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—— Abstract

We consider the REQUIREMENT CUT problem, where given an undirected graph G = (V, E) equipped
with non-negative edge weights ¢ : E — R4, and g groups of vertices X1,..., Xy C V each equipped
with a requirement r;, the goal is to find a collection of edges F' C F, with total minimum weight,
such that once F' is removed from G in the resulting graph every X; is broken into at least r;
connected components. REQUIREMENT CUT captures multiple classic cut problems in graphs,
e.g., MurticuT, MuLTIwAy CUT, MIN k-CUT, STEINER k-CUT, STEINER MULTICUT, and MULTI-
MurTiwAay CuT. Nagarajan and Ravi [Algoritmica‘l0] presented an approximation of O(lognlog R)
for the problem, which was subsequently improved to O(logglogk) by Gupta, Nagarajan and
Ravi [Operations Research Letters‘10] (here R = Y7  r; and k = | U%_; Xi|). We present an
approximation of O(X log Rv/logk loglog k) for REQUIREMENT CUT (here X = max;—1,...,¢{|Xs|})-
Our approximation in general is incomparable to the above mentioned previous results, however
when all groups are not too large, i.e., X = o ((\/@logg)/(logRlog log k)), it is better. Our
algorithm is based on a new configuration linear programming relaxation for the problem, which is
accompanied by a remarkably simple randomized rounding procedure.
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1 Introduction

We consider the REQUIREMENT CUT problem (RC), where we are given an undirected graph
G = (V, E) equipped with non-negative edge weights ¢ : E — Ry and g groups of vertices
Xi1,...,Xy, CV. Every group X, is associated with a requirement r;, where 2 < r; < |X;|.
The goal is to find a collection of edges F' C E, with total minimum weight, such that once
F is removed from G in the resulting graph Gp = (V, E\F') every X; is broken into at least
r; connected components. To simplify presentation we use the notation Cut(G, X;) to denote
the number of connected components of G that contain at least one vertex of X. The above
requirement implies that Cut(Gp, X;) > r;, Vi=1,...,¢.

REQUIREMENT CUT captures multiple classic cut problems in graphs, e.g., MULTICUT
[11, 15], MuLTiwAaYy CuT [4, 5, 6, 9, 13, 22], MIN k-CuT [19, 20, 21], STEINER k-CUT
[8], STEINER MuLTICUT [14], and MULTI-MULTIWAY CUT [3]. To simplify presentation of
known results for (RC), we denote by R the sum of requirements, i.e., R = 9_ r;, by X
the largest group, i.e., X = max;—1, . 4{|X;|}, and by k the number of vertices in groups,
ie., k= |U%, X,|. Nagarajan and Ravi [18] were the first to consider (RC), presenting
? Roy Schwartz and .Yotam Sharoni;.
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approximations of O(lognlog R) and O(log R) for general graphs and trees, respectively.!
They also proved that there is a hardness of approximation of Q(logg) when the graph is a
tree. Subsequently, Gupta et al. [12] presented improved approximations of O(log k log g) and
O(log g) for general graphs and trees, respectively. Thus, providing a tight approximation
when the graph is a tree. In both these works, the main approach to solving (RC) in general
graphs is first to formulate a linear programming relaxation which finds a suitable spreading
metric over the vertices of V', then transform the metric into a tree metric, and finally round
the solution on the tree. In [18], an additional greedy combinatorial approach is presented.
In this approach the algorithm repeatedly finds cuts that (approximately) minimize the ratio
between their cost and the number of groups they separate. This algorithm also yields an
approximation of O(lognlog R) for (RC).

1.1 Our Result

The following theorem summarizes our main result for the (RC) problem.

» Theorem 1. There is a randomized polynomial time algorithm for REQUIREMENT CUT
that achieves an approximation of O (X log R+/log klog log k:)

We note that our approximation is incomparable to the current state of the art [12]. However,
when all groups are not too large, i.e., X = o ((yv/logklog g)/(log Rloglog k)), our approxim-
ation is better. Our algorithm in fact provides an approximation guarantee of O (DX log R),
where D is the distortion of embedding a metric of negative type into ¢; (refer to Section 2
for an exact definition). The guarantee of Theorem 1 follows by employing the embedding of
Arora et al. [2].

1.2 Our Techniques

Our approach for obtaining the result is based on three ingredients, on which we currently
elaborate.

The first is a new configuration linear programming relaxation of exponential size, in
which each cut S is associated with a variable Ag. In this relaxation the goal is to assign
a fractional value Ag to each cut S while satisfying two requirements: (1) for each group
X; the total fractional value of cuts that separate it is high enough, i.e., X; is broken into
enough pieces; and (2) for each vertex u the total fractional value of cuts containing v is at
most one, i.e., the connected components in the output are disjoint. This configuration LP
differs from the relaxation used in [12, 18], which imposes a metric over the vertices of the
graph while ensuring that for every X; the total length of every tree spanning X; is high
enough.

The second ingredient is a remarkably simple randomized rounding procedure of the
configuration LP. When considering classic randomized rounding applied to our setting, each
cut S, independently of other cuts, chooses all edges that cross it with a probability of Ag.
This straightforward use of randomized rounding is problematic, as it might separate a group
into very few pieces, even though the total fraction of cuts that separate the group is quite
high. To intuitively exemplify this, it is enough to note that choosing ¢ cuts that separate
some group X; might result in breaking X; into only O(log/) pieces due to non-trivial

! In [18], in contrast to what is cited above, the claimed approximation does not depend on R but rather
on the maximum requirement multiplied by g. However, the algorithms of [18] provide the above claimed
approximation guarantee.
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overlaps between the cuts. To overcome this difficulty, we note that cuts S with a high
fractional value \g are disjoint. Hence, for these cuts the above difficulty does not occur.
Unfortunately, cuts S with a high fractional value Ag might be few and we are not guaranteed
that choosing all of them breaks each X; into enough pieces. To remedy this, we introduce a
remarkably simple analysis for the classic randomized rounding procedure that assumes all
cuts S have a small fractional value Ag. In our analysis we show that for each cut S, if all
other cuts have a small fractional value, then with a high enough probability S is able to
break at least one additional piece from X; on its own. This enables us to lower bound the
number of pieces each X; is broken into.

The third and last ingredient relates to solving the configuration LP. Since the configura-
tion LP has an exponential number of variables, we need to present an (approximate) dual
separation oracle for it. It turns out that the dual separation oracle for the configuration
LP is a node weighted variant of SPARSEST CUT with general demands where demands are
given over groups, as opposed to pairs. Our approximation algorithm for the dual separation
oracle, similarly to classic algorithms for SPARSEST CUT, finds a suitable metric of negative
type, embeds it into ¢;, and chooses the best cut S among all cuts in the decomposition
of the ¢; metric into a non-negative combination of cut metrics. The only caveat in this
approach is that, unlike SPARSEST CUT, our problem is not symmetric, i.e., S and S have
different objective value. To overcome this, we break symmetry and introduce an artificial
point to the metric space, while ensuring that all cuts in the decomposition of the ¢, metric
do not contain this artificial point.

We note that our dual separation oracle captures the STEINER RATIO problem (SR)
[14], used in the greedy step of the combinatorial approach of [18] for (RC). Thus, it can
be proved that our approximation guarantee of O(X+/logk loglog k) for the dual separation
oracle (Theorem 8) also extends to (SR). Incorporating this into the analysis of [18] yields
an overall approximation of O (X log R+/lTog k log log k), matching the result of Theorem 1
in yet another way.

1.3 Related Work

The literature on approximating cut problems and metric embedding is vast, we mention
here only some of the most relevant work. Let us start by surveying problems captured
by (RC). MuLTICUT, a special case of (RC) where each group X; is of size two and its
requirement r; also equals two, admits an approximation of O(log C log? k) (where C' is the
total weight of edges in the graph) [15] and O(log k) [11]. MuLTIWAY CUT, another special
case of (RC) where there is a single group X of size k and its requirement also equals k,
exhibits a long sequence of works [4, 5, 6, 9, 13, 22] which culminates in an approximation
of 1.2965 [22]. MIN k-CUT, a special case of (RC) where there is a single group X that
spans all of V' and its requirement equals k, admits a simple combinatorial approximation of
2(1 — 1/k) [19, 20, 21]. STEINER k-CUT is similar to MIN k-CuUT, with the difference that
X does not necessarily equal all of V, also admits a similar approximation of 2(1 — /&) [8].
STEINER MULTICUT is similar to MULTICUT, with the difference that each group X; might
be larger than two, though its requirement r; still remains two. This problem admits an
approximation of O(log” (¢X)) [14], which was subsequently improved to O(log glogn) [18]
and to O(log glog k) [12]. MULTI-MULTIWAY CUT is similar to MUuLTIWAY CUT, with the
difference that there are multiple groups (though the requirement of each group equals its
size). This problem admits an approximation of O(logg) [3].

Metric embedding also play a central role in our work, specifically embedding metrics
of negative type into £;. Chawla et al. [7] presented an embedding with a distortion of
O(log”* n), which was later improved to O(y/logn loglogn) by Arora et al. [1, 2]. The above

53:3

APPROX/RANDOM 2020



53:4

Approximating Requirement Cut via a Configuration LP

works are based on the seminal result of Arora et al. for SPARSEST CuT, which obtained
an approximation of O(y/logn), improving upon the O(logn) guarantee of Leighton and
Rao [16].

Paper Organization

Section 2 contains needed preliminaries regarding metric spaces. Section 3 presents our new
configuration LP for (RC). The rounding algorithm appears in Section 4, and Section 5 is
dedicated to approximately solving the configuration LP. All missing proofs appear in the
appendix.

2 Preliminaries

A metric space (V,d) embeds into ¢; with distortion D if there exists an embedding f
satisfying: d(a,b) <||f(a) — f(b)|l1 < D -d(a,b), Va,b € V. Moreover, a metric space (V,d)
is of negative-type if (V,v/d) is isometric to a subset of Euclidean space. Arora et al. [1, 2]
proved that D = O(y/lognloglogn) for metrics of negative type, when |V| = n. We can
exploit a slightly improved guarantee (see Corollary 5.1 in [2]), which we rephrase here for
simplicity of presentation.?

» Theorem 2 (Corollary 5.1 in [2]). Given a metric space (V,d) of negative type and U C 'V
of size k, there exists an embedding f into £y that satisfies: (1) ||f(a) — f(b)||1 < D -d(a,b),
Va,b € V; and (2) ||f(a) — f(b)||1 > d(a,b), Ya,b € U. In the above D = O(y/log kloglogk).
Furthermore, f can be computed in polynomial time.

We note that in the above theorem, expansion is upper bounded for all pairs of points
in the metric space, whereas contraction is lower bounded only for pairs of points in the
given subset. This enables the improvement in the value of D from O(y/lognloglogn) to

O(v1ogkloglog k).

3 Configuration LP

We consider the following new linear relaxation for the (RC) problem. In this relaxation each
possible cut S C V is associated with a variable Ag. We denote by d¢(S) the total weight of
edges crossing the cut S defines in the graph G, and let C(T) ={S: 0 < |SNT| < |T|} be
the collection of cuts S that separate T, i.e., S contains at least one vertex of T" but does not
contain 7" as a whole.

(LP) min Z%éG(S)-)\S

Sev
st > As=my Vi=1,..g (1)
SeC(X,)
d As <1 YueV (2)
S:ues
Ag >0 VS CV

In the above relaxation, Constraint (1) ensures that X; is broken into at least r; pieces, and
Constraint (2) ensures that each vertex belongs to at most a single cut.

2 The cited theorem of [2] is originally given for £ and not ¢;. However, standard arguments imply it
also applies to (1, see, e.g., [2], for further details.
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For our rounding algorithm to work we actually need to iteratively resolve (LP) for
subgraphs of G. To this end, let us formally define the relaxation when considering Gg =
(V, E\F), for some F' C E, which we denote by (LPr). Moreover, we denote by Y; 1,...,Y;
the £; pieces X; is broken into in G. Formally, if G is broken into ¢ connected components
Cy,...,Cy, which form a partition of V', then every Y; ; is obtained by X; NC; and discarding
the result if X; and C; are disjoint (hence ¢; < ¢). Additionally, let us denote by 7 the
residual requirement of X; in G, i.e., r, = max{0,r; — ¢;} (we can assume that groups X;
for which the residual requirement reached zero are removed from the instance).

. 1
(LPF) min Z §6GF (S) - As
Sev
£

s.t. Z Z Ag >l Vi=1,..9 (3)

J=18eC(Y; ;)

d As<1 YueV (4)
S:ues
As >0 VS CV

Similarly to (LP), Constraint (3) ensures that X is broken to at least r} pieces, and Constraint
(4) ensures that each vertex belongs to at most a single cut.

The following lemma proves that (LP ), for every F' C E| is a relaxation when considering
Gr. We denote by OPTrp, the value of an optimal solution to (LPr) and by OPT the
value of an optimal solution to the original instance.

» Lemma 3. OPTyp, < OPT, for every F C E.

Proof. Let F™* be an optimal solution to the problem with respect to the original instance, and
denote by F = F*\ F the edges of F* still remaining in Gp. Thus, G = (V,E\ (FUF))
denotes the graph resulting in the removal of F* from Gr. Let S7,...,S; be the connected
components in Gz p. Define the following solution to (LPr): As: =1foreveryi=1,..,¢
(and Ag = 0 for all other cuts S). We notice that ST, ..., S} are disjoint cuts, hence Constraint
(4) is satisfied for every u € V. Since F'* is a feasible solution with respect to the original
instance, i.e., X; is broken to at least r; pieces in Gp+ (or equivalently Cut(G g+, X;) > 1),

we can conclude that removing F from Gp breaks X; to at least the same number of pieces.

Thus, since X; is already broken into ¢; pieces in Gp: Y;1,...,Y; s, we can conclude that
Zf;l Cut(Gp g, Yi,j) > 1. Therefore, Constraint (3) is also satisfied and the defined
solution is feasible for (LPg). Since dg,(S) < dg(S), for every S C V', we can conclude that
the value of the solution is at most OPT. This finishes the proof. |

A main challenge is solving (LP ) since it has an exponential number of variables. The
following theorem summarizes our guarantee for solving (LP ), and Section 5 is dedicated
to its proof. The solution found is bicriteria as it violates the constraints and incurs some
loss in the objective.

» Theorem 4. For every F C E, there exists an efficient algorithm that finds a bicriteria
solution {A\s}scv C Ry to (LPr) satisfying:

L Y guegrs <a,VueV.

2. 3 Yscomin A = Berl Yi=1,..g.

3. ZSQV %5(;1,(5)/\5 <~-OPT.

In the above a = v = O(XD) (where D is as in Theorem 2 when considering U = U_, X; C
V) and g =1.

53:5
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4 Rounding the Configuration LP

In this section we present our rounding algorithm and prove the main result, Theorem 1,
given Theorem 4. Our rounding algorithm progresses in iterations, similar in spirit to the
classic randomized rounding for the SET COVER problem (a similar method was employed
in the context of (RC) by [18]). However, unlike the latter rounding method, we require a
different handling of cuts S with a large Ag fraction and cuts S with a small Ag fraction.

We start by focusing on the algorithm for a single iteration, which given G, for some
F C E, outputs a random collection L C E'\ F of edges such that: (1) if L is removed from
Gr then the number of pieces every X, is broken into increases additively in expectation, up
to some scaling, by X;’s residual requirement r;; and (2) the expected cost of edges in L is
not too large. We denote by {S\S}ng the solution {As}scv scaled by a factor of 1/a, where
« is as in guarantee (1) of Theorem 4, i.e., Ag = As/a. The single iteration algorithm removes
all edges crossing a collection of cuts chosen according to two different criterions to ensure
that the number of pieces X; is broken into increases as required. The first criterion consists
of all cuts whose \g value is sufficiently large. The second criterion consists of executing
randomized rounding on all cuts whose Ag is sufficiently small. Algorithm 1 summarizes
the single iteration rounding procedure (in the algorithm’s description we denote by I'¢(S)
the collection of edges in the graph G crossing the cut S), and Lemma 5 summarizes the
guarantee of Algorithm 1.

Algorithm 1 Single Iteration.

Input: GF = (‘/, E\F) y {;\S}SQV

Output: L C E\F

Fi+{e€ E\F:38 ) s >2NecTq,.(9)}

let {Is}gcy.55<2 be independent random indicators where Pr[Ig = 1] = As
3 F—{ecE\F:35st As<23Alg=1Aeeclq.(5)}

4 L+ FiUF,

5 output L

[

» Lemma 5. For every F C E and {A\s}scv guaranteed in Theorem 4, executing Algorithm
1 on G with {\s}scy results in L C E\ F satisfying:

1. E[Cut(Grur, Xi)] > Cut(Gr, Xi) +Q (B/a) - 7rl, Vi=1,..g.

2. E [ZCGL ce} < O (/) - OPT.

Proof. Let us start with requirement (1) above. Note that for every vertex u € V, since
{As}scy satisfies guarantee (1) of Theorem 4, we can conclude that: » g, g As < 1. Thus,
we can conclude that all cuts S whose Ag is large, i.e., Ag > 2/3, are disjoint. Therefore,
removing F from G additively increases the number of pieces every X; is broken into by:

4 £
S HS:SeCWi)AX =2} =D > As,

Jj=1 J=18:S€C(Y; ;)N As>2/3

where the above inequality follows from the fact that 5\5 <1,VvSCV.

Let us now consider cuts S C V whose \g is small, i.e., Ag < 2/3. We analyze the expected
additive increase in the number of pieces X; is broken into when removing F5 from Gg. A
cut S satisfying: Ag < 2/3 and S € C(Y; ), increases the number of pieces Y; ; is broken into
by one if there exists a vertex u € Y; ; NS such that S is the only cut having Is = 1, among
all cuts T with S\T < 2/3 containing u. Let us denote this event by Ayi,j’&u. Thus,

Pr [AY,;J,S,u] = 5\5 . H

T:Ap<2/3Au€T (1 B )\T)
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We note that since 3., cpAr < 1 (as previously mentioned in the proof), and the fact that we
consider only cuts 7" satisfying Ay < 2/3, the following holds: [[,. Mr<2/sAuET
Hence, Pr[Ay, | s..] > Q(As). Therefore, removing Fy from Gp additively increases the

expected number of pieces every X; is broken into by at least:

£; £;
Z Z Pr [Hu €Y;;NSst. Ayi,j’s’u] > Z Z Q(S\S)

J=18:5€C(Yi ;) A s<2/3 J=18:8€C (i ;)AAs<2/3

The above inequality follows since for every Y; ; and every S € C(Y; ;), satisfying g < 2/3,
one can choose an arbitrary vertex u € Y; ; NS and apply the lower bound on the probability
of the event Ay, ; 5 .-

Recall that {\g} g satisfies guarantee (2) of Theorem 4, therefore we can conclude that
Vi=1,...,¢:

2 5 2 5
Z Z g > %rg or Z Z Ag > %r;.

J=18:8€C (i, ;) A\ s <2?/3 J=18:8€C (i ;)AAs>2/3

Thus, removing all edges in F; U F» from G additively increases the number of pieces
every X; is broken into, in expectation, by at least € (8/a) ;. This concludes the proof of
requirement (1).

Let us focus on requirement (2). It is easy to note that the definition of F; implies
that ZeeFl Ce < 3/2 ZS:S\SZZ/?) e (S)S\S. Additionally, it is easy to note from the definition
of Fy that E[}_ cp, ce] < > g.5,<2 5cr(S)As. Summing the former and the latter and
recalling that A\g = As/a V.S C V, along with the fact that {\g}scy satisfies guarantee (3)
of Theorem 4, we can conclude that: E[}__; c.] < O(7/a)OPT. This concludes the proof of
requirement (2). <

We are now ready to describe our rounding algorithm, which is depicted in Algorithm
2. The algorithm is straightforward, as it iteratively applies the single iteration algorithm,
Algorithm 1, as long as there is a group X; that is not broken to its required r; number of
pieces. We note that unlike previous algorithms for the (RC) problem, e.g., [18], we need
to resolve (LPp) in each iteration as it is not clear whether the original fractional solution
remains feasible for Gr.

Algorithm 2 Rounding.

Input: G (V,E) {X;}_, {ri}l_,.c: E— Ry
Output: FC FE

1 F+0

2 while 3i =1,...,9 s.t. X; is not broken into at least r; pieces in Gp do
3 solve (LPp) to obtain {Ag}scy using Theorem 4

4 | Ag2s/a, VS CV

5 execute Algorithm 1 with G and {Ag}scy to obtain L

6 F+FUL

7 output F

The following lemma bounds the number of iterations Algorithm 2 performs, and its
proof follows similar lines to the proof of [18]. We present it here for completeness.

(1-Ar) =Q(1).
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» Lemma 6. With a probability of at least 1/2 Algorithm 2 performs at most O(¢/g - log R)
iterations.

Proof. Let R; be the random variable that equals the residual requirement of X; at the
beginning of iteration s of Algorithm 2, and let R* = > Y_, R{ be the random variable that
equals the total residual requirement at the beginning of iteration s. Requirement (1) of
Lemma 5 implies that there exists an absolute constant ¢ such that for every iteration s:
E[R$|R:™1 < (1 —c¢-B/a)R:™F where (1 — ¢ B/a) < 1. From linearity of expectation we get
that for every iteration s: E[R°] < (1 — c-8/a)®R. Recall that R denotes the total initial
requirement, i.e., R = R® =7 r;. Thus, if we choose s* =log (4R)/log ((1 —c-B/a)™1)
then E[R*"] < /4. Using Markov’s Inequality we get that Pr[R® < 1/2] > 1/2. However,
since R*" is integral we can conclude that with a probability of at least 1/2 Algorithm 2
terminates after s* iterations because all requirements are satisfied, i.e., R®" reached a value
of 0. Noting that s* = O(«/s - log R) concludes the proof. <

Proof of Theorem 1. Lemma 6 proves that with a probability of at least 1/2 Algorithm 2
performs O(¢/g - log R) iterations. Requirement (2) of Lemma 5 implies that the expected
cost of every iteration is at most O(7/a) - OPT. Hence, the expected value of the output
of the algorithm is O(7/g - log R) - OPT. Plugging the values of v and 8 as guaranteed in
Theorem 4 concludes the proof. |

5 Solving the Configuration LP

In this section we address the problem of solving the relaxation (LPg). This task requires us
to provide an (approximate) separation oracle for the dual of (LP ), thus proving Theorem 4.
Intuitively, the dual separation oracle is a node weighted variant of sparsest cut where
demands are given over subsets, as opposed to pairs, of vertices. We denote this problem
by SPARSEST REQUIREMENT CUT (SRC). There are multiple methods of proving that an
approximate dual separation oracle provides a bicriteria solution to the primal formulation,
e.g., via the Ellipsoid algorithm. In this version of the paper we use Young’s iterative
method [23]. To simplify presentation, let us denote by Cross(S,i) = {Y;; : S € C(Y; )}
the number of sets among Y; 1,...,Y; , that S separates.

5.1 The Sparsest Requirement Cut Problem

Let us start by formally introducing the (SRC) problem, which is essential to proving
Theorem 4.

» Definition 7. An instance of the SPARSEST REQUIREMENT CUT problem consists of
the following tuple (G, F, {{Y},j}ﬁ"zl}f:l,c,y,z), where: G = (V, E) is an undirected graph,
F C FE is a collection of edges removed from G, for every i = 1,...,9: {Y;—_j}f-i:l is the
partition of X; according to the connected components of Gr, non-negative edge weights
¢ : E = Ry, non-negative group weights z : {1,...,9} — R4, and non-negative vertex
weights y : V. — Ry. The goal is to find a cut S CV minimizing:

yers (S) + Zues Yu
7, Cross(S,1)z;

The following theorem summarizes our algorithm for (approximately) solving (SRC), and
it has a key role in proving Theorem 4. Its proof follows the lines of the classic algorithm
for SPARSEST CuT (SC) with general demands (see, e.g., [17]): first a metric is found that
forms a lower bound on the value of an optimal solution, then it is rounded by embedding it
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into ¢;. Unfortunately, (SRC) is inherently different from (SC) since it is not symmetric,
i.e., S and S have (possibly) different objective values. To overcome this we introduce a new
artificial point o to the metric space which represents S. Furthermore, when embedding the
metric into £; we make sure to consider only cuts that do not contain o.

» Theorem 8. Given an instance (G, F, {{KJ} “1}_,,c.y,z) of the SPARSEST REQUIRE-

MENT CUT problem, there exists a polynomial time algorithm that returns a cut S satisfying:

5GF (S) + Z cs Yu
u <(X-1)-D-OPT
Y7, Cross(S, i)z — ( ) OPTsrce,

where OPTsgrc s the value of an optimal solution to the given instance, and D is as in
Theorem 2 when considering U = UY_; X; C V.

Proof. Our proof is comprised of two steps: (1) introducing a semi-definite relaxation and
proving it lower bounds OPTggc; and (2) rounding the fractional solution and proving it
yields the desired approximation factor.

Step 1. We start by presenting a semi-definite relaxation for (SRC) which we denote by
(SDP). In (SDP), a squared Euclidean metric space is imposed over V U {0}, where o
denotes a special artificial point which is the origin. Thus, every vertex a € V U {o} is
associated with a vector v, and v, is constrained to be the origin, i.e., the zero vector.
Moreover, we denote by 7; ; the collection of all spanning trees over the complete graph
whose vertices are Y; ;.

min Z CeHVa—Vng'i‘ZyaHVaHg

e=(a,b)EE\F acV
st |Iva = vol[3 +[[ve — vel[3 2 [[va — vell3 Va,b,ce VU{o} (5)
2
[lvoll2 =0 (6)
Z HVa_VngZSi,j V’L'Il,.‘.7g,v‘7':1,...,€~;,VT€7;J' (7)
(a,b)eT
g9 i
zizsi’j 2 1 (8)
i=1  j=1

Constraint (5) is the triangle inequality, whereas Constraint (6) enforces that v, is
the origin. Constraint (7) states that each s; ; is upper bounded by the length of the
minimum spanning tree in 7; ;. Constraint (8) is a scaling constraint, similar to the
standard relaxation for (SC). Clearly, (SDP) is solvable in polynomial time since the
separation oracle is just the computation of a minimum spanning tree.
Let us now prove that the optimal value of (SDP) lower bounds OPTggc. Let S* be an
optimal solution to the problem, let us define the following solution to (SDP):
* 1 * L.

! PES o s, = | TG ST C)

S* ] T = N )
\/Z Cross(S* ) ’e @< 0 S ¢ C<Y;])

where e is an arbitrary unit vector. Additionally, we set vo = 0. The crucial observation

Vg =

is that ||ve — v||3 = (39_, Cross(S*,i)z;) ! if @ and b are on different sides of S* and
0 otherwise. Clearly, the above solution satisfies Constraints (5) and (6). Focusing on
Constraint (7), if s; ; # 0 then S* € C(Y; ;) and the minimum spanning tree of Y; ; crosses
S* exactly once and its length equals (}9_, Cross(S*,i)z;) 'e-e = s; ;. Considering
Constraint (8), we note that:

J 4 b 4 J Cross(S*,1) 3
Zzlzsm ZZ’ZZ 1 Cross(S*, 1 -

i=1 =1 i=1 i)z

53:9

APPROX/RANDOM 2020



53:10 Approximating Requirement Cut via a Configuration LP

Hence, we can conclude that the above solution is feasible. Moreover, we note that the
objective value of the above defined solution equals:

0G(S*) + D uese ¥
Z Ce||Va*Vb||§+Zya||va\|§: F ues Yu

e=(a,b)EE\F acv >o7_) Cross(S*,1)2;

Therefore, the value of an optimal solution to (SDP) lower bounds OPTgsgc.

Step 2. We start by presenting the rounding algorithm, Algorithm 3. As previously men-
tioned, Algorithm 3 follows the lines of classis algorithms for (SC) with non-uniform
demands [17]. The main difference is that we make sure to consider only cuts that do
not contain o when decomposing the #; metric into a non-negative combination of cut
metrics (such a decomposition can be easily found, see, e.g., [10, 17]). In what follows we
use the notation ds to denote the cut metric S defines, i.e., dg(a,b) =1 if @ and b are on
different sides of S and 0 otherwise.

Algorithm 3 Rounding (SDP).

Inp]-It: {Va}aEVU{o}

Output: SCV

let f be the embedding into ¢; of Theorem 2 when considering U = U?_, X; C V U{o}

find {1}/, C Ry and {S,}/; C 2" st [|f(a) = f(D)|1 = Zf:l prds, (a,b),
Va,be VU{o}

fary

N

3 forr=1to L do
4 if 0 € S, then
5 stap Sy with VU {o}\ S,

(=)

output argmin, _; . r{(0cr (Sr) +Pacs, ¥a)/(327-; Cross(Sr,i)zi)}

Let us now analyze Algorithm 3. Note that:

L

. {5%( )+ D aes, ya} < L=t (Ze=<a7b)er(sn ceds, (@,0) + X qes, y")

mln .
>t Cross(Sr,i)z | Zf:1 pir 327y Cross(S, i)z

Focusing on the numerator we get that:

L
Z/’LT Z Ce5S CL b Z Ya
r=1

e=(a,b)el(S,) a€Sy,
L L
= Z Ce Z /J"F(SST (a7 b) + Z Ya Z NT(SST(07 a)
e=(a,b)eE\F r=1 acV r=1
= > cllf@=fOlh+ Y vllf@) = fO)lh
e=(a,b)eE\F acV
<D Z CEHVG_Vng'i'ZyaHVaH%
e=(a,b)EE\F acV

The first equality follows from changing the order of summation and the fact that o ¢ S,,
Vr =1,...,L, ie., lyzes,} = 0s,(0,a). The inequality follows from Theorem 2 and
Constraint (6).
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Focusing on the denominator and choosing an arbitrary spanning tree T; ; € T; ;, we get
that:

L g L g £;
ZMTZCross(ST,i)zi = Zurz,zz 1¢s,covi,))
r=1  i=1 r=1  i=1 j=1
L g EI
SIS I B
r=1 =1 =1 1"%J ab)eTL]
1 g £;
LS 35 S0 DID S RS
i=1 J=1 (a,b)€T; ; r=1
g £
e DI D S ORNICI
i=1  j=1(a,b)eT;
g £;
2
ZX 1221‘ Z |Va_VbH2
i=1 J=1(a,b)€T; ;
g £;
ZX DIEPBL
i=1 j=1

The first equality follows from the definition of Cross(S,,7). The first inequality follows
from the fact that any spanning tree in 7; ; can cross the cut S, € C(Y; ;) at most |Y; ;| —1
times. The second inequality follows from changing the order of summation and from
|Y:. ;| < X. The third inequality follows from Theorem 2 and the fact that if (a,b) € T; ;
then a,b € Y3 ; C U. The before last inequality follows from Constraint (7), whereas the
last inequality follows from Constraint (8). The second step of the proof is concluded by
combining the upper bound on the nominator with the lower bound on the denominator,
along with the first step of the proof. <

5.2 Proving Theorem 4

As previously mentioned we follow the footsteps of Young’s iterative method [23]. Please
refer to Appendix A for the details.
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Proving Theorem 4

For simplicity of presentation, for the remainder of this section, we assume that F' C E is
given and fixed. Let M be a guess of the value of OPT, and given M define the following
polytope capturing (LPg):
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1 1
Q(M) = {)\ ERY 1 Y S0ar(S)hs <1 : 9)
SCV
d A< Yu eV, (10)
S:uesS
1 &
v j=1SeC(Y;,;)
Ag >0 VS C V}.

We refer to Constraints (9) and (10) as the packing constraints, and Constraint (11) as the
covering constraint. For a sufficiently large parameter N, to be determined later, we use the
smoothed definitions of the max and min functions for the packing and covering constraints
of Q(M), respectively:

Imazx()\) = %ln <R()\) + Z y(/\,u)> and fmin()\) 2 —% In (Z z(/\,i)> ,

uevV i=1
where
N 1
R()) 2 exp i §5GF(S))\S
SCV
y(\, u) = exp <N Z /\S>
S:ueS
N &
2(\, i) 2 exp I Z As

Jj=18€eC(Y; ;)

To simplify presentation, we denote the following value of a cut S C V by ¢,(5):

é (S) A ?:1 Z()‘v 7’) . ﬁ%éGF (S)RO‘) + ZuGS y(/\7 u)
PR+ > uev YA ) 7 %Cross(S, i)z(\, 1)

There are two important things to note regarding ¢,. First, for every S C V:
Ofmaz ()

OA(S) = Gy (12)
s

Observation (12) plays a crucial role when analyzing Young’s iterative method applied to
our setting. Second, ¢,(S) equals the value of S when considering the following instance
(G’ F7 {{}/27]}?:1}:]:17 Cxs Y Z)\) of (SR’C)

B s R(N)ce
ex(e) = ROV +M§:uevy()\7u) Vee E\F
y(A u)
SO VES STewn ey
_ 2\ 1) _
zA(z):m Vi=1,...,g.

The following lemma proves that there exists a solution to the above instance of (SRC)
whose value is at most 1, assuming our guess for M is not smaller than OPT.
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» Lemma 9. For every A € sz, if M > OPT then there exists a cut S C V such that
oA(S) < 1.

Proof. We define two vectors a,b € R2V7 indexed by S, as follows:

o G306 SRV + TpesvOw) oy D 7 Cross(S 9200 1)
RO + e v\ u) L)

as
and prove that (a, A*) <1 and (b, A*) > 1, for some non-negative vector A\* € Riv. Since a,
b, and A* are all non-negative, we can conclude that there exists S C V such that ag < bg.
This will conclude the proof.

We note that since M > OPT, Q(M) is non-empty. The reason for the latter is that
A* € Q(M), where \* is an optimal solution to the (RC) problem applied to G (as defined
in the proof of Lemma 3). Hence, we know that:

> %&;F(S)Xg < OPT (13)
SCv
Yot VueV (14)
S:ueS
£
o= Vi=1,...,9. (15)

We note that (13) above follows from Lemma 3. First, let us prove that (a, A\*) < 1:

W 2300 (RO + Dy
@)= ) N rr s

R(A * *
% ZSQV %6GF (S))‘S + ZUGV y()\> U’) ZS:UGS AS
R(A) + 2 uev y(Xu)
R(X
T RN+ Xuev y(Xu)
The second equality follows from changing the order of summation. The first inequality

follows from (13) and (14), whereas the last inequality follows since M > OPT. Second, let
us prove that (b, \*) > 1:

7, ZCross(S,1)z(, 1)
(b3 =2, 2 2(\0) As

SCv =1
1 . £;
f:l ﬁz(Av i) Zj:l Zsecm,j) AS
f:l Z()\’ Z) o

The second equality follows from changing the order of summation, whereas the inequality
follows from (15). <

The following lemma establishes the connection between the above and our algorithm for
(approximately) solving (SRC), i.e., Theorem 8.
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» Lemma 10. Given X\ € sz, if M > OPT then executing the algorithm of Theorem 8
on the instance (G,F,{{)Qyj}gf‘:l}le,cA,y)\,zA) of (SRC) yields a cut S C V satisfying:
61(8) < (X — 1)D.

Proof. Let S* be an optimal solution to the instance (G, F, {{Yi,j}?":l}f:l,c,\,yx,z,\) of

(SRC), or equivalently, a cut that minimizes ¢y (S*). Since M > OPT, we can apply Lemma
9 and obtain that OPTggrc < 1 for the given instance. Theorem 8 concludes the proof. <«

We are now ready to present Young’s iterative approach adapted to (LP ), Algorithm
4. The parameter ¢ > 0 in the input determines the step size of the algorithm and will be
determined later.

Algorithm 4 Solving (LPp).
Input: G = (V,E),F C E{{Y;;}j}_1c: E =Ry (>0
Output: A € Riv

1A<0

2 while 3i=1,...,g st LY Yo,y s < 1do

3 apply Theorem 8 on instance (G, F, {{Yi,j}ﬁi:l}f:l, Cxs Yn, 2x) of (SRC) to obtain
S

4 )\5 — )\g +¢

5 output A

The following lemma is used to upper bound the step size ¢ in Algorithm 4 and it follows
directly by adapting Lemma 1 of [23] to our setting.

> Lemma 11. For every 0<e <1 and ¢ > 0 such that ¢ < emin{1,1/X,(2M)/(Xccp r Ce)}
the following two hold for every S C V:

fmaz (A + (1lg) — fmax () - dmaz(\) 17 306 (S) RO + X ,cs (A w)

{149 2 VR SRS TONT) 1o
Imin(A+ (1g) — lmin(\) otmin(\) > % - Cross(S,1)z(A, 1)
C(1—¢/2) = os 7 2(\1) ' (17)

The following lemma states that when Algorithm 4 terminates, assuming M > OPT, it
produces an approximate solution to Q(M).

» Lemma 12. For every 0 < € < 1, { > 0 satisfying the conditions of Lemma 11, and
N = e lIn(g(n+1)), when Algorithm j terminates, assuming M > OPT, it outputs
e Riv satisfying:

Y As<a VueV (18)
S:uesS

1 &

FZ Y As =8 Vi=1,...,q (19)
v j=18eC(Ys,;)

1 1
i Z §5GF(S))‘S <7 (20)

SCV

In the aboveazvze—i—mﬁ(j;f;zs)@(—l)D and B =1.
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Proof. From the stopping condition of Algorithm 4, it is clear that (19) holds with 8 =1,
i.e., the covering constraints are satisfied. Let us now focus on the remaining two covering
constraints. Denote the sequence of cuts Algorithm 4 increased by: Sy, ..., Sr (note that some
cuts might appear several times in the sequence), and by A the output, i.e., A = CZTL:1 1g,.
For simplicity of presentation, we denote by A" the solution Algorithm 4 maintains after the
r*® iteration, i.e., A" = ¢ 2221 15.. Note that A’ = 0 and AL = A. Let us now upper bound
the worst packing constraint upon termination of the algorithm:

1 1
i Z §6GF( )\s,max{ Z )\5} < Imax(N)

SCV S:ues
n(n+1) . .
= T—F;@mam (A") = tmaz (A1)
<1n(n+ 1+e Z¢ ») (Emin (A7) — tmin (X"71))
=N 1—5/2 woid
In(n+1) 1+4+e¢ L 1
< Ty r—
< i 175/2 g me AT me()\ ))
~ In(n+1) 1+¢ Ing 1+e¢ ,
= N +1_E/2(X71)DN +1_E/2(X71)D€mm()\)
e(l+¢) 1+¢
< X-1)D X-1)D
_€+175/2( ) +175/2( ) m,my Z Z As
v j=1SeC(Y; ;)
ey ppr A X b cx)
=€ 1—¢/2 1—¢/2
e(l+¢) 1+e¢
< X-1)D X-1)D- (1
_£+1_€/2( ) +1_€/2( )D - (1+¢)
B I+eg)(d+2¢)
75+—1_€/2 (X -1)D.

The first inequality follows from the definition of ¢maz. Since fmaz(A\°) = fmax(0) =
In (n 4+ 1)/N, the first equality follows. The second inequality follows from Lemma 11 and
the definition of ¢. We note that the third inequality follows from Lemma 10 and how S, is
chosen by Algorithm 4. Since fmin(\°) = fmin(0) = —In g/N, the second equality follows.
The fourth inequality follows from the choice of N and the definition of min. Note that the
fifth inequality follows from the stopping condition of Algorithm 4, i.e., the algorithm stops
once all coverings constraints are satisfied. The last inequality follows from the restrictions
on (. |

Proof of Theorem 4. All that remains is to choose (, such that for every guess of M
Algorithm 4 performs a polynomial number of iterations. We do this by tracking the
following potential: ®(A) £ 3", 1, Y q.,cq As. Note that initially ®(A) = ®(0) = 0. From
guarantee (18) of Lemma 12, we know that once Algorithm 4 terminates the value of
®(A) cannot exceed n(e + (1 +¢)(1 4+ 2¢)/(1 —¢/2) - (X — 1)D). Setting the step size
¢ =emin{l,1/X, (2M)/(}Xccp\r ¢e)} and choosing € = 1 implies that Algorithm 4 performs
at most O(nX D/() iterations. Applying standard weight rescaling techniques, we can assume
without loss of generality, that 1 < ¢, < poly(n), Ve € E. Thus, given a guess M, Algorithm
4 performs at most a polynomial number of iterations (recall that M > 1 due to the rescaling).
Since all edge weights are rescaled as above, one can find in polynomial time a value M such
that OPT < M < 20PT. This concludes the proof. ]
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