0hGOtm56bmCDDyjDC6TDfSjVNMOnjLm1alFhQHWTjcYfoyDodFMXKPmnQ2P3dkWGh9UCEtlJg09Oz2cj8L2umJroIMiaT1FBJJh9FKUcmRqPdUYcpSgwfWMBEMTsrIj2sMDH2Qnl7BG925Xmo+SXvtHR24xXLPkyUgwM4hGPw4BzKcAUVqAKBPtzDIzw5ifPgPDsvk9IFZ9qzB3/kvP4AZhuTXg==</latexit>

L2,3

<latexit sha1_base64="o89uAvSnZhONHj6t1RNc6yIYV/s=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaBmwsLCKYCyRLmJ3MJkNmZ4eZWSEseQgbC0Vs7cUXsfMV7O2dXApN/GHg4//PYc45geRMG9f9dDILi0vLK9nV3Nr6xuZWfnunpuNEEVolMY9VI8CaciZo1TDDaUMqiqOA03rQvxzl9TuqNIvFrRlI6ke4K1jICDbWql+309LxybCdL7hFdyw0D94UCuW973f99dartPMfrU5MkogKQzjWuum50vgpVoYRToe5VqKpxKSPu7RpUeCIaj8djztEh9bpoDBW9gmDxu7vjhRHWg+iwFZG2PT0bDYy/8uaiQkv/JQJmRgqyOSjMOHIxGi0O+owRYnhAwuYKGZnRaSHFSbGXihnj+DNrjwPtVLROy2e3XiFcgkmysI+HMAReHAOZbiCClSBQB/u4RGeHOk8OM/Oy6Q040x7duGPnNcfZ6CTXw==</latexit>

L1,3

<latexit sha1_base64="erci+e3H4biA+dURXizmEoF7kFI=">AAAB7nicbZC7SgNBFIbPxluMt3jpbAaDYCFhNypaBmwsLCKYCyRLmJ3MJkNmZ4eZWSEseQgbC0Vs7cUXsfMV7O2dXApN/GHg4//PYc45geRMG9f9dDILi0vLK9nV3Nr6xuZWfnunpuNEEVolMY9VI8CaciZo1TDDaUMqiqOA03rQvxzl9TuqNIvFrRlI6ke4K1jICDbWql+3U+/4ZNjOF9yiOxaaB28KhfLe97v+eutV2vmPVicmSUSFIRxr3fRcafwUK8MIp8NcK9FUYtLHXdq0KHBEtZ+Oxx2iQ+t0UBgr+4RBY/d3R4ojrQdRYCsjbHp6NhuZ/2XNxIQXfsqETAwVZPJRmHBkYjTaHXWYosTwgQVMFLOzItLDChNjL5SzR/BmV56HWqnonRbPbrxCuQQTZWEfDuAIPDiHMlxBBapAoA/38AhPjnQenGfnZVKacaY9u/BHzusPZhmTXg==</latexit>

L1,2

<latexit sha1_base64="sRfPicU0DLrkVXR7USUl9xBiyfk=">AAAB7nicbZC7SgNBFIbPeo3xFi+dzWAQLCTsBkXLgI2FRQRzgWQJs5OTZMjs7DIzK4QlD2FjoYitvfgidr6Cvb2TS6GJPwx8/P85zDkniAXXxnU/nYXFpeWV1cxadn1jc2s7t7Nb1VGiGFZYJCJVD6hGwSVWDDcC67FCGgYCa0H/cpTX7lBpHslbM4jRD2lX8g5n1Firdt1KvZPisJXLuwV3LDIP3hTypf3vd/311iu3ch/NdsSSEKVhgmrd8NzY+ClVhjOBw2wz0RhT1qddbFiUNETtp+Nxh+TIOm3SiZR90pCx+7sjpaHWgzCwlSE1PT2bjcz/skZiOhd+ymWcGJRs8lEnEcREZLQ7aXOFzIiBBcoUt7MS1qOKMmMvlLVH8GZXnodqseCdFs5uvHypCBNl4AAO4Rg8OIcSXEEZKsCgD/fwCE9O7Dw4z87LpHTBmfbswR85rz9klJNd</latexit>

Figure 1 A multi-party communication protocol on the line with 4 parties and 3 rounds, of the
type we study for Ln,d. For t ≥ 1, the subscripts i, t on a register indicate that the register was an
“output” of the isometry applied by party Ai in round t, and that it is in the corresponding state.
For example, the register R1,3 was produced by the isometry applied by A1 in the third round.

For i ∈ [d− 1], the registers Ri−1,t Ai,t Li+1,t with Ai are mapped to Li,t+1 Ai,t+1 Ri,t+1. So
for t ≥ 1, the subscripts i, t on a register indicate that the register was an “output” of the
isometry applied by party Ai in round t, and that it is in the corresponding state.

As the final action in round t+ 1, for t < r, if i > 0, party Ai sends Li,t+1 to the party
on the left (i.e., to Ai−1) and receives Ri−1,t+1 from her; and if i < d, she sends Ri,t+1 to
the party on the right (i.e., to Ai+1) and receives register Li+1,t+1 from her.

After the r rounds of the protocol have been completed, party A0 makes a two-outcome
measurement, possibly depending on her input, on the registers A0,r L1,r. The outcome is
the output of the protocol. Figure 1 depicts such a protocol.

3.4 The two-party simulation
We now prove Lemma 5, by giving a formal description of the two-party protocol Π for Set
Disjointness Dn derived from a protocol Πd for Ln,d. We use the notation and convention
defined in Section 3.3 in our description below. For simplicity, we assume that the number
of rounds r in Πd is a multiple of d, by adding dummy rounds with suitable local operations,
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if necessary. Since Dn depends non-trivially on both inputs, the number of rounds r required
to compute the function over a path of length d is at least d. So the addition of dummy
rounds may at most double the number of rounds.

Round A0

<latexit sha1_base64="0cgJqj0XqF1RthbOYXrkpVhAFn8=">AAAB83icbVA9SwNBFHwXNcb4FbW0WQyCVbgLipYRG8sEzAfkjrC32UuW7O0du3tCOPIjbNJYKCJY+Ucs7cQ/4+aSQhMHFoaZ93iz48ecKW3bX1ZubX0jv1nYKm7v7O7tlw4OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2Rzczv31PpWKRuNPjmHohHggWMIK1kVw3xHqogvR60rN7pbJdsTOgVeIsSLmWb3x/TB/e6r3Sp9uPSBJSoQnHSnUdO9ZeiqVmhNNJ0U0UjTEZ4QHtGipwSJWXZpkn6NQofRRE0jyhUab+3khxqNQ49M1klnHZm4n/ed1EB1deykScaCrI/FCQcKQjNCsA9ZmkRPOxIZhIZrIiMsQSE21qKpoSnOUvr5JWteKcVy4aTrlWhTkKcAwncAYOXEINbqEOTSAQwxSe4NlKrEfrxXqdj+asxc4R/IH1/gNYepWY</latexit>

A1

<latexit sha1_base64="PhCX2RWOmQrYYl8BYN40IfgWsKc=">AAAB83icbVA9SwNBFHwXNcb4FbW0WQyCVbgLipYRG8sEzAfkjrC32UuW7O0du3tCOPIjbNJYKCJY+Ucs7cQ/4+aSQhMHFoaZ93iz48ecKW3bX1ZubX0jv1nYKm7v7O7tlw4OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2Rzczv31PpWKRuNPjmHohHggWMIK1kVw3xHqogvR60nN6pbJdsTOgVeIsSLmWb3x/TB/e6r3Sp9uPSBJSoQnHSnUdO9ZeiqVmhNNJ0U0UjTEZ4QHtGipwSJWXZpkn6NQofRRE0jyhUab+3khxqNQ49M1klnHZm4n/ed1EB1deykScaCrI/FCQcKQjNCsA9ZmkRPOxIZhIZrIiMsQSE21qKpoSnOUvr5JWteKcVy4aTrlWhTkKcAwncAYOXEINbqEOTSAQwxSe4NlKrEfrxXqdj+asxc4R/IH1/gNZ/pWZ</latexit>

A2

<latexit sha1_base64="82DCbQjUA2efBpZ6h5jOUzGElvg=">AAAB83icbVA9SwNBFHwXNcb4FbW0WQyCVbgLipYRG8sEzAfkjrC32UuW7O0du3tCOPIjbNJYKCJY+Ucs7cQ/4+aSQhMHFoaZ93iz48ecKW3bX1ZubX0jv1nYKm7v7O7tlw4OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2Rzczv31PpWKRuNPjmHohHggWMIK1kVw3xHqogvR60qv2SmW7YmdAq8RZkHIt3/j+mD681XulT7cfkSSkQhOOleo6dqy9FEvNCKeTopsoGmMywgPaNVTgkCovzTJP0KlR+iiIpHlCo0z9vZHiUKlx6JvJLOOyNxP/87qJDq68lIk40VSQ+aEg4UhHaFYA6jNJieZjQzCRzGRFZIglJtrUVDQlOMtfXiWtasU5r1w0nHKtCnMU4BhO4AwcuIQa3EIdmkAghik8wbOVWI/Wi/U6H81Zi50j+APr/QdbgpWa</latexit>

A3

<latexit sha1_base64="8zfIlv4NKkGFPdAB7cSNYxuxfFE=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuxGRcuIjWUC5gHZJcxOZpMhs7PLzKwQlnyETRoLRQQrf8TSTvwZJ5sUmnhg4HDOvdwzx485U9q2v6yV1bX13EZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dY9lYpF4k6PYuqFuC9YwAjWRnLdEOuBCtLrcfesWyzZZTsDWibOnJSqufr3x+ThrdYtfrq9iCQhFZpwrFTHsWPtpVhqRjgdF9xE0RiTIe7TjqECh1R5aZZ5jE6M0kNBJM0TGmXq740Uh0qNQt9MZhkXvan4n9dJdHDlpUzEiaaCzA4FCUc6QtMCUI9JSjQfGYKJZCYrIgMsMdGmpoIpwVn88jJpVsrOefmi7pSqFZghD0dwDKfgwCVU4RZq0AACMUzgCZ6txHq0XqzX2eiKNd85hD+w3n8AXQaVmw==</latexit>

(1)

(2)

(3)

A4

<latexit sha1_base64="fWWG71CFG3oekRNsSUVcDbn2xTg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyUii4rblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+4829Mp7PQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3i383hNVmsXy0cwSGgg8lixiBBsr+b7AZqKj7HY+bA6rNbfu5kDrxCtIDQq0h9UvfxSTVFBpCMdaDzw3MUGGlWGE03nFTzVNMJniMR1YKrGgOsjyzHN0YZURimJlnzQoV39vZFhoPROhncwzrnoL8T9vkJroJsiYTFJDJVkeilKOTIwWBaARU5QYPrMEE8VsVkQmWGFibE0VW4K3+uV10m3UvWb96qFZazWKOspwBudwCR5cQwvuoQ0dIJDAM7zCm5M6L86787EcLTnFzin8gfP5A/LOkZU=</latexit>

(4)

(5)

(6)

(7)

(8)

(9)

Figure 2 A depiction of the two-party simulation of a multi-party communication protocol of the
type we study for Ln,d. Here, we have 5 parties and show the simulation of the first 8 rounds of
the original protocol. Each round in the two-party protocol is delineated by thick green lines. The
black rectangular boxes represent the isometries implemented by Alice, and the black arrows going
across the thick green lines represent the communication from her to Bob. The red rectangular
boxes represent the isometries implemented by Bob, and the red arrows going across the thick green
lines represent the communication from him to Alice. The green arrows indicate that the input
register and the local memory of the parties at the extremities are retained by them throughout.

In the protocol Π, Alice initially holds all the registers with parties Ai for i < d at the
beginning of the first round, and Bob holds the registers with Ad. All of the registers are
initialized as in Πd. The simulation implements blocks of d successive rounds of Πd with two
rounds in Π, with Alice sending the message in the first of the two rounds and Bob in the
second. See Figure 2 for a depiction of the simulation.

Assume that k blocks of d rounds each of Πd have been implemented with 2k rounds in Π,
for some k ∈ [0, r/d− 1]. We describe how the (k + 1)-th block is implemented. Let t := kd.
We maintain the invariant that at the beginning of the (2k + 1)-th round in Π, Alice holds
the registers XA0,t L1,t, and the registers Ri−1,t Ai,t Li+1,t, for all i ∈ [d− 1]. Alice’s local
operations in round 2k + 1 are as follows. For each j ∈ {t+ 1, t+ 2, t+ 3, . . . , t+ d} in
increasing order (where j denotes a round in Πd),
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1. Alice applies the isometry U0,j to the registers XA0,j−1 L1,j−1 to get registers XA0,j R0,j .
2. For each l with 1 ≤ l ≤ d − (j − t) (denoting a party from Πd), Alice applies the

isometry Ul,j to the registers Rl−1,j−1 Al,j−1 Ll+1,j−1 to get registers Ll,j Al,j Rl,j .
3. For each l with 1 ≤ l ≤ d− (j − t), Alice swaps registers Rl−1,j and Ll,j .
At this point, Alice has implemented the left upper triangular “space-time slice” of the (k+1)-
th block of d rounds of Πd. She holds the registers

XA0,t+d R0,t+d R0,t+d−1 A1,t+d−1 R1,t+d−1 R1,t+d−2 A2,t+d−2 R2,t+d−2

R2,t+d−3 A3,t+d−3 R3,t+d−3 · · · Rd−3,t+2 Ad−2,t+2 Rd−2,t+2 Rd−2,t+1 Ad−1,t+1 Rd−1,t+1 ,

(3.1)

in the state implicitly specified by the subscripts. (The registers have been grouped into threes,
in the order of the parties that hold them in Πd.) She sends all the registers except XA0,t+d

to Bob. This concludes the (2k + 1)-th round of Π.
We also maintain the invariant that at the beginning of the (2k + 2)-th round of Π, Bob

bolds all the registers in Eq. (3.1) except XA0,t+d, in addition to the registers Rd−1,t Ad,tY ,
where t = kd. Bob’s local operations in round 2k + 2 are as follows. For each j ∈
{t+ 1, t+ 2, t+ 3, . . . , t+ d} in increasing order (where j denotes a round in Πd that Bob
intends to complete),
1. Bob applies the isometry Ud,j to the registers Rd−1,j−1 Ad,j−1Y to get registers Ld,j Ad,jY .
2. For each l with d− (j − t− 1) ≤ l ≤ d− 1 (denoting a party from Πd), Bob applies the

isometry Ul,j to the registers Rl−1,j−1 Al,j−1 Ll+1,j−1 to get registers Ll,j Al,j Rl,j .
3. For each l with d− (j − t− 1) ≤ l ≤ d, Bob swaps registers Rl−1,j and Ll,j .
At this point, Bob holds the registers

L1,t+d R0,t+d A1,t+d L2,t+d R1,t+d A2,t+d L3,t+d R2,t+d A3,t+d L4,t+d

· · · Rd−2,t+d Ad−1,t+d Ld,t+d Rd−1,t+d Ad,t+dY , (3.2)

in the state implicitly specified by the subscripts. The registers are thus all in the state at
the end of the (kd+ d)-th round in Πd. Bob sends all the registers except Ad,t+dY to Alice.
This concludes the (2k + 2)-th round of Π, and the simulation of the (k + 1)-th block of
rounds of Πd.

At the end of the simulation of the (r/d)-th block of rounds of Πd, Alice measures the
registers A0,r L1,r as in Πd to obtain the output. This completes the description of the
two-party simulation. The correctness of the simulation follows by induction, by observing
that Alice and Bob implement all the local operations and communication in Πd in the
correct order and with the correct registers. Lemma 5 thus follows.

3.5 Conditional information loss of the two-party protocol
We are now ready to bound the conditional information loss of the two-party protocol Π
derived from the multi-party protocol Πd. Suppose the input registers X and Y in Πd (and
therefore in Π) are initialised to a pair of n-bit strings drawn from some joint distribution.
We use XY to also denote the corresponding random variables. Suppose that Z is a random
variable jointly distributed with XY such that X and Y are independent given Z.

We first bound the information contained about any input in the registers held by all
other players in Πd, conditioned on Z. For ease of notation, for t ≥ 0, we denote by Dt the
entire sequence of registers held by the parties Ai, with i ≥ 1, in the state at the end of
the t-th round of Πd. Similarly, we denote by Ct the entire sequence of registers held by the
parties Ai, with i ≤ d− 1, in the state at the end of the t-th round of Πd.
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I Lemma 8. For all t ≥ 0, we have I(X : Dt |Z) ≤ 2tb, and I(Y : Ct |Z) ≤ 2tb.

Proof. We prove the bound on I(X : Dt |Z) by induction. The second bound is obtained
similarly.

The base case t = 0 is immediate, as the state of the registers of the parties Ai, for i ∈ [d−1]
is independent of the inputs, and the input Y is independent of X given Z.

Assume that the bound holds for t = j, with j ≥ 0. Let Gj+1 denote the sequence of
registers with all the parties Ai, for i ≥ 2, after the isometry in round j + 1 has been applied.
Then we have

I(X : L1,j+1 A1,j+1 R1,j+1Gj+1 |Z) = I(X : Dj |Z) ≤ 2jb ,

by the induction hypothesis. Let Hj+1 denote all the registers of the parties Ai, for i ≥ 2,
after the communication in round j + 1. Then L2,j+1 Hj+1 and R1,j+1 Gj+1 consist of the
same set of registers, but in different order. By the properties of entropy and conditional
mutual information mentioned below,

I(X : Dj+1 |Z) = I(X : R0,j+1 A1,j+1 L2,j+1 Hj+1 |Z)
= I(X : R0,j+1 A1,j+1 R1,j+1 Gj+1 |Z)
≤ 2 S(R0,j+1) + I(X : A1,j+1 R1,j+1 Gj+1 |Z)
≤ 2b+ I(X : L1,j+1 A1,j+1 R1,j+1Gj+1 |Z)
≤ 2b+ 2jb .

The first inequality follows from Lemma 2, the second by the property that S(B) is bounded
from above by the number of qubits in the register B and the data processing inequality
(Lemma 1), and the final one by the induction hypothesis. J

For k ∈ [2r/d], denote the message registers in the k-th round of the two-party protocol Π
in the corresponding state together by Mk. Denote the registers with Alice at the end of
the k-th round, in the corresponding state, by Ek, and the registers with Bob at the end of
the k-th round, in the corresponding state, by Fk. Next, we observe from the definition of the
protocol Π, that for odd numbered rounds 2k−1, the state given by registerDkd is obtained by
an isometry on the registers M2k−1F2k−2. The registers M2k−1F2k−2 (in the state implicitly
specified by their definition) are precisely the registers Bob holds at the end of round 2k − 1
of Π. Moreover, for even numbered rounds 2k, the state given by the registers E2k−1M2k is
precisely the state given by the register Ckd in Πd. The registers E2k−1M2k are precisely the
registers Alice holds at the end of round 2k of Π. Therefore, by Lemma 8 and the definition
of conditional information loss, we have:

I Corollary 9. For all k ∈ [r/d], we have

I(X : M2k−1F2k−2 |Z) = I(X : Dkd |Z) ≤ 2kdb , and
I(Y : E2k−1M2k |Z) = I(Y : Ckd |Z) ≤ 2kdb .

Consequently, the conditional information loss of Π is bounded as IL(Π |XY Z) ≤ 4r2b/d.

4 Two-oracle query algorithms with a switching delay

In this section, we define a new model of query complexity, two-oracle query complexity with
a “switching delay”, motivated by the study of Set Disjointness on a Line Ln,d. The lower
bound technique we use to establish Theorem 3 extends to the analogue of Set Disjointness Dn

ICALP 2020



82:14 Quantum Distributed Complexity of Set Disjointness on a Line

in this model, with a switching delay of d queries. As a consequence, it yields the same lower
bound on query complexity. Furthermore, we design a quantum algorithm that matches
this bound up to a polylogarithmic factor, thus showing that the lower bound is, in a sense,
optimal. We may also interpret this result as showing a limitation of the lower bound
technique.

4.1 The new query model
Turning to the definition of the query model, we consider query algorithms for computing
bi-variate functions f : {0, 1}n × {0, 1}n → {0, 1}. We define the quantum version of the
model; the classical versions may be defined analogously. The inputs x, y to the algorithm
are provided indirectly, through oracles Ox and Oy, as defined in Section 2.4. The query
algorithm is defined in the standard manner, as an alternating sequence of unitary operators
independent of the inputs x, y, and queries Ox or Oy, applied to a fixed initial state (that is
also independent of the inputs). Thus, the sequence of queries to the inputs is pre-determined.
However, we define the complexity of the algorithm differently. In addition to the queries,
we charge the algorithm for switching between a query to x and a query to y. We include
a cost of d in the complexity whenever the algorithm switches between a query to x and a
query to y. This cost parallels the cost of accessing the inputs in the distributed computing
scenario in which the inputs are physically separated by distance d.

We may simplify the above model as follows, at the expense of increasing the complexity
by a factor of at most 2. In the simplified model, we require that the queries be made in
rounds. In each round, the algorithm makes d queries, but exclusively to one of the inputs x
or y. Further, the algorithm alternates between the two oracles Ox and Oy in successive
rounds. The complexity of the algorithm is now defined in the standard manner, as the
total number of queries in the algorithm. Thus the complexity equals d times the number of
rounds.

It is straightforward to verify that any algorithm with complexity q in the first model has
complexity at most 2q in the second model, for computing any function f that depends on
both inputs (i.e., when the algorithm in the first model queries both oracles). Furthermore,
any algorithm with complexity q in the second model has complexity at most 2q in the first
model. The two models are thus equivalent up to a factor of two in complexity.

The second model is also relevant in a “semi-parallel” scenario, where a sequence of d
queries are made to x independently of the answers to d other queries made to y during the
same time steps. Up to a factor of 2 in complexity, this semi-parallel model can be simulated
by the second model above. We thus adopt the second model in the definition below.

I Definition 10. A two-oracle delay-d quantum query algorithm is a query algorithm A with
(predetermined) access to two oracles O1,O2, which may be decomposed into some number
of contiguous sequences of unitary operators called rounds such that each round contains d
queries to the same oracle, and the algorithm alternates between the two oracles in successive
rounds. The round complexity of A is the number r of rounds in a decomposition of A as
above. The delay-d query complexity of A is d× r.

We define the quantum two-oracle delay-d round complexity of a bi-variate function f
as the minimum round-complexity of any two-oracle delay-d quantum query algorithm
computing f with probability of error at most 1/3, given oracles Ox,Oy for the inputs x, y.
We define the quantum two-oracle delay-d query complexity of f similarly. We may assume
that d ≤ n, as otherwise, an algorithm can learn x and y in two rounds.

Adapting the tools developed in Section 3 we get the following lower bound.
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I Theorem 11. Let d ≤ n. The quantum two-oracle delay-d round complexity of Set
Disjointness Dn is Ω(

√
n/d) and Ω( 3

√
n/(d logn) ). The quantum two-oracle delay-d query

complexity is Ω(
√
n ) and Ω( 3

√
nd2/ logn ).

Note that the first expression for either bound dominates when d4 ∈ O(n log2 n).
We briefly sketch the proof of Theorem 11. The query lower bound follows from the one on

rounds. The Ω(
√
n/d) lower bound on rounds follows by observing that Set Disjointness Dn

simplifies to the unordered search problem (OR function on n bits) in the standard quantum
query model when we set y to be the all 1s string. For the second lower bound, we view a
query to an oracle Ox or Oy as the exchange of of 2(logn+ 1) qubits between the algorithm
and the oracle. So we can use any r-round algorithm for computing f in the two-oracle
delay-d query model to derive a two-party communication protocol for computing f also
with r rounds. The two parties run the query algorithm, sending all its registers to the
corresponding player, whenever the algorithm switches between queries to x and queries
to y. In each round, the state of the algorithm (therefore the corresponding message)
accumulates at most 2d(logn+1) qubits of additional information about either input. This is
a consequence of the same kind of reasoning as in Lemma 8. Thus the conditional information
loss of the resulting two-party protocol may be bounded by 2r2d(logn+ 1). By Theorem 7,
this is Ω(n/r), so we get the Ω( 3

√
n/(d logn) ) lower bound for the number of rounds stated

in Theorem 11.

4.2 Algorithm for Set Disjointness

Finally, we present an algorithm in the two-oracle model that matches the lower bounds
stated in Theorem 11, up to polylogarithmic factors.

I Theorem 12. Let d ≤ n. The quantum two-oracle delay-d round and query complexity of
Set Disjointness Dn are

O(
√
n logn/d) and O(

√
n logn ), respectively, when d4 ≤ n log3 n; and

O( 3
√
n/d ) and O( 3

√
nd2 ), respectively, when d4 ≥ n log3 n.

Proof. We present a quantum two-oracle delay-d query algorithm with a parameter t ∈ [n],
which gives the round and query bounds for suitable choices of t depending on how large d is
as compared with n.

The quantum algorithm runs in two stages. First, it searches for a subset I ⊆ [n] of
size t such that it contains an index i ∈ [n] with xi = yi = 1. If it succeeds in finding such a
subset I, in the second stage, the algorithm looks for an index i ∈ I such that xi = yi = 1.
For this, it sequentially runs through the indices in I and checks if the requisite condition is
satisfied. The second stage can thus be implemented in O(max {1, t/d}) rounds. The choice
of t is such that the number of rounds in the first stage always dominates, and gives us the
stated bounds.

We describe the first stage next. In order to identify a subset I containing an index i
as above, if there is any, we implement a search algorithm based on a quantum walk on
the Johnson Graph J(n, t), following the framework due to Magniez, Nayak, Roland, and
Santha [13]. The vertices of J(n, t) are t-subsets of [n]. There is an edge between two
vertices I, I ′ in J(n, t) iff I and I ′ differ in exactly 2 elements: (I \ I ′) ∪ (I ′ \ I) = {i, j} for
distinct elements i, j ∈ [n].

The three building blocks of such an algorithm are as follows.
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Set-up: Construct the following starting superposition:
1(

n
t

)1/2

∑
I⊆[n] : |I|=t

|(i, xi) : i ∈ I〉 .

Checking: Check whether xi = yi = 1 for some i ∈ I:

|(i, xi) : i ∈ I〉 7→
{
−|(i, xi) : i ∈ I〉, if xi = yi = 1 for some i ∈ I ;
|(i, xi) : i ∈ I〉, otherwise.

Update: Replace some index j ∈ I by an index k 6∈ I, and update the corresponding bit xj

to xk:

|(i, xi) : i ∈ I〉|j〉|k〉 7→ |(i, xi) : i ∈ (I \ {j}) ∪ {k}〉|k〉|j〉 .

Let ε be the probability that a uniformly random t-subset of [n] contains an index i such
that xi = yi = 1, given that such an element i exists. We have ε ∈ Ω(t/n). Then, according
to Theorem 1.4 in Ref. [13], there is an algorithm based on quantum walk that finds a
subset I such that xi = yi = 1 for some i ∈ I, if there is any such subset, with constant
probability > 1/2. The algorithm uses one instance of Set-up, and O(

√
1/ε ) alternations of

one instance of Checking with a sequence of O(
√
t ) instances of Update, interspersed with

other unitary operations that are independent of the inputs x, y. (The spectral gap of the
Johnson graph needed in the analysis of the algorithm may be derived from the results in
Ref. [11], for example.)

Note that Set-up uses t queries to x, and thus can be implemented in max(1, 2dt/de)
rounds. Update only requires 2 queries to x. Thus a sequence of

√
t sequential Update

operations can be implemented in order max(1, 2
√
t/d) rounds. We would like to use the

Grover algorithm for unordered search to implement the checking step. The Grover algorithm
incurs non-zero probability of error in general, while the algorithm due to Magniez et al.
assumes that the checking step is perfect. We therefore use an algorithm for unordered search
with small error due to Buhrman, Cleve, de Wolf, and Zalka [4] to implement Checking with
error at most c

√
t/n for a suitable positive constant c with order

√
t log(n/t) queries to y.

Using standard arguments, this only increases the error of the quantum walk algorithm by a
small constant, say 1/10. In effect, Checking (with the stated error) can be implemented in
order max(1,

√
t logn/d) rounds. Thus the bound on the round complexity of the quantum

walk algorithm is of the order of

max
{

1, t
d

}
+
√
n

t

(
max

{
1,
√
t logn
d

}
+ max

{
1,
√
t

d

})
. (4.1)

In order to derive the bounds stated in the theorem, we optimise over t. We con-
sider intervals of values for t such that each of the expressions involving maximisation in
Eq. (4.1) simplifies to one of the terms. The intervals are given by partitioning [n] at the
points d, d2/ logn, d2. (Note that d need not be smaller than d2/ logn.) We optimise the
number of rounds within each interval, which in turn gives us a relation between d and n for
which the rounds are minimised.

We first consider d ≤ logn, so that d2/ logn ≤ d, and t in the intervals

[1, d2/ logn], [d2/ logn, d], [d, d2], and [d2, n] .

We optimise the number of rounds with t in each of these intervals, to find that the number
of rounds is O(

√
n logn/d) when t := d. The optimal values of t in the other intervals also

give the same bound, but we stay with t = d so as to minimise the rounds in the second
stage of the algorithm.

Next we consider d ≥ logn, so that d ≤ d2/ logn ≤ d2. We again optimise over t in four
intervals, and get the following bounds:
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1. t ∈ [1, d]: O(
√
n/d ) when t := d.

2. t ∈ [d, d2/ logn]: O( 3
√
n/d ) when t := 3

√
nd2, provided d4 ≥ n log3 n. If d4 ≤ n log3 n, we

get O(
√
n logn/d) when t := d2/ logn.

3. t ∈ [d2/ logn, d2]: O(
√
n logn/d) when t := d2/ logn provided d4 ≤ n log3 n; If d4 ≥

n log3 n, we get O(d/ logn) with the same value of t.
4. t ∈ [d2, n]: O(

√
n logn/d) when t := d2 provided d4 ≤ n logn; If d4 ≥ n logn, we get O(d)

with the same value of t.
Since

√
n/d ≥

√
n logn/d when d ≥ logn,

√
n logn/d ≤ d when d4 ≥ n logn, and (n/d)1/3 ≤

d/ logn when d4 ≥ n log3 n, we conclude the bounds on round complexity stated in the
theorem:

O(
√
n logn/d) with t := d when d ≤ logn, or with t := d2/ logn when log4 n ≤ d4 ≤

n log3 n , and
O( 3
√
n/d ) with t := 3

√
nd2 when d4 ≥ n log3 n .

The bounds on query complexity follow. J

Note that in the range of parameters such that n log2 n ≤ d4 ≤ n log3 n, the upper
bound

√
n logn/d is at most

√
logn times the lower bound 3

√
n/d logn . So the bounds

in Theorems 11 and 12 are indeed within polylogarithmic factors of each other for all values
of d, n (such that d ≤ n).

5 Conclusion

In this work, we studied a fundamental problem, Set Disjointness, in two concrete com-
putational models. Set Disjointness on the Line Ln,d reveals new subtleties in distributed
computation with quantum resources. It again puts the spotlight on the “double counting”
of information in conditional information loss. One may think that the more sophisticated
notion of quantum information cost introduced by Touchette [18], along with the results due
to Braverman et al. [3], might help us overcome this drawback. Indeed, quantum information
cost helps us overcome the limitation(s) of the former quantity in the case of Set Disjointness
in the standard two-party communication model. Surprisingly, these techniques do not seem
to help in obtaining a better lower bound for Ln,d. We believe that new ideas may be needed
to characterise the its asymptotic round complexity.

The two-oracle query model we introduce gives us a different perspective on Set Dis-
jointness on a Line. It hints at the possibility of a better communication protocol for Ln,d,
although we may also interpret the optimal algorithm in this model as highlighting the
limitation of the information loss technique. More generally, the new query model is tailored
towards the study of distributed algorithms on the line and could shed light on protocols for
other similar problems. Moreover, the model could also be of relevance in other distributed
computation scenarios.
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