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—— Abstract

We illustrate and animate the classic problem of deciding whether a given graph has an Eulerian

path. Starting with a collection of instances of increasing difficulty, we present a set of pictorial
instructions, and show how they can be used to solve all instances. These IDEA instructions (“A
series of nonverbal algorithm assembly instructions”) have proven to be both entertaining for experts
and enlightening for novices. We (w)rap up with a song and dance to Euler’s original instance.
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1 Introduction

Deciding whether a connected graph G = (V| F) has an Eulerian path is a natural problem of
graph theory: Find a path P that contains all edges in F, starting at a suitable vertex s and
ending at a vertex t. As a path, P is connected and may not contain any edge more than
once; therefore, following an Eulerian path corresponds to drawing all of the edges in one
continuous stroke, without duplicating any edge or lifting the pen — or crossing all bridges
in a city in one contiguous walk without duplicating a bridge. First introduced by Euler
in 1741 [2], it is not just a classic, but arguably the problem that started graph theory itself.

The algorithmic side of the problem spans several centuries, with publications in a variety
of languages; see Fig. 1. In his paper (published in Latin), Euler gave a necessary condition
for the existence of P: there may be at most two vertices of odd degree, which would have
to be s and t. Hierholzer [6] (in an 1873 posthumous paper published in German) gave an
algorithmic proof that this condition is sufficient, based on iteratively merging cycles. An
alternative was given by Fleury [4] in 1883 (published in French): If the necessary condition
is satisfied, it is possible to find an FEulerian path by greedily following edges, starting at
an odd-degree vertex s if one exists, subject to never disconnecting the set of unused edges.
From an algorithmic point of view, Fleury’s algorithm is somewhat inefficient, as it requires
keeping track of connected components; from an intuitive perspective, Fleury’s method is
quite elegant, as it does indeed provide a method for drawing the graph in one stroke, without
resorting to retroactively including leftover cycles according to Hierholzer.
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Figure 1 Three fundamental papers on the topic that describe the relationship between geometry
and graph theory in three different languages: (Left) Euler [2], (Center) Hierholzer [6], (Right)
Fleury [4].

2  Eulerian paths and education

Euler made use of the combination of a specific instance and a relatively accessible problem
to develop the universal and deep concept of graphs: He provided a very concrete example,
instead of a series of axioms and abstract definitions. This makes questions of Eulerian paths
ideally suited for introducing novices to both graphs and algorithmic problems. Not only
first-year undergraduates, but also high-school and even elementary school students quickly
grasp the underlying concepts when challenged with a sequence of instances of increasing
difficulty. Progressing from easier to harder instances ensures a good balance between pitfalls
and rewards, leading to insights and generalizations, providing both motivation, a sense for
solutions and difficulties, and appreciation for general methods and algorithms. Such a set of
instances was used in actual work with students at all levels, starting at elementary school.
The first set of twelve instances (Figure 2) focuses on the role of odd vertices, supporting the
discovery of their importance by gradually increasing the level of complexity. The second set
(starting with (2.1), not shown in the figure, but used in the video) provides larger instances
in which odd-degree vertices do not matter, but the role of connectivity is highlighted.

(1.1) (1.4) I:I 1.7 ﬁ (1.10)%
(12 (1.5 N (1.8) @ (1.11)@
(1.3) (1.6) E (1.9) @ (1.12)@

Figure 2 The set of instances used in the video.
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3 IDEA instructions

One of the fundamental concepts of mathematics is abstraction: definitions, theorems and
proofs ought to be valid regardless of a visual depiction. This angle is also quite natural
and important when turning mathematical results into algorithms and computer code:
“The computer doesn’t need to understand the algorithm, its task is to run the program.”
(Tarjan [5]). However, the main purpose of a human brain (in particular, one in the process
of being trained) is not to run code, but to develop an understanding for the underlying
concepts and methods.

That is why two of us (Sdndor Fekete and Sebastian Morr) have designed a series of
instruction sheets that show algorithms without words, loosely inspired by furniture assembly
instructions, but more challenging: While a piece of furniture is just a single, specific instance,
an algorithm has to be ready for any instance. (See our website [3].) The absence of words
forces the user to interpret the meaning of images, thereby enhancing the role of intuitive
understanding. In combination with sets of instances, this encourages experimentation, so the
IDEA instructions may also play the role of “cheat sheets” that provide light-bulb moments
when trying to overcome a challenging difficulty. Experience shows that this strengthens
both the interpretation of individual steps and the appreciation for crucial tricks.

For the specific problem of Eulerian paths, our instruction sheet (shown in Figure 3) pro-
vides a visual description of Fleury’s algorithm. The setup proceeds in the usual algorithmic
manner (given/wanted, input/output). The first step describes identifying the odd-degree
vertices, while the second step instructs the user to mark them in the actual instance. Just
like furniture instructions or mathematical structures, this comes with a minor puzzle for
the user to figure out: Can there be instances with only a single odd-degree vertex? This
has turned out to be a tantalizing question for curious students of all ages, and serves as a
bridge (no pun intended) to further mathematical explorations.

The second part of the instruction sheet carries out the actual algorithm. This is split
up between carrying out specific steps (left column) and figuring out a suitable next edge
(right column). The latter is easily the most challenging step, in particular in a general,
abstract manner, as it requires discovering the concepts of connected components and k-edge
connectivity. However, given the context of bridges between islands, students are usually
able to figure out this step with a combination of studying instances and referring to the
instructions. This also highlights the seam between intuition and formalism, driving home
the importance of clear definitions and setting the stage for universal notation and code: How
can these picture puzzle steps be formalized when working towards actual implementations?

4 The Video

The video opens with the original problem in Kénigsberg, followed by a young boy presented
with the problem set shown in Figure 2. After a sequence of successes and failures, the
scene switches to the IDEA instruction sheet shown in Figure 3. This is applied to the
set of instances, animating the algorithmic progress on each instance and the visual code.
The video switches back to the young boy solving a large, exam-level problem for university
students. The video concludes with a rap performance based on the following poem by Bill
Tutte, under the pen name Blanche Descartes [1].

Some citizens of Kénigsberg
Were walking on the strand
Beside the river Pregel

With its seven bridges spanned.
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Figure 3 IDEA instructions for finding an Eulerian path: algorithmic description without words.

“O Euler, come and walk with us,”
Those burghers did beseech.
“We’ll walk the seven bridges o’er,
And pass but once by each.”

“It can’t be done,” thus Euler cried.
“Here comes the Q.E.D.

Your islands are but vertices

And four have odd degree.”
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