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—— Abstract

The goal of this paper is to understand the complexity of a key symmetry breaking problem,
namely the («, 8)-ruling set problem in the graph streaming model. Given a graph G = (V, E),

an (o, B)-ruling set is a subset I C V such that the distance between any two vertices in [ is at

least o and the distance between a vertex in V' and the closest vertex in I is at most 3. This is a

fundamental problem in distributed computing where it finds applications as a useful subroutine for

other problems such as maximal matching, distributed colouring, or shortest paths. Additionally, it
is a generalization of MIS, which is a (2, 1)-ruling set.
Our main results are two algorithms for (2, 2)-ruling sets:

1. In adversarial streams, where the order in which edges arrive is arbitrary, we give an algorithm
with O(n*?) space, improving upon the best known algorithm due to Konrad et al. [DISC 2019],
with space O(n”?).

2. In random-order streams, where the edges arrive in a random order, we give a semi-streaming
algorithm, that is an algorithm that takes O(n) space.

Finally, we present new algorithms and lower bounds for («, 3)-ruling sets for other values of «

and B. Our algorithms improve and generalize the previous work of Konrad et al. [DISC 2019] for

(2, B)-ruling sets, while our lower bound establishes the impossibility of obtaining any non-trivial
streaming algorithm for (o, @ — 1)-ruling sets for all even o > 2.
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1 Introduction

The goal of this paper is to understand the complexity of symmetry breaking problems,
specifically the («, 8)-ruling set problem, which is defined as follows.

» Definition 1. Given a graph G = (V, E), an (o, B)-ruling set is a subset I CV such that
the distance between any two vertices in I is at least o and the distance between a vertex in
V' and the closest vertex in I is at most (3.

Ruling sets are a generalization of maximal independent sets: MIS is a (2, 1)-ruling set.
Ruling sets have been well-studied in numerous distributed setting such as the CONGEST
and LOCAL models, and the k-machine model (see e.g. [7, 8, 10, 17, 18, 24, 31]). Moreover,
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ruling sets are used as a subroutine in algorithms solving other interesting graph problems
such as distributed coloring [12], maximal matching [8], maximal independent set [18], or
shortest paths [19]. In many applications where they are sufficient and easier to compute,
ruling sets can replace MIS computation. (see e.g. [8, 27]).

We study this problem in the graph streaming model, which is motivated by the fact that
modern data sets are too large to fit in a computer’s random access memory. A streaming
algorithm processes its data sequentially, in one or a small number of passes. It has a memory
sublinear in the size of input. The distributed and graph streaming models have a lot in
common, with techniques used in one model often finding applications in the other. For
example Lg-sampling [20] and graph sketches [3] which were first used in the context of
streaming algorithms, now find application in several distributed settings too: [30] use linear
sketches to obtain algorithms for MST in the k-machine model, and [21] use them in the
Congested Clique model to give an optimal algorithm for the same problem. There are
numerous examples of tools from communication and information complexity being used to
establish lower bounds for streaming as well as distributed computing problems (see, e.g. [1]
and the references therein).

Many of the classical symmetry breaking problems have been studied in the semi-streaming
model. For example, [6] and [13] studied the MIS problem in the semi-streaming setting and
obtained an (n?) lower bound on space for one pass streaming algorithms. If we increase
the number of passes, then correlation clustering of [2] enables us to get a semi-streaming
algorithm in O(loglogn) passes. Similar to the case of distributed computing where the
problem of computing a (A+1)-colouring is easier than computing an MIS, [6] also gave a
one-pass semi streaming algorithm for A+1 coloring. [24] studied the problem of (2, 8)-ruling
sets in the semi-streaming setting, establishing that for 8 > 2, the problem of computing a
(2, B8)-ruling set is strictly easier than computing an MIS. We extend this line of study of
symmetry breaking problems by considering random order streams, and giving improved
algorithms and lower bounds for adversarial streams for various values of o and f.

Our Results. Our main result is a semi-streaming algorithm for (2,2)-ruling sets and thus
(2, B)-ruling sets for all 8 > 2 in random-order streams. The random order model is motivated
by the fact that it gives rise to a natural notion of average-case analysis, which explains why
some streaming problems may have strong lower bounds, while being efficiently solvable in
practice (see [28]). As a result, several problems such as matching (see [23, 16, 22, 15, 5, 4, 9]),
connectivity [11] or properties of bounded degree graphs [29] have been studied extensively
in this model. With this, we state our first result.

» Result 1. There is an O(n)-space streaming algorithm that computes a (2,2)-ruling set
(and therefore (2, 8)-ruling set for B > 2) of any graph with high probability when the edges
arrive in a random order. This also gives a semi-streaming algorithm for (o, B)-ruling sets
for B > a > 2 when the edges arrive in a random order.

Result 1 is the first example of a semi-streaming algorithm for any (2, §)-ruling set for
B =0(1) (although we make the assumption that the edges arrive in a random order). This
bound is optimal since 2(n) space is needed to output the solution. While it is known that
MIS requires €2(n?) space when the edges arrive in the stream in an arbitrary order, no such
barriers are known for random-order stream. Thus resolving the complexity of MIS in this
model remains an interesting open question.

~ 1
Our second contribution is improving the O(nlJr 2f-1)-gpace algorithm of [24] for (2, §)-ruling
sets when edges arrive in the stream in an arbitrary order.
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~ 1
» Result 2. There is an O(8 - n1+25—1) space streaming algorithm that computes a (2, 3)-
ruling set of any graph with high probability when the edges arrive in an arbitrary order. This
also gives a streaming algorithm that computes an (a, B)-ruling set (for B > a > 2) with high

~ 1
probability using O(n1+2’**“+271) space when the edges arrive in an arbitrary order

The improvement in Result 2 is the most significant for o = § = 2, where we get a bound
of O(n"/?), improving upon the previously known best bound of O(n*”?). Our final result is a
lower bound for (a, & — 1)-ruling sets for all even o > 2.

» Result 3. Any randomized constant error one-pass streaming algorithm in the adversarial
order model that computes a (o, a — 1)-ruling set for any even a > 2 requires Q(n*/a?) space.

Landscape of (a, 3)-ruling sets. The algorithm of Result 2 gives non-trivial streaming
algorithms (with space complexity much smaller than input size), for all 8 > a > 2. On
the other hand, Result 3 establishes that the problem of computing (c, 8)-ruling sets when
B =a—1 for even a > 2, does not admit non-trivial streaming algorithms. When § < o — 1,
an (a, B)-ruling sets may not even exist. Thus, our results give a relatively complete picture
of which setting of parameters « and  the problem of computing («, 8)-ruling sets admits
non-trivial streaming algorithms.

2 Preliminaries

From now on, we use f-ruling sets to denote (2, 3)-ruling sets. For a graph G we use n to
denote |V (G)| and m to denote |E(G)|. For a subgraph K of G and a vertex v € K, we define
EK(v) to be the set of edges incident on v in K, degy (v) to be the number of neighbours of
v in K and Nk (v) to be the neighbours of v in K. For u,v € V(G), let dist(u, v) denote the
length of the shortest path from u to v.

Concentration Results. In our proofs, we will use negatively associated random variables.

» Definition 2. We say a collection of random variables {X1, Xo,- -+, Xk} are negatively
associated if for any two disjoint index sets I, J C [n] and two functions f, g both monotone
increasing or both monotone decreasing, it holds

Elf(Xiziel)-g(X;:je ) <E[f(Xi:ie )] Elg(X;:j€J)

We will apply our concentration bounds to randomly chosen subsets of vertices of a
fixed size, or to segments of stream. Since the stream is random-ordered, both of these
situations can be thought of as sampling without replacement. Thus, we can apply Chernoff
for negatively associated random variables (see for example [32]).

» Proposition 3 ([14]). [Chernoff Bound] Let X7, - -+, X, be negatively associated 0-1 random
variables. Let X = Zle X;. Let u=E {Zle Xl} and let pmin < it < pimax- Then, for all
6 € (0,1), we have:

Pr(X > (14 6)ptmax) < exp (—mmax/3) and Pr(X < (1 — 6)pmin) < exp (—07min/2) .

Communication Complexity. In order to prove lower bounds on the space complexity, we
will reduce Index; to our problem, which we formally define.

6:3
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» Definition 4. In the two-party communication problem Index;, Alice holds a t-bit string
X € {0,1}" and Bob holds an indezx o € [t]. Alice sends a single message to Bob, who upon
receipt outputs X, .

We shall use the following well-known distribution for Index;.

Distribution 1 Distribution Djng.

1 Pick X € {0,1}" uniformly at random.
2 Pick o € [t] uniformly at random.

If an instance of Index; is drawn from Dj,q, then we have the following bound on the
message complexity of any communication protocol that solves it (see [26]).

» Proposition 5. For 0 < § < /2, any d-error protocol for Index; over D4, ccmmunicates
Q(t) bits.

3  2-Ruling Sets in Random-Order Streams

In this section, we state our main contribution: We give a simple streaming algorithm that
computes a 2-ruling set of a given graph in random-order stream in O(n) space. We now
state our main theorem formally.

» Theorem 6. There is an O(n)—space streaming algorithm that computes a 2-ruling set
of any graph G with high probability when the edges of G arrive in a random order in the
stream.

In Section 3.1 we will show a structural theorem that we will use to compute 2-ruling sets
in random order stream. In the subsequent section, we will state our algorithm and argue its
correctness and space complexity.

3.1 Peeling Decomposition

In order to compute 2-Ruling Sets in random order streams, we will use a structural
decomposition of the graph G. We formally state this decomposition. A similar decomposition
was used first by [25] and [10] to compute S-ruling sets in the distributed setting, and then
subsequently by [24] to get streaming algorithms for S-ruling sets. Since this decomposition
was given in a different language in the previous works, we re-state it here for completeness.
Our main contribution is the observation that this decomposition can be computed in the
random-order setting with high probability and using a small amount of space.

» Definition 7. Let G = (V, E) be a graph, let r = logn —loglogn —7 and let (do,d1,- - ,d,)
be a sequence of integers such that d; = /2" for i € [r]. We define the Peeling Decomposi-
tion (Go,G1, -+ ,G,) of G as follows.

1. Fach G; consists of vertices V; and edges E;.

2. Welet Gy =G, and G; C G;—1 for alli > 0.

3. Fori>1, we define V; = {v € Vi1 | degg, (v) < di}, G; = G[V;] and E; = E(G);).
Depending on the decomposition, with each vertex v € V', we associate a level.

» Definition 8. For every vertex v, we define the level of a vertex to be the unique index |
such that v € Vi but v ¢ Viyq1. If v € V,. then the level of v is r.
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We now describe a process to create an induced subgraph H of G whose MIS with high
probability will be a 2-ruling set for G. Moreover, the total number of edges in H will be
small.

Process 2 A Process for Sampling a 2-Ruling Set.

Input: Graph G, (do,d1, - ,d,), where r = logn — loglogn — 7, d; = 7/2* and

peeling decomposition (Gy, -, G,).
1 For each i € {1,2,--- ,r — 1}, we sample S; of size wlgf& from V; uniformly at
random.

2 Let H be the induced subgraph G[U::_&Si U V..
3 Return M, an arbitrary MIS of H.

We now prove the following guarantees on H and M.
» Lemma 9. The set M returned by Process 2 is a 2-ruling set of G with high probability.

Proof. We first note that since H is an induced subgraph of G, M is an independent set
in G. We want to show that for all v ¢ M, there is a vertex u € M such that u is at most
distance two from v.

Towards this, we first consider a vertex v € V,.. Observe that since V;. C V(H), this implies
that either v € M or there is a vertex u € M such that dist(v,u) = 1. We now prove the
claim for vertices on level ¢ < r. Consider a vertex v € V;_1 \ V;. By definition, we know
that degg, ,(v) > d;. For a vertex w € Ng,_, (v), we define X, to be the indicator random
variable that takes value 1 if w € S;_; and value 0 if w ¢ S;_;. Since S;_; is sampled
uniformly at random from V;_; and |S;_1| = W, we have the following bound for

a vertex w € Ng,_, (v).

_1Siz1] _ 10-logn
Vi1l d;

Pr(X, =1)

Note that the above bound is at most 1, since d,- > 100 - logn, by our choice of r and d;’s.
Observe that the random variables {X,, | w € Ng,_, (v)} are negatively associated (since
they correspond to sampling without replacement). This gives us the following bounds:

degg. . (v)
101 G
Pr A xe=0|< ]I Pr(Xw=0)=<1—W> '

Taking a union bound over all vertices we conclude that with probability 1 — o(1) for i € [r],
for all v € V;_1 \ V;, there is a vertex w € Ng,_, (v) such that w € S;_;. This proves our
claim. <

We now bound the total number of edges in H.

» Lemma 10. The total number of edges in H, the induced subgraph of Process 2, is at most
Oy Wildidoan o . 4.). By our choice of d;’s and v, this is at most O(n).

dit1
Proof. To bound the total number of edges in H, we give a charging argument. For every
edge (u,v) we charge this edge to the endpoint with the lower level. We consider the following
two cases.

DISC 2021
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1. Total charge on v € V,.. We begin by observing, that a vertex v € V. is charged an
edge (u,v) then level of u is also 7 (in other words, v € V;.). Since degs__, (v) < d,, by
definition of V;., and V,. C V,._1, we conclude that degGT(v) < d,. From this discussion,
we know that the total charge on any v € V,. is at most d,.. Thus, the total charge on V.
is at most |V;| - d...

2. Total charge on v € S;. Consider a vertex v at level i, and suppose it is charged
an edge (u,v). Let j be the level of u. By our charging scheme, j > i. Consequently,
u € V; CV; € V1. Additionally, we know by definition of V; that degg, , (v) < d;. By

the above discussion, the total charge on v is at most d;. Therefore, the total charge on
100-d;-|Vi|-logn

dit1 :
This proves our claim. |

S; is at most

3.2 The Algorithm

We briefly describe our algorithm. To give our algorithm, we would ideally like to sample the
subgraph H as described. If we were able to achieve this, then at the end of the stream we
could compute an MIS M of H, and using the Lemma 9, we would know this is a 2-ruling
set of G with high probability. Moreover using Lemma 10, we would be able to conclude
that we have a semi-streaming algorithm for this problem.

However, determining V; even in random order streams seems impossible. Therefore, instead
of computing V;, we will compute sets V; and G; = G [Vl], which will have the following relaxed
property: for all vertices v € V;, degg,  (v) < d;, and for all v € Viei \ Vi, degg, (v) > dif2.
We can then show that the main property still holds: for i € {1,--- ,r}, suppose we sample
S;_1 of size %j“og" uniformly at random from V;_; then with high probability, for all
v e Vi_y \ Vi, there is u € Ng, ,(v) such that u € S;_1. Finally, if H = Uzz_llgi UV, then
an argument similar to the one in Lemma 10 will give us a similar bound on |E(H)].

We give some intuition about our algorithm. Our algorithm starts by first guessing Vi
described above as follows: given parameter dy, we sample a set Sy of size % uniformly
at random from V. We determine the set V; by filtering out vertices that have a lot of edges
to Sp. To do this we only look at a small portion of the stream (the first W edges),
and remove vertices that have a lot of edges incident on them in this portion of the stream.
We will argue via a Chernoff bound argument that V; has the above property with high
probability: all vertices in V; have few edges to Sy, and all vertices in V \ Vi have a lot
of edges to Sy. For any i > 2, we repeat this process inductively: suppose we have V;_.
We sample S;_;1 from it, and we obtain V; by looking at a small portion of the stream and
removing vertices that have a lot of edges to S;_1.

We formally describe our algorithm in Algorithm 3, and we now show its correctness and
space complexity.

> Claim 11. Let V3, - - -V, be the sets computed by Algorithm 3. Then, with high probability
the following facts hold for all i € [r].

1. For any v € Vj, degg,  (v) < d;.

2. For any v € V;_1 \ Vi, degs, ,(v) > /2.

Proof. Consider v € V;, we want to show degg, ,(v) < d;. Recall how V; is created: we add
v € Vi_1 to V; if we see fewer than 70logn edges from Eg,  (v) among the first %
edges that have arrived in the stream. Suppose degg, | (v) > d;. Let Y, denote the random

variable [Eg.  (v)NStream;_1|. Observe that Y, is a sum of negatively associated 0-1 random
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Algorithm 3 Computing a 2-Ruling Set in Random-Order Streams.

Input: Integers r = logn — loglogn — 7, (do,dy, -+ ,d;), where d; = n/2°.

Phase 0:

ViV

Let Sy be chosen uniformly at random from V', where |Sy| = w'"d'iiog"

Store the first % edges of G that arrive in the stream (denoted by Streamg).
For all vertices v with |Eg(v) N Streamg| > 70logn, let Vi < Vi \ {v}.

Discard all edges (u,v) such that either u ¢ Sy U V; or v ¢ Sy U V7.

Phase i for i € {1,2,--- ,r — 1}:

8: Initialize V41 + V;.

10~\\~/1-|~10gn

- - - ] N ! dit1 . B
8: Let G; = G[V;]. Let H; = G[U;;%Sj U V;]. Process the stream, storing only edges of H;.

After the first % edges of G (denoted Stream;) have been seen, do the following:
for all vertices v € V; with |Eg, (v) N Stream;| > 701logn, let Vig1 < Vigr \ {v}.

9: Discard all edges (u,v) with u ¢ Ui_yS; U Viy1 or v ¢ Ui_oS; U Vig1.

After Phase r — 1:

7. Sample S; uniformly at random from V;, where |§Z| =

10: Process the stream, while only retaining edges that have both endpoints in U;;é Sj uv,.
11: At the end of the stream return M = MIS(G[U;;éSj Uv.D).

variables. We briefly explain why: for an edge e € E5._ (v), define X, to be the indicator
random variable that takes value 1 when e € Stream;_; and 0 otherwise. Note that X, are

100-m-logn
d;

negatively associated since they correspond to sampling edges without replacement.

We additionally have the following bound for e € E.  (v).

o= (3) (222)

The above bound is less than 1 due to the fact that » = logn —loglogn —7 and d,- > 100log n.
This gives us the following bound on E [X,]:

degs (v 100 - m - 1 ) 100 - m, - 1
E[Y,] = < gc;( )> ( 00 73_ Ogn) > (i) (OO TZ_ Og”> — 1001og n

We now apply Proposition 3 with 6 = 3/10 and pmin = 1001ogn, to get:

Pr (Y, < 70logn) < exp (—(3/10)*(1001log n)(1/2)) = O (7114)

1
Pr(Y, > 70logn)=1-0 (4)
n

This implies that with high probability, v would be omitted from Vj, which is a contradiction.

We now prove that with high probability, for all v € V;_y \ V;, degg,  (v) > dif2. The
proof strategy will be same as before. Assume that degg, | (v) < di/2. For e € Eg,_ (v),
we let X, be a random variable that takes value 1 if e € Stream;_; and 0 otherwise. Let
Y, = |E(~;i71 (v) NStream;_1|. As discussed before, we know that Y, is a sum of 0-1 negatively

correlated random variables {Xe le€ Eg. | (v)}

6:7
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- () (25

This gives us the following bound on E [Y,].

degs (v 100 -m - 1 d; 100 - m - 1
E[Y,] = gcl_l( ) 00 m‘ ogn < 00 m‘ ogn _ 50logn
m dz 2m dl

We now apply Proposition 3 with § = 2/5 and pimax = 50logn.

Pr (Y, > 70logn) < exp(—(%/5)*(501ogn)(1/3)) = O <n12)

1
Pr(Y, < 70logn) >1-0 <2> .
n
This implies that with high probability, v would be included in V; which is a contradiction.
Taking a union bound over all vertices, we conclude the proof of the lemma. <

> Claim 12. For i € [r], consider any v € V;_; \ V;, there is a neighbour of v in S;_; with
high probability.

Proof. For the proof of this lemma, we condition on Claim 11. The set S;_q is sampled
= lo'lvfiw. Consider any v € Vi_; \ Vi,
di

5. For w € Ng _ (v), consider 0-1 random

uniformly at random from V;_;, and |S;_;| .
from Claim 11, we know that degg,  (v) >
variable X, that takes value 1 if w € S’i_l and 0 otherwise. The random variables

Xp=1]lwe Néiil(v)} are negatively associated. Let Y, denote [Ng,  (v)N Si_1]. We
know that Y, is a sum of negatively associated 0-1 random variables. Having established
this notation, for w € N (v), we have the following fact.

Pr(X, = 1) = |Si—al _ (10. ‘~/i_1~logn) < 1 > _ 10logn
B Vi di Vi1l di

The above bound is at most 1, since d,. > 100 - logn by our choice of r and d;’s. We now
bound the probability that none of the vertices in N5, (v) are included in S;_;.

10 -1 degél_l(v)
Pr A Xe=0|< I Pr(sz()):<1—OC;’g”)

wENéiil(v) wEN@iil(v)

(Negatively associated r.v.)

10 - logn hif2 1
<(1-—-=> =0 —
- < d; > no®
(degg,_, (v) = di/2).

Taking a union bound over all v € V', we conclude that for all i € [r] and for all v € V;_; \ V},
there is w € Ng,_ (v) such that w € S;_; with high probability. <
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Correctness. To show correctness, note that Algorithm 3 retains all edges of H =
G [U;;é S'j U VT] till the end of the stream. This implies that the set of vertices M output by
the algorithm, indeed forms an MIS in H. Since H is an induced subgraph of G, M is also
an independent set in G. We know that all v € V(H) are 1-ruled. Additionally, from Claim
12 and Claim 11 we conclude that for all i € [r — 1], for all v € V; \ Vi11, there is a neighbour
of v in S;. Let u be this neighbour. Since M is an MIS, either u € M or there is 2 € Ng(u)
such that x € M. This implies that v is 2-ruled. We conclude that with probability at least
1 —o(1), all vertices in V are 2-ruled.

Space Complexity. We show that the space complexity of this algorithm. Towards this, we
r—1 |Vi|-d;-logn

show that the total number of edges stored by the algorithm is at most O(_; T +
B i+1

n-d.) = O(n) since r = logn — loglogn — 7 and d; = n/2".

» Lemma 13. The total number of edges stored by Algorithm 8 is O( r—1 150 Vil di-logn +

=0 dit
n - d,) with high probability.

Proof. We start with showing the total number of edges in the memory at the end of Phase
0. Observe that Phase 0 ends when we have seen first w edges of G. Therefore, by

d
2
the end of this phase we have at most edges in the memory, which is 100‘"6171'10%",

the first term in the sum given in the lemma. During Phase i, we only store edges of
H, =G [U;;%Sj U V;-]. We will now bound the number of such edges.

100-m-logn
di

As before, we will make a charging argument. Recall the definition of the level of a vertex
in Definition 8. Consider an edge (u,v) € H; that appears in Stream,;. We charge (u,v) to
the vertex with the lower level, breaking ties arbitrarily. Suppose v is at level j < ¢ and is
charged the edge (u,v). This implies that level of u is at least j as well (since we charge the
edge to a lower level). In particular, u € G;. Since degg, , (v) < dj, this implies the total

charge on v is at most d;. Consider the set Sj, which is sampled from G'j. The total charge
100-d;-|V;|-log n

on §; is at most 7
j+1

Finally, consider v € V;, if v is charged for an edge (u,v), then we conclude that u € v
as well. So, the total charge on V; is at most the total number of edges in G, N Stream;.
Observe that deggs, | (v) < d; for all v € V;. This implies that degg, (v) < d; for all v € Vi
(from Claim 11) with high probability. In the rest of the argument, we condition on this
event. Let Y, be a random variable denoting |Eg, (v) N Stream;|. Note that Y, is a sum of
negatively associated 0-1 indicator random variables {Xe |e€ Eg, (v)}7 which takes value 1
if e € Stream; and 0 otherwise. We have the following bounds on probabilities for e € E, (v)

Pr(X.=1)= <;) (100 'gi-llogn)

The above bound is valid since d,. > 100logn by our choice of parameters. Therefore, the
bound on expectation of Y, is as follows.

EY,] :( eggi(v)> <100 m logn> < ((L) (100 m logn> _ 100-d; -logn

m dit1 m dit1 dit1

6:9
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We now apply Proposition 3 with ppax = % and § = 1/2 to get the bound:

b <Yv 150 d, ~10gn> - <(5/w)2 (loo-di ~10gn> (1/3)>

diy1 dit1
1
-0 ()
(We use the fact that d; > d;1)

150-d;|Vi|-log
d .

Therefore, the total charge on Vj is at most . So from the above discussion it

follows that the total number of edges stored in the memory till the end of Phase i is at
2 . i AV A 50-1V:|-d. -
most 100~ndl~logn +Zl' 1 100-|Vj|-d;-logn + 150:|V;|-d;-logn

1 . : . From this we conclude that the total
j= dji1 dit1

number of edges stored till the end of the stream O("z'cll% +3) % +n-d,), which

proves our claim. |
» Lemma 14. The total space complexity of Algorithm 8 is at most O(n)

Proof. From Lemma 13, the total number of edges stored in the memory at any time is
2

O("';# +3r) %ﬁg" +n-d.). Since we chose r = logn — loglogn — 7 and d; = n/27,

we get the stated bound. |

(a, B)-Ruling sets in Random Order Streams. Algorithm 3 allows us to compute («, 3)-
ruling sets for all 3 > a > 2 in O(n) space: in the final step, we just compute an(a, o — 1)
ruling set of G [U;;é S’j U \N/T] We formally state the algorithm, and prove its correctness and
space complexity in the full version of the paper.

4  Ruling Sets in Adversarial Streams

We also give an improved streaming algorithm that computes the g-ruling set of a graph
in adversarial streams in O(B . nHﬁ%l) space. This is significant for § = 2, since the best
known algorithm for 2-ruling sets had space complexity O(n” 2), while our analysis improves
it to O(n**). We state our main result for this section.

- 1
» Theorem 15. There is an O(S - n1+25*1)—space streaming algorithm that computes a
B-ruling set of any graph G with high probability. This implies an O(n4/3)—space streaming
algorithm for computing a 2-ruling set of a graph G.

4.1 A Slightly Improved Algorithm for Ruling Sets

Our algorithm does hierarchical sampling as described in the papers of [24, 25, 10]. However,
we get a better bound on the space complexity. We illustrate the difference between their
technique and ours for the simpler case of g = 3.

Comparison with Previous Work. Similar to [24, 25, 10], sample a set S uniformly at
random from V, and a set So uniformly at random from .S;. During the stream, we collect
edges incident on G[S; U S3]. These sets are not modified during the stream in the earlier
algorithms. On the other hand, we remove from S; all vertices that have a large degree in
G[S1 U S3], because we hope that for such vertices, one of its neighbours in G[S; U S3] will be
included in S3. This enables us to get a better bound on the degrees of vertices in G[S; U Ss],
and in turn a better bound on the space complexity. We note that [10, 25] state their peeling
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decomposition in a different way, however, their algorithm, too, peels off vertices that have
higher “overall” degree (this is made explicit in Lemma 2.1 and Lemma 2.2 of [25]). Instead
we remove vertices that have higher degree in the graph remaining after previous peeling
steps. For completeness we now describe the sampling scheme.

» Definition 16 (Sampling Scheme). Given integers s1,s2, -+ ,Sg—1 such that s; > sy >
<> s3_1 >0, we sample sets S1,---,93-1 as follows.

1. Let So =V and for i > 1, sample S; uniformly at random from S;_1 and let |S;| = s;.

For a vertex v we define the level of v, denoted l(v) to be the unique index l such that v € Sj,
but v ¢ Sip1. If v € Sp_1, then we say that level of v, denoted l(v) is B — 1.

We now describe our algorithm.

Algorithm 4 Computing a S-Ruling Set in Adversarial Streams.

Input: Take as input (s1,S2,- - ,Sp—1), where 81 > s3> -+ > sg_1
1 5y« V and sg + n.
2 Sample 51,5, ,Sg,l with parameters si,--- ,sg_1 according to Definition 16.

3 S« S forie{0,1,- — 1}. We store all edges in G’[U@*lg‘] in the stream.

4 Foravertexveuj OS’ Wlthl( ) = I such that [ < 3 — 2, if degg, (v) > %,
then let S; « S, \ {v} for all j <. Delete any edges not in G[UfzolSj].

Output MIS M of G[Uf:_olgj].

(S

We first claim that the algorithm indeed outputs a S-ruling set of G with high probability.

Towards this, we prove the following claim.
» Lemma 17. Consider any v € V, then v is B-ruled by M.

Proof. We prove a stronger claim: We show that for all i € {0,1,---,8 — 1} each vertex
v € S; is f — i ruled by M. We prove this by induction. We first consider Sg_; and start
with the observation that Sg_; C Uf-;llSj (this is because in Algorithm 4 Step 4 we only

delete vertices of level less than 5 — 1 from U]ﬁ»:—lls’j). Since M is an MIS, this implies that

for every v € Sg_1, either v itself is in M or there is a neighbour v of v such that v € M.

So, these vertices are 1-ruled.

We assume the claim holds for all v € S; for some 7 < §. Under this inductive hypothesis,
we want to prove this claim for all v € S;_;. Observe that if I(v) > ¢, then we know that
v € S; as well, and statement of the lemma holds by inductive hypothesis. So, we assume
that [(v) = ¢ — 1. Additionally, if v € U S], then we know that v is 2-ruled. So, we assume
that v ¢ S;_;. We therefore conclude that degg.  (v) > M We now show that
with high probability there is u € Ng,_, (v) such that u € S;. Let Y, be a random variable
denoting |Ng,_, (v) NS;|. This random variable is the sum of negatively associated indicator
random variables X,, for w € Ng, ,(v), which takes value 1 if w € S; and 0 otherwise. We
have the following probability bound.

il > > 1001logn
Si—1

E[Y,] = degs, (1) (
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Applying Proposition 3 with pmi, = 100logn and § = %, we have:

Pr (X, < 50logn) = exp (—(1/2)*(100log n)(}/2)) = O <n112>

1
This implies that with high probability, v has a neighbour in S;. By inductive hypothesis, all
vertices in S; are at most 8 — i ruled by M, this implies that v is 8 — i+ 1 ruled by M. <=

We now bound the total number of edges stored in the memory at any time.

» Lemma 18. The total number of edges stored in the memory at any point in time is at
most O(n*/s, + 3075 51/s, + s3_)).

Proof. To prove this claim, we do a charging argument. We charge every edge (u,v) to the
vertex which is at a lower level, breaking ties arbitrarily. Consider a vertex v € U?;OI S;

< 100-s;-logn

and suppose [(v) = i. This implies that degg, (v) < S So, the total charge on

vertices v € Uf»;olgj with level i is at most O(si/s;11). If a vertex v € Sp_; is charged
for an edge (u,v), then u € Sg_1 as well. So, the total bound on the number of edges is
O(" /sy + Y0 si-afs; +53_4). <

» Lemma 19. The space complexity of Algorithm 4 is at most O(B : n1+1/23*1).

. . 1- 2=t .
Proof. Consider the bound on the edges in Lemma 18, we let s; = n° 2°-1 for i €
2
{0,1,---,8 —1}. Consider the term SZ in the sum, we have the following bound on it.
T
2it1l_o
2 2= 1
Si_ _n_° — e
S; -2l
+1 n 2B _1
g_2P—2 141
Similarly, 5%_1 =n" 2°-1 =n ' 2°-1.This proves our claim. |

Our analysis gives an improved bound of O(n*/?) for 2-ruling set. The previous best
known algorithm had a space bound of O(n?).

(a, B)-Ruling sets in a Adversarial Order Streams. A modification of Algorithm 4 allows

~ 1
us to compute (a, B)-ruling sets for all 5 > a > 2 in O(n1+25*““71) space: in the final step,
we just compute an («, @ — 1) ruling set instead of MIS. We give the algorithm, along with a
proof of its space bound and correctness in the full version of the paper

4.2 Lower Bound for Ruling Sets

In this section, our goal is to prove the following theorem.

» Theorem 20. FEvery randomized constant error one-pass streaming algorithm in the
adversarial edge arrival model that computes an («, « — 1)-ruling set in an n-vertex graph for
any even a > 2, requires §2(n*/a?) space.
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We now give a hard distribution Dgye for our algorithm (refer to Figure 1).

Distribution 5 Distribution Dgyk.

Output: An instance (G, a,b).
1 Let a := 2c¢ for ¢ > 2 be an even number and let n = 2c¢- N +4c- (c —1). Let Gy, be
a random graph on N vertices with each edge being included with probability %

2 Create « disjoint copies G, -+ ,Gq of Giy,.
3 Create a paths P! with vertices 2%,--- ,2?_; and sz with vertices yi,--- ,yi_; for
i€ [al.

4 Pick a pair of vertices (a,b) of G/, uniformly at random. Let (a;,b;) be the copy of
(a,b) in G; for i € [a].

5 For all i € [a], add an edge between a; and xi, and between b; and yi.

6 For all i € [ — 1], add an edge between each w € V(G;) \ {a;,b;} and
z € V(Giq1) \ {@it1,bi11}. Similarly, add an edge between each
w € V(G1) \ {a1,b1} and z € V(G,) \ {aa, b0}

To relate the ruling set problem with Index;, we will condition on the following event.

Event &ysr. For all u,v € Giy,, dist(u,v) <2
We state the following claim.
> Claim 21. Pr(&nsr) > 1 —o(1).

Proof sketch. To bound the probability of &g, it is sufficient to bound the probability that
there is a pair of vertices which don’t share a common neighbour. Consider two vertices u
and v, the probability that a fixed vertex w ¢ N(u) N N(v) is 3/4a. Therefore, the probability
that N(u) N N(v) = 0 is at most (3/2)". Thus, taking a union bound over all pairs of vertices,
we have the desired claim. N

From now on, while discussing the properties of GG, we condition on the event &yr.

Before moving on to the proof of Theorem 20, we first clarify some notation. In what follows,
G = (Gi,a,b) will denote a graph sampled from Dgyle, and V(G) will denote the vertices
of G (This includes vertices of G, P; and P, for all i € [a]). The graph G; for i € [a] will
denote the ith copy of G/, in G, and V(G};) denotes its vertex set. The set V(G;) does not
include vertices of P} and P,. We use V(G; U P} U P;) to denote the vertices of G;, P}, and
P} for all i € [a].

Towards proving our main theorem, we state a few properties of (Gi/,,a,b). It might
help to refer to Figure 1 for the following claim.

> Claim 22.  Let G := (Gy,a,b) be drawn from Dgrye. For any j € [a], consider any
u € V(G;)\{a;,b;} and v € V(G) \ {z ", g5~ '} for k = c+j mod ; then dist(u,v) <
2¢ — 1 = a — 1. Moreover dist(u, z{ ') = 2¢c = o and dist(u,y§ ') = 2¢c = o

Proof. We prove the claim for j = 1, and the proof is identical for all other values of j. We

consider u € V(G1) \ {a1,b1}; we want to argue that u is at distance at most 2¢ — 1 from all

v e V(G)\ {251, y51 }. We consider the following cases.

1. Counsider any v € V(G;) \ {a;,b;} for i < ¢+ 1, then dist(u,v) < c. If v € V(G;) then
dist(u,v) < 2 since we condition on Epgr. If v € V(G;) \ {ai, b} for i # 1, u and v are
connected by a path of length ¢ — 1. For ¢ > ¢+ 1, the argument is identical
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2. We can reach the vertices x5~ L and Yo~ Lin 2¢—1 hops from u: since we condition on Epsr,

there is a w € V(G,) \ {ac,bc} such that dist(z¢~!, w) = ¢. Moreover, d(u,w) = ¢ — 1.
This implies that all vertices of V/(G; U P, U P}) for i < ¢ are 2¢ — 1 ruled by u. The
proof for all i > ¢+ 2 is identical
3. Consider the vertices z¢. +1 and yo, +1 For these vertices, dist(u,z°"}) = 2¢ and
dist(u, y<1) = 2¢. Additionally, for all other vertices in the set v € V(Geyq U PSH U
PO\ {21, y50 ) dist(u,v) < 2¢— 1.
<

» Lemma 23. Let I be a (o, — 1)-ruling set of (Giy,,a,b). Suppose for some i € [2c],
it € 1; if (a,b) ¢ E(Grp), then yi~' € I as well.

?

Proof. We show the claim for ¢ = 1, and for other values, the proof is identical. To prove
this claim, we show that the vertices that (2¢ — 1)-rule z§ L and Yy L are the same. Let
={v¢ {x{" y{ "} | dist(v,2{7") = 2¢ — 1}. These are the vertices that 2c—1 rule z{™,
not including y¢~'. Similarly we define Ay = {vé¢ {m‘{_l,yf_l} | dist(v, y¢™1) = 2¢ — 1}.

We claim that A; = As. We consider the following cases.

1. For any ¥ for k < ¢ — 2, dlbt(ajl,y1 1) < 2¢ — 1 and similarly, dist(z%,y¢™1) < 2¢ — 1.
This shows that z§ € A; and ¥ € A, as well. Similarly, we can show that for k < ¢ — 2,
y¥ € Ay and yf € A,.

2. For any vertex v € V(G1), dist(v, 2¢71) < ¢+ 1 and similarly, dist(v,y$™ ') < ¢+ 1 (since
we condition on Eygr), and therefore, v € A; and v € Aj.

3. We now want to consider all vertices v ¢ V(G1 U P, U P;). Since we condition on
Episr, We know that there exists a vertex u € V(G1) \ {a1, b1}, such that dist(u,z$™1) =
dist(u,y{ ") = c. Therefore, for any v ¢ V(Gy U P} U P}), dist(v,2{~") = dist(v,y{").

From the above three cases, we conclude that A = A2 So, if :z:i_l € I, then for all w € A,

w ¢ I. Since (a,b) ¢ E(G1y,), this implies that dist(z] “Lyih) =2¢ So, yi e I <

> Claim 24. For all i € [a], we denote a; and b; by 2 and . Let I be a (o, @ — 1)-ruling set
of (Gy,,a,b). Suppose z¥ € I for some k < c—2. If (a,b) ¢ E(Gyy,), then {m?il, ;71} cI
forj=(i+c—k—1) mod a.

Proof. Consider azj_l; there is a vertex w € V(G;) \ {a;,b;} such that dist(w, x?‘l) = c and
there is a vertex z € V(G;) \ {ai,b;} such that dist(z,z¥) = k + 1. Additionally, by our
construction, dist(w, z) = j — . This implies that: dist(z¥, x?‘l) =c+(k+1)+(j—1i) =2c
We conclude that both vertices x§~ ! and Y5 ! are not (2¢ — 1)-ruled by z¥.

Additionally, for all k& < j, all vertices in V(G U P*¥ U Pk) are excluded from being
added in I, since all these vertices are (2¢ — 1)-ruled by xk Similarly, all vertices in
V(G;UPIUP))\ {mg_l, y]c-_l} are (2¢ — 1)-ruled by z¥, so these vertices are excluded from
I as well. Finally, we argue that all vertices in V(G U PF U PJ) for k > j + 1 that could
=1 are excluded from I. We prove this claim for k = j + 1, but it is
identical for all other Values of k.

(2¢ — 1)-rule z} L and Y5

In V(Gjp1 U PITY U Pith), the vertices that can be included in I are
{x]+1,y]+1, ]+1ayj+1} however dist(z jﬁ,le) = (¢—1)+ 1+ ¢ = 2¢. Therefore, we
conclude that all the vertices other than x fl and y;fl that are still candidates for I cannot
(2¢ — 1)-rule x5~ L and Y5 ! Additionally, since dist(z§~ ,yjC 1Y = 2¢, this implies that
{x‘; l,yj 1} clI. N

» Lemma 25. Let I be any (o, a — 1)-ruling set of (Gi/,,a,b). Then, there is an i € [a]
such that {z§~ Ly 1} C I if and only if (a,b) ¢ G.
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Proof. Suppose (a,b) € G/, then for any i € [a], dist(mffl,yffl) = 2¢ — 1, so, both
cannot be included in I. Consider the other direction when (a,b) ¢ G./,. Let I be any
(a,a — 1)-ruling set of (G1/,,a,b) and let v € I. We consider the following cases for v.

1. v € V(G;) \ {ai,b;} for some i € [a]. In this case, from Claim 22, we conclude

that xz_l and y;_l for kK = i+ ¢ mod « are the only two vertices that are not ruled.

Additionally, since dist(z{ ", y5 ') = o, we conclude that {z§ ', y{ "'} C I.

2. v = a:f_l or v = yf_l for some i € [a]. In this case, Lemma 23, implies that
{xf_l,yf_l} clI.

3. v= :cf or v = yf for some k < ¢ — 2. In this case, from Claim 24, we conclude that
{x;_l,yj_l} Clforj=(i+c—k—1) mod 2ec

This proves our lemma. |

We now state the next lemma, which will imply Theorem 20. Throughout this section,
ARrule is an algorithm that for an even o > 2 computes an (o, « — 1) ruling set with error at
most § when the input is sampled from Dgye.

» Lemma 26. There exists a (0 4 o(1))-error protocol ming for Index; on Ding such that the
communication cost of mind s S(Arule), where s(Arule) is the space complezity of Arule-

Proof. We begin the proof by designing the protocol m,4 (see Protocol 6). From now on,
t= (J;) and n=2c- N +4c(c—1).

Protocol 6 Protocol ming.

Input: An instance (X, 0) ~ Djng
Output: Yes if X, =1 and No if X, = 0.
1 Alice creates an N-vertex graph H whose adjacency matrix is given by X.
2 She then creates « disjoint copies of H: G1,Ga, -+ , G-
3 Alice then creates 4« paths on ¢ — 1 vertices: {Pi} _,_ and {P/} _._ .
4 Bob treats o € [t] as an edge (a,b) of an n-vertex graph. He adds edges (a;,z}), and
(bi,y}) for all i € [a]. Additionally, for all i € [« — 1], he adds edges (z,y) for all
x € V(G;) \ {ai,b;} and for all y € V(Giy1) \ {ait1,bir1}. Edges (x,y) are also
added for all z € V(Gy) \ {a1,b1} and y € V(Gac) \ {azc, b2}
5 The players compute an (a, o — 1)-ruling set on their graph using Arye and output
No if there is an i € [a] such that {z{™",y¢™'} C I, where I is an (o, @ — 1)-ruling
set. Output Yes if there is no such i € [a].

The distribution of (G, a, b) created by mnq matches the distribution Dgyle exactly. From
Lemma 25 and using the fact that X, = 1 if and only if (a,b) € E(G), we conclude that mjng
outputs Yes if X, = 1 and No if X, = 0. Since the event ~&psr happens with probability o(1),
we conclude that: Pr (mng errs) < Pr(Aryle errs) + Pr (—=Epsr) = 0 + o(1). Since Alice sends
the memory contents of Agyle, we know that the communication cost of g is S(Arule). <

Proof of Theorem 20. If there was an o("”/a?)-space d-error one-pass streaming algorithm
for the problem of finding a (o, @ — 1)-ruling set of a graph G, then Alice and Bob would
be able to solve Index; using this algorithm. Alice would run it on her input, and send
the contents of the memory to Bob, who would run it on his input and give the ruling set
output by the algorithm. Since the contents of the memory are o(n”/a?), this would give a
protocol for Index; with communication complexity o(n”/a?) = o(t) and (§ + o(1))-error, thus
contradicting Proposition 5. <
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A Missing Figures

Figure 1 To create an instance (G, a,b), graph G/, is sampled by including every edge on
N-vertices with probability 1/2. Then o = 2c disjoint copies of G1/, are created. Additionally, 4c
paths on c—1 vertices, {P;}1<'L<2c and {P:’:}l<i<20 are created. A random edge (a, b) is sampled and

4c edges, {(ai,x%)}Kch and {(bi,yil)}Kch are added. Edges (z,y) for all z € V(G;) \ {as, bi}
and y € V(Giy1) \ {ait1,bir1} for all i € [2c — 1] are added. Finally, edges (w, z) for all w €
V(G1) \{a1,b1} and z € V(Gac) \ {azc, bac} are also added.
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