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Abstracts

Decision Complexity of Generic Complete Intersections

by PETER BÜRGISSER

We study the complexity of algebraic decision trees that decide membership in an alge-
braic subset X Q R� where R is a real (or algebraically) closed �eld. We prove a general
lower bound on the verification complexity (c.f. Biirgisser, Lickteig and Shub 0G^� of the
vanishing ideal of an irreducible algebraic subset X Q R� in terms of the degree of
transcendency of its minimal �eld of de�nition. As an application we determine exactly
the number of additions, subtractions and comparisons that are needed to test mem-
bership in a generic complete intersection X = Z ( f1, . . . , f,) Q Rm� of homogeneous
polynomials f,-; for the number of multiplications, divisions and comparisons needed we
obtain an asymptotically optimal lower bound for min,-degf; �+ oo. This generalizes the
main results in 0�� A further application is given to the zero testing of rational functions
that are given by a partial or continued fraction expansion.

E�icient Parallel Algorithms for Computational Problems in the Theory of
Algebraic Curves

by ALEXANDER L. CHISTOV

It is proved that the classical algorithm for computing the Newton-Puiseux expansion of
roots. of a polynomial using the Newton polygons method has a polynomial complexity
in the model of computation when sizes of coefficients and constant �elds are taken into
account. As a consequence we get polynomial-time algorithms and efficient parallel al-
gorithms for factoring polynomials over �eld of zero characteristic of formal power series
in one variable. Further, there are constructed polynomial-time and efficient parallel al-
gorithms for computing uniformizing elements of local rings of points of algebraic curves,
indices of rami�cation and inertia, the geometrical genus of a curve, the normalization
of an algebraic curve. Note that in these parallel algorithms extensions of constant �elds
are given by primitive elemetns with separable polynomials annihilating them instead
of minimal polynomials.

Factoring Polynomials over Finite Fields in Subexponential Time under GRH

by SERGEI EVDOKIMOV

Assuming the Generalized Riemann Hypothesis the following theorem is proved.
Theorem (GRH) There exists a deterministic algorithm decomposing a polynomial f E
w� of degree n over a finite �eld k of cardinality q into irreducible factors over k within

time 
(nl°�" - log q)0m.
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Factoring Polynomials over Finite Fields

by JOACHIM VON ZUR GATHEN (joint work with VICTOR SHOUP)

The factorization of polynomials is a fundamental problem in computer algebra. This
talk considers polynomials in one variable over a �nite �eld. The important (proba-
bilistic) algorithm of Cantor and Zassenhaus (1981) can (probably) factor a polynomial
of degree n in Fq[a:] with an essentially cubic number O(n2 log q) of operations in Fq.
I will present an algorithm that uses an essentially (i.e., disregarding factors of log n)
quadratic number O(n2 + n log q) of operations.

Processor-Ef�cient Parallel Solution of Systems of Linear Equations

by ERICH KALTOFEN (joint work with V. PAN and B.D. SAUNDERS)

An ef�cient parallel algorithm for solving a linear system of n equations in n variables
must run in time (1ogn)0(1) and utilize only n��(log n)0�) processors, where O(n��) is the
time needed to multiply n x n matrices. Here a time step is an arithmetic operation in
the coefficient �eld or a test of an element for being 0. We present a randomized algo-
rithm that �nds a particular solution, if it exists, and a basis for the null-space for any
coefficient �eld in 0((logn)4) time with n��(log n) processors. The solution generalizes
our earlier work allowing �elds of small positive characteristic and by determining the
rank of a matrix without binary search. Our main idea applies recursive triangulation to
the algorithm of Le Verrier (1840)/ Csanky (1976) as well as generalizes the Mulmeley
(1986) rank algorithm to Toeplitz matrices.

Computational Complexity of Some Algebraic Counting Problems

by MAREK KARPINSKI

We study the computational complexity of some generic algebraic counting problems,
both for the exact and the approximate counting models. We characterize these problems
in terms of known upper and (relative) lower bounds, and apply these results for the
various constant depth circuits counting problems. These problems include:

o Counting the number of solutions of determinantal equations over arbitrary �nite
�elds GF[q];

o Counting the number of zeros (and nonzeros) of arbitrary sparse multivariate
polynomials over GF[q] and the number of points on the projective varieties;

0 Counting the number of satisfying assignments of the �small� boolean and arith-
metic constant depth circuits.

For the above� problems we design the (6,6)-approximation algorithms which work in
polynomial time for arbitrary �xed �nite �elds GF[q]. We discuss also the problem of
approximating the number of points on the arbitrary curve C E GF[q][:1?, y] in the time
sublinear in q.
Finally the problem of removing randomness (deterministic simulation) from some of
the randomized (e, 6)-approximation algorithms has been discussed.
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An Algebraic Approach to Types and Term Rewriting

by DEXTER KOZEN

Various concepts in type theory and term rewriting are best described in algebraic and / or
automata-theoretic terms. This approach isolates the combinatorial essence of these
concepts and in at least two cases has provided efficient polynomial time algorithms for
important practical problems for which previously known algorithms were exponential.
We describe this approach and give three applications:
(1) An 0(n2) algorithm for type inclusion in the presence of recursive types. This type
system was investigated by Amadio and Cardelli and forms the basis of the AMBER
and QUEST programming languages. The solution of the inclusion problem is essential
for automatic type checking. Previous algorithms were exponential. (Joint work with
Palsberg and Schwartzbach.)
(2) An 0(n3) algorithm for type inference for a related system of Thatte, who introduced
the system in 1988 and proved semidecidability. Decidability of the system remained
open until 1992, when O�Keefe and Wand gave an exponential algorithm for �nite types
only, but left open the question of recursive types. Our 0(n3) �algorithm works equally
well for finite or recursive types. (Joint work with Palsberg and Schwartzbach.)
(3) Every ground term rewriting system has a unique canonical equivalent system. This
theorem is best viewed as a generalization of the Myhill-Nerode theorem for finitely
presented algebras.

On Randomized Algebraic Decision Complexity

by THOMASLICKTEIG (joint work with PETER BÜRGISSER and MAREK KARPINSKI)

The impact of randomization to algebraic decision complexity is studied. Examples are
given where randomization may reduce the decision complexity. A lower bound is also
given showing that in certain cases randomization cannot help (much).

On the Algorithmic Complexity of Hilbert�s Nullstellensatz

by ERNST W. MAYR

We study the algorithmic complexity of the membership problem for ideals generated by
�nitely many multivariate polynomials with rational coefficients. F rom earlier results on
finitely presented commutative semigroups, an exponential space lower bound follows. A
matching upper bound can be obtained using G. Hermann�s double exponential degree
bound for solutions and space ef�cient techniques for computing the rank of matrices.
Using exponential degree bounds obtained by Brownawell and others for the case whether
the constant polynomial 1 is contained in the ideal, we obtain a PSPACE upper bound
for this problem and the radical membership problem. Again, these upper bounds can
be matched from below.
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Lower Bounds for Arithmetic Networks

by J. L. MONTANA (joint work with L. M. PARDO)

We show lower bounds for depth of arithmetic networks over algebraically closed �eld,
real closed �elds and the �eld of the rationals. The parameters used are either the degree
or the number of connected components. These lower bounds allow us to show the
inefficiency of arithmetic networks to parallelize several natural problems. For instance,
we show a \/72&#39; lower bound for parallel time of the Knapsack problem over the reals
and also that the computation of the �greatest integer in� is not well parallelizable by
arithmetic networks. Over the rationals, we obtain an \/13 lower bound for the parallel
time of the c-approximation Knapsack problem. A simply exponential lower bound for
the parallel time of quanti�er elimination is also shown. Finally, separations among
classes PK and N CK are available for �elds K in the above cases.

On the Distribution and Finding Primitive Roots in Finite Fields

by Icon SHPARLINSKI

The talk is devoted to some recent results an open questions related to the distribu-
tion of primitive roots in a �nite �eld. In particular, we consider distribution (and
existence) questions in some small subset of the �eld that either have a �natural� de-
scription or have been specially constructed to contain at least one primitive root (after
G. I. Perelmuter, V. Shoup and the a.uthor). We also mention some results on primitive
normal bases (after J. von zur Gathen, M. Giesbrecht, H. .W. Lenstra, R. J. Schoof,
S. A. Stepanov, and the author).

VC Dimension and Uniform Learnability of Sparse Polynomials

by THORSTEN WERTHER (joint work with MAREK KARPINSKI)

We derive linear upper (4t � 1) and lower (3t) bounds on the VC dimension of the class
of t-sparse polynomials over the real numbers, and apply these results to prove uniform
learnability of sparse polynomials and rational functions. As an application we give the
solution to the open problem of Vapnik [Vapnik �82] on computational approximation of
the regression in a class of polynomials used in the theory of empirical data dependencies.

Open Problem Session
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Ernst Mayr
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