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—— Abstract

A major proof complexity problem is to prove a superpolynomial lower bound on the length of Frege
proofs of arbitrary depth. A more general question is to prove an Extended Frege lower bound.
Surprisingly, proving such bounds turns out to be much easier in the algebraic setting. In this paper,
we study a proof system that can simulate Extended Frege: an extension of the Polynomial Calculus
proof system where we can take a square root and introduce new variables that are equivalent to
arbitrary depth algebraic circuits. We prove that an instance of the subset-sum principle, the binary
value principle 14 1 + 2x2 + ... + 2" 'z, = 0 (BVP,,), requires refutations of exponential bit size
over Q in this system.

Part and Tzameret [18] proved an exponential lower bound on the size of Res-Lin (Resolution
over linear equations [22]) refutations of BVP,. We show that our system p-simulates Res-Lin and
thus we get an alternative exponential lower bound for the size of Res-Lin refutations of BVP,,.
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1 Introduction

In essence, the study of propositional proof complexity started with the work of Cook
and Reckhow [7], which states that if there is a propositional proof system in which any
unsatisfiable formula F has a short proof of unsatisfiability, then NP = CoNP. The first
superpolynomial bound on the proof size was proved in a pioneering work of Tseitin [27] for
regular resolution. Since then, many proof systems have been studied, some of them are
logic-style (working with disjunctions, conjunctions, and other Boolean operations) and some
of them are algebraic (working with arbitrary polynomials).

In this work, we consider extensions of two systems, an algebraic one and a logic-style one.

Logic-style systems

As it was mentioned before, the first superpolynomial bound on the proof size was proved
in a work of Tseitin for regular resolution, which is a popular logic proof system. Lately,
Haken [11] proved an exponential lower bound on the size of (unrestricted) Resolution
refutation of the pigeonhole principle (PHP), expressing that there is no (total) injective
map from a set with cardinality m to a set with cardinality n if m > n.
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Since then, a stronger logic proof systems such as Frege systems were considered. But
while exponential lower bounds for low-depth proof systems (both algebraic and logical ones)
are known for decades, the situation with the higher depth proof systems is much worse.
The present knowledge is limited to superpolynomial lower bounds for Frege systems over de
Morgan basis (that is, without xor’s or equivalences) of depth up to ©(log(n)/loglog(n)) [12]
(see also [21] where a superpolynomial lower bound for systems of depth up to ©(1/log(n))
is proved).

Resolution with counting

Another approach to strengthen resolution is to use weak extensions in order to do some sort
of counting. Res-Lin (defined in [22]) is a system working with disjunctions of linear equations,
and can be viewed as a generalization of Resolution (we consider this system in the present
paper). However, no truly exponential lower bounds are known for the size of refutations of
formulas in CNF in (dag-like) systems that work over disjunctions of equations or inequalities
(see [16] as the first paper defining these systems and containing partial results). Part and
Tzameret [18] proved an exponential lower bound for (dag-like) Res-Lin refutations over Q
for the binary value principle BVP,,. Although this is the first exponential lower bound for
this system, the instance does not correspond to a translation of formula in CNF.

Ttsykson and Sokolov [15] considered another extension of the resolution proof system
that operates with disjunctions of linear equalities over Fo named Res(®) and proved an
exponential lower bound on the size of tree-like Res(®)-proofs.

Algebraic proof systems

Algebraic proof systems such as Nullstellensatz were developed to use some algebraic techniques
of Razborov and Smolensky [23, 25] in the proof complexity case. Lower bounds for algebraic
systems started with an exponential lower bound for the Nullstellensatz [2] system. The main
system considered in this paper is based on the Polynomial Calculus system [6], which is a
dynamic version of Nullstellensatz. Many exponential lower bounds are known for the size of
Polynomial Calculus proofs for tautologies like the Pigeonhole Principle [24, 14] and Tseitin
tautologies [3]. While most results concern the representation of Boolean values by 0 and 1,
there are also exponential lower bounds over the {—1,+1} basis [26].

However, simple algebraic proof systems such as Nullstellensatz and Polynomial Calculus
cannot simulate strong logic systems like Frege systems and thus cannot provide lower bounds
for these systems. In order to fix this issue, strong extensions were considered: Grigoriev and
Hirsch [9] considered algebraic systems over formulas. Grochow and Pitassi [10] introduced
the Ideal Proof System, IPS, which can be considered as the version of Nullstellensatz where
all polynomials are written as algebraic circuits (see also [19, 20] for earlier versions of this
system).

Many other extensions of Polynomial Calculus and Nullstellensatz have been considered
also. Buss, Impagliazzo, Krajicek, Pudldk, Razborov and Sgall [4] showed that there is
a tight connection between the lengths of constant-depth Frege proofs with M OD,, gates
and the length of Nullstellensatz refutations using extension axioms. Impagliazzo, Mouli
and Pitassi [13] showed that a depth-3 extension of Polynomial Calculus called XIIX-PC
p-simulates semantic CP* (an inequalities-based system, Cutting Planes [8, 5] with coefficients
written in unary) over Q. Also, they showed that a stronger extension of Polynomial Calculus,
called Depth-k-PC, p-simulates Cutting Planes and another inequalities-based system Sum-of-
Squares; the simulations can be conducted over F,~ for an arbitrary prime number p if m is
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sufficiently large. However, the question about proving a superpolynomial lower bound even
on the size of XIIX-PC refutations over any field remains open since it is not clear how to
extend lower bound techniques such as size-degree tradeoff to this system.

1.1 Our results

We extend Polynomial Calculus with two additional rules. One rule allows us to take a square
root (it was introduced by Grigoriev and Hirsch [9] in the context of transforming refutation
proofs of non-Boolean formulas into derivation proofs; our motivation to take square roots is
to consider an algebraic system that is at least as strong as Res-Lin even for non-Boolean
formulas, see below). Another rule is an algebraic version of Tseitin’s extension rule, which

allows us to introduce new variables that are equivalent to arbitrary depth algebraic circuits.

We will denote our generalization of Polynomial Calculus as Ext-PCY. Note that Ext-PCY
p-simulates Extended Frege system (since Ext-PCY p-simulates Extended Resolution and
Extended Resolution p-simulates Extended Frege [17]), but it’s not obvious how to p-simulate
IPS refutations in Ext-PCY (since IPS refutations polynomials are written as algebraic circuits
and Ext-PCY refutations are written explicitly as a sum of monomials).

In this work we give a partial positive answer to the question raised in [13] asking for a
technique for proving size lower bounds on Polynomial Calculus without proving any degree
lower bounds. However, our lower bound works only for field Q and the question about
proving lower bounds over finite fields remains open. Also, we give a partial answer to
another question raised in [13] by proving an exponential lower bound for the system with an
extension rule even stronger than that in XIIX-PC, which is another extension of Polynomial
Calculus presented in the aforementioned work.

We consider the following subset-sum instance, called Binary Value Principle (BVP,,) [1, 18]:

14z +220+...2" 2, =0,

and prove an exponential lower bound for the size of Ext—PCb{ refutations of BVP,,. Note
that Binary Value Principle does not correspond to the translation of any CNF formula and
thus the question about proving the size lower bound on the refutation of formulas in CNF
without proving degree lower bounds remains open.

» Theorem 1. Any Ext-PC@/ refutation of BVP,, requires size 2°(").

The technique we use for proving this lower bound is similar to the technique for proving
the conditional IPS lower bound in [1]. However, since Ext-PC proof system is weaker than
Ideal Proof System, we get an unconditional lower bound. The main idea of the conditional
lower bound in [1] is to prove the complexity lower bound on the free term in the end of
the IPS-refutation of BVP,, over Z and then show that IPSz simulates IPSg. One difference
is that instead of concentrating on the complexity of computing the free term of the proof,
we concentrate on the prime numbers being mentioned in the proof (and thus appearing as
factors of the free term).

Then we consider Res-Lin and show that Ext—PCé{ simulates Res-Lin and thus get an
alternative lower bound for Res-Lin.

» Corollary 2. Any Res-Ling refutation of BVP,, requires size 282(n)

Note that while Part and Tzameret [18] prove an exponential lower bound on the number
of lines in the proof, we prove a bound on the proof size (essentially, on the bit size of scalars
appearing in the proof).
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1.2 Organization of the paper

In Section 2 we recall the definition of Polynomial Calculus (PC) and give the definitions of
Polynomial Calculus with square root (PC\/) and Extended Polynomial Calculus with square
root, (Ext-PCV).

In Section 3 we prove an exponential lower bound on the size of Ext-PC@{ refutations of
BVP,,. We start with considering derivations with integer coefficients (Ext—PCi/ ) and show
that the free term in the end of such refutation of BVP,, is not just large but also is divisible
by all primes less than 2" (see Theorem 9). Then, in Theorem 11, we convert proofs over Q
into proofs over Z without changing the set of primes mentioned in the proof and thus get
an Ext—PCé{ lower bound.

In Section 4 we show that Ext—PC@/ simulates Res-Lin and thus we get an alternative lower
bound for the size of Res-Lin refutations of BVP,,.

2 Preliminaries

In this paper we are going to work with polynomials over integers or rationals. We define the
size of a polynomial roughly as the total length of the bit representation of its coeflicients:

» Definition 3 (Size of a polynomial). Let f be an arbitrary integer or rational polynomial in
variables {x1,...,2n}.
If f € Z]xy, ..., x,) then Size(f) =Y ([logla;|] + 1) where a; are the coefficients of f.
If f € Qz1,...,z,] then Size(f) = > ([log|pi|] + [log|gi|] + 1) where p; € Z, ¢; € N
and % are the coefficients of f.

» Definition 4 (Polynomial Calculus). Let I' = {P1,..., Py} C Flz1,...,2,] be a set of
polynomials in variables {x1,...,x,} over a field F such that the system of equations P =
0,..., Py = 0 has no solution. A Polynomial Calculus refutation of I' is a sequence of
polynomials Ry,...,Rs where Ry = 1 and for every l in {1,...,s}, Ry € T or is obtained
through one of the following derivation rules for j, k <1

Ry =aR;+ BRy, fora,B€F

Rl = xiRk
The size of the refutation is Y ;_, Size(R;). The degree of the refutation is max; deg(R;).

Now we consider a variant of Polynomial Calculus proof system with additional square
root derivation rule (see [9]). Moreover, we extend our definition from fields to rings.

» Definition 5 (Polynomial Calculus with square root). Let I' = {Py,..., Py} C Rlz1,...,Tp]
be a set of polynomials in variables {x1,...,x,} over a domain R such that the system of
equations Py = 0,..., P, = 0 has no solution. A PC% refutation of I' is a sequence of
polynomials Ry, ..., Ry where Ry = M for some constant M € R, M # 0 and for every l in
{1,...,s}, R, € T or is obtained through one of the following derivation rules for j, k <!
Ry =aR; + BRy fora,BER
R; = z; Ry, for some i€ {1,...,n}
Rl2 = Ry (which means that we can take square root of a polynomial if and only if it is a
square of some other polynomial)
The size of the refutation is Y., , Size(R;), where Size(Ry) is the size of the polynomial R;.
The degree of the refutation is max; deg(Ry).

» Note 6. We will consider Q or Z as the ring R. For both of those rings, if we consider
Boolean case, where axioms z7 — x; = 0 added, our system will be complete, which means
that for every unsatisfiable over {0,1} assignment system {f;(Z) = 0} there is a PC%
refutation. Also, note that if R is a domain and P? = 0 for some P € R[Z], then P = 0.



Y. Alekseev

We now define a variant of PC%7 Ext—PC% where the proof system is additionally allowed to

introduce new variables y; corresponding to arbitrary polynomials in the original variables z;.

» Definition 7 (Extended Polynomial Calculus with square root). Let ' = {Py,..., Py} C
R[z1,...,z,] be a set of polynomials in variables {x1,...,x,} over a domain R such that
the system of equations Py =0, ..., Py, = 0 has no solution. A Ext—PCg refutation of ' is a

PC% refutation of a set

F/: {Pl?"'5Pm?yl _Ql(l’la---,$n>7y2_Q2($17--~7$my1)a---7
Ym — Qm(xlv'"axn7y17'~~aym—1)}

where Q; € R[Z,y1,-..,Yi—1] are arbitrary polynomials.
The size of the Ext—PCg refutation is equal to the size of the PC% refutation of T".

3 Lower bound

In order to prove the lower bound for the Ext—PCé proof system, we consider the following
subset-sum instance [1, 18]:

» Definition 8 (Binary Value Principle BVP,,). The binary value principle over the variables
T1,...,Tn, BVP, for short, is the following unsatisfiable system of equations:

21+ 220 +...2" 1, +1=0,

22 —2, =0, 23 —25=0, ..., 22 — 2, =0.

» Theorem 9. Any Ext—PC%/ refutation of BVP,, requires size Q(2™). Moreover, the absolute
value of the constant in the end of our Ext—PCi/ refutation consists of at least C - 2™ bits for

some constant C > 0. Also, the constant in the end of our Ext—PCi/ refutation is divisible by
every prime number less than 2™.

Proof. Assume that {Ry,..., R} is an Ext—PC%/ refutation of BVP,,. Then we know that
{R1,..., R} isa PC% refutation of some set

F/ = {G(f)’Fl(f>7 e ’Fn(f)’yl - Ql(f)7 e Ym — Qm(fa Yiy- - 7ymfl)}

where G(%) = 14+ Y1=7 207V, Fi(Z) = 2? — 2, and Q; € Z[Z,y1, ..., Yi_1).
By the definition of an Ext—PCi/ refutation we know that there exists an integer constant
M # 0 such that Ry = M.

> Claim 10. M is divisible by every prime number less than 2.

Proof of claim. Consider arbitrary integer number 0 < k < 2" and its binary representation
bi,...,by. Let k+ 1 be prime. Then G(by,...,b,) =k + 1, F;(b1,...,b,) = b? — b; = 0.
Also consider integers ¢y, .. ., ¢y such that ¢; = Q;(by, ..., by, c1,¢2,...,¢i—1). Now we will
prove by induction that every integer number R;(b1,...,b,,¢1,...,¢p) is divisible by k + 1
and thus M is divisible by every prime number less than 2.

21:5
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Base case: if i =1, then
R, =G(by,...,bp,c1,. . hem) =k +1
or
R; = Fi(by,...,bn,c1,...,¢m) =0
or
Ri(by,...,bp,c1y . oyem) =c¢i — Qi(br, ..., bn,c1,. .o, cim1) =0

which means that R; is divisible by k + 1.

Induction step: suppose we know that R; is divisible by k + 1 for any j < i. Now we will

show it for R;11. There are four cases:

1. If R;yq1 € IV, then this case is equivalent to the base case and R;11(b1,...,bn,C1,...,Cm)
is divisible by k + 1.

2. f Rit1 = aR;+ PR for o, f € Zand j,s <1, then R;11(b1,...,bn,c1,..., ) is divisible
by k + 1 because R;(b1,...,bn,c1,...,¢m) and Rs(b1,..., by, c1,...,cn) are divisible by
k+1 and « and (3 are integers.

3. If Riy1 = xzjRs or Rip1 = y;Rs, then Ry 1(b1,...,bn,c1,...,¢n) is divisible by k£ + 1
because Rgs(b1,...,bn,c1,...,Cn) is divisible by k£ + 1 and b; and ¢; are integers.

4. If R%—H = R;, then we know that Rs(b1,...,bn,c1,...,Cn) is divisible by k + 1. Suppose
Riy1(b1,. . by, c1,. .., ¢m) is not divisible by k + 1. Then R;1(b1,...,bn,C15---,Cm)?
is not divisible by k + 1 since k + 1 is prime. But R;i1(by,...,by,C1,...,¢m)% =
Rs(b1,...,bn,c1,. .., Cp) which leads us to a contradiction.

Since every R;(b1,...,bn,cC1,...,¢m) is divisible by k + 1, we know that M = Ry(by, ..., by,

€1,...,Cm) is divisible by every k + 1 less than 2", and in particular M is divisible by every

prime number less than 2.

So we know that M is divisible by the product of all prime numbers less than 2. Then
we know that |M| > (7w(2™))! where m(2™) is the number of all prime numbers less than 2™.

By the prime number theorem 7 (2") > C 2% By Stirling’s approximation we get

2n an \ O oz .
|M| > <C>! > <C> >0 (28)7 " > 200
n e-n

which means that M consists of at least Cy - 2" bits and therefore any Ext—PCi/ refutation of
BVP,, requires size Q(2"). <

<

In order to prove a lower bound over QQ, we need to convert an Ext—PC@/ proof into an
Ext-PC%/ proof. The key idea of this translation is that we can create an Ext—PC%/ proof in
which the constant in the end is a multiplication of some constants occurring in the original
Ext—PC@/ refutation. Since the constant in the end of the Ext—PC%/ refutation is divisible by
all prime numbers less then 2", we get a lower bound on the size of constants occurring in
the Ext—PC@{ refutation and hence on the size of the refutation itself.

» Theorem 11. Any Ext—PCé{ refutation of BVP,, requires size 2(2").
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Proof. Assume that {R;,...,R;} is an Ext—PC@/ refutation of I' of the size S. Then we

know that {Ry,..., R} is a PC@{ refutation of some set IV = T'U {y; — Q1(Z),...,ym —
Qum(Z,y1,- -, Ym—1)} where Q; € Q[Z,y]. Also, we know that R, = M for some M € Q.

Consider integers My, ..., M,, where M; is equal to the product of denominators of all
coefficients of polynomial @;. Also consider all polynomials R;(Z, %) which was derived by
using linear combination rule which means that R; = aR; + fR;. Then we consider all
constants a and [ occurring in linear combination derivations in our proof. Let’s denote the
set of those constants as {v1,72,...,%} C Q. Now consider the set of all denominators of
the constants in {y1,72,...,v} and denote this set as {01, d2,...,d;} C N.

Also consider the products of all denominators of coefficients of polynomials {Ry, ..., R;}.

We will denote the set of those integers as {L1,...,L:} C N.

Now we will construct the Ext—PCi/ refutation of I" such that the constant in the end
of this proof is equal to My* - Mg? - M&m - 57"+ oo g™ LI HH o Lyt - M where
{ChCQ7 [N 7cm+l+t} cNuU {0}

Firstly, we will translate polynomials @; into some integer polynomials @;. Consider
Q1 (Z) = My - Q1(Z) where M is equal to the product of denominators of all coefficients of
the polynomial Q. Then @} € Z[7] and Ty = M;. Then consider Q5 (%, y;) = Ts - Q2(7, #-)
where Ty is equal to 77! - My where aq; is an arbitrary non-negative integer such that

QY € Z[#,y}]. Then for every i we consider Q}(Z,v,...,yi_1) = T; - Qi(Z, %, ey ;lj)
where T; = Ty - T5'2 -+ - T - M; where 1, ..., ;1 are arbitrary integers such that
Q, € Z[Z,y1,...,y,_]. Note that we are not interested in the size of the integers c;; so they

could be arbitrary large.

Now we will construct a PC@/ refutation {R},...,R.} of the set T" = T'U {y; —
QD) ...y, — QL (Z, Y1, ... yh,_1)} of the following form: this refutation duplicates the
original refutation {Ry,..., R} in all cases except when the polynomial R; was derived by
multiplying by some variable y; from some polynomial Rj. In this case we will multiply
corresponding polynomial by y; and then multiply it by T%

Formally, we will prove the following claim:

> Claim 12. There is a PC(\Q{ refutation {R],..., R.} of the set IV =TU{y} — Q} (%), ...y, —
QL. (Z, Y}, .., Y,,_1)} for which the following properties holds:
For every polynomial R(Z,y],...,y,,) one of the following equations holds: R.(Z,y; -
Ti,.. o Ym - Twm) = Rj(Z,11,...,ym) for some j or R(Z,y1 - Thy.-,Ym - Tm) = Tk -
R;(Z,y1,--.,Ym) for some k and j.
If Ri{(%, 91, Yr,) was derived from R}(Z,y1,...,yy,) and Ry (Z,y1,...,Ym) by taking
linear combination with rational constants o and 3 (which means that R; = aR} + S1}),
then a = T% and S = 0 for some f or there is some polynomial Ry (%, ], ...,y,,) which
was derived from some polynomials Ry and R; by using linear combination with constants
« and S.

Proof of claim. The proof is an easy (but lengthy) inductive argument and is given in the
Appendix A. <

Now we will show that I'” has a PC% refutation in which the constant in the end is
equal to

C. C (&2 (&2
MEC - MG2 - MG - 5t emt L [SmaL L Lokt
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In order to do this we will fix a PC@/ refutation {RY,...,R.} of T with the properties
from the Claim 12 and construct a PCi/ refutation of I by induction. Moreover, we
will construct a PC% refutation {RY,... ,R;{} in which every polynomial R/ is equal to
M® Mz M 5?"‘“ . '57’”“ . L‘f’"““ . ~Lf’"+’+t - R! for some non-negative integers
dy,...,dmti++ and some polynomial Rj.

Informally, we are going to multiply each line in our PC@/ refutation by some constant in
order to get a correct PC%/ refutation. But since we cannot divide polynomials in our PCi/
refutation by any constant, we will duplicate original PC@{ refutation multiplied by some
constant of the form Mgt - Mgz ... Mdm . it .. ghmet . [Imtiet L Ldmtiit ayery time we

would like to simulate derivation in the original proof.

Induction statement. Let {R},...,R.} be a PC@/ derivation from I'” with the properties

from the Claim 12. Then there exists a PC% derivation {R{,..., R7} from I'” such that
f <22
There is some constant F, = MY« M22 - Mbm . g0+ .. g0mst . pomien 10
such that

m+l+t e N

Fi-Ry =Ry .\, F;-Ry=R} 19, ..., Fi - Ri =R

Both base case of induction and induction step are straightforward derivations and are given
in the Appendix B.

So now we have a Ext—PCi/ refutation of I such that the constant in the end of this
refutation is equal to My - My? -« Mm - 5™ gyt LT HH L Lyt - ML Suppose
that M = % where p € Z and ¢ € N. Then, from Theorem 9 we know that M;* -
Mg? - MSm . 57 ~~~5;"‘“ CL{mH L Ly L p! s divisible by every prime number
less than 2". Since My,..., My, é1,...,0;, L1,...,L; are positive integers we know that
My-My---M,, -61---8-Ly--- L - p’ is divisible by every prime number less than 2". Also
we know that

log[ My ]+ - -+log[ M, |+log[ 1]+ - -+log[d;]+log[ L1 ]+ - -+log[ L] +log[p] < O(Size(S))

because all constants My,..., M,,, Ly,...,L; are products of denominators in the lines of
our refutation {Ry, ..., R;} and constants d1,...,d; are denominators of rationals in linear
combinations used in our derivation.
On the other hand, we know that
Q(n)
My -My--- My, 616 -Ly---Ly-p' > 22

since our product is divisible by every prime number less than 2". Then we know that
S > 2%n), <

4  Connection between Res-Lin, Ext-PC(‘Q{ and Ext-PCg

Following [22], we define Res-Lin proof system.
» Definition 13. A disjunction of linear equations is of the following general form:
(agl)xl +...+aVx, = a(()l)) VeV (agt)xl +...+ad¥Pz, = aét)) (1)

where t > 0 and the coefficients af are integers (for all0 <i <n, 1< j <t). The semantics
of such a disjunction is the natural one: We say that an assignment of integral values to the
variables x1, ..., x, satisfies (1) if and only if there exists j € {1,...,t} so that the equation
a(lj)xl + ...+ a;j Ty = aéj) holds under the given assignment.
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The size of the disjunction of linear equations is y ., 2221 |a£j)\ if all coefficients are

written in unary notation. If all coefficients are written in binary notation then the size is
equal to 37y 5 ([log |ag” [ +1).
» Definition 14. Let K := {K3,...,K,;,} be a collection of disjunctions of linear equations.
An Res-Lin proof from K of a disjunction of linear equations D is a finite sequence m =
(D1,...,Dy) of disjunctions of linear equations, such that Dy = D and for every i € {1,... 1},
either D; = K for some j € {1,...,m}, or D; is a Boolean aziom (x, = 0)V (z, = 1) for
some h € {1,...,n}, or D; was deduced by one of the following Res-Lin inference rules, using
Dj, Dy for some j,k < i:

Resolution: Let A, B be two, possibly empty, disjunctions of linear equations and let Ly,

Ly be two linear equations. From AV Ly and BV Ly derive AV BV (aLi + SLs) where

a,B €.

Weakening: From a (possibly empty) disjunction of linear equations A derive AV L,

where L is an arbitrary linear equation over {xy,...,x,}.

Simplification: From AV (k =0) derive A, where A is a, possibly empty, disjunction

of linear equations and k # 0 is a constant.

Contraction: From AV LV L derive AV L, where A is a, possibly empty, disjunction

of linear equations and L is some linear equation.

Note that we assume that the order of equations in the disjunction is not significant, while
we contract identical equations, especially.

An Res-Lin refutation of a collection of disjunctions of linear equations K is a proof
of the empty disjunction from K. The size of an Res-Lin proof 7 is the total size of all the
disjunctions of linear equations in .

If all coefficients in our Res-Lin proof m are written in the unary notation then we denote
this proof an Res-Lingy derivation. Otherwise, if all coefficients are written in the binary
notation then we denote this proof an Res-Ling derivation.

» Note 15. In the original Res-Lin proof system duplicate linear equations can be discarded
from the disjunction. Instead, we will use contraction rule explicitly. It is easy to see that
both these variants of Res-Lin system are equivalent.

» Definition 16. Let D be a disjunction of linear equations:
(agl)xl +...+aVa, = agl)) V- (agt)ml +...+aPx, = aét))
We denote by D its translation into the following system of polynomial equations:

Yy1-Y2---y =0

Y1 —ag )xl +...+a£ll)xn faél)7 Y2 :a§2)x1 +...+a5l2)x ,a82)7 ey

Yy = ag )xl +...+ a,(f)mn — aét)
If D is the empty disjunction, we define D to be the single polynomial equation 1 = 0.

Now we will prove that Ext—PCé p-simulates Res-Ling and XII¥-PCgp p-simulates Res-
LinU.

» Theorem 17. Let 71 = (D4,...,D;) be an Res-Ling proof sequence of D; from some
collection of initial disjunctions of linear equations Q1,...,Qm. Also consider Lq,..., Ly —
all affine forms that we hcwe in all dzsyunctzons in our Res-Ling proof sequence.

Then, there exists a PC proof of D, from Q1 U. UQmU{yl Li,yo=Lo,...,yr = Lt}
of size at most O(p(Size(w ))) for some polynomial p.
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Proof. The proof is a straightforward induction and is given in the Appendix C. <
Following [13], we define the XII¥-PCR proof system.

» Definition 18 ([13]). Let ' = {Py,..., P} C Rlz1,...,z,] be a set of polynomials in
variables {x1,...,x,} over a ring R such that the system of equations P, = 0,..., P, =
0 has no solution. A YIIX-PCg refutation of T' is a PCg refutation of a set TV =
{P1,...,Pn,Q1,...,Qm} where Q; are polynomials of the form Q; = y; — (a0 + Zj ai;x;)
for some constants a;; € R.

The size of the SIIN-PCr refutation is equal to the size of the PCg refutation of T'.

» Theorem 19. Let 7 = (Dy,...,D;) be an Res-Liny proof sequence of Dy, from some
collection of initial disjunctions of linear equations Q1,...,Qm. Then, there exists a XI13-
PCly proof of Dy from Q1 U...UQy, of size at most O(p(Size(r))) for some polynomial p.

Proof. To prove this theorem we will use the following lemma from [13]:

» Lemma 20 ([13], revision 2 of the ECCC report, lemma 7, p.32). Let T ={Py,..., P,,
Q1,...,Qp, X, Y} be a set of polynomials such that

Po=x1—(z—-1), Po=ax2—(x—2), ..., P =2, — (x — a),

Qi=y1—(y—-1), Q=y2—(y—2), ....,Q =y — (y — b),
X:I'Il'.ﬁQ'-'xa’ Y:yylyZyb

Then we can introduce new variables z,z1,...,2q+p using the XIIX-PCg extension rule
and derive TV from T' in BIIN-PCqy with a derivation of size poly(ab), where T" =
{Zﬂa Zla cee Za-l-bv Z} and

Zy = z—(x+y), Z1 = z1—(x+y+1), Zo = 29— (x+y+2), ..., Zatb = Zatb— (x+y+a+d),

Z =2z-21 29 Zatb-

Now we will prove the theorem by induction on lines in 7.
Base case: An Res-Ling axiom @; is translated into @ and Res-Liny Boolean axiom
(r; = 0) V (z; = 1) is translated into PC axiom z? —
Induction step: Now we will simulate all Res-Ling; derivation rules in the XII¥-PCg proof.
Resolution, Weakening, Simplification rules simulation is the same as in Theorem 17.
Contraction: Assume that D; = AV L and D; = AV LV L where L is a linear equation.

Then, we have already derived polynomial equations

1 1 1 t;
Yj1 = (aﬁl)xl +. ..—i-a;n)xn—ag-o)), ooy Yjt—1 = Yjt; = (a;l)

T1+... —i—ag»trf)xn —ag.gj)),

Y1 Y20 Yit;—1 - Yit; = 0.
. _ 2 _ .
Then we can derive yj;;, 1 = yji, and yj1 - Yjo - Yjt,—2 - (yjtj_l) = 0. Using lemma we
can introduce new variables {z_ps, ..., zpr} and derive

Zom =Yjt;_y + M, 2o mpr =Yg, T M =1, 20 = Y 2M = Yt — M,

ZoM Z—M41AM—1 2m =0,
(tj-1)

in

tj—1

where M = |a§-tf_1)| + |a§-2 N 4. +]a
zi one by one and get equation

f(yjtj71) =0

|. Then we can substitute y;;, — k for each
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where f(y;¢,_,) = b1-yje; , +b2- y?tkl + .o+ boprya y?t]:[_tl is some polynomial from

Zlyjt,_,] and by = (M")? . (=1)M. Then we can derive the following equation by using
multiplication rule:

Yir Yo Yits—2 - F(Wie,_0) = b1 Y1 Yoo Yt —2 - Yje -1t
t Y1 Y2 Yjt -2 (yjz'tj—ﬂ (b2 + b3 yje; .o+ bana ‘y%\ﬂ_ll) =0.

Now, using the equation y;1-y;2 - - - yji, -2 (yjztj_l) = 0 we can derive by yj1-Yj2 - Yje; -2
Yjt,—1 = 0 and since by # 0 we can derive y;1 - yjo - Yjt;—2 * Yj¢;—1 = 0. This equation is
the last part of D; because other parts were derived earlier.

|

Now we will show that our lower bound provides an interesting counterpart to a result
from [18].

» Theorem 21 ([18]). Any Res-Ling refutation of 1 + 2x1 + ...+ 2"z, = 0 is of the size
29(n)

Proof. From Theorem 11 we know that any Ext—PC(\Q{ refutation of BVP,, requires size 22"
and thus from Theorem 17 we know that there is some polynomial p such that for any
Res-Linp refutation of BVP,, of size S the equation p(S) > Cp - 2¢1™ holds. Then we know
that for some constant C' the equation S > 2™ holds. <

Also we will show that there is no straightforward translation of Res-Ling derivations
into Ext-PCq refutations.

» Theorem 22. Any Ext-PCq-derivation of 1 + z1 + ... + 2" 'z, = 0 from equation
(14214 ...4+2" 1 2,)% = 0 requires size 24",

Proof. The proof of this theorem essentially copies the proof of Theorem 11 and consists of
two parts. In the first part we prove that if we have an Ext-PCy-derivation of M - (1 + z1 +
..+ 277 12,) = 0 from equation (1 + 1 + ...+ 2" 1x,)? = 0 where M € Z, M # 0, then
M is divisible by every prime number less than 2.

In the second part we prove that for every Ext-PCq-derivation of (141 +...+2" 1z,) =0
from equation (14x1+...4+2" 'z,)? = 0 there is an Ext-PCz-derivation of M{"* - - M - (1+
r1+...+2"12,) = 0 from equation (1+z1 +...+2" 1x,)? = 0 where M; € Z, M; # 0 and
M; are denominators from the original Ext-PCq-derivation. Then we know that M, - - - M}, is
divisible by all prime numbers less than 2" and thus the size of the original Ext-PCg-derivation
was 29"),

For the full proof see Appendix D. <

Open Problems

1. Theorem 17 says that Ext—PCb{ p-simulates any Res-Ling derivation. However, from
Theorem 22 we know that simulation from Theorem 17 doesn’t work for Ext-PCq. Is
the square root rule necessary, that is, can we p-simulate the Res-Ling refutation in the
Ext-PCq proof system?

2. A major question is to prove an exponential lower bound on the size of the XII¥-PCq
refutation of a translation of formula in CNF.

21:11
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Proof of the Claim 12

» Claim 12. There is a PC@{ refutation {RY,...,R.} of the set T = TU{y) —Q\(Z),...y., —

Qm

Proof of claim. We will construct PC& refutation {R}, R}, ..., R.} of the set I by induction.

(Z, 91,y Ym_1)} for which the following properties holds:

For every polynomial Ri(Z,y1,...,y.,) one of the following equations holds: R(Z,y; -
T,y Ym - Tm) = Rij(Z,y1,...,Ym) for some j or Ri{(Z,y1 - T1,...,Ym - Tm) = Tk -
Ri(Z,y1,...,Ym) for some k and j.

If Ri(Z,y1, - - - Yy,) was derived from Ri(Z, 1, ..., ym) and Ry(Z,y1,...,Ym) by taking
linear combination with rational constants o and B (which means that R} = aR} + SRy ),
then o = T% and B =0 for some f or there is some polynomial Ry, (Z,y,...,y,,) which
was deriwved from some polynomials Ry and R; by using linear combination with constants
a and 5.
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Induction statement. Let {R;,...,R;} be a PC@{ derivation from I". Then there exists a
PC& derivation {R,..., R} from I'" such that
p < 2i.
For every Rj(z1,...,Zn,Y1,...,Ym) there exists some R} (x1,...,Zn, Y1, .., Ys,) such
that

R;c@?l’u-amel'ylv---aTm'ym) :Rj(xlv"'7xn7y17"'7ym)'

All the properties mentioned in the claim are true for our derivation {R,..., R,}.

Base case: If i = 1 then R; € T'. If R; € T then we can take R} = R;. Otherwise, if

R; = y; — Q;(¥) then we can take R} =y — Q’(Z,y1,...,yj_1) and Ry = yf_Qj(x%“'"’y’“).

Then it’s obvious that

Rlz(f,Tl 'y17~-~7Tm ym> = Rl(fyylw--;ym)-

Induction step: Suppose we have already constructed the PC@{ refutation { R}, R5, ..., R}
for which the induction statement is true. Now we have five cases depending on the way the
R, is derived.

Case 1: If R;;1 € IV then this case is equivalent to the base case of induction.

Case 2: If R;y1y = aR; + BR; then R, = aR;-/ + BR;, where R;-,(ml, ey T, T
Yiyoo s Do - Ym) = Rj(T1, . Ty Y1y - Um) and Ry (z1, .. 20,11 -yt o, Do - Ym) =
Ri(Z1, oy Tny Y1y - o s YUm)-

Case 3: If Ri11 = ;- R; then R;_H =1 - R;, where R;,(:rl, cos Ty T Y1y, T - Ym) =
Ri(x1,...,Zn, Y1, Ym).

Case 4: If R, | = R; then we take

/ !
Y1 Y
R;+1(x1,...,xn,y’1,...,y;n) :RH_l(xl,...,xn,i,...,—T:)

By the induction statement we know that
Rj(x1, s Ty Y1y Ym) = Ry (@1, 20, Ty T Uy
for some R’,. Thus we know that

/
Y Y
Rj(zla"'axnvﬁa"'aﬁ) :R;"(‘Tla"'axnaylla--.ay;n)'

So we know that

2 Y1 Ym 2
R;+1(x1,...,xn,yi,...,y;n) :Ri_,_l(xl,...,xn,—Tl,...,—T:;) =
/ /
Y Y
:Rj($17-~~,$naﬁ,~-aﬁ):R;,(:cl,...,xn,y’l,...,y;n)

and R}, is derived from R,.

Case 5: If Ryy1 = y - R; then we take Ry, = yj - R} and R,,, = "2 where
Ri(@1, o wn, T y1y ooy Ton oY) = BT, Ty Y1y oo+, Ym)-

It’s easy to see that in all these cases the induction statement stays true. <



Y. Alekseev

B Induction form the Theorem 11

Induction statement. Let {R},..., R.} be a PC@/ derivation from I'” with the properties
from the Claim 12. Then there exists a PC%/ derivation {R{,..., R}} from I'” such that
f <22
There is some constant Fy = M - M2 ... Mo . (511””“ . -(5;””“ . L?m““ <L
such that

[

Fi-Ry=R{_ ;.\, Fi-Ry=Rf_; 5, ..., Fi- R = Rj

Base case: 1f i =1 then R} € T”. Then we can take R{ = R/.

Induction step: Suppose we have already constructed the PC%/ refutation {RY, Ry, ..., R}}
for which the induction statement is true. Then there are four cases depending on the way
the R}, is derived.

Case 1: If R;-‘,—l € I'” then Fi+1 = F; and

1" _ 7 o Y 7 o oY
f+1 — fli41 f+2_Fz+1 1 f+3—Fz+1 2yt

1/ / /! /
fHi+l — Fiy1- Ry, f+i+2 — Fita 'Rz'+1

Case 2: If R}, | =x;Rjor R} | = yéRf then F; 11 = Fj,

fr1 =T Ry, Ry =Fip Ry, ..., R = Fia - R
and Ry ;) = @Ry = Fopn- Rigyor Ry =y Ry = Fipn - Ry
Case 3: If R,11 = aR; + SRy, where o = Z—i and 8 = Z—z where {p1,q1,p2,q2} C Z. Then
we can take F;11 = q1q2F3,

Riy=qae Rf i1 =Fis1 R, Rjh=qq2 R ;0 =Fip1 Ry, ...,
Ri.;=qq - Rf = FiR]

and R}/+i+1 = p1gs - R}’ﬂ.ﬂ» + poqq ’R},—i+k = M; 1R}, ;. From the Claim 12 we know
that a = Tik for some k and = 0, or ¢2 and ¢; are equal to some d; and §,.. From the
induction statement we know that

_ by bo b Sbmo1 bm1 bmti+1 b1+t
Fy=M]" - My?---M)™ -6 61 - Ly <o Ly .
Then, since T, = M{** --- M!m* we know that
b b’ b b

b, b/ i b/ ’
Fior = M- My - My - 6,70 - §) 0 L Lt

and the induction statement stays true.
Case 4: Suppose RZ; = R);. We know that

/ !
Y1 Y
R2+1(x17...,xn,yi7...,y;n) :Rk(x17...,xn,i7...,ﬁ)
or
i Y,
R;_H(xl,...,a:n,yi,...,y;n) =T Ri(x1,...,Tp, =y..., o)
Tl Tm

21:15

CCC 2021



21:16 A Lower Bound for Polynomial Calculus with Extension Rule

for some h. Then we can take M’ = Ly - T7"* - T52 - - TYm = L, - Mlo‘/1 ~M20/2 M for
some non-negative integers as, ..., @y, such that M’ - R;, is an integer polynomial. We
know that such integers aj, ..., a,, exist since Ly is the product of all denominators of
coefficients of polynomial Ry.

Then we can take F;, 1 = M’ - F;. It’s obvious that F;yq - RQH is an integer polynomial.

Then we can make the following PCi/ derivation:

f=F(M)? - Ri_ ;= (FM')?-Rj, Ry =M R ;. = Fip1- R,
s =M’ Ry_ig=Fiy1-Ro, ..., Rjypy = M'- Ry = Fyy1 R,
Then we can take R7,, ., = F;M’- R}, and since R} ,, = (F;M')* - R} we know that
(R}, i12)? = R}, and we get a correct PC%/ derivation.
Since M’ = L, - My - My? -~ My we know that
’ ’ ’ b’ b’ b’ b’
Fypp =M M2 MY 5 T Y S R

and the induction statement stays true.

C Proof of the Theorem 17

» Theorem 17. Let 7 = (D1,...,D;) be an Res-Ling proof sequence of D; from some
collection of initial disjunctions of linear equations Q1,...,Qm. Also consider Lq,..., Ly —
all affine forms that we have in all disjunctions in our Res-Ling proof sequence.

Then, there exists a PC& proof of lA)l from @1 U.. .U@mu{yl =Ly,y2=La,...,ys = Lt}
of size at most O(p(Size(rw))) for some polynomial p.

Proof. We proceed by induction on the number of lines in .
Base case: An Res-Ling axiom @Q); is translated into @; and Res-Ling Boolean axiom (z; =

0) V (z; = 1) is translated into PC axiom z2

Induction step: Now we will simulate all Res-Ling derivation rules in the PC(\Q( proof.
Resolution: Assume that D; = AV BV (aLy+8Ly) where D; = AV Ly and Dy, = BV L.

Then, we have already derived polynomial equations

Y1 = (ag-ll)xl + .. (l)a:n — ag(l))) ces Yjt, = (ag1 )x + ...+ a(t ) a(.gj))7
Ykl = (a,(cll)xl +. ,(Cln)a:n — a,(i))) ceey Ykty = (a,(ﬂ’“)xl +...+ a,(:r’;)xn — ,(:[;“)),

Yji1 - Y2 Yt =0, Yr1 - Yr2 " Ykt, =0
where

) (t; ))

A = (a(?)xl + . +a(2)xn — a(2)) RV (a’(‘tlj)‘rl + . +a _ a

(t5
jn
B= (al(fl) +...+ a,(fn)xn a,(fo)) VARV (flgf)ih +...4 ag’;)mn = a,(f(;“))
L= (a§1)m1 +...+ a( )xn = a( )) Ly = (a,(cll)xl + ... ,(Cln)xn = a,(cl))

Then we can derive yj1 - Y2+ Yjt, " Yk2* Ykt, = 0, Yk1 - Yj2 - Yjt; - Yk2 Ykt = 0 and
thus (Oéyjl + Byr1) - Y2 Yty Yk2 o Ykt = 0. Then there is some equation y; = L;
from the set {y1 = L1,y2 = Lo, ..., ys = L}, for which holds

Li = alafw + ...+ af e, — alt) + Blaj o + ...+ ap)wn — af).

Then we can derive y; = ayj1 + Byk1 and y; - yjo - Yji,; * Yk2 - - Yre, = 0 which is part
of ﬁz
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Weakening: Assume that D; = D; V L where L is a linear equation. Then, we have
already derived polynomial equations

() My _ gDy
J ’

yjin = (ajy o1+ ...+ a;, Tn — (t5) (tj))7

o Yty = (ag»tf):rl + .t ag) wn = agg

Yj1 - Y2 Yje; = 0.
We know that there is some variable yg for which yo = byz1 + ...b,x, — by where
L is a linear equation byz1 + ...b,x, = bo. From yj1 - yj2---y;e; = 0 we can derive
Yo * Yj1 - Y2+ Yj¢; = 0 which is part of ZA)Z
Simplification: Suppose that D; = A and D; = AV (k = 0) where k € Z, k # 0. Then,
we have already derived polynomial equations

Yj1 = (0511)1’1 +... +a§2xn - a%)), cee

tj—1 t;—1 tj—1
yjtj_l = (a§1J )xl ..ot U’;TZ )l'n - 0’50] ))7 yjtj = kv

Yj1 - Y2 Yje; = 0.
From equation y;1 - yj2 - yj¢; = 0 we can derive equation y;1 - yjo - yji,—1 - k = 0 from
which we can derive y;1 - yj2 - - y;¢;,—1 = 0 which is part of lA)z
Contraction: Assume that D; = AV L and D; V LV L where L is a linear equation.
Then, we have already derived polynomial equations

(1) (1 €] (t5)

_ (1 _ _ (.t (t;)
Yi1 = (%‘1 Tyt G, Ty — g )y s Yit;—1 = Yjt; = (a’jl

Tt tag T, —a§-fjj)),
Yi1 - Yj2 - Yit,—1 - Yjt; = 0.

Then we can derive y;;, 1 = yji,; and y;1-yjo - - Yje;—2- (y?tj_l) = 0. Using multiplication

we can derive y]2-1 ~y322 XK yjz.tj_2 . (yjztj_l) = 0 from which we can derive the equation

Yj1 - Yj2 - - Yjt,—1 = 0 by using the square root rule. This equation is the last part of Bz
because other parts were derived earlier. <

D Proof of the theorem 22

» Theorem 22. Any Ext-PCq-derivation of 1 + z1 + ... + 2" "'z, = 0 from equation
(1+x1+...4+2"12,)? = 0 requires size 29(n) |

Proof. Firstly, we need the following claim:

> Claim. For any Ext-PCz-derivation of M - (1 +xy + ... + 2" 1z,) = 0 from equation
(1+2;+...+2"12,)2 =0 where M € Z, M # 0, constant M is divisible by every prime
number less than 2".

Proof of claim. Assume that {Rj,..., R;} is an Ext-PCz-derivation of M - (1 + 7 + ... +
2"~1z,) = 0 from equation (1 +z; +...+2""12,)? = 0. Then we know that {Ry,..., R;}
is a PCy refutation of some set

F/ = {G(f)7 Fl(f)7 o 7F77(f)7 A Ql(f)v s Ym — Qm(fv Yiy- - 7ym—1)}
where G(Z) = (1 + ZZ? 2(1_1)3@)2, F(%) = 2? — 24, Q; € Z[Z,y1,...,yi—1] and Ry =
M-(1+z;+...+2" 1z,).

Now consider arbitrary integer number 0 < k < 2™ and its binary representation by, . .., b,.
Then G(by,...,b,) = (k+1)%, F;(b1,...,b,) = b? —b; = 0. Also consider integers ci, ..., cn
such that ¢; = Q;(by,...,bn,c1,¢2,...,¢i—1). Now we will prove by induction that every

integer number R;(by,...,bn,cC1,...,Cn) is divisible by (k + 1)? and thus M is divisible by
every prime number less than 2" since 1 4+ by +... +2" "', =k + 1.
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Base case: ifi=1, then R; = G(by,...,bp,c1,...,¢cm) = (k+1)2 or R; = Fi(b1,...,bn,
ClyesCm) = 0 or Ri(by,...,bn,c1,...s0m) = ¢ — Qi(b1,... bn,c1,...,¢i—1) = 0 which
means that R; is divisible by (k + 1)

Induction step: suppose we know that R; is divisible by (k + 1)? for any j < i. Now we

will show it for R; 1. There are three cases:

1. If R;41 € I, then this case is equivalent to the base case and R;11(b1,...,bn,C1,...,Cm)
is divisible by (k + 1)2.

2. If Riy1 = aRj+ PR, for a, B € Z and j,s < i, then Ri1(b1,...,by,c1,...,¢n) is divisible
by (k +1)? because Rj(by,...,by,c1,...,¢m) and Rs(b1, ... by, c1,. .., cp) are divisible
by (k +1)% and « and j3 are integers.

3. If Rit1 = x;Rs or Rit1 = y;jRs, then Riy1(b1,...,by,c1,...,cp) is divisible by (k + 1)?
because Rg(by,...,bn,c1,...,cCm) is divisible by (k + 1)? and b; and ¢; are integers.

Since every R;(by,...,bn,cC1,...,cn) is divisible by (k 4+ 1)2, we know that R;(b1,...,b,,

Cly.-yCm) = M - (k+ 1) is divisible by (k + 1)2. Then we know that M is divisible by k + 1

and thus M is divisible by every prime number less than 2™.

Now assume that {Ry,..., R;} is an Ext-PCg-derivation from arbitrary set of equations

I' C Z[Z] of the size S. Then we know that {Ry,..., R} is a PC& refutation of some set

I'=TU{y1 — Q1(D),-. ., ym — Qum(Z, 41, -, Ym—1)} where Q; € Q[Z,¢]. Like in the proof

of Theorem 11 we can consider all products of denominators of polynomials @;, R; and all

denominators in linear combination rule. Let’s denote those constants as T;. We know that

[T < 292(9) | From the proof of Theorem 11 we know that there is an Ext-PCz-derivation

{R1,..., R}} from the set I' for which R}, = T7"" --- T;* Ry where o; € N.

Then we can consider

F={(04+z1+...+2"  2,)> =022 —2,=0,...,22 —x, =0}

and B; = 1+ 21 + ...+ 2" 'z,. Then we know that for every Ext-PCg-derivation of
1+z;+...+2" g, =0 from equation (1 +z; + ...+ 2" 12,)% = 0 of size S there is an
Ext-PCz-derivation of M- (1421 +...4+2""1z,) = 0 from equation (1+z;+...+2" 1z,)2 =0
where M =17 - - T and Ty -+ - T, < 292(8) . However, from previous claim we know that
M is divisible by all prime numbers less than 2. Then 77" ---T.%" is divisible by all prime
numbers less than 2™ which means that T; --- T, is divisible by all prime numbers less than
9. Then 22" < T} --- T, < 2%5) which means that § > 2207 <

<
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