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—— Abstract

A finite group of order n can be represented by its Cayley table. In the word-RAM model the
Cayley table of a group of order n can be stored using O(n?) words and can be used to answer a
multiplication query in constant time. It is interesting to ask if we can design a data structure to
store a group of order n that uses o(n2) space but can still answer a multiplication query in constant
time.

We design a constant query-time data structure that can store any finite group using O(n) words
where n is the order of the group.

Farzan and Munro (ISSAC 2006) gave an information theoretic lower bound of ©(n) on the
number of words to store a group of order n. Since our data structure achieves this lower bound
and answers queries in constant time, it is optimal in both space usage and query-time.

A crucial step in the process is essentially to design linear space and constant query-time data
structures for nonabelian simple groups. The data structures for nonableian simple groups are
designed using a lemma that we prove using the Classification Theorem for Finite Simple Groups

(CFSG).
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1 Introduction

The Cayley table of a group of order n is a two dimensional table whose (4, j)th entry is the
product of the ith and jth element of the group. In the word-RAM model while it takes
O(n?) words to store the Cayley table of a group of order n, a multiplication query can be
answered in constant time by accessing the appropriate location of the table.

For many computational problems in group theory the input group is given by its
Cayley table. Some of these problems include the minimum generating set problem, various
problems in property testing, the group factoring problem, and the group isomorphism
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problem [18, 1, 15, 19]. Among these, the group isomorphism problem is probably the most
prominent one because of its unresolved complexity status despite years of extensive research
[4, 13, 2, 5, 20, 14].

The Cayley table is very fast in terms of query processing but it takes quadratic space
to store a group. It is interesting to ask if we can design a data structure for finite groups
using o(n?) space? which can still answer multiplication query in constant time. We note
that while quasigroups, and semigroups can also be stored using their Cayley tables, it is not
possible to store quasigroups, and semigroups using o(n?) space. This is simply because the
numbers of quasigroups, and semigroups are too large [26, 17] and the information theoretic
lower bound is Q(n?logn) bits or 2(n?) words.

Das et al. [9] showed that for any finite group G of order n and for any § € [1/logn, 1],
a data structure can be constructed for G that uses O(n'*?/4) space and answers a multi-
plication query in time O(1/4). Their result implies that there exist constant query-time
data structures for finite groups of order n that use O(n'-°!) space. However, the result
cannot be used to design a constant query-time data structure even if we are allowed to use
O(n.polylog(n)) space.

In this paper we design constant query-time data structures for finite groups that can
be stored using O(n) words where n is the order of the group. An information theoretic
argument by Farzan and Munro shows that a lower bound to store a group of order n is
Q(nlogn) bits or Q(n) words [11]. Our data structure is optimal in the sense that it achieves
the lower bound. A data structure that achieves the optimum information theoretic lower
bound asymptotically is known as a compact data structure. Therefore our data structure
is a constant query-time compact data structure for finite groups. We note that compact
query-time data structures were designed for some restricted classes of groups such as abelian
groups and Dedekind groups [8].

In the process of designing the data structure we first prove two results, which we call
extension theorems, on the construction of data structures for a group when we already have
a data structure for a subgroup of the given group. The extra space used by the newly
constructed data structure depends on the index of the subgroup in one of the results and the
structure? of the subgroup in the other result. This indicates that finding suitable subgroups
of a group might be useful.

The Jordan-Holder theorem provides us with a supply of subgroups in the form of
composition series. In our process we try to pick some suitable subgroups that are elements
of the composition series of the given group. However, picking suitable groups is not always
possible. This happens, as we will see in Section 4, when there is a “large” composition
factor sitting in a certain position of the composition series. The composition factors are
simple groups. In a sense the hard cases for constructing the data structure are for the simple
groups.

Simple groups are sometimes considered as the building blocks for finite groups. The
Classification Theorem for Finite Simple Groups (CFSG) is one of the most important
theorems in group theory. Informally, this theorem classifies the finite simple groups into
cyclic groups, alternating groups, certain groups of Lie-type and into 26 sporadic simple
groups. The precise statement of the theorem could be found in Section 5. Except for the 26
sporadic simple groups the other group classes are infinite. We use CFSG to prove a key
lemma that allows us to handle the case for the nonabelian simple groups.

2 In this paper we use the word-RAM model. The space used by a data structure or an algorithm refers
to the number of words used by them.
3 The subgroup needs to be normal and quotient needs to be cyclic.
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We note that for solvable groups the design of the data structure is independent of CFSG.

The composition factors of a solvable group are cyclic of prime order. Such cases are handled
using one of the extension theorems proved in Section 3.

Related work. Farzan and Munro [11] gave a succinct representations for finite abelian
groups in a specific model of computation. In their model a compression algorithm first
produces labels of each group element. The queries are processed by a query processing unit
which is similar to the word-RAM model. However, along with the common arithmetic,
logical and comparison operations the query processing unit can also perform bit-reversal in
constant time. A user issuing a query, supplies the labels of two group elements that were
generated by the compression algorithm to the query processing unit which then returns the
label of the product of the two elements.

Das et al. [9] and Das and Sharma [8] have used Erdos-Réyni cube generating sequences,
Remak-Krull-Schmidt decomposition and the structure of indecomposable groups to design
their space and query-time efficient data structures. Our approach is quite different in the
sense that we use the extension theorems (Section 3) and the Classification Theorem for
Finite Simple groups to design the data structures.

Remark. There are several ways to represent a finite group apart from the Cayley table
representation. The permutation group representation, the polycyclic presentations and
the generator-relator presentations are some of the common group representations. These
representations are often incomparable. For example in the generator-relator presentation
we can represent infinite groups. However, many problems such as the membership testing,
testing if a group is finite becomes undecidable in the generator-relator presentation (c.f. [25]).
In the permutation group representation the membership testing takes superlinear time in
terms of the degree of the representation and polylogarithmic in the order of the group [24,
23, 12]. We contrast this with the Cayley table representation where membership testing
can be done in constant time since the elements are known and are already used as row and
column indices of the Cayley table. In the Cayley representation the user knows the labels
or the names of each group element explicitly and has a direct access to each element. The
labels of the elements are often taken to be 1,2, ..., n where n is the order of the group. The
situation is quite different for permutation group representation, polycyclic presentation or
generator-relator presentation. In these cases the user does not have an explicit representation
for each element.

2  Preliminary

In this section we recall some definitions and notations which we use in this paper. In this
paper we only consider finite groups. The number of elements in a group G is called the
order of G and is denoted by |G|. A group G is abelian if g1 g2 = g2¢g1 for all g1, g2 € G. For a
subgroup H of G and g € G, the set gH = {gh|h € H} is called a left coset. Similarly, we can
define right coset of G. The number of the left (or right) cosets of H in G is called the index
of H in G and is denoted by [G : H|. A left traversal of H in G is a set containing exactly
one element from each left coset and similarly we can define right traversals. The size of left
(right) traversal is the same as the index [G : H]. For g € G, theset gHg™! = {gag™' |a € H}
is called a conjugate of the subgroup H. A subgroup H of G is said to be normal in G
(denoted H < G) if gHg~! = H for all g € G. We define the normalizer of H in G to be
the set Ng(H) = {g € G|gHg~! = H}. Note that, Ng(H) is the largest subgroup in G in
which H is normal.

25:3
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A group G is called simple if G has no nontrivial normal subgroup. The Classification
Theorem of Finite Simple Groups states that all the finite simple groups can be classified
into the following five classes: (1) cyclic groups of prime order, (2) alternating groups, (3)
classical groups, (4) exceptional groups of Lie type and (5) 26 sporadic simple groups.

We list all the classes of the finite simple groups later in the Classification Theorem for
Simple Groups in Section 5. If G is a finite simple group of Lie-type over F, where ¢ is a
power of some prime p, the Borel subgroup B of G is defined as the semidirect product of
the Sylow p-subgroup of G with the maximal split torus 7. The Borel subgroup is also the
normalizer of the Sylow p-subgroup of the finite simple group (see [6], [27]).

For the purpose of this paper it might be sufficient to know some results on the orders
of certain subgroups of simple groups. The reader may choose to skip the details of the
structure of these groups. We indicate what kind of subgroups we are interested in and the
results regarding the order of those subgroups as and when required. An interested reader
may refer to the books by Carter [6], Wilson [27], or Aschbacher [3] for more details.

» Definition 1 (see e.g., [10]). A subnormal series of a group G is chain of subgroups
1=G, <G < <G LGyp=G

such that G; A G;_1, for all .

» Definition 2 (see e.g., [10]). In a group G a sequence of subgroups
1=Gr<Gpr1<---<G1<Gop=G

is called a composition series if G; < G;—1 and G;_1/G; is simple for all i € [k]. Here, k is
the composition length of G.

» Theorem 3 (Jordan-Hélder Theorem see e.g., [10]). Let G be a finite group with G # 1.
Then
(i) G has a composition series.

(ii) The composition factors in a composition series are unique, namely, if 1 = N, <
N1 < <N <No=Gand1l =M, < My_1 <--- <M < My=G are two

composition series for G, then r = s and there is some permutation = of {1,2,...,r}
such that,
M N;
Ag—l,forlgigr.

Mriy+1  Nina

» Theorem 4 (Correspondence Theorem see e.g., [21]). Let K < G and let v: G — G/K be
the canonical map i.e. v(g) = Kg for all g. Then S — v(S) = S/K is a bijection from the

family of all those subgroups S of G which contain K to the family of all the subgroups of
G/K.

Model of computation. In this paper, we use an abstract model of computation known as
the word-RAM model. In this model, data is stored in resisters and memory units. Each
memory unit and resister can store O(logn) bits where n is the size of the input. The unit
of storage is called word. The machine in the word-RAM model can access a word and do
the usual arithmetic, logical, and comparison operations in constant time. The input size for
our purpose is the order of the group. Without loss of generality, we can assume that the
elements of groups are 1,2,3,...,n. Thus, every group element can be stored in a word and
can be accessed in constant time.
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There are two phases in the construction of a data structure: the preprocessing phase
and the query phase. In the preprocessing phase, we assume that we have been given a
finite group by its Cayley table. Using the Cayley table, we construct a data structure that
consists of some arrays and tables. In the query phase, we process multiplication queries.
In a multiplication query, two group elements g; and g are given by the user. The task
is to find the product of g; and go. In this phase, the data structure constructed in the
preprocessing phase is accessed to answer the query. The time taken to answer a single query
is called the query-time.

The time and space used in preprocessing stage are not considered. We only consider the
space used by the data structure and the time it takes to answer a query to multiply the
group elements.

» Definition 5. Let G be a group and s and t be two positive real numbers. We say that G
has an (s,t)-data structure, if G can be stored in a data-structure that uses at most s space
and can answer a multiplication query in time at most t.

» Definition 6. Let G be a class of group and let s,t : N = R be two functions. If for
every group G € G of order n there is a data structure that uses O(s(n)) space to store G
and can answer a multiplication query in time at most O(t(n)) then we say that G has an
(O(s(n)),O(t(n)))-data structure.

3 Extension Theorems

In this section, we discuss how to use data structures for subgroups to build new data
structures for groups containing the subgroups.

» Theorem 7. There exist positive constants ¢ and d such that for any group G and
a subgroup H of G if H has an (s,t)-data structure for some s and t then G has an
(s +¢([G : H?> +|G|), 2t + d)-data structure.

Proof. First we fix a left traversal L and a right traversal R of H in G. Each g € G can
be uniquely written as ¢ = hr where h € H and » € R. Thus we can define functions
sg : G — H and ¢cg : G — R such that ¢ = sgr(g)cr(g). Similarly we can define
¢ : G— L and sy, : G — H such that g = ¢1(g)sz(g). We can store these four functions
in four arrays each of length |G|.

Suppose we need to find the product of g; and go. Note that,

9192 = cr(91)s(91)sr(92)cr(92)-

Since sr,(g1), sr(g2) € H, we can use the data structure for H to find s,(g1)sg(g2) within
time ¢t. Let hy = s1.(g1)sr(g2). Therefore, we can write g1g2 = c,(g1)h1cr(g2).

Given | € L and h € H, we know that there exist unique elements ' € H and r € R
such that [h = h'r. Thus, we can define two functions Flipy : L x H — H and Flipg :
L x H — R such that lh = Flipg (I, h)Flipr(l,h). We can store Flipy and Flipg in two
2-dimensional arrays using space linear in |H x L| = |G|. With the help of these functions,
we can write

9192 = Flipg(cr(g1), h1)Flipr(cr(91), hi)cr(g2) = harire

where ho = Flipg(cr(g91),h1), r1 = Flipr(cr(g1), h1) and 72 = cr(ge).

25:5
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Again we use the fact that any element g of G can be uniquely written as g = hr where
h € H and r € R to define the functions Crossy : Rx R — H and Crossgp: Rx R — R
such that for all 7,7 € R we have rr’ = Crossy(r,r")Crossg(r,r’"). Note that we can store
these functions in two 2-dimensional arrays each requiring size linear in |R x R| = (|G|/|H|)?.
With the help of these functions we can write

9192 = hoCrossy(r1,7m2)Crossg(ry,r2) = hahsrs

where Crossy(r1,r2) = hs and r3 = Crossg(ri,r2).

Again we can use the data structure for H to compute the product hy = hohs within
time t. Thus g1g2 = hyrs. Finally, we define a function Fuse : H x R — G simply as
Fuse(h,r) = hr for all h € H and r € R. Clearly, a 2-dimensional array to store Fuse
would take space linear in |H x R| = |G|. Thus, to produce the final result we just return
9192 = Fuse(hy,rs).

All the functions except for Crossg and Crossy take space linear in |G|, while Crossg
and Crossy take space linear in (|G|/|H|)?. The data structure for H takes space at most s.
Therefore, the total space required is linear in |G| + (|G|/|H|)?. We note that each function
defined in this proof is queried exactly once. Thus, the time to query all the nine functions
is bounded by some constant d. Additionally, the time taken to query the data structure for
H is at most 2t. Therefore, we have the required data structure for G. |

An immediate corollary of the above theorem is the following.

» Corollary 8. Let 0 < c; < co be two constants. Let G, ., be the class of groups G that has
a subgroup H with c1+/|G| < |H| < ca+/|G|. Then G, ¢, has (O(n),0(1)) data-structures.

Proof. The Cayley table for H takes size at most c3|G| and answers queries in constant time.
Since |G|/|H| < (1/c1)+/|G], we have (|G|/|H|)?> < (1/c1)?|G|. Hence the result follows from
Theorem 7. |

In the next theorem we show how to use the data-structure for a normal subgroup of a
group to build a data structure for the group when the quotient group is cyclic.

» Theorem 9. There are positive constants ¢ and d such that for every group G and any
normal subgroup N of G, if G/N is cyclic and N has an (s,t)-data structure for some s and
t, then G has an (s + c|G|, 2t + d)-data structure.

Proof. Since G/N is cyclic it is generated by an element goN where gy € G. The cosets of
N in G are N, goN, g2N, ..., gt "N where k is the order of the group G/N, i.e., k = [G : N].
Clearly, k < |G|. Let S ={0,1,...,k —1}.

The set {93, 5,-..,987 "} is a left as well as a right traversal of N in G. Hence any
element g could be uniquely written as g = gjn = n/g{ for some r € S and n,n’ € N. This
enables us to define functions e : G — S, sg : G — N and sy, : G — N such that for all
ge G

9=05"sr(9) = s1.(9)g5".

These three functions could be stored in arrays each having size |G|. To multiply ¢; and g2
we first observe that g1go = 98(91)53(91)5L(g2)gg(92)
querying each of the functions once. The product ny; = sg(g1)sr(g2) can be obtained using

the data structure for N within query-time t. Thus g192 = g§n1 gg , where @ = e(g1) and

B = e(g2)-

. These expression could be obtained by
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Next we define a function Flip : N x S — N with the property that for all n € N and
i €8, ngh = gyFlip(n,i). In other words, Flip(n,i) is just gy ‘ngj. This function can be
stored in space linear in [N x S| = |G|. Now we can write g1go = g3 g5 Flip(n1, 8) = g0 ny
where ny = Flip(nq, ).

Next we compute g(‘)"gg = gg‘+5. Observe that o + 8 € {0,1,...,2k — 2}. We define
two functions red. : {0,1,...,2k — 2} — S and redy : {0,1,...,2k — 2} — N such
that g§ = ggede(z)red]v(f) for all £ € {0,...,2k — 2}. Note that for ¢ < k, red.(¢) = £ and
redy(£) = id. These two functions can be stored using space linear in k. Since k < |G|, the
space required is at most linear in G.

Therefore,

9192 = g5 = gy* P redy (o + B)na.
As before the product ng of redy(a+ ) and na can be found using the data structure for
N. Let red.(a+ ) = 7. Hence, g1g2 = ggnas.

We finally define a function Fuse : S x N — G as Fuse(i,n) = gin for all i € S and
n € N. Clearly, the function Fuse can be stored using space linear in |G]|.

The product g1 g2 is just Fuse(vy,ns).

Each function defined in this proof takes space linear in |G| and the data structure for N
takes space at most s. Each function is queried exactly once and the data structure for N is
queried twice. This proves the theorem. <

4 Compact Data Structures for Finite Groups

Let G be a group of order n. Our goal is to design a constant query-time data structure for

G of size linear in n. We first consider a composition series 1 = G <...G1 <Gy = G of G.

In case there is a subgroup G; in the composition series with size within a constant factor of
v/n, we can apply Corollary 8 to obtain a (O(n),O(1)) data structure for G. Otherwise we
consider the smallest subgroup G; of order more than /n. Note that here |G;y1| is at most
\/n and therefore G; 1 will have its Cayley table of size at most n. This Cayley table can be
used to answer a multiplication query involving elements in G;4; in constant time.

Now we consider the composition factor G;/G;+1. This quotient is a simple group. If
this is an abelian group it must be cyclic (of prime order) and we can use Theorem 9 to get
a data structure for GG;. Then an application of Theorem 7 with G and its subgroup G; will
give us the required data structure for G.

The nontrivial case is when G;/G;41 is nonabelian. This is where we use the Classification
Theorem of Finite Simple Groups. The classification theorem allows us to split the nonabelian
case into various subcases. In each of the subcases we show that we can insert two subgroups
G;, and G;, such that G;41 < G;, < G;; < G, in such a manner that the indices [G;, : Gi+1],
[Gi, : Gi,] and [G; : Gy, are all “small”. Since G;4; already has a constant query-time
data structure (namely its Cayley table) of size linear in n, this allows us to use Theorem 7
successively to the group and subgroup pairs (Gi,, Gi+1), (Gi,, Gi,), and (G;, Gy, ) to obtain
a constant query-time data structure for G; of size linear in n. Finally, another application
of Theorem 7 with G and its subgroup G; will give us the required data structure for G.

4.1 Solvable Finite Groups

In this subsection we consider the class Gy, of finite solvable groups. We do this case first
before going to the general case for the class of all finite groups because it is independent of
the Classification Theorem for Finite Simple Groups.

25:7
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» Theorem 10. The class Gsow has (O(n), O(1)) data-structures.

Proof. Let G be a group and 1 = G <...G1 < Gy = G be a composition series of G. Let
n=|G|.

Case 1: There is i such that \/n/2 < |G;| < v/n. We simply apply Corollary 8 to get the
desired data structure.

Case 2: There is no ¢ such that /n/2 < |G;| < /n. Let i be the largest index such that
Vvn < |G;|. We will have |G;41]| < v/n/2. The Cayley table for G;4+1 has at most n/4 entries.
Since G is solvable G;/G;11 is cyclic of prime order. This allows us to use Theorem 9 to
obtain a constant query-time data structure for G; which is linear in n. Next we observe
that [G : G;] is at most /n. If we apply Theorem 7 on G and its subgroup G; we get the
required data structure for G. |

4.2 The General Case

Before considering the case for general finite groups we need the following result for nonabelian
simple groups.

» Lemma 11. There are positive constants by and by such that for any nonabelian simple
group H there exist subgroups Hy and Ha such that 1 < Hy < Hy < H and |Hs| < /|H]|,

[H : Hl] S bl\/ﬁ’ and [Hl : HQ} S bg\/ﬁ

Proof. The proof uses the Classification Theorem of Finite Simple Group (CFSG). The
proof idea is given in Section 5 and the details are given in the Appendix. <

Next we prove the main theorem of the paper. We note that Case 2 in the proof of the
following theorem can be viewed as a generalized version of the problem of designing linear
space and constant query-time data structure for nonableian simple groups.

» Theorem 12. The class Gyin of all finite groups has (O(n), O(1)) data structures.

Proof. Let G be a group of order n. We start by considering a composition series 1 =
Gi <...G1 <Gy = G be a composition series of G.

Case 1: This is the case when there is ¢ such that /n/2 < |G;| < /n. This case is
exactly similar to the case for solvable groups.

Case 2: As before in this case we assume that there is no composition series element G;
with order more that \/n/2 but less than y/n. Let ¢ be the largest index such /n < |G;|.
We will then have |Gi41] < v/n/2. Clearly, the Cayley table of G;+1 will have at most n/4
entries. Since [G : G;] < v/n, by Theorem 7 it is enough to design constant query-time data
structure for G; of size linear in n. In the rest of the proof we therefore concentrate on
designing a constant query-time data structure for G; that uses O(n) space.

If the composition factor G;/G;41 is abelian then we are again in the same situation as
in the second case of solvable groups. Therefore we assume that G;/G;11 is nonabelian.

We apply Lemma 11 to H = G;/G;+1 to obtain subgroups H; and Hy such that
1< Hy < Hy < H=G,;/Git1. By the correspondence theorem of groups, H; and Hs will
be of the form G;, /G;4+1 and G;,/G;41 respectively for some subgroups G;, and G;, such
that G;11 < G;, < G;; < G;. From Lemma 11 we have [H; : Ha| < bgm. Since, H; =
Gil/Gi+1 and H2 = Gig/Gi+17 we have [Gzl /Gi+1 : GiQ/Gi+1] S bg\/ ‘Gl‘/Gi+1| S bg\/ﬁ

Therefore, |Gy, : Gy,] < bay/n. Similarly, [G; : Gy, ] < biy/n. Again from Lemma 11, we
have Hy < \/|H|. This implies, [Gi, : Git1] < /|Gi/Git1] < vn.
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Since G,41 has a Cayley table of size at most n and [G,, : Gi+1] < /n, we will have a
constant query-time data structure for the subgroup G, of size at most n by Theorem 7.
Since [G, : G;,] < bay/n and [G; : Gy, ] < byy/n, another two applications of Theorem 7 with
the group and subgroup pairs (G;,,G;,) and (G;, G;,) will give a data structure for G; of
size linear in n which can answer a multiplication query in constant time. |

We note that there exist polynomial time algorithms for finding a composition series [22]
and checking if a composition factor is abelian [14]. First, we note that G;, and G, can
be found simply by a brute force approach. Therefore, we can actually construct the data
structure for G in the above theorem. While obtaining a polynomial time algorithm to
construct the data structure is not our main goal, we note that we can also construct the
data structure in polynomial time. The proof of this involves careful use of existing results
from group theory and algorithms for group theoretic problems.

5 Proof Sketch for Lemma 11

In this section we sketch the proof idea behind Lemma 11. We first state the Classification
Theorem of Finite Simple Groups.

» Theorem 13 ([27]). (The Classification Theorem of Finite Simple Group)
Every finite simple group is isomorphic to one of the following:
(i) a cyclic group C,, of prime order p;
(ii) an alternating group A,,, form >5;
(iii) a classical group;
a. linear: m(q)(or PSLi+1(q)), m > 1, except PSLy(2) and PSLy(3);
b. unitary: Am(@®)(orPSUpn11(q)) , m > 2, except PSU3(2);
c. symplectic: Ci(q))(or PSp,,. (¢)), m > 2 except PSy,(2);
d. orthogonal: B (@)(or PQam+1(q)),m > 3,q odd;
Da(0)or P> 4
Dan(@®)(or P2, (q)) ,m > 4
where q is a power p® of some prime;
(iv) an exceptional group of Lie type:

Ga(a),q > 3;Fa(q); Es(a);> E(a);”> Da(a); Ez(q); Es(a) or
where q is a power p® of some prime;
Bo(2°"),m > ;7 G371, m > 12 Fy (2*" ) m > 1

or the Tits group 2Fy(2)’;
(v) one of 26 sporadic simple groups:
the five Mathieu groups Miy, Mia, Mog, Mog, Moy ;
the seven Leech Lattice groups Coq, Cog, Coz, McL, HS, Suz, Jo;
the three Fischer groups Fisg, Fiag, Fi/24;
the Monstrous groups M, B, Th, HN, He;

e. the six pariahs J1,J2,J4, O'N, Ly, Ru.

The definition of each of the group classes mentioned in the above theorem can be found in
the standard texts on CFSG (see e.g., [6], [27], [3]).

Since Lemma 11 is about nonabelian simple groups we need to consider cases (ii) to (v)
in Theorem 13. We take each subcases under these cases and show that there are subgroups
H, and H> satisfying the conditions of the lemma.

oo
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We note that the 26 sporadic simple groups listed in the case (v) are of constant sizes.
Therefore, we can ignore these groups for the purpose of the proof by simply taking Hs to
be the identity subgroup and H; to be H. Of course if we do so we need to pick extremely
large constant by as some the sporadic simple groups are of huge sizes. Fortunately, there
are known results on the groups listed under case (v) that helps us to keep the constants by
and by under 5.

We handle the Alternating group (case (ii) of Theorem 13) case as follows. Notice that one
can find k € Z such that % < ,/m?! < (k“)!, and Ho &2 Ay and Hy = Agy1. Then clearly,

2
|Hs|? = (%)2 < %‘ The inequality 7"7' < (@)2 implies that k > . The value of £ can

be computed easily. One can also check that, (IZ;DZ =(k+1)? <2 and (%)2 <o

For the remaining groups we use the following two methods for the choices of H; and Hs.
The methods are as follows:

1. Method 1: In this method, we first choose Hs to be a certain Sylow subgroup of the
given simple group H. Next we pick H; to be the normalizer of Hy in H or the Borel
subgroup containing Ho..

Ezample: Let us take H to be a simple group A,,(q) for some ¢ > 2 which appears in
case (iii) of Theorem 13. Here ¢ is power of some prime p. It is known that A,,(q) has
order g™ (m+V/2[T™ (¢"+? —1)/(qg — 1,m + 1) where (¢ — 1,m + 1) denotes the ged of
g—1and m+1 (see [3], p. 252). Clearly, H will have a Sylow p-subgroup of order
¢™(m+1)/2 We set Hy to be this subgroup. Next we pick H; to be the normailzer of Ho
in H. Tt is also known that the order of Hj is ¢"("™+t1)/2(q — 1)™ (see [27], p. 46). One
can check that with b; = 2 and by = 1, these choices satisfy the conditions of Lemma 11
(see Appendix for the details).

2. Method 2: In this method, we choose H; to be a maximal subgroup of the simple group
H and Hs to certain Sylow subgroup of Hj.

Ezample: In the example under Method 1 we consider the case for A,,(¢) when ¢ > 2.
In this example we take the case when ¢ = 2. Here H = A,,(q) will have order
2m(m+D/2TT™ (2141 — 1) (see [3], p. 252). It is known that the maximal subgroup of
H is of order |H|/(2™ — 1) (see [16], p. 175). We take this subgroup as H;. Next we
take Hj as a Sylow 2-subgroup of H; which has order 2(m+1/2 Tt is easy to verify that
these choices of Hy and H> along with b = by = 1 satisfy the conditions of Lemma 11
(see Appendix for the details).

Table 1 lists the methods that we have used for choosing the suitable subgroups in the
corresponding nonabelian simple group. The last two columns represent the constant factors
by and by for the corresponding simple group (see Table 1).

For case (v), we use Method 2 to get the suitable subgroups.

Appendix A.3 contains two comprehensive tables listing the orders of subgroups used in
the proof of Lemma 11 for different cases of CFSG.
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Case | H Condition on ¢ Method b1 | ba
q>2 Method 1 | 2 1
Am(q)
q=2 Method 2 | 1 | 1
q>2 Method 1 | 2 1
2Am(@®)im>1 [ g=26f(m—1) | Method 2 | 1 | 1
q=2;6|(m—1) | Method 2 | 1 1
> 2 Method 1 | 2 1
Cm(q);m > 2 d cetho
(iii) q=2 Method2 | 1 |1
Bn(q);m > 1 g odd Method 1 | 2 | 1
> 2 Method 1 | 2 1
Dpm(q);m >3 g no
q=72 Method 2 | 1 | 1
2 Method 1 | 3 1
2Dm(q2);m>3 q> etho
q=72 Method 2 | 1 | 1
Gz(q) q>3 Method 1 | 1 | 1
Fa(q) All ¢ Method 2 | 1 | 1
q>2 Method 1 | 1 1
Es(q)
q=72 Method 2 | 1 | 1
*Es(q All ¢ Method 1 | 1 | 1
*Du(q All ¢ Method 1 | 1 | 1
. q>2 Method 1 | 1 1
(iv) | Ex(a) -
q=2 Method 2 | 1 1
q>2 Method 1 | 1 1
Es(q)
q=72 Method 2 | 1 | 1
’Bs(q) ¢=22"1¢>1 | Methodl | 1 | 1
Ga(q) q=3%"T¢>1 | Methodl | 1 |1
*Fu(q) q=22¢t>1 | Methodl | 1 |1
2F4(2) qg=2 Method 2 | 1 | 1
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A Proof of Lemma 11

In this section we indicate how to prove Lemma 11 in more detail. We do this in the ordering
mentioned in the Classification Theorem of Finite Simple Group, i.e., Theorem 13. As we
mentioned in Section 2, we just need to use some known results on the order of certain
subgroups of simple groups. The detailed description of these groups may be skipped for the
purpose of the proof. The results that are used in the proof are on the orders of the finite
simple groups, on the orders of maximal subgroups of simple groups and the normalizers of
certain types of Sylow subgroups of simple groups. The information about the order of these
simple groups can be obtained from [3]

In case (ii) of Theorem 13, H is an alternating group. We have already seen that the
subgroups H, and H; are certain suitably picked stabilizer subgroups of the given alternating
group H.

For the cases (iii) and (iv) of Theorem 13, we use Method 1 and Method 2 to get the
desired subgroups as required in Lemma 11. In this cases the finite simple group H is of
Lie-type and is defined over a finite field F, where ¢ is a power of some prime p. In Method
1, we take Hs to be certain Sylow p-subgroup of H. The existence of such Hy follows from
the well-known Sylow theorem. For the existence of Hy, we take the normalizer of Hs or the
Borel subgroup. The information about the order of normalizer has been obtained from (see
[6], p. 76, [27], p. 46).

For the groups in which we use Method 2, we consider a maximal subgroup of H as H;
and Hs to be some Sylow p-subgroup of H;. The index of a maximal subgroup (and hence
its order) can be obtained from [16], p. 175 and [27], p. 156.

For the simple groups in case (v), we use Method 2 and the information about order of
maximal subgroup (H;) can be obtained from [28]. Also, for the choice of Hs, we choose
certain Sylow subgroup of H;.

The inequalities in the following two remarks are used in the calculation multiple times.

» Remark 14. For all integer ¢ > 2, we have ﬁ < 1.

» Remark 15. HZT(QZH _ (_1)z‘+1) < qz (z+1)

» Remark 16. The gcd of two natural numbers m and n is denoted by (m,n).

A.1 The Classical Groups

We have seen the case(ii) of Theorem 13 in Section 5. In this section, we consider H to be a
classical simple group described in case (iii) of Theorem 13. In particular, we consider the
case when H is 24,,(¢?) where ¢ is a power of some prime p. All the other cases can be
handle similarly. As described earlier, we use Method 1 and Method 2 to show the existence
of subgroups Hy and H; of the simple group H.

1.1 H= 24,,(¢*); m > 2, ¢ > 2 (Method 1)
The finite simple group 2A,,(¢?) is isomorphic to the projective special unitary group
PSU,,+1(q). The group PSU,,,+1(q) is the group obtain by taking special unitary group

SU,.+1(q) and quotienting it by its center, i.e. 24,,(¢%) = SUmii(a) (see [27], p. 66).

- Z(San+1(q))
It is known that (see [3], p. 252) the order of 24,,(¢?) is,

7n(m+1)

H z+1 z+1
IH| = (q+1 m+1) 1;[1 )
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m(m+1)

Let H be the Sylow p-subgroup of 2A,,(¢?), then |Ha| = ¢~ z ~ and |Hz|?> < |H|. Let
Hj be the Borel subgroup of H of order (see [27], [6]),

m(m+1)

Hi| = gy (@ — DI g+ )L,

One can check that (}g;{f < |Hy| < |H| and \‘;Illl <2/H]|.

1.2 H= 24,,(¢%); m > 2, ¢ =2 (Method 2)
The finite simple group 2A,,(22) is of order 2 [T, 2 — (=1 /(3,m + 1) and
is isomorphic to projective special unitary group PSU,,1+1(2) or U,,41(q). The group
U,n+1(¢) has a maximal subgroup of index (2m+1_(_1)m§1)(2m_(_1)m) when 61 (m — 1)

22T when 6 | (m — 1) (see [16], p. 175) .

m(m+1>

and of index

(Case 1) 64 (m—1)
Let H; be corresponding maximal subgroup of 24,,(22) whose index is
@ — 1y en - (1)
3
in 2A,,(2%). Then, the order of H; is,

m(m+1)

3 9 H;il(zi-i-l _ (_1)i+1)

= G - CorE - oy

m(m+1)

Let Hy be the Sylow 2—subgroup of Hy. Then, |Hy| =2 and |Ha|? < | 2A4,,(22)].

It i to see that () 1 and (LAn 24,
is easy to see that (572G <1 an (7‘) | 2A,,(2%)].
(Case 2) 6|(m—1) (i.e. m>7)
In this case, as we know that the group 24,,(¢?) has a maximal subgroup of index

%M Let H; be one such maximal subgroup. Then,
Hy| = — 5 _omis=h ﬁ (21 — (—1)*1).
(3,m+1) b
Let Hs be the Sylow 2-subgroup of Hi, then Hs > and |Hs|? <
| 2Am(2%)].
Clearly we can check that (Igl‘) < | 24,,(2%)| and (%)2 < | 24,,(2%)).

A.2 Exceptional Group of Lie Type

In this section, we consider H to be an exceptional simple group of Lie Type described in
case (iv) of Theorem 13. In particular, we consider the case when H is Fy(q), E¢(q) and
2F4(2)" where q is a power of some prime p. The similar arguments can be used to prove the
remaining cases.

(1) H = F4(q) (Method 2)
The finite simple group Fy(q) has order (see [3], p. 252),

[Fa()| = ¢**(¢"? = 1)(¢" = 1)(¢° = 1)(¢* = 1)
It is known that (see [27], p. 156) the group Fy4(g) has a maximal subgroup ¢
Spe(q).Cy—1 of order ¢**(¢° —1)(¢* —1)(¢*> —1)(g¢—1) say H;. This subgroup has a Sylow
p-subgroup say Hs of order ¢** and |Hz|? < |Fy(q)|. Therefore, (lH1 ) < |Hi| < |H|

" [Ha|
and (ﬁ) < |H].

1+14 .
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(2) H = Es(q); g > 2 (Method 1)
The group Fg(q) is a finite simple group. The order of H = Fg(q) is (see [3], p. 252),
q*° 12 9 8 6 5 2
1Es(q)| = 7o—— (" —1(¢" —1)(¢° = 1)(¢" — 1)(¢” = 1)(¢" — 1)
(3.¢—1)
Clearly, it has a Sylow p-subgroup Hs of order ¢3¢ and |Hz|? < |Es(q)|. Let H; be
the Borel subgroup of H then the order of Hj is ¢*%(q — 1)% (see [27], [6]). Clearly,
(B < [Hy| < |H]| and ({20)? < |H]|.
Notice that, the group Eg(2) is of constant order. However, we can use Method 2 to
reduce the constants by, by to 1. By taking H; to be maximal subgroup of order (see [7])
236.33.5.7.31 and H, to be its Sylow 2-subgroup of order 236.
(3) H= 2F4(2)"; (Method 2)
The simple group H = 2F;(2)’; has order 17971200. It is known that H has a maximal
subgroup of order 11232. We take H; to be this maximal subgroup and Hs to be the
Sylow 2-subgroup of H; which has order 32. Thus, we get by = by = 1.
A.3 Tables

In this section we cover the details of Sporadic simple groups (Table 2), and the order of all
the simple groups that we define in cases (ii)-(iv) of Theorem 13 in Table 3 and 4. These
tables also contain the order of the subgroups Hs and H;.

Table 2 represents the information about the subgroups Hs and H; of the Sporadic simple
groups. In Table 2 we consider the values of ¢;,i = 1,2, 3,4 as follows.

t1 = 808017424794512875886459904961710757005754368000000000
to=2%.313.56.72.11.13-17-19-23-31 - 47

ts = 4154781481226426191177580544000000

ty =238 (212 -1)-(2241)- (28 -1)-(25-1)- (2°+1)- (22— 1)

In the Table 3, the values of ¢,,;,7 = 1,2, 3,4,5 are as follows.

m(m+1) .
Cml = (Z+1,:n+1) (¢— D2 g+l
B ; m<7721+1) l1(2i+1—(—1)i+1)
cm2 - (3’m+1) (27n+17(71)m+1)(27n7(71)771)

m(m=1) em—1,0; i
ems = g2 I (@ — ()

=1
Crp = 27 ML (2m L TN (2% - 1)
Cms = 2mm=D (2m=1 L ) T2 (2% - 1),

1=
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Table 2 Table representing the constant factor and Method used for choosing suitable subgroups.

H Order of H gzder of | Order of H, by | bo
M1 7920 24 720 1 1
Mo 95040 22 660 1 1
Maz 443520 26 20160 1 1
Mas 10200960 27 443520 1 1
Moy 244823040 28 887040 1 1
Coy 4157776806543360000 262144 42305400000000 1 1
Coo 42305400000000 262144 908328960 1 1
Cos 495767000000 27 10200960 1 1
McL 898128000 3° 3%.27-7-5 1 1
HS 44352000 27 27.3%.5-7-11 1 1
Suz 448345497600 212 251596800 1 1
J2 604800 2° 6048 1 1
1 4
Fiaa 64561751654400 216 f)gfi_l)l)(zs Ty 1
Figs 4089470473293004800 218 218.39.52.7.11-13 1 1
Fioy 1255205709190661721292800 | 219 219.318.52.7.11.13-17-23 | 1 1
M t1 242 to 1 1
B ts 238 ty 1 1
Th 90745943887872000 215 319979520 1 1
HN 273030912000000 2° 239500800 1 1
He 4030387200 28 28.255.15 1 1
Ji 175560 22 660 1 1
Js 50232960 2° 8160 1 1
Js 86775571046077562880 2097152 | 57161637225 1 1
O'N 460815505920 26 3753792 1 1
Ly 51765179004000000 15625 5859000000 1 5
Ru 145926144000 212 35942400 1 1
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Table 3 Order of the simple groups (case (iii) of Theorem 13) and order of its subgroups Ha, H;.

H |H| | H2| | H |
mm+1) s m(m+t1)
i m(m41) m(m+1)
Amlg)ig>2 | o2 I, g oy
(q) ¢ (qfl,mil) q i (q (1 m+)1) (q 1)
(1) ] (it 1) m L S
An(2);9=2 I (20 — 1 9T [[", et -n
( ) q H’L:l( ) (27n+1 1)
2 2
Am(q®); ¢ > |  mintb , m(m41)
z+1 1+1 — 3
2,m>1 (?1+1 m+1) Hz o = (=) q 2 Cm1
2 2y. —
2Am(2 )’1 q6_ 2m(m+1) i1 1 m(m+1)
i i —
m > 1,61 a2 = (=) 27> Cm2
(m — 1)
2 2y. —
2Am(2 )’1 q6_ m(m+1) e i1 m(m—1)
am> ) ‘ (5m+1) H 2 1) ) 2 Cm3
(m — 1)
: m2 7™ i
Cm(q); ¢ > 2, 11:1((12 —-1) qm2 2 ( By
m > 2 (2,g—1) (2,4-1)
C (2)7 q = 27 m?2 m 1 m°—m
mm> 2 2 Hi:1(22 -1 2 A Cma
_Bm’(q)7 q Odd, m H ( 21 _ qm2 q'rn2 ( -~ 1)m
m > 1 (2,q— 1) a1\
Dm(q)’ q > 27 qm(nzfl)(qnl_l) :7;—11((121'_1) qm(mfl) q'm(7n—1)( _ 1)m
m >3 (4,qm—1) Eqr-n\d
D'm(2); q = 27 — 1 m2— m m —2m m—1 7
e 3 2m(m 1)(2m _ 1) H:ﬂ ! (221 _ 1) 2 2m+1 ) 2m—+1 H 22 1)
2 2
Din(q°); gD (1) Tpm—1, 2 m(m—1) m(m—1) m
q>2,m>3 @iy i (67— 4 @ (4~ 1)
2 2
Dm(2 )7 q = 2171(7n71)(2m+1) m—1 2% m(m—l)
2, m >3 Gz Lo (27 - 2 Cms5

Table 4 Order of the simple groups (case (iv) of Theorem 13) and order of its subgroups Ha, H;.

Ga(q) ¢°(¢° — 1"~ 1) § ¢°(g - 1)?
24 24 24 i
Fi(q) SHze{z 6,8 12}( -1 q q Hi6{1,2,4,6}(ql -1
36 36 6
Es(q), ¢ > 2 (3q ) H16{2568912}( 1) q ‘ q ‘(q—l)
E(2) 2% 1‘[%{2 568012y (2 — 1) 2% 2%.3%.5.7.31
36 - P
*Es(q) % Hle{z 5,6,8 12}( -1) q*° ¢*°(g—1*(g+1)?
*Da(q) P@®+d' + 1) - D - 1) . ¢ (¢ -1)(g-1)
G i 63 63 7
Er(q), ¢ >2 X Hi6{2,6,8,10,12,14,1§}(ql -1 ¢ (¢-1)
E7(2) 2% Hi€{2,6,8,10,12,14,18} (21 - 1) 202 20234725
Es(q), ¢ > 2 120 Hie{2,8,12,14,18,20,24,30}(qz -1) | ¢ ¢'*(q—1)°
Es(2) 212 Hie{2,8,12,14,18,20,24,30}(21 -1 | 2™ 21305731
2
Ba(q);
¢ _(22)t+1 i>1 | T@HDE-1 ¢’ ¢*(g—1)
2
G q); a, ; ;
q22(32)t+1 ioq | C@ D@D ¢° ¢*(¢—1)
2
F .
:4(;]2)£+1 i | 7@+ D@ D@+ D@1 | ¢ q*(q—1)*
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