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—— Abstract

A function f is said to be idempotent if f(f(x)) = f(x) holds whenever f(z) is defined. This paper
presents a computation model for idempotent functions, called an idempotent Turing machine. The

computation model is necessarily and sufficiently expressive in the sense that not only does it always
compute an idempotent function but also every idempotent computable function can be computed
by an idempotent Turing machine. Furthermore, a few typical properties of the computation model
such as robustness and universality are shown. Our computation model is expected to be a basis
of special-purpose (or domain-specific) programming languages in which only but all idempotent
computable functions can be defined.
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1 Introduction

A function f whose domain and codomain are equal is said to be idempotent if f(f(x)) = f(x)
holds whenever f(x) is defined. The idempotence of functions plays an essential role in a wide
area of computer science. For example, some program optimization and parallelization do
work only when core functions are idempotent; bidirectional transformation is well-behaved
only when backward (putback) functions must be idempotent [4,5,15]. Moreover, a string
sanitizer that removes or escapes potentially dangerous characters to prevent cross-site
scripting attacks must be idempotent. Non-idempotent sanitizers are known to make the
server vulnerable against double encoding attacks [16]. In such situations, we need to decide
if a given function is idempotent or not. However, the idempotence of computable functions
is undecidable in general.

To solve the problem, we may design a domain-specific language so that every function
defined in the language either is always idempotent as far as it follows the syntax of the
language or can be statically verified to be idempotent. Hooimeijer et al. [8] developed
the BEK language for describing string sanitizers, which can be checked to perform their
appropriate behaviour including idempotence. In this linguistic approach, programmers can
define only idempotent functions. However, the restriction may be too strong to exclude
idempotent functions that they want to define.

This paper gives a solution to this problem by a computation model, called an idempotent
Turing machine, which exactly characterizes all idempotent computable functions. More
specifically, the computation model is expressive enough for idempotent functions in the
sense that every idempotent Turing machine computes an idempotent function and every
idempotent computable function can be computed by an idempotent Turing machine. Because
of the latter statement, we can claim that a language is sufficiently expressive for idempotent
functions if it is capable of simulating any other idempotent Turing machines.
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Idempotent Turing Machines

The present work follows along the lines of prior work of Axelsen and Gliick [2] on
reversible Turing machines, which are (locally) forward and backward deterministic Turing
machines. They have shown that a reversible Turing machine is expressive enough for
computing injective functions under function semantics under which the meaning of a Turing
machine is specified by a function whose input and output correspond to strings on the tape
at the initial and final configuration, respectively. We will adopt the function semantics to
show the expressiveness of idempotent Turing machines in the present paper. In addition,
two more desirable properties of idempotent Turing machines are shown under the function
semantics, which have been shown for reversible Turing machines by Axelsen and Gliick: the
robustness under tape reduction and the existence of a universal machine. The author [14]
has also followed along this line to introduce involutory Turing machines as a computation
model for involution which is its own inverse.

Our contribution of the present paper is summarized as follows:

An idempotent Turing machine is proposed as a particular form of a multitape Turing

machine. Every idempotent Turing machine computes an idempotent function.

An idempotent Turing machine is shown to be expressive enough to specify idempotent

functions, i.e., every idempotent function is computed by an idempotent Turing machine.

An idempotent Turing machine is shown to be robust under tape reduction, i.e., every

multitape idempotent Turing machine can be simulated by a single-tape Turing machine.

A universal idempotent Turing machine is shown to exist in terms of an appropriate

redefinition of universality [2] i.e., there is an idempotent Turing machine which simulates

any other idempotent Turing machine from the description of that machine.
After all of the above are presented, this paper concludes with the related work and a
discussion on future work. Some proofs are provided in Appendix A.

2 Preliminaries

An alphabet is a finite set of symbols. The set of all strings over an alphabet ¥ is denoted by
Y*. For convenience, we regard a nested tuple of strings as a flattened one, e.g., (w1, w2), w3)
and (w1, (we, ws)) may be identified with (w1, ws,ws) for wy, we, ws € 3*.

For a (binary) relation R C A x B, a R b stands for (a,b) € R. The identity relation
Idy C Ax Ais {(a,a) | a € A}. The composition of two relations R C Ax B and S C BxC,
denoted by S o R, is given as {(a,c) | 3b € B,a Rb A b S c¢}. For a relation R C A x B
over two sets A and B, the inverse relation R~* C B x A is defined by {(b,a) | a R b}. A
relation R C A x A is said to be symmetric if R~! = R. A relation R C A x B is said to be
functional if a R by and a R bs imply by = by for any a € A and by,by € B. A functional
relation R C A x B, written by R : A — B, is simply called a (partial) function and R(a)
with a € A stands for b € B such that a R b if exists. We may write a — b for an element
(a,b) in a functional relation. A function R : A — B is said to be total if R(a) € B is defined
for any a € A. A function R : A — B is said to be injective if R™! is functional. For any
injective function R : A — B it is easy to see that R~1 o R C Id4 and Ro R~ C Idg hold.
A function R: A — A is called idempotent if Ro R = R holds.

3  Turing Machines

The notion of Turing machines is one of the best-known computation model which can
implement any computable functions. Many variants of Turing machines have been proposed
in the literature in which a single tape or multiple tapes are used, tapes are one-ended or
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doubly-infinite, and a head peeks only single cell or multiple adjacent cells. Since they are
known to be equi-expressive [17], we basically follow the definition given by Axelsen and
Gliick [2]. In this section, we define a Turing machine and show its basic properties. We also
present a reversible Turing machine, which plays an important role for our main results.

3.1 Syntax and Semantics of Turing machines

A Turing machine manipulates symbols on a doubly-infinite tape of cells according to an
internal state and a fixed transition relation.

» Definition 1 (k-tape Turing machine). A k-tape Turing machine T is a tuple
(Q, 2, Gini» Gfin, A) where @ is a finite set of states, X is a tape alphabet not containing
the special blank symbol i, ¢n € Q is the initial state, gsn € Q is the final state, and
A = AY™ Y A* is a ternary relation defining a set of transition rules where

AY™ C(Q\ {anin}) x (B, x Z.)F x (Q\ {agini})
A® - (Q \ {Qﬁn}) X {<_’Q7_>}k X (Q \ {Qini})

in which X, stands for YW {}. A symbol rule in AY™ has the form (g, (s1=s), ..., sk=s),¢")
with s1,...,s%,87,...,5, € X.,. A move rule in A has the form (¢, (d1,...,dr),q") with
dy,...,dy € {<,4,—}. The second component of a transition rule is called an action. In
particular, an action in {(s,s) | s € ¥, }* U {#}* is called a null action.

As presented in [2], transition rules are separated into symbol rules and move rules
for our convenience of further discussion, in particular, about the inversion of Turing
machines. Although these two kinds of actions are caused by a single rule in ordinary Turing
machines [17], the separation of rules does not change the expressiveness of functions. It is
easy to simulate a transition rule in an ordinary Turing machine by two transition rules and
extra states in the present model.

A configuration of a k-tape Turing machine is specified by the current internal state and &
tapes with their tape head. Each configuration can be characterized by (I, s,r) € ¥¥x ¥ xX¥

where s is the symbol at its head position and [ and r are the left and right tapes of the head.

Note that X“ is a set of infinite strings over ¥, going infinitely to the right. Accordingly [ is
“mirrored” where its first symbol is the immediate left one of the head.

» Definition 2 (Configuration). A configuration of a k-tape Turing machine T = (Q, X, gini, Gfin,
A) is a tuple (q, (l1,s1,71), .- -, {lg, Sk, Tk)) wWhere ¢ € Q is an internal state, l;,r; € X¢ for
each i = 1,..., k are the left and right of the i-th tape head, and s; € ¥ foreachi=1,...k
is the symbol at the i-th tape head. The set of all configurations of T' is written by Cr.

» Definition 3 (Configuration step). Let T' = (Q, X, ¢ini, gfin, A) be a k-tape Turing machine.

Then a single configuration step is defined as a relation -1 over Cr such that

(¢, 715 s76) Fr (¢ T4s -y Th)

holds for each transition rule (¢, a,q’) € A where

when a = (s128),...,8628}), (7, 7)) = ({{, 84, 7), (I, s}, 7)) holds with some [, € ¥ for
alli=1,...,k;
when a = (d 1,...,dk) with d; € {«, ¢,>},

(ri, 7)) = ((s'l,8,7),(l, ', sr)) holds with some I, € £¥ and 5,8 € ¥, if d; = «

(ri, 7)) = ({1, s,7r), (I, s,7)) holds with some I, € ¥¥ and 5,5’ € X, if d; = ¢

(ri,7]) = (<l s,8'r), (sl,s',r)) holds with some I, € ¥* and s,s' € ¥ if d; = —
foralli=1,... k.
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The subscript T may be omitted if clear from the context.

The semantics of a k-tape Turing machine T is given by a relation over k strings based
on 7 as follows. In the rest of the paper, a finite string w € X* is used to represent an
infinite string w.* € ¥¥; thereby, ¢ denotes ..“.

» Definition 4 (Semantics of Turing machines). Let T = (Q, X, Gini, ¢fin, A) be a k-tape Turing
machine. The semantics of T', denoted by [T, is given by the relation

[T] = {((w1,- . wp), (wh, ... wp)) € (BF)F x (Z9)F

| (Qinia <€a '—‘7w1>a sy <€a Ly ’LUk;>) }_} (inna <‘€7 ‘—‘aw/1>a ey <57 ‘—‘7w,§c>)}
Recall that we may write [T](w1,...,wg) = (w,...,w},) if [T] is functional.

Following [14], we define the notion of tidiness of Turing machines, which is required

for further discussion in particular, on the concatenation of Turing machines defined later.
Roughly speaking, the tidiness of a Turing machine indicates that the initial configuration is
valid if and only if so is the final one. The validity has been called a standard configuration
in [1,2].
» Definition 5 (Tidiness of Turing machine). A k-tape Turing machine T' = (Q, 2, qini, Gfin, A)
is said to be tidy if for any sequence (gini, (I1,51,71)s - - - (ks Sy 7)) Fir (ains (U4, 5570050
(U5 8%, 7)) of computation steps, the following two conditions

(I, s5,m) € {e} x {u} x X* foreach i =1,... .k

(U, sh,rl)ye{e} x {u} x * foreach i = 1,...,k

are equivalent.

In the rest of the paper, every k-tape Turing machine is assumed to be tidy. We may call it
the tidiness assumption.

We shall show two examples of Turing machines whose semantics are both idempotent.
As we will see later, due to the form of their transition rules, the second example is an
idempotent Turing machine but the first example is not. The main theorem of the present
paper claims that any non-idempotent Turing machine has an equivalent idempotent Turing
machine whenever its semantics is idempotent, though.

» Example 6. The 1-tape Turing machine T}, = (Q, {0, 1}, Gini, gfin, A) where

Q= {th Gmove) Gralz; 9back; inn}
A= {(th L=, Qmove); (Qmove, 7y Qralz)> <Qralza O=u, Qmove>7
(qralza 1$]—7 Qback)a (Qralza LIS, Qback)a (Qbacka =, qfin)}

computes the function that removes all leading zeros, i.e., we have [T, ](0...0w) = w for
w e {efU{lv |ve{0,1}*}.

» Example 7. The 2-tape Turing machine Teopy = (Q, Z, Ginis gfin, A) where

Q = {Gini, Gmove, Gcopy s Udefer: trail> Gerases return> back s Gcheck s fin }
A = {(ginis (L=, %03), Gmove) s (Gmoves (=5 =), Geopy) } U
{(Geopy, (51282, $2252), Gmove) | 51 € £, 82 € L} U
{(geopy: (828, 1=01), Grrail) | 8 € B} U
{(Geopy, (L=, 550), Gback) s (Gtrails (=5 =) Qdefer) } U
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{(qdefer, (828, L=11), Grrail) | s € T} U

{(qdefer, (=11, L=213), Greturn) s (Greturns (=5 <), Gerase) } U

{(erases (5 20) ) | 5 € S} U {(Gerass (55, 595), k) | 5 € B }U

{(Geheck; (55, 5%5), Gback) | 8 € L} U {(back, (< ), Geheck), (Gehecks (11711, i=01), Gsin)

computes the function that copies the second string to the first, i.e., we have [Topy[|(w1, w2) =
(w2, ws) for wi,ws € ¥*. The 2-tape Turing machine T,,p, can be straightforwardly gen-
eralized into 2k-tape Turing machine T, () so that [Teop, )](wi, ..., wk,v1,...,01) =
(v1,.+ ., Uk, V1, . .., V) holds for wy, ..., wg,v1,..., v, € ¥ In particular, Teopy(1) = Teopy-

The second example could be given with fewer states and transition rules by merging ggefer with
Qeopys Gtrail With @move; Gerase With Geheck, and Greturn With gpack, and removing some redundant
rules. However, the smaller alternative is against the condition to be an idempotent Turing
machine which will be presented in the next section. The Turing machine Ty, of the
present form will play an important role in the proof of expressiveness of idempotent Turing
machines.

Definition 4 implies that the semantics of a Turing machine returns a tuple that consists of
the same number of strings as a given input. However, when the function either only accepts
or always returns the empty string on some tapes, we may regard it as a function whose input
or output tuple consists of fewer strings following the formalization by Axelsen and Gliick [2].
For example, let T' be a 3-tape Turing machine over ¥ such that [T (w1, we, ws) = (w], wh, w})
implies we = w3 = w) = €. Then we may say that T computes a function f : 3X* — ¥* x X*
defined by f(w) = (v1,v2) where [T](w,e,e) = (vi,€,v2) holds. We may simply write
[T] = f by ignoring empty input/output strings.

» Definition 8 (Forward/backward determinism). Let T' = (Q, X, Gini» gfin, A) be a k-tape Turing
machine. Then T is forward deterministic if, for any distinct pair (¢, a1,41), (¢, az,q2) € A of
transition rules with the common source state ¢ € @, their actions a; and a7 have the form of
(51,1987 15+ +» 81’k2>8/17k) and (52,1285 1, -+, 52,;6:3’27,9, respectively, such that s1; # s2; holds
for some i =1,..., k. The Turing machine T is backward deterministic if, for any distinct
pair (q1,a1,q), (g2,a2,q) € A of transition rules with the common target state ¢ € @, their
actions a; and a; have the form of (s 125 1,.. .,51’k:>s'17k) and (s2,1385 1, - - ~,32Jﬁ3/2,k)a
respectively, such that s} ; # s ; holds for some i = 1,... k.

Example 6 and Example 7 are both forward deterministic but not backward deterministic.
It is easy to see that every configuration step induced by a forward deterministic Turing
machine is functional. In the rest of the paper, we deal with only forward deterministic
Turing machines, and hence their semantics are all functional. We may simply say Turing
machines even for forward deterministic ones.

Turing machines can be concatenated to synthesize a single one which computes the
composition of their semantics.

» Definition 9 (Concatenation of Turing machines). Let {T; = (Qi, %, Gini.i, Gfinis Ai) }i=1,...n

be a family of k-tape Turing machines where @1, ..., @, are disjoint without loss of generality.

Their concatenation, denoted by T;, o --- 0Ty, is a k-tape Turing machine 7' = (Q1 W - -- &

an 27 Gini, 1, Gfin,n, A) where A = A1 G An W {(qfin,iflg (’7 “eey 0)7 qini,i) | 1= 2; ce 777‘}'
——

k
When @Q1,...,Q, are not disjoint, every state in either should be renamed before the
concatenation.

79:5
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» Proposition 10 (Semantics of concatenation of Turing machines). For k-tape reversible
Turing machines Ty, ..., T,, we have [T, 0--- 0T = [T,] o --- o [T1].

Proof. It can be shown straightforwardly with taking notice of the tidiness assumption. <«

3.2 Reversible Turing Machines

We define a reversible Turing machine, which can be used for the proof of expressiveness of
idempotent Turing machines.

» Definition 11 (Reversible Turing machine). A k-tape Turing machine T is reversible if T is
forward and backward deterministic.

» Example 12. The 2-tape reversible Turing machine Tgup = ({gini, gmoves Geopy> Gback, Gchecks
fin}> 2 Gini, Gfin, A) Where

A= {(QEnh ('—‘é‘—' ‘—‘é‘—‘) Qmove); (Qmove7 ( ) ) QCopy)} U
{(QCopya (S#S \_1:>S> Qmove) | ERS Z} U {(QCopya ('—@'—‘ '—‘:>‘—‘) Qback)}u
{(theCk) (3:>S S#S) Qback) | s € E} U {(Qbackv (<_ )7QCheck)7 (QCheck7 ('—‘:>‘—‘7 ‘—‘:>'—')7Qfm)}

computes the function [Tgy,], which satisfies [Tayp](w,e) = (w,w) for w € £*. The 2-tape
reversible Turing machine Ty,, can be straightforwardly generalized into 2k-tape reversible

Turing machine Tyyp(xy 50 that [Taupy (w1, . .., Wy, €, ... €) = (w1, ..., W, w1, ..., wg) holds
——
for wq,...,wx € 3. In particular, we have Tyyp1) = Taup-

Although the Turing machines Ty, and Tcop, are similar in a sense that they both output
pairs of the same string, Tg,, differs in that the second component of its input is restricted
to the empty string. Because of this difference, [Tqyp] is not idempotent while so is [Tcopy]-

As seen from the definition, a Turing machine obtained by inverting all transition rules of
a reversible Turing machine is also reversible. Its semantics is naturally the inverse function
of the semantics of the original reversible Turing machine as formally stated below.

» Definition 13 (Inversion of reversible Turing machines). Let T = (Q, %, Gini, gfin, A) be
a k-tape reversible Turing machine. We define T = (Q, %, gfin, Gini, A™1) with A~! =
{(p.a™V.q) | (¢.a,p) € A} where (ar,...,ax)"" = (a17%,... a0, 70), (s28) 7" = (s'2s),

()7 =(=), (97 =(9), and (=)' = ().

» Proposition 14 (Bennet [3]). Let T = (Q, X, gini, Gfin, A) be a k-tape reversible Turing
machine. Then, T~ forms a k-tape reversible Turing machine such that [T~'] = [T]".

In reversible Turing machines, by definition, there is no distinct pair of configurations
that have the same successive configuration. This implies that the semantics of a reversible
Turing machine is always injective.

Axelsen and Gliick [2] have shown its converse, i.e., every injective computable function can
be defined by a reversible Turing machine. Their proof is constructive so that an equivalent
reversible Turing machine can be constructed effectively from a given non-reversible Turing
machine whose semantics is injetive.

» Theorem 15 (Expressiveness of reversible Turing machines [2]). The reversible Turing
machines can compute exactly all injective computable functions. That is, given a k-tape
Turing machine T such that [T is injective, there is a k-tape reversible Turing machine T"

such that [T'] = [T7].
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4 ldempotent Turing Machines

We introduce an idempotent Turing machine and its properties, expressiveness, robustness,
and universality.

4.1 Definition and Expressiveness

An idempotent Turing machine is defined by imposing a restriction upon the form of transition
rules of a standard Turing machine. Informally, the key of the restriction forces every valid
run to include an internal configuration C' such that the sequence of configuration steps
from C to the final configuration can also become a valid run by concatenating its reversed
sequence at the front. Note that in the obtained run, the initial and final tapes contain the
same string. This indicates that [T](y) = y holds for any x and y such that [T](z) =y
for the Turing machine T', which concludes that [T is idempotent. Formally, idempotent
Turing machines are defined as below.

» Definition 16 (Idempotent Turing machine). Let T = (Q, X, Gini, gin, A) be a k-tape forward

deterministic Turing machine. Then T is said to be idempotent if there exist a set Q' C Q of

states and a total function ¢ : Q" — @ \ Q' that satisty the following conditions:

(I'l) Gini ¢ Ql7 Qfin € Qla and w(Qﬁn) = (ini;

(1-2) there is no transition rule (¢’,a,q) € A with ¢ € Q" and ¢ € Q \ Q’;

(1-3) there is a transition rule (¥(p'),a"1,1(q")) € A for each (¢’,a,p’) € A with p’, ¢’ € Q';
and

(1-4) there is a transition rule (¢(¢), ao,q’) € A with a null action ag for each (¢,a,¢’) € A
with g € Q\ Q' and ¢’ € Q.

Each state ¢’ € Q' is called a rear state and the function v is called a rear state map.

Definition 16 implies that every valid sequence of configuration steps of an idempotent
Turing machine can be split into two parts of non-rear and rear states because of the (I-1)
and (I-2) conditions. Moreover, with the (I-3) and (I-4) conditions, we can conclude that
the semantics of an idempotent Turing machine is idempotent.

» Theorem 17 (Semantics of idempotent Turing machine). Let T = (Q, X, Gini, gfin, &) be a
k-tape idempotent Turing machine. Then [T is idempotent.

Proof. For simplicity of the proof, only the case of k¥ = 1 is shown. The proof can be
easily generalized to the other cases. Let T = (Q, X, Gini, ¢fin, &) be a 1-tape idempotent
Turing machine with a set Q' of rear states and a rear state map . It suffices to show
that [T](v) = v holds for any v = [T](w) with w € ¥*. Suppose that v = [T](w) for some
v,w € X*. Because of the definition of idempotent Turing machines, there must exist a valid
sequence of configuration steps of the form

(Qinia <87 ‘—'7w>) l_ (917 <l17 817r1>) |_ ce |_ (Qma <lm757rlar7n>) '_
(qi7< /lﬂ 8/17T/1>) P (q;w <l:l78’/l’7,7r’ln>) = (gfin, (€,00,0))

with ¢1,...,¢m € Q\ Q" and ¢}, ..., q, € Q" from the (I-1) and (I-2) conditions. Because of
the (I-4) condition, there is a transition rule (¥(q}),a0,¢}) € A with a null action ag. Then
we have a valid sequence

(Ginis (€510, 0)) (w(q;), <l;w‘9;wr;z>) P (’@[J(qi% <l/17 5117TI1>) F
(q/17 <l,1a3/17’r/1>) N (qua <l;u${mr;z>) F (qfina <€7 ‘—‘arU>)

due to the (I-1) and (I-3) conditions, which demonstrates [T](v) = v. <

79:7
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The Turing machine Ty, introduced in Example 7 can be shown to be idempotent
accompanied by a set )’ of rear states and a rear state map 1) specified by

Q, = {inna Gcheck Qback} P = {Qﬁn > Qini, dcheck F Gmove; Gback F7 q::opy}-

The conditions (I-1) and (I-2) obviously hold. The condition (I-3) can be confirmed by the
correspondence of the pairs of transition rules,

(qcheck7 (‘—‘:>‘—‘7 '—'i‘—‘)a inn) (Qiniy ('—‘:>'—‘7 ‘—‘ﬁ‘—‘)a Qmove)
(Qbacka (<_a ‘_)7 QCheck) (Qmovea (_)7 _’)7 qo:opy)
(QCheck7 (Sésa 5é5)7 Qback) (‘kopya (Sésa SéS), qmove)

with s € 3. The condition (I-4) holds because of the transition rule (geopy, (=11, L=11), Gback)-
The general Turing machine T, () can be checked to be idempotent as well.

In contrast, the 1-tape Turing machine T}, introduced in Example 6 and the smaller
alternative of Top, mentioned after Example 7 are not idempotent even though their semantics
is idempotent. As for T,,,, we can check it as follows. In order to satisfy the conditions
(1-1) and (I-3), the gpack state cannot be a rear state. Then it is impossible to satisfy the
condition (I-4). In general we can decide whether a given Turing machine is idempotent.

» Proposition 18 (Decidability of idempotence of Turing machines). Let T be a k-tape Turing
machine. It is decidable whether T is idempotent.

Proof. The proof depends on the finiteness of the set of states and accordingly the finiteness
of the choice of the set of rear states and the rear state map, which is required to be
idempotent. <

The proof above indicates just the existence an extremely naive procedure for the decision
problem. The complexity of the decision procedure is beyond double exponential to the
number of states. We leave for future work a more efficient algorithm.

Note that the decision problem is only to decide if a Turing machine is idempotent but
not to decide if the Turing machine computes an idempotent function. The latter problem
is obviously undecidable. However, we will prove that an equivalent idempotent Turing
machine can be constructed whenever the Turing machine computes an idempotent function.

Idempotent functions are closed under conjugation with injective functions, i.e., for any
idempotent function f and injective function g, the conjugate g=! o f o g is idempotent. The
following lemma shows that the idempotent Turing machines have a similar property which
will be used to prove the main theorem. The proof of this lemma is given in Appendix A.

» Lemma 19 (Closed under conjugation). Let T' be a k-tape idempotent Turing machine. For
any k-tape reversible Turing machine T, the k-tape reversible Turing machine T, o T o T,
s idempotent.

Now we are ready to prove expressiveness of the idempotent Turing machines which is
one of the main theorems in the present paper.

» Theorem 20 (Expressiveness of idempotent Turing machines). The idempotent Turing
machines can compute any idempotent computable function. More specifically, given a k-tape

Turing machine T such that [T] is idempotent, there is a 2k-tape idempotent Turing machine
T such that [T'] = [T].
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Proof sketch. Let T be a k-tape Turing machine such that [T] : ¥ — X¥ is idempotent.
Consider a (partial) function f : 32 — ¥2* such that f(wi,..., Wk, Wei1,-.., Wok) =
(w1, ..., wk, [T](w1,...,wg)) holds only if [T](ws,...,wy) is defined and wgy3 = -+ =
way = € holds. Since the function f is injective and computable, we can construct a 2k-tape
reversible Turing machine T such that [T¢] = f by Theorem 15. Then, define a 2k-tape
Turing machine 7' = Tf_1 0 Teopy(ky © Ty where Teopy (1) is a 2k-tape idempotent Turing
machine introduced in Example 7. The Turing machine 7" is idempotent due to Lemma 19
and a simple calculation can verify [T'] = [T] as shown in Appendix A. <

4.2 Robustness under Tape Reduction

Single-tape Turing machines are as expressive as multitape Turing machines [17]. This
property is known as one of the robustness of Turing machines. We will see the property
for idempotent Turing machines, i.e., every multitape idempotent Turing machine has an
equivalent single-tape idempotent Turing machine. To this end, we simulate a k-tuple of
strings with a single string by an encoding function enc : (X*)* — (X & {$})* using a special
symbol $ not in 3. The encoding function is defined as

enc(smsl,g - S1mye- -y SE1SK,2 - Sk:,n) =51,1---5k,151,2---Sk,251,n---Skn

with the maximum length n of the input strings where the symbol $ is filled at the end
of the shorter strings as necessary, e.g., enc(ab, cdef, ghi) = acgbdh$ei$f$. The encoding
function is injective and computable where k is fixed. We will write 3¢ for ¥ W {$} and enc
may be used even for encoded strings, i.e., enc : (E;f)’C — Y.

We first show how to construct a 2-tape idempotent Turing machine equivalent to a
given multitape idempotent Turing machine. This is easily shown by the expressiveness of
idempotent Turing machines.

» Theorem 21 (Reduction to 2-tape idempotent Turing machine). Let T be a k-tape idem-
potent Turing machine. Then there exists a 2-tape idempotent Turing machine T’ that
simulates T, that is, [T](w1,...,wg) = (v1,...,vx) if and only if [T'](enc(wy, ... ,wg),e) =
(enc(vy,...,vk),€).

Proof. Let T be a k-tape idempotent Turing machine. Consider a function f : 3§ —
¥ satisfying f(enc(wi,...,wy)) = enc([T](wy,...,wy)) for any wi,...,wp € X* only if
[T](w1,...,wg) is defined. Since f is computable, we have a 1-tape Turing machine that
computes f. Note that f is idempotent because of the idempotence of [T]. Therefore, there
exists a 2-tape idempotent Turing machine that computes f by Theorem 20 with k =1. <«

The theorem above is not satisfactory because it still requires at least two tapes to
simulate arbitrary multitape idempotent Turing machines. We need a further idea to show
the robustness under the tape reduction down to a single tape. The idea is similar to that of
the proof for expressiveness. We employ a 1-tape idempotent Turing machine T}y, which
behaves like Tcop, as shown by the following lemma. Its proof is given in Appendix A.

» Lemma 22. There exists a 1-tape idempotent Turing machine Ty, computing the idem-
potent function fuur : Xy — Xy, which satisfies four(e) =€ and four(s152w) = 5151 four(w)
for any s1,s2 € Xg and w € Xg.

Now we are ready to prove the robustness under tape reduction for idempotent Turing
machines. In the proof of the robustness theorem, the idempotent Turing machine T}y, plays

a similar role to T¢opy(x) in the proof of Theorem 20.
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» Theorem 23 (Robustness of idempotent Turing machines). Let T = (Q, X, Ginis Gfin, )
be a k-tape idempotent Turing machine. Then there exists a 1-tape idempotent Turing
machine T' such that [T](wy,...,wg) = (v1,...,0%) if and only if [T'](enc(wy,...,w)) =
enc(vy,...,vg).

Proof sketch. Let T = (Q, X, gini, ¢fin, A) be a k-tape idempotent Turing machine. Consider a
function f : Xg — ¥§ satisfying f(enc(w1,...,wr)) = enc(enc([T](w1,...,wy)), enc(wi, ...,
wy)) for any wy,...,w, € ¥* only if [T](wy,...,wy) is defined. Since the function f is
injective and computable, we can construct a 1-tape Turing machine Ty such that [T] = f
by Theorem 15. Then, define a 1-tape Turing machine 7" = Tffl o Typiyr o Ty where Ty, is
an idempotent Turing machine given in Lemma 22. The Turing machine 7" is idempotent
because of Lemma 19 and a simple calculation can verify [1'] o enc = enc o [T'] as shown in
Appendix A. <

4.3 Universality

A standard Turing machine is called universal if it is capable of simulating an arbitrary
Turing machine on arbitrary input. A universal Turing machine takes a pair of strings: one
is the description of the given Turing machine T', which is typically provided as the Godel
number ['T'1 as a string; another is an input w of T. Then it is expected to return the output
string [T](w). In essence, a universal Turing machine U must satisfy [U](TT1,z) = [T](w)
for any Turing machine T and its input string w.

With regard to idempotent Turing machines, there is no universal machines in the sense
above, i.e., no idempotent Turing machine simulate arbitrary idempotent Turing machines.
Since the domain and codomain of idempotent functions must be equal, the universal machine
cannot be idempotent. Therefore, we relax the definition of universality as Axelsen and
Glick have done to introduce the universality of reversible Turing machines [2] where the
universal machine returns not only the expected output string but also the given Turing
machine itself. Under this relaxed definition, the universal machine computes an idempotent
function as far as the given Turing machine is idempotent.

» Definition 24 (Universality). A k-tape idempotent Turing machine U is said to be IdTM-
universal if [U(T'T1,w) = (TT1,[T](w)) holds for any idempotent Turing machine 7" and
its input string w.

In the present paper, a universal model of ordinary Turing machines is called a classically
universal Turing machine to distinguish from our IdTM-universal machines.

It is not difficult to show the existence of an IdTM-universal machine because of the
expressiveness of idempotent Turing machines.

» Theorem 25. There exists an IdTM-universal idempotent Turing machine.

Proof. Let f be a function satisfying f(I'T1,w) = (I'T1, [T](w)) for any idempotent Turing
machine 7" and its input string w. Note that f is idempotent because f(f(I'T1,w)) =
Frr1 [T (w)) = (TT1L T[T (w))) = (TT1, [T](w)) where the last equality comes from
the idempotence of [T]. By Theorem 20, we obtain an idempotent Turing machine U that
computes f. <

The theorem above just shows the existence of an universal machine, which is considered
impractical as noticed in the prior work [1,2,14] because its proof relies on Theorem 15 (via
Theorem 20), which is the expressive theorem of reversible Turing machine. As mentioned
in [2], the proof of Theorem 15 is based on very inefficient generate-and-test method by
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McCarthy [12]. To avoid this problem, we shall show the construction of an universal
Turing machine without Theorem 15 where we construct a universal idempotent Turing
machine from a classically universal Turing machine. Following the existing work [1,2,14],
we employ Bennett’s trick with Landauer’s trace embedding to construct a special type
of reversible Turing machines that computes the function Az.(x, f(z)) for an arbitrary
computable function f. We present a multitape version of the theorem as below. Its proof is
provided in Appendix A.

» Proposition 26 (Bennett's trick [3]). Let T be a k-tape Turing machine. There exists a
(2k + 1)-tape reversible Turing machine Beng(T') such that [Beng(T)](w1,...,w, &, ... &) =
——

k+1
(w1, ..., wk, [T)(wi,...,w), &) for any input wy,...,wy of T.

With the Bennett’s trick, we can construct a universal idempotent Turing machine from
a classically universal Turing machine.

» Theorem 27 (ldTM-universal Turing machine constructed with Bennett's trick). Let U
be a (2-tape) classically universal Turing machine, i.e., [U](TT1,w) = (I'T1, [T](w)) for
any Turing machine T and its input w. Then a 5-tape idempotent Turing machine U’ =
Beng(U)_loTc’opy(2)oBeng(U) is IdTM-universal where Tc’opy(2) is obtained by adding one extra
tape as the fifth tape to Teopy(2), i-€., [[Téopy(Q)}](wl,wg,w37w4,w5) = (w3, W4, W3, Wq, Ws).

Proof sketch. Let U be a 2-tape classically universal Turing machine such that
[UNTTV,w) = (I'T1, [T](w)) for any Turing machine 7" and its input w. Note that the
Turing machine U’ = Beny(U) ™" 0T opy(2) © Benz(U) is idempotent due to the idempotence of
Tc’opy(2) and Lemma 19. In addition, we can show the 5-tape idempotent Turing machine U’
is IdTM-universal, that is, [U'[(T T 1,w,e,e,¢) = (I'T 1, [T](w), €, ¢, €) holds for any Turing
machine 7" and its input w as shown in Appendix A. <

The author [14] has constructed a universal machine for involutory Turing machines using
Bennett’s trick in a way similar to Theorem 27. The difference is that he uses the Turing

machine permuting some of tapes for the center one of the composition instead of 77 opy(2)°

5 Related work

This work proposes idempotent Turing machines, which can compute exactly all idempotent
computable functions. The present work has followed along the lines of prior work on
special Turing machines for particular classes of computable functions [1,2,14] under function
semantics, in which the meaning of a Turing machine is specified by a function whose
input and output correspond to strings on the tape at the initial and final configuration,
respectively.

Axelsen and Gliick [1,2] have investigated several properties of reversible Turing machines
under function semantics. Even though the notion of reversible Turing machines had been
already introduced and studied before the work [3,11], Axelsen and Gliick gave much clearer
semantics to reversible Turing machines to observe what they compute. They showed that
reversible Turing machines can compute exactly all injective computable functions. They
also proved the robustness under tape and symbol reduction: 1-tape 3-symbol reversible
Turing machines can simulate arbitrary multitape reversible Turing machines. Furthermore,
they showed the existence of universal reversible Turing machines under an appropriate
redefinition of universality and gave an efficient construction of a universal machine. The
present work has followed their approach and utilized their results even though idempotent
functions are not necessarily injective.
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The author [14] introduced involutory Turing machines and showed that they can compute
exactly all involutory computable functions, which are own inverse, i.e., a function f such
that f(f(z)) = « holds whenever f(z) is defined. He naturally followed Axelsen and Gliick’s
work since every involutory function is injective. He defined an involutory Turing machine as
a Turing machine whose transition rules are related each other under an involutory map over
states. The idea is found in discrete time-symmetric systems [6,9]. In the present work, we
refer to the idea to define an idempotent Turing machine with the rear state map.

Besides Turing machines, there are many other model of computable functions, e.g.,
untyped lambda calculus, combinatory logic, and term/string rewriting systems. We could
consider a restricted model of them for idempotent functions. We have selected Turing
machines because there is a well-studied subclass of the model, namely reversible Turing
machine, for injective functions that can be invertible. A candidate of other such models
would be Mu et al’s injective language Inv [13] in which every function is defined by a few
primitives including the fixed-point operator. They have shown that the Inv language is
expressive enough to simulate reversible Turing machines. However, it is not simple to utilize
the injective language for a computational model of idempotent functions. We need to add
more primitives to describe non-injective functions and impose some syntactic restrictions to
define only idempotent functions. It would be interesting if such a programming language
can be defined, though.

6 Conclusion

We have introduced a computation model for idempotent functions, called an idempotent
Turing machine. This model is necessarily and sufficiently expressive: every idempotent
Turing machine computes an idempotent function and every idempotent function can be
computed by an idempotent Turing machine. The class of Turing machines has been shown to
be robust under tape reduction. We have also shown the existence of an universal idempotent
Turing machine and its construction.

Our computation model is expected to be a basis of special-purpose (or domain-specific)
programming languages in which only but all idempotent computable functions can be defined.
A computation model is said to be Turing-complete if it can simulate any Turing machine.
The notion of Turing-completeness is often used to show the expressiveness of not only a
computation model but also a programming language or a set of machine instructions. For
reversible computation, the notion of r- Turing completeness has been proposed [1,2,19]. There
have been reversible programming languages, e.g., Janus with dynamic storage [18], reversible
flowchart language [19], and R-WHILE [7], that have been shown to be r-Turing complete.
Similarly, the notion of idempotent- Turing-completeness can be defined and applied to a
special-purpose (or domain-specific) programming languages in which only but all idempotent
computable functions can be defined. Such a special programming language will be required
for string sanitizers, automated program optimizers, and bidirectional transformation.

In addition, it is interesting to consider computational models that exactly cover all
computable functions with some constraints in the general case. Axelsen and Gliick [1] have
shown that reversible Turing machines can exactly cover injective computable functions. The
author [14] has shown a computational model that exactly covers involutory computable
functions, and he shows such a result for idempotent functions in the present paper. It
is a natural question to ask what kind of semantic constraints on computable functions
corresponds to syntactically constrained Turing machines in general, which is left for future
work.
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A  Proofs of Lemmas, Theorems and Proposition

This Appendix provides proofs that are omitted or condensed in the main text.

» Lemma 19 (Closed under conjugation). Let T be a k-tape idempotent Turing machine. For
any k-tape reversible Turing machine T, the k-tape reversible Turing machine T, o T o T,
s idempotent.

Proof. Let T = (Q, X, gini, ¢fin, A) be a k-tape idempotent Turing machine with a set Q' C @
of rear states and a rear state map . Let T, = (Qr, Zr, Ginir, Ghin,r, Ar) be a k-tape
reversible Turing machine where @@ and @, are disjoint without loss of generality. In order
to concatenate T,., T, and T, ! following Definition 9, we rename every state ¢ € Q, of T, *
with ¢. Let C/Q\T be a set of states of 7,71, i.e., C/Z\T ={q|qe€Q,} and AT = {(p,a=1,q) |
(¢,a,p) € A,}. Then we can define T, = T,.~* o T o T}, which is to be shown idempotent, as
Te = (Qcs X, Giniyrs Ginir, A¢) Where

Qe=Qr9QUQ,
Ac = Ar G} A W {(1/7\7 LL_I,ZD ‘ ((La,p) S AT} W {(qfin,7'7 (‘a .. -:’)»qmi)y (qfiny (’, . ,’)7@)}
~—— SN——

k k

Let Q. be a subset of Q. defined by Q" ¥ C/Q\T We define a function 9. : Q. — Q. \ Q.. as

Jvle) (@e@)
wc(q)‘{qr (=3 <)

where the codomain of ¢, is (Q \ Q') W @, that is equal to Q. \ Q..
We shall check the four conditions of @', and 1. for T, to be idempotent.
The (I-1) condition holds since ginir € @Qr C Qc \ QL, Ginir € Q. C Q. and Ve (Ginir) =
Qini,r-
The (1-2) condition holds because of the definition of concatenation and the (I-2) condition
for T.
Concerning the (1-3) condition, suppose that we have (¢’,a,p’) € A. with p',¢’ € Q.. =
QY C/Q\T Since it is impossible to have p’ € Q' C Q and ¢ € @ due to the construction
of A., we divide it into three cases:
When p’, ¢ € Q', we have (¢.(p'),a!,v.(q")) € A, because of the (I-3) condition of
T with %(p//)\: ?ﬁ(p')a ¢c(q/) = ?P(p/)a and A C Ag;
When p’ € Q, and ¢’ € @', we must have p’ = Gfin and ¢’ = gsn according to the
construction of A.. Hence, we have (¢.(p'),a™!,4.(¢')) € A, because of ¥.(p') = Gfin.r,
¥e(q") = ¥(gfin) = gini, and the construction of A.; and
When p',q' € C/Q\,-, there exist p,., ¢, € Q, such that p’ = p,. and ¢’ = ¢,.. Hence, we have
(Ye(p'),a=t,4.(q")) € A, because of Y.(p') = pr, ¥e(q') = g, and the construction of
A, with A,
Thus, the condition (I-3) holds.
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Concerning (1-4) condition, suppose that we have (g,a,q’) € A, with ¢ € (Q.\ Q') =
RQ\Q WQ,) and ¢ € Q. = Q' W @\r From the construction of A., we must have
g€ Q\Q and ¢’ € Q'. Thus, we obtain ¢ = ¥(q') = ¥.(¢') and a = a~! because of the
condition (I-4) of T
Therefore we conclude that T, is idempotent with the set . of rear states and the rear state
map . |

» Theorem 20 (Expressiveness of idempotent Turing machines). The idempotent Turing
machines can compute any idempotent computable function. More specifically, given a k-tape
Turing machine T such that [T] is idempotent, there is a 2k-tape idempotent Turing machine
T’ such that [T'] = [T].

Proof. Let T be a k-tape Turing machine such that [T] : ¥ — ¥* is idempotent.
Consider a (partial) function f : 32 — ¥%2* such that f(wi,..., Wk, Wki1,-.., Wak) =
(w1, ..., wk, [T](w1,...,w)) holds only if [T](ws,...,wy) is defined and wgy; = -+ =
wak = € holds. Since the function f is injective and computable, we can construct a 2k-tape
reversible Turing machine Ty such that [T7] = f by Theorem 15.

Let us define a 2k-tape Turing machine 7" = Tf 0 Teopy(ky © Ty where Teopy (1) is a
2k-tape idempotent Turing machine introduced in Example 7. Since 7" is idempotent

because of Lemma 19, it suffices to show [T7] = [T, i.e., [T'](w1,..., wk,&,...,&) =
———
k
([T (w1, ..., wk),¢e,...,&). This can be shown by
——
k

[T (w1, ... ,wk,&,...,e) = { by the definition of 7" and Proposition 10 }

17 ([ Teopy (0 ) ([T7] (w1, . i€, €)))
= { by the definition of T and Proposition 14 }

[[Tf]] ([Tcopy H(UH,-.-,’LU]g,HTﬂ(’lUl,-..,’LUk)))
= { by the definition of Teopy (k) }

HTfﬂil([Tﬂ(wla s ,U)k), [Tﬂ(wlv s ,U)k))
= { by the idempotence of [T] }

HTf]]il([[Tﬂ(wlv s vwk)’ [[Tﬂ([[T]](wlﬂ s vwk)))

= { by the semantics of Ty and its injectivity
f
([T (w1, ..., wk),&,...,€). <

» Lemma 22. There exists a 1-tape idempotent Turing machine Ty, computing the idem-
potent function fpur : X§ — g, which satisfies fpur(€) = € and fpur(s152w) = 5151 fprur(w)
for any 51,52 € Xg and w € Xg.

Proof. Let T = (Q, 3, Gini» gfin, A) be a 1-tape Turing machine where

Q = {qinis Gmov, Gread, Gback, Gpicks Gfin} U U {Gmem(s) > Gwrite(s)» Qkeep(s) » deheck(s) }
s€Sy

A = {(gini, =11, Gmov), (Gmov, =, Gread ), (Qpicks =11, Gfin ), (Gback> < Gpick )s (Greads L=, Gback ) } U

(Qread73$s Jmem(s )) ‘ s € E$} U {(qmem( ) qulte(S)) | s € Z$} U

(Qurite(s)» =8, qmov) | 5,8 € T} U {(gpick, 575, Geep(s)) | 5 € s} U

(

qkeep(s “aqcheck(s ) ‘ s € E$} U {(qcheck(s)a Sisaqback) | ERS E$}

{
{
{
{
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Then T is found to be idempotent by the set Q' C @ of rear states and the rear state map
1) defined as

Ql = {inna Gpick; Qback} U U {QCheck(s)y leep(s)}
SEXg

w = {inn = Gini» 9pick m7 gmov; Gback H Qread} U

U {qcheck(s) F=> Qmem(s)» Qkeep(s) ™ qwrite(s)}
SEXg

since the four conditions obviously hold. We can check that T" computes the function fp,, in
the statement as follows. Firstly the relation

%
(Qreada <5a S, wslw/» F* (Qreadv <fblur(3w)a 3/7 ’U)/>)

holds for any s,s" € ¥ and w,w’ € X§ where the length of w is odd and & denotes the
reversed string of x, which can be proved by induction on the length of w. Moreover the
relation

(Qbacka <%7 5/7 w/>) H* (qback7 <E7 S, ’U)S/’LU/>)

holds for any s, s" € ¥g and w,w" € X§ where the length of w and w’ are odd and the strings
sw and s’w’ are in the domain of fy,,, i.e., every even-numbered symbol in them is the same
as the previous symbol. This can also be proved by induction on the length of w. Then, we
have the relation

(Qinia <57 ) ’LU>) F (qfina <5a L, blur(w)>)
whenever the length of w is even, which indicates that T' computes fpir. |

» Theorem 23 (Robustness of idempotent Turing machines). Let T = (Q, X, ¢ini, Gfin, A)
be a k-tape idempotent Turing machine. Then there exists a 1-tape idempotent Turing
machine T' such that [T (w1, ..., wg) = (v1,...,vk) if and only if [T'](enc(w1, ..., wk)) =
enc(vy, ..., V).

Proof. Let T = (Q, X%, ¢ini, ¢fin, A) be a k-tape idempotent Turing machine. Consider a
function f : ¥§ — X satisfying
fenc(wy,...,wy)) = enc(enc([T](w1,...,wy)), enc(wy, ..., wg))

for any wy,...,w, € ¥* only if [T](w1,...,wy) is defined. Since the function f is injective
and computable, we can construct a 1-tape Turing machine Ty such that [Ty] = f by
Theorem 15.

Let us define a 1-tape Turing machine 7" = Tf_1 o Tpiyr o T where the idempotent Turing
machine Tpy,, is given by Lemma 22. Note that

four(enc(z,y)) = enc(z, x) (1)

holds for any x,y € Xg. Since T” is idempotent because of Lemma 19, it suffices to show 7"
simulates T under encoding with enc. This can be shown by

[T'](enc(ws,...,wg)) = { by the definition of 7" and Proposition 10 }
17~ ([ Tonar L [Ty ] (enc (wr, ... wi)))
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= { by the semantics of Ty and Proposition 14 }

[[Tf]]_l([[Tb/u,ﬂ(enc(enc([[Tﬂ(wl, s wg))), enc(wy, ..., wg)))
= { by the semantics of Ty, with Equation (1) }

[[Tf]]fl(enc(enc([[T]](wl, coowi)), enc([T](wr, ..., wg)))
= { by the idempotence of T" and Theorem 17 }

[[Tf]]%(enc(enc([[T]]([[Tﬂ(wl, coowi)), enc([T](wy, ..., wg)))
= { by the injectivity of f and the semantics of f~* }

enc([T] (w1, ..., w)).
<

» Proposition 26 (Bennett's trick [3]). Let T be a k-tape Turing machine. There exists a
(2k + 1)-tape reversible Turing machine Beng(T') such that [Bengy(T)] (w1, ..., wk,&,...,€) =
——
k+1
(wy,...,wk, [T (w1, ..., wg), &) for any input wy,...,wy of T.

Proof. Let T = (Q, %, ¢ini, gfin, A) be a k-tape Turing machine. Firstly, by Landauer embed-
ding [10], we can construct a (k + 1)-tape Turing machine 77, such that

[Tr](wi, ... ,wg,e) = ([T (ws, ..., wg), trace(T, w1, ..., wg))

where the function trace encodes the history of applied transition rules on the run into
>*. Since the history tells the previous configuration for each step, the Turing machine
Ty is backward deterministic, that is, reversible. We extend T with k extra tapes in
between working tapes and the history tape where the extra tapes are never touched during
computation. Let T} be the (2k + 1)-reversible Turing machine obtained by the extension.
Then we have

[T ] (wiy ..y wiyv1y ey v, €) = ([T (w1, ..oy wk),v1, - - . vk, trace(T, w1, . . ., wg))

for wy,...,wg,v1,...,vp € X*. In addition, we similarly extend the 2k-tape Turing machine
Taup(k) With one extra tape to obtain (2k + 1)-tape Turing machine Tgup(k) such that

[Taupn I (w1, - s wrs gy g,0) = (W, oo wh Wi - W V)
k
holds for wy, ..., wg,v € ¥*.
Let us define the (2k + 1)-tape Turing machine Beny(T) = T} " o Ttgup(k) o T} which is
reversible because so are all constituents. Because of the domain of T,y and the semantics
of T7, the input of the Turing machine Beny(7T') is restricted to (2k + 1)-tuples of strings

whose (k + 1)-th through 2k + 1-th strings are the empty string. Therefore the equation in
the statement can be checked by

[Beni(T)] (w1, ..., wk,¢&,...,&€)
———
k
= { by the definition of Beny(T") and Proposition 10 }

7 W WITED (w0, w65 )

k
= { by the semantics of T} and Proposition 14 }
[[Ti]]_l([[Tc',up(k)]]([T}](wl, ey WE)s Ey - €, trace(T, wy, . . ., wg)))
——
k
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= { by the semantics of T(’,up(k) }
(7] ([T (wn, .. i), [T] (i, .. wi), trace(T,wi, ... wy,))

= { by the inverse of the semantics of T} }

(w1, ..., wk, [T (w1, ..., wg),&). <

» Theorem 27 (IdTM-universal Turing machine constructed with Bennett's trick). Let U
be a (2-tape) classically universal Turing machine, i.e., [U(TT 1, w) = (TT1, [T](w)) for
any Turing machine T and its input w. Then a 5-tape idempotent Turing machine U' =
BenQ(U)floTéopy(Q) oBensy(U) is IfiTM—uth'versal where Téopy(2)
ta‘pe as the .ﬁfth ta‘pe to Tcopy(2); L.e., IITcopy(Q)ﬂ(wlv Wz, W3, W4, w5) = (w37 Wy, W3, W4, w5)'

is obtained by adding one extra

Proof. Let U be a 2-tape classically universal Turing machine such that [U](I'T1,w) =
(r'T1,[T](w)) for any Turing machine T" and its input w. Note that the Turing machine

U' = Beny(U) "o Tc’opy(Q) o Beng(U) is idempotent due to Lemma 19. We shall show the

5-tape idempotent Turing machine U’ is IdTM-universal, that is, [U'](TT 1, w,e,¢e,¢) =
(T'T1,[T],e,e,¢€) holds for any Turing machine 7" and its input w. Because of the domain of
Beny(U), the input of the Turing machine U’ is restricted to 5-tuples whose third through
fifth are the empty string. Therefore, the statement can be verified by

[UT(T TV, w,e,e,e) = { by the definition of U’ and Proposition 10 }

[Bens (U) ™ ([T lopy () }([Bena (MI(T T 1, w, e, ¢, €))

= { by the semantics of Beny(U) and U }
[Bena(U) ™ N[ Teopy () ](T T 1,0, TTT, [T](w), )

= { by the semantics of Ty, o) }
[Bena(U) ' J(T T, [T](w), T T, [T](w). €)

= { by the idempotence of T" and Theorem 17 }
[Bens(U) "I T 1, [T](w), TT, [TH(T)(w)), ¢)

= { by the inverse of the semantics of Benz(U) }
(I, [Tl(w), e,¢,¢). <
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