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—— Abstract

In this paper we prove via a reduction from Hilbert’s 10th problem that the problem whether the
termination of a given rewrite system can be shown by a polynomial interpretation in the natural
numbers is undecidable, even for rewrite systems that are incrementally polynomially terminating.
We also prove that incremental polynomial termination is an undecidable property of terminating
rewrite systems.
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1 Introduction

Proving termination of a rewrite system by using a polynomial interpretation over the
natural numbers goes back to Lankford [10]. Two problems need to be addressed when using
polynomial interpretations for proving termination, whether by hand or by a tool:

1. finding suitable polynomials for the function symbols,

2. showing that the induced order constraints on polynomials are valid.

Heuristics for the former problem are presented in [3, 18]. The latter problem amounts
to (x) proving P(z1,...,z,) > 0 for all natural numbers z1,...,2, € N, for polynomials
P € Z[z1,...,x,]. This is known to be undecidable, as an easy consequence of Hilbert’s
10th Problem, see e.g., Zantema [18, Proposition 6.2.11]. However, from the undecidability
of problem 2 it does not immediately follow that (dis)proving polynomial termination is
undecidable, since a decision procedure for problem 1 may exist which only produces decidable
instances for problem 2.

In this paper we show that this is not the case, by proving the undecidability of the
existence of a direct termination proof by a polynomial interpretation in N by a reduction
from (x). This result is not surprising, but we are not aware of a proof of undecidability in
the literature, and the construction is not entirely obvious. We strengthen the undecidability
result to rewrite systems that can be shown terminating by an incremental polynomial
interpretation in N, where rules are not oriented all at once, but in stages (called lezicographic
combinations in [18, Section 6.2.4]). We further show that the existence of an incremental
polynomial termination proof is undecidable for terminating rewrite systems.

In the next section we recall the definitions of (incremental) polynomial termination over
N. In Section 3 we present the variations of Hilbert’s 10th problem that we use to obtain
our undecidability results. The latter are presented in detail in the subsequent three sections.
The undecidability result in Section 4 was first announced at the International Workshop on
Termination in 2021 [14]. We conclude in Section 7 with suggestions for future work.

? Fabian Mitterwalh}er and Aart Mi.ddeldorp;

37 icensed under Creative Commons License CC-BY 4.0
7th International Conference on Formal Structures for Computation and Deduction (FSCD 2022).
Editor: Amy P. Felty; Article No. 27; pp. 27:1-27:17

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


mailto:fabian.mitterwallner@uibk.ac.at
https://orcid.org/0000-0001-5992-9517
mailto:aart.middeldorp@uibk.ac.at
https://orcid.org/0000-0001-7366-8464
https://doi.org/10.4230/LIPIcs.FSCD.2022.27
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de

27:2

Polynomial Termination over N Is Undecidable

2 Preliminaries

We assume familiarity with term rewriting [2], but recall the definition of (incremental)
polynomial termination over N. Given a signature F, a well-founded monotone F-algebra
(A,>) consists of a non-empty F-algebra A = (A,{fa}rer) and a well-founded order
> on the carrier A of A such that every algebra operation is strictly monotone in all its
arguments, i.e., if f € F has arity n > 1 then fa(ai,...,ai,...,a,) > falar,...,b, ... an)
for all aj,...,a,,b€ Aand i€ {1,...,n} with a; > b. The induced order >4 on terms is a
reduction order that ensures the termination of any compatible (i.e., £ >4 r for all rewrite
rules £ — r) term rewrite system (TRS for short) R. We call R polynomially terminating
over N if compatibility holds when the underlying algebra A is restricted to the set of natural
numbers N with standard order >y such that every n-ary function symbol f is interpreted
as a monotone polynomial fy in Z[z1,...,x,] with fx(0,...,0) > 0. The latter condition is
needed for fy to be well-defined over N. We use N to denote N\ {0}.

Whereas well-founded monotone algebras are complete for termination, polynomial
termination gives rise to a much more restricted class of TRSs. For instance, Hofbauer and
Lautemann [8] proved that polynomially terminating TRSs induce a double-exponential
upper bound on the derivational complexity. Polynomial interpretations can be used in an
incremental fashion, extending their termination proving power. The idea is that in a first
step a polynomial interpretation is used that orients all rewrite rules of a given TRS R weakly
and at least one rule strictly. After removing the rules that are strictly oriented, the process
is repeated. (This is of course not specific to polynomial interpretations and more generally
known as proving termination via relative termination [6, Chapter 3.2].) When no rule
remains, the incremental termination proof succeeds. In this case, R is called incremental
polynomially terminating over N. The following example is from [18, Example 6.2.21].

» Example 1. Consider the TRS R consisting of the rewrite rules

O+y—y s(z) +y — s(x +y) Oxy—0 s(z) xy — (z xy)+y
The polynomial interpretation

00=0 su(@)=2+2 +uley) =a+y+2  xule.y) =ay+ 20+ 2y +2
gives rise to the following order constraints on N:

y+2>y z+y+d=z+y+4 2y+2>0 zy+2x+4y+6>zy+2rx+3y+4

So three of the four rules are oriented strictly. The exception is the rule s(z) + y — s(z + y),
which is turned into an equality. Changing the interpretation to

sn(r) =z +1 +n(z,y) =224y

orients this rule strictly. Hence R is incremental polynomially terminating over N. With
some effort, it can be shown that R is not polynomially terminating over N. So R resides in
the middle ring in Figure 1.

3 Hilbert's 10th Problem

In 1901 David Hilbert published a list of 23 mathematical problems, all of which were
unsolved at the time [7]. The tenth problem on the list asked for a procedure to solve
Diophantine equations.
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Figure 1 Polynomial termination hierarchy.

» Problem 2 (Hilbert 10). Given a polynomial P € Z[x1, ..., x,], determine if there exists
Z1y..., &y € Z such that P(xq,...,x,) =0.

In 1970 Yuri Matiyasevich showed that recursively enumerable sets are diophantine [12].

From this it follows that Hilbert’s 10th problem is undecidable [4].
» Theorem 3. Hilbert’s 10th problem is undecidable.

In this paper we use the following three variations of Hilbert’s 10th problem, all of which
are undecidable. Like Hilbert’s 10th problem, (2) and (3) are semi-decidable, in other words
the “yes” instances can be answered in finite time. Due to the universal quantification this
is not the case for (1), which is co-semi-decidable, meaning that the “no” instances can be
answered in finite time.

» Theorem 4. The following decision problems are undecidable.

(1) instance: a polynomial P € Z[z1,...,xn)]

question:  P(x1,...,zn) >0 for all z1,...,z, € N?
(2) instance: a polynomial P € Z[z1,...,xx)]

question:  P(z1,...,zn) =0 for some x1,...,x, € N} ?
(3) instance: a polynomial P € Z[z1,...,xx)]

question:  P(z1,...,zn) = 0 for some x1,...,2x, € N3 ?

Proof. This follows by a reduction from Problem 2. We show this for (3). The other
statements can be shown in a similar way (cf. [18, Proposition 6.2.11]). Assume there exists
a procedure to solve (3) and let P € Z[z1,...,z,] be some polynomial. We can modify the
original question of Hilbert’s 10th problem as follows:

Jx1,...,x, € Z P(x1,...,2,) =0
— Jxy,...,2, €Z ~(P(21,...,2,)* > 0)
< Jx1,..., 0y €Z ~(=P(21,...,2,)* <0)
— 3Ja1,..., 20, €Z — P(x1,...,2,)> >0
— Jay,...,a, €{-1,0,1} Jy1,...,yn ENL — Plary1,...,anyn)> =0
For each tuple @ = (aq,...,a,) € {—1,0,1}", we construct the polynomial Qz(y1,...,yn) =
—P(a1y1,- .., anyn)?. From our assumption “Jyi,...,yn € Ny Qz(y1,...,yn) = 07 is

decidable for all @. Since there only exist finitely many such tuples, this proves decidability
of Problem 2. This obviously contradicts Theorem 3 and hence (3) is undecidable. <
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Table 1 The TRS R.

f(s(z)) = s(s(f(z))) (A s(s(0)) — a(s(0)) (&)
q(f(x)) = f(f(a(z)))  (B) s(0) =+ q(0) (H)

f(z) = a(z,z) (©) s°(0) — q(s(s(0))) @

s() = a(0,z) (D) a(s(s(0))) — s*(0) (J)

s(z) — a(z,0) (E) s(a(z,z)) — d(z) (K)
a(a(z),f(z)) — q(s(x)) (F) s(d(x)) = a(z, ) (L)
s(a(q(a(z,y)),d(a(z,y)))) = a(a(a(z),a(y)), d(m(z, y))) (M)

s(a(a(a(z), a(y)),d(m(z,y)))) — ala(a(z, y)),d(a(z, y))) (N)

4 Undecidability of Polynomial Termination

In this section we construct a family of TRSs Rp parameterized by polynomials P €
Z[z1,...,xy,) such that R p is polynomially terminating over N if and only if P(z1,...,2,) >0
for all zy,...,z, € N. The construction is based on techniques from [15], in which specific
rewrite rules enforce the interpretations of certain function symbols. Our TRSs Rp consists
of three parts: A fixed component R, which is extended to Ry for some k € N depending on
the exponents in P, and a single rewrite rule that encodes the positiveness of P.

» Definition 5. Given a polynomial P € Z[z1,...,x,], the TRS Rp is defined over the
signature consisting of a constant 0, unary function symbols s, d, f, q, p1,...,pk, and binary
function symbols a and m. Here k is the highest degree of an indeterminate in P.

To encode the positiveness of P we need to constrain the possible interpretations of
function symbols, in order to represent numbers, addition and multiplication. That is the
purpose of the TRS R, whose rules are presented in Table 1. It is a simplified and modified
version of the TRS R4 in [15]. As will be shown later, this setup allows us to represent natural
numbers as terms using the symbol 0 for the number 0 and s for the successor function. For
the operations we have the binary symbols a for addition and m for multiplication. However,
since multiplication is not strictly monotone on N we restrict the interpretation of m to
xy + x + y, which suffices for the reduction. The remaining function symbols in R are not
used to encode the positiveness of P, but are required for the construction to work. First we
show that the mentioned interpretations prove termination of R.

» Lemma 6. The TRS R is polynomially terminating over N.

Proof. The well-founded algebra (N, >y) with interpretations

Ony=0 sy(z) =2 +1 an(z,y) =z +y an(z) = 22
dn(z) = 2z fn(z) =42+ 6 my(z,y) =zy+2+y
is monotone and compatible with R. Hence R is polynomially terminating. |

Note that this polynomial interpretation is found by the termination tool TTT with the
strategy poly -direct -nl2 -ib 4 -ob 6.

More importantly, to ensure termination in (N, >y), the rewrite rules of R require that
the interpretation of some of the function symbols is unique. The proof of the following
lemma closely follows the reasoning in [15, Lemmata 4.4 and 5.2].
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» Lemma 7. Any monotone polynomial interpretation (N, >y) compatible with R must
interpret the function symbols 0, s, d, a, m and q as follows:

On =0 sn(z) =z +1 an(z,y) =z +y
dn(z) = 22 my(z,y) =zy+2x+y an(z) = 22
Proof. Compatibility with (A) implies deg(fy) - deg(sy) = deg(sy)? - deg(fy). This is only
possible if deg(sy) < 1. Together with the strict monotonicity of sy we obtain deg(sy) = 1.
Hence s must be interpreted by a linear polynomial: sy(z) = s12+ s¢ with s; > 1 and s¢ > 0.
The same reasoning applied to (B) yields fy(z) = fiz + fo for some f; > 1 and fy > 0. The
compatibility constraint imposed by rule (A) further gives rise to the inequality

fisiz + fiso + fo > fisiz + fos + s180 + so (1)

for all x € N. Since s; > 1 and f; > 1, this only holds if s; = 1. Simplifying (1) we obtain
f1s0 > 2sg, which implies sg > 0 and f; > 2. If qy were linear, the same reasoning could be
applied to (B) resulting in f; = 1, contradicting fi > 2. Hence qy is at least quadratic.

Next we turn our attention to the rewrite rules (C) — (F). Because fy is linear, compatibility
with (C) and strict monotonicity of ay ensures deg(ay) = 1. Hence, ay = asx + a1y + ag
with as > 1, a1 > 1 and ag > 0. From compatibility with rules (D) and (E) we obtain a; = 1
and ag = 1. Using the current shapes of ay, fy and sy, compatibility with rule (F) yields
the inequality fy(x) + ag > qn(z + so) — dn(z) for all x € N. This can only be the case if
deg(fn(z) + ag) = deg(gn(z + s0) — gn(2)), which in turn simplifies to 1 > deg(qn(x)) — 1.
Hence qn(7) = q22% + q12 + qo with g2 > 1. From monotonicity we also have qy(1) > qn(0),
which leads to ¢ + ¢1 > 1.

To further constrain sy we consider the rewrite rule (G). The compatibility constraint
gives rise to

On + 250 > q2(0n + 50)% + ¢1(On + s0) + Qo
= q20% + q257 + On(2g250 + q1) + q150 + Qo
> g2+ On + (1 — g2)s0 (g2 + ¢1 = 1 and qo, g2, S0

>1)
= qaso(s0 — 1) + Oy + s > s§ + On (so =1

)

Hence the inequality 2so > s holds, which is only true if sy = 1. Therefore sy(x) = z + 1.
Compatibility with (D) now amounts to « + 1 > Oy + & + ag, which implies Oy = ag = 0. At
this point we have uniquely constrained Oy, sy and ay. To fully constrain qy we turn to (H),
which implies go = 0, the rule (G), which together with monotonicity implies 2 > qn(1) > 0

and thus qn(1) = ¢2 + ¢1 = 1, and the rules (I) and (J), which imply 5 > qn(2) > 3
2

and thus qn(2) = 4¢2 + 2¢1 = 4. Consequently, ¢o = 1 and ¢; = 0. Hence qn(z) = z=.

Compatibility with the rules (K) and (L) yields z +x + 1 > dy(z) and dy(z) +1 > 2z + 2
which imply dy(z) = 2z. Finally, compatibility with the rules (M) and (N) amounts to
(r+y)2+22+2y+1> 22 +y%+2my(z,y) > (v +1y)? + 22 + 2y, which uniquely determines
my(z,y) =2y +z + Y. <

Using the previously fixed interpretations we can easily restrict the interpretations of any
new symbols. By adding the two rules

s(t) = u s(u) =t

for some terms ¢ and u, we enforce an equality constraint on the interpretations of ¢ and w,
assuming the system remains polynomially terminating.

27:5
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To represent the exponents in the polynomial P we use the symbols p; for 1 < ¢ < k,
where k is the maximal exponent in P. To fix p;y(x) = 2, we add two rules per symbol,
according to the following definition.

» Definition 8. We define a family of TRSs (Ri)r>o0 as follows:

Ro=R
R1=TRoU{s(p1(x)) = z, s(x) = p1(z)}
s(a(pe+1(), a(w, pr(z)))) = m(z, pr(x)) }

Rir1 = Ri U { s(m(z, pr(x))) = a(pr+1(x), a(x, pi()))

» Lemma 9. For any k > 0, the TRS Ry is polynomially terminating over N if and only if
pin(z) =2t for all 1 <i < k.

Proof. From Lemma 6 we know that R is polynomially terminating and the interpretations
are unique due to Lemma 7. Hence the lemma holds for Rg. For k > 1, the if direction holds,
since the interpretations p;y are monotone and the polynomial interpretation is compatible
with Ry:

r+1>zx r+1>zx
for R1 \ Ro and
e o A R R L AR R R b S AN R il

for Ry \ Rg—1. For the only if direction we show that compatibility with the additional rules
implies p;y(z) = 2° for all 1 < i < k. This is done by induction on k. For k = 1 the two
rules in Ry \ R enforce p;y(z) +1 > x and z + 1 > p;y(x). Hence p;(z) = . For k > 1 the
rules in Ry \ Ry—1 enforce pry(2) = - pr—1y(x) by the same reasoning. From the induction
hypothesis we obtain py_1y(z) = 2F=1 and hence ppy = ¥ as desired. |

The fixed interpretations can now be used to construct arbitrary polynomials. Since
non-monotone operations, such as subtraction (negative coefficients) and multiplication,
cannot serve as interpretations for function symbols, we model these using the difference of
two terms. In the following we write [¢]y for the polynomial that is the interpretation of the
term ¢, according to the interpretations stated in Lemmata 7 and 9.

» Lemma 10. For any monomial M = cx? oo xtmowith iy, ... iy > 0 and ¢ # 0 there exist
terms £y and Ty over the signature of Rumax(0,is,....im), SUch that M = [{y]y — [rar]n and
Var(lar) = Var(ra).

Proof. First we assume the coefficient ¢ is positive. We construct ¢;; and rj; by induction
on m. If m = 0 then M = ¢ and we take £3; = s¢(0) and r); = 0. We trivially have
Var(£y) = @ = Var(ry) and [{y]n — [ru]y = ¢ — 0 = M. For m > 0 we have M = M'z}r
with M’ = cxil ce xz;”__ll The induction hypothesis yields terms £, and ry; with M’ =
[ZM’]N — [TM’}N and Var(EM/) = Var(rM/). Hence

M = M'zjy = [Cap]nayy — [y
= (mn([ar ], ) = [l — 23 ) — (mn(frae s i) — [rae ]y — i)

= (mn([€rr]N, Piyy iy (Tm)) + [Tarr]n) — (M ([rar )N Piy () + [€arr])
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and thus we can take £py = a(m(€pr, pi,, (Tm)), rar) and rar = a(m(rar, pi,, (Tm)), €arr).

Note that Var(€yr) = Var(€ar) U{xm, } U Var(rys) = Var(ra).
If ¢ < 0 then we take £py = r_pr and ryy = £_pr. We obviously have Var(€y) =
Var(r_pr) = Var({_ps) = Var(rpr). Moreover,

M=—(-M)=~([l-mln = [r-m]n) = = ([rm]n = [lm]n) = ]y — [ru]n <

» Definition 11. Let P = M; + ---+ M;_1 + M; € Z[z1,...,z,] be a sum of monomials.
We define {p = a(lar,, - -a(lpr,_ys ary) -+ ) and rp = a(rag,, -+ -a(rag_y, o) - -+ ). Moreover,
by =19 = 0. We define the TRS Rp as the extension of Ry with the single rule {p — rp.
Here k is the maximal exponent occurring in P.

Note that the rewrite rule {p — rp in Rp is well-defined; £p is not a variable and
Var(¢p) = Var(rp) as a consequence of Lemma 10.

» Example 12. The polynomial P = 222y —xy+3 is first split into its monomials M; = 22y,
My = —xy and M3 = 3. Hence we obtain the TRS Rp, = Ro U {a(lnr,,a(lnry, lns,)) —
a(ray s a(ras, s Tas,)) by where

Uar, = a(m(a(m(s*(0), p2(2)), 0), p1()), a(m(0, pa(x)),5°(0)) )

ra, = a(m(a(m(o, pzz(xxz)),SQ(O)), P1(y)), a(m(s2((;;i:>2(x)),0)>
a1, = a(m(a(m(0, p12(;2)),5(0)), P1(y)); a(m(S(O)f;ix)),O))
T, = a(m( a(m(S(O)T;(m)x 0), p1(y)), a(m(0, pfzw))s(O)))
Oy =s°(0) gy Z: 0 )

Note that in the terms ¢z, and rpz, the £ and r of the recursive call are switched since M,
has a negative coefficient.

» Theorem 13. For any polynomial P € Z[z1,...,x,], the TRS Rp is polynomially termin-
ating over N if and only if P(x1,...,xn) >0 for all zq,...,2, € N.

Proof. First suppose Rp is polynomially terminating over N. So there exists a monotone
polynomial interpretation in (N, >) that orients the rules of Rp from left to right. Let k be
the maximum exponent in P. From Lemma 7 and Lemma 9 we infer that the interpretations
of the function symbols 0, s, a, m, and p; for 1 < ¢ < k are fixed such that, according to

Lemma 10, P = [¢p]n — [rp]n. Since the rule £p — rp belongs to Rp, P(z1,...,2z,) > 0 for
all z1,...,z, € N by compatibility.

For the if direction, we assume that P € Z[xy, ..., 2,] satisfies P(x1,...,2,) > 0 for all
T1,...,T, € N. By construction of £p — rp and Lemma 10, the interpretations in Lemma 7
and Lemma 9 orient the rule /p — rp from left to right. The same holds for rules R,,. Hence
R p is polynomially terminating over N. <

» Corollary 14. [t is undecidable whether a TRS is polynomially terminating over N.

Since the proof reduces polynomial termination to (1) from Theorem 4, which is not
semi-decidable, the same holds for polynomial termination.
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The construction of Rp may produce non-terminating systems. Take for example the
polynomial P; = —1. The resulting TRS Rp, = RU{0 — s(0) } is obviously not terminating.
Hence the question remains whether polynomial termination over N is undecidable for
terminating TRSs. In the next section we show that this is indeed the case.

Another question is whether incremental polynomial termination over N, where we take the
lexicographic extension of the order induced by the polynomial interpretations, is decidable.
The construction of Rp cannot be used to answer this question. Consider for instance the
polynomial P, = x. We obtain ¢p, = a(m(s(0), p1(z)),0) and rp, = a(m(0, p1(x)),s(0)).
As a result, the TRS Rp, = Ry U {fp, — 7p,} is not polynomially terminating over
N since Upy = 2+ 1 % x + 1 = [rp,|n for © = 0. However, if we take a second
interpretation over N where the interpretation of m is changed to my(z,y) = 2z + y, then
lpn =2+2 > 2+ 1= [rp]y for all z € N. Hence Rp, is incremental polynomially
terminating over N. In Section 6 we provide a different construction which permits to answer
the question about incremental polynomial termination over N

5 Polynomial Termination of Terminating Rewrite Systems

In the reduction in the previous section indeterminates in the input polynomial P are modeled
as variables in the rewrite rule /p — rp. In this and the next section we model indeterminates
as unary function symbols. The following example illustrates how we intend to model the
indeterminates as coefficients of the interpretation of the associated function symbol.

» Example 15. Suppose the interpretations of the function symbols 0, s, and a are already
fixed to 0, the successor function, and addition. Moreover, let f be a unary function symbol
whose interpretation is linear without any upper bound on the coefficients. The rewrite rules

s(0) — X(0) s(0) — Y(0) f(z) = X(x) f(z) = Y(z)

constrain the interpretations of the unary function symbols X and Y to homogeneous linear
polynomials: Xy(z) = cx and Yy(x) = dz, where ¢,d > 0. The claim that the polynomial
P(z,y) = 2% + 2y — x — 3 has a root in N is equivalent to the claim that the rules

s(a(X(s(0)),5%(0))) — a(X(X(s(0))), X(Y(s(0))))
s(a(X(X(s(0))), X(Y(s(0))))) — a(X(s(0)),5°(0))

can be oriented by a polynomial interpretation, assuming the interpretations are constrained
as above. To see this we look at the induced compatibility constraint of the two rules:

c+3=c2+cd

After some rearranging c¢,d € N, take the place of z and y in the polynomial. Hence this
equation has a solution if and only if the polynomial has a root in the positive natural
numbers.

Note that natural numbers and addition are still modeled using the symbols 0, s and a,
however multiplication of indeterminates (and a single coefficient) are now modeled using
function composition. For example 2zy becomes Y (X(s(s(0)))). To make this possible we
constrain the possible interpretations of these symbols using the TRS Cp.
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Table 2 The TRS C.

f(s(@)) = s(s(f(z)))  (A) f(z) = a(z,z) (D) s(s(0)) = a(s(0))  (G)
q(f(z)) — f(f(a(z)))  (B) s(z) = a(0,2)  (E) s(A(z)) = B(z) (L)
a(a(@), f(z)) = a(s(x)) (©) s(z) »a(z,0)  (F) s(B(z)) = A(z) (M)

» Definition 16. Given a polynomial P € Z[x1,...,x,], the TRS Cp is defined over the
signature consisting of a constant 0, unary function symbols s, f, q, X1,...,X,, A, B, and a
binary function symbol a. It contains the rewrite rules presented in Table 2, which we denote
by C, as well as the 2n rules

s(0) — X;(0) (Hs) f(x) — Xi(x) (L)
for all 1 < i < n, which we denote by X,,.

The function symbols A and B in the rules (L) and (M), are not needed for modeling
P or for constraining the interpretations of the other symbol, but will be used to prove
incremental polynomial termination of the TRS later.

» Lemma 17. The TRS CU X, is polynomially terminating over N, for any n > 0.

Proof. The interpretations

On=0 sy(z)=2+1 an(z,y)=2+y an(z) = 2
Ay(z) =z By(z) ==z fn(z)=fz+f+2 Xin(@)=czx forl1<i<n
for any c1,...,c, > 0 and with f = max(3,¢1,...,c,) are compatible with the rules in CUX,,.

For the rules in C this can be seen as follows:

[f(s(x)n = fe+2f +2> fo+ f+4=[s(s(f(2)))]n (A)
[a(f()ln = f22® + 2fz(f +2) + f2 +4f +4 > f2a® + 2+ 3f + 2 = [f(f(a(=))ln (B)
[a(q(z), f(z)n = 2® 4+ fo + f4+2 > 2% + 22+ 1 = [q(s(z))]n (@)
[f(@)n = fz+f+2>2z=[a(z,2)]n (D)
[s(x)]y=2+1>z=][a(0,2)]n (E)
[s(z)ln=2+1>2=[a(z,0)]n (F)
s(s(0))]n =2 > 1 = [q(s(0))]n (G)
[s(A()ln =2+ 1> 2= [B(z)]y (L)
[s(B(z))ln =2+ 1>z =[A(z)]n (M)
For the rules in X,, we have
[s(0)ln = 1> 0= [X;(0)]w (H;)
[f(@)ln = foz+ f+2>cz=[Xi(z)]n (1)
<
Before we can formally define the two ground rules that model “P(z1,...,2,) = 0
for some z1,...,2, € Ny,” we need a preliminary definition which associates terms with

polynomials.
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» Definition 18. Given a polynomial

m k
P= ZMi—FZNJ- € Zlxy, ... x,)
i=1 j=1

such that the monomials My, ..., My, have positive and the monomials N1,..., N have
negative coefficients, we define Py = My + -+ + M,, and P_ = —(Ny +--- + Ni). Given a
monomial M € Z[x1, ..., x,] with positive coefficient, we define the term ty; inductively as
follows:

. [s@  fM=cen.
MKt if M = M2

Given a polynomial P = My + -+ M; € Z[x, . .., x,] with positive coefficients, we define
the term tp inductively as follows:

0 if1=0
tp = ta, ifl=1

a(ty,,tp—n,) otherwise

» Example 19. For the polynomial P(z,y) = x> — 2zy? + 3y — 2 we obtain

» Definition 20. The TRS Cp is the extension of C U X, with the two ground rules

A(s(tp,)) = B(tp.) (J) A(s(tp_)) — Bltp,) (K)

» Theorem 21. For any polynomial P € Z[x1,...,x,], the TRS Cp is polynomially termin-
ating over N if and only if P(x1,...,2,) = 0 for some x1,...,2, € Ny. Moreover, Cp is
incremental polynomially terminating over N.

Proof. First suppose that Cp is polynomially terminating over N. By the same reasoning as
in the proof of Lemma 7, compatibility with the rules (A) — (G) in Table 2 ensures

Oy =0 sn(r) =z +1 an(z,y) =z +y

Moreover, the interpretation of f must be linear, i.e., fy(x) = fiz + fo, and fo > f1 + 1.
The rules (L) and (M) mandate Ay(z) = By(z) for all € N. Importantly this also means
An(z) = By(y) implies z = y for all z,y € N due to monotonicity. The rules in R,
constrain the interpretations of the symbols Xy, ..., X, to X;y(x) = ¢;x with arbitrary values
€1,...,¢n € Ny, Hence [ty = cci - - ¢ir for a monomial M = czi' - - - zir with ¢ > 0, and

thus also [tg|y = Q(cq, ..., ¢,) for a polynomial with positive coefficients. Consequently, the
two rules in Definition 20 induce the constraint

Pi(c1y...yen) =P_(c1,...,¢n)

This constraint is satisfiable if and only if the polynomial Py (x1,...,2,) — P—(21,...,Zn) =
P(x1,...,x,) has a root in Ny. Conversely, suppose P(a1,...,a,) =0 for some ay,...,a, €
N,. From Lemma 17 we obtain that C U &), is polynomially terminating over N. According



F. Mitterwallner and A. Middeldorp

to the proof of Lemma 17, we are free to choose the (positive) coefficients ¢y, ..., ¢, of
Xins - - - Xnn. By taking ¢; = a; for 1 < i < n, we ensure [tp, |y = [tp_]n and hence Cp is
polynomially terminating over N.

For the second statement we start with the interpretations

On=0 sy(z) =2 an(z,y) =z+y an(z) = 22° 4z
fn(z) = 22+ 2 An(z) =z Bn(z) =2 Xin(x) =2 forl1<i<n

that strictly orients (B), (C), (D) and (I;):

[q(f(z))]n = 822 + 18z + 10 > 822 + 42 + 6 = [f(f(q(2)))]n (B)
[a(q(z), f(2))]n = 222 + 3z + 2 > 222 + 2 = [q(s(z))]n (©)
[f(z)ln =2z +2 > 2z = [a(z, z)]y (D)
[f(@)n=2z+2 >z =[X;(2)]n (I;)

All other rules of Cp are weakly oriented. Note that [tas]y = 0 for all monomials M with
positive coeflicient. Hence the rules (J) and (K) are turned into the identity constraint 0 = 0.
In the second step we use the interpretation
On=0 sn(w) =2z an(z,y) =z +y an(z) =z
An(z) =z +1 By(z) =2 +1 fy(x) = 22 Xin(x) =2 forl<i<n
which orients (L) and (M) strictly:

[s(A(z))ln=2x+2>2+1=[B(z)|y (L)
[s(B(z))n=2z+2>z+1=[A(z)]n (M)

In the third step we change the interpretation of B:

On=0 sn(z) =2z an(z,y) =z +y an(z) =@
An(z) =z +1 Bn(z) =2 fn(z) = 22 Xin(z)=2 forl<i<n
This allows to orient (L) and (M) strictly:
[A(s(tp, )y =1> 0= [B(tr_)ln (J)
[A(s(tp))ln = 1> 0= [B(tp, )In (K)

The remaining rules (A), (E), (F), (G) and (H;) are strictly oriented using the final inter-
pretation:

On =0 an(z,y) =z +y an(z) = 2°
sy(z) =2 +1 fn(z) = 3z Xin(x) =2 forl<i<n <

» Corollary 22. Polynomial termination over N is undecidable for incremental polynomially
terminating TRSs.

6 Incremental Polynomial Termination is Undecidable

The final result is the undecidability of incremental polynomial termination over N. This
time we model the indeterminates in the given polynomial as the degree of the interpretation
of the associated function symbols. Due to monotonicity of the interpretations we cannot
use polynomials of degree zero. We therefore limit the arguments of the polynomial P to
N, and use a reduction to (3) from Theorem 4. The idea behind modeling polynomials as
degrees of interpretations is illustrated in the following example.
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Table 3 The TRS D.

» Example 23. Consider the symbols m and f where the interpretation of m is fixed as
my(z,y) = 2y + x + y (like in Section 4) and fy(z) = dx + ¢ is some linear polynomial with
coefficients d, ¢ > 0. To model that P(x,y) = 2zy — x > 0 for some z,y € N, we also add
function symbols for each indeterminate. In this example X and Y. To model the (positive)
coefficients of P we use the variable x for 1 together with the symbol m, which models
addition on the level of the degrees of polynomials. Multiplication is modeled as function
composition. The rule

fY(X(m(z,2)))) = X(x)
can be oriented only if
deg([f(Y(X(m(z,2))))ln) = 2 deg(Xy) deg(Yn) > deg(Xn) = deg([X(z)]n)

for some polynomials Xy and Yy where deg(Xy),deg(Yy) > 0. Since otherwise, there will
always be some = € Ny such that [f(Y(X(m(z,2))))]n < [X(z)]n. Moreover the outermost
f allows us to always chose a large enough d and ¢, such that the rule can be oriented if
2 deg(Xy) deg(Yn) > deg Xy independent of the exact shape of Xy and Yy. Orienting this
rules is therefore possibly if and only if P(z,y) > 0 for some z,y € N,..

To constrain the interpretations of the function symbols for this setup to work, we use
the following TRS.

» Definition 24. Given a polynomial P € Z[x1,...,2y,], the TRS Dp is defined over the
signature consisting of a constant 0, unary function symbols f, q, X1,...,X,, and binary
function symbols a and m. It contains the rewrite rules presented in Table 3, which we denote
by D, as well as the single ground rule

f(0) = m(a(0),a(0,a(X1(0), ..., a(X,-1(0), X (0)) - ..))) (X)

Note that all function symbols with the exception of f appear in the right-hand side of
(X). The importance of this observation we will see later.

» Definition 25. Given a monomial M € Z[x1, ..., x,] with positive coefficient, we define
the term tps inductively as follows:

T ifM=1
ty =dm(z,te—y) fM=c>1
Xi(tM/) Z'fM:M/l‘i
Given a polynomial P = My + -+ + M; € Z[x1, . ..,x,] with | > 1 and positive coefficients,
we define the term tp inductively as follows:

{tMl ifl=1
tp =

m(tar,tp—n,) otherwise
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Note that Var(tp) = {z} for any P € Z[z1,...,2,]. So [tp]n is a univariate polynomial.

» Example 26. For the monomial M = 3zy? and polynomial P = 322 + y + 2 we have

tar = Y(Y(X(m(z, m(z,z)))))
tp = m(X(X(m(z, m(z,2)))), m(Y(z), m(z, z)))

» Lemma 27. If mn(x,y) = maay + max + myy + mo with ms > 0 then
deg([tar]n) = ¢~ deg(Xip)™ - - deg(Xun)™ = M (deg(Xin), . - - » deg(Xnn))

for monomials M = cxi* -zl with ¢ > 0, and

deg([tp]n) = deg([tar,|n) + - - + deg([tar,In) = P(deg(Xin), . . ., deg(Xnn))
for polynomials P = My + --- 4+ M; with I > 1 and positive coefficients.

Proof. We prove the statement for monomials M. If M = 1 then t); = x and [ty = @
and thus deg([tp]y) = 1. If M = ¢ > 1 then t)r = m(x,t.—1) and, due to the assumption
concerning the interpretation of m, [tas]y = msx[te—1]n+mox +mq[te—1]n +mo with ms > 0.
We obtain deg([t.—1]n) = ¢ — 1 from the induction hypothesis. Hence

deg([tmn) =14 (¢ — 1) = ¢ = M(deg(X1y), - - - ,deg(Xun))

If M = M’'z" then tp; = X¥(tpr). Without loss of generality we assume that x = x,, and
M' € Z[x1, ..., 2n_1]. We have [ty]n = (Xnn)i[tar]n. The induction hypothesis yields

deg([tar]n) = ¢ deg(Xiy)™ -+ deg(Xn—1y) =" = M'(deg(X1n), - - -, deg(Xn—1y))

and thus deg([ty]n) = c-deg(Xiy) ™ - - - deg(Xpn) » = M (deg(Xiy), . .., deg(X,y)) by setting
i, = 4. The statement for polynomials is an easy consequence of the one for monomials. <«

» Example 28. Consider the polynomial P = 222 +y + 1 and suppose my(z,y) = zy+x +,
Xn(z) = 22 and Yy(x) = 2°. We have

tp = m(X(X(m(x,x))), m(Y(x)7$))
[tply = (2% +22)2) % (2%z + 23 + 2) + ((2® + 22)%)?) + (2%z + 2% + 2)

Note that deg([tp]n) = 12 = P(2,3). If we change the interpretations of X and Y to
Xn(x) = 2% and Yy(z) = 2* then

[tpln = (22 +22)°) (zz + 2* + ) + (2 + 22)°)°) + (2?2 + 2* + 2)
and deg([tp]n) = 55 = P(5,4).
» Definition 29. The TRS Dp is the extension of DU {(X)} with the single rule
f(tp,) — tp. (H)

Since tg is undefined in Definition 25, the TRS Dp is defined only when P contains both
monomials with positive and with negative coefficients. Since Hilbert’s 10th problem is
trivially decidable for polynomials with only positive (negative) coefficients, this entails no
loss of generality.
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» Example 30. The TRS D,2_5,,3 consists of the rules in Table 3 extended with
f(0) = m(a(0),a(0,a(X(0),Y(0))))  f(m(X(X(x)), m(z, m(z,z)))) = Y (X(m(z,z)))
The following lemma is used in the proof of the main result of this section.

» Lemma 31. If deg(P) > deg(Q) for univariate polynomials P,Q € Z[x] with positive
coefficients then

¢ P(z)+c¢> Qz)
for some ¢ € N and all x € N.

Proof. Let k be the degree of Q. So Q(x) = apx® + -+ 4+ a1x' + ag for some coefficients
ag, - - -,ar € N with ag # 0. Define ¢ = ax, + -+ - 4+ ay + ag + 1. We have

c-Plx)+ezca +e>Qx)+1>Q(x)
for all z € N. <

» Theorem 32. For any polynomial P € Z[xy,...,x,] with both positive and negative
coefficients, the TRS Dp is incremental polynomially terminating over N if and only if
P(ay,...,a,) =0 for some ay,...,a, € N;.

Proof. For the only-if direction, suppose Dp is incremental polynomially terminating over
N. From (A) we infer deg(fy) = 1. So fy(x) = fiz + fo with f; > 0. From rule (C) we
obtain deg(ay) = 1 and thus ay(x,y) = asx + a1y + ap with az,a; > 0 and subsequently
f1 > (a2 + a1) = 2. Because Dp is incremental polynomially terminating, at least one
of its rewrite rules is oriented strictly. This is possible only if the constant part of some
interpretation function is positive. Now consider rule (X). Since it contains all function
symbols, either fy > 0 or

[m(q(0)7 a<0’ a(Xl(O)’ ] a(Xn_l(O),Xn(O)) ce )))]N >0

In both cases we obtain [f(0)]y > 0. Consider rule (A) again. If qn(z) is linear then f; = 1,
contradicting f1 > 2. So deg(qy) = 2. From (B) we infer

arfn(fn(@)) + ao = an(azz + a1[f(0)]n + ao) — azan(w)

Abbreviating a;[f(0)]x + ao to d and letting qn(7) = qpa® + - -+ + gzt + qo with k& > 2, the
expression qy(asx + d) — asqy(z) evaluates to

k k k i . k
Satosw+af ~ax3aat =303 ([ Jobra ™ - Y
1=0 i=0 =0 j=0 J =0
k it i ] k )
R C ML RN
i=0 j=0 J i=0

k i—1 /. k
=0 X, (et - i
=0

i=0 j=0

Note that d > 0 because [f(0)]y > 0 and az > 0. The degree of the left sum is k — 1 whereas
the right sum has degree 0 if as = 1 and k if as # 1. Since the degree is bounded by
deg(fy)? = 1, we must have as = 1. Hence

1 > deg(qn(az2z + a1[f(0)]y + ao) — a2qn(x)) = deg(gn) — 1
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and thus deg(qn) = 2. Rules (F) and (G) ensure deg(my(z,z)) = 2 and thus we may write
my(z,y) = msa? + may? + mazy + mex + myy + me. Considering rule (D) yields

1 > deg(my(0y, 2)) = deg(ms03 + max? + (m30y + m1)z + maOy + mo)

and thus my = 0. Similarly, rule (E) yields ms = 0. Hence ms > 0 for otherwise
deg(my(z,x)) = 2 does not hold. From rule (H) with deg(fy) = 1 we obtain deg([tp, |n) >
deg([tp_]n). Subsequently applying Lemma 27 to the terms tp, and tp_ results in

P+(deg(X1N)a ) deg(XnN)) z> P (deg(XlN)7 s 7deg(XnN))

Hence P(deg(Xiy),--.,deg(X,y)) = 0 as desired.

For the if direction, suppose P(aq,...,a,) = 0 for some ay,...,a, € N;. The interpreta-

tion
Oy =0 an(z,y) =z +y an(z) = 2* +z
fn(z) = fe+ f my(z,y) =zy+z+y Xin(x) =2% for1<i<n
with f > 2 orients the rules of DU {(X)} as follows:
q(f(x)) — f(f(a(z))) (fe+ )2+ fetf2 fPa®+a)+ fP+f (A)
a(q(x), f(f(z))) = a(a(z,f(0))) P ratfat fPrfe @) ratf (B)
f(z) = a(z, ) frx+f>2 (C)
f(x) = m(0,x) fe+f>zx (D)
f(z) = m(z,0) fe+f>x (E)
f(a(x)) = m(z,2) P a)+ ] > a2 ()
m(z,z) — q(z) 2> o (G)
£(0) = m(a(0).(0.a(X1(0). ... a(Xu1 (0. X,(0))...)))  F>0  (X)

The assumption P(aq,...,a,) > 0 in connection with Lemma 27 yields

0< Pi(ay,...,an) — P_(a1,...,a,) = deg([tp, |n) — deg([tp_]n)

Since [tp, ]y and [tp_]y are univariate polynomials, we can apply Lemma 31. This yields
a ¢ € N such that c[tp,]n + ¢ > [tp_]n. Hence, by choosing f = max(c,2), the rule (H) is
strictly oriented. This concludes the first step in the incremental polynomial termination
proof of Dp. The interpretation

Oy=0
fN(x):x+1

an(z,y) =2z +y an(x) = 3z + 2

my(z,y) =2z +y+3

orients the remaining rules (A), (B) and (G):

q(f(2)) — f(f(a(x))) 32 +5>3x+4 (A)

a(q(x), f(f(z))) = a(a(z,f(0))) Tz +6> 6z +5 (B)
m(z,z) — q(z) 3x+3>3x+2 (G)

Hence Dp is incremental polynomially terminating over N. |

» Corollary 33. Incremental polynomial termination over N is an undecidable property of
finite TRSs.
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We do not know whether the TRS Dp is terminating (independent of P). Hence Dp
cannot be used to strengthen the result of Corollary 33 to terminating TRSs. However, a
small modification is sufficient to obtain this result.

» Definition 34. The TRS D), is defined as {D%(¢) — D4(r) | £ — r € Dp}.

So each rule £ — r of Dp is placed under a designated unary function symbol Df. The
indices ¢ and r ensure that different rules are rooted by different symbols. The proof of
Theorem 32 is not affected by this modification, since monotonicity implies that D’ (x) > D%(y)
if and only if z > y.

» Lemma 35. The TRS D} is terminating.

Proof. Let the signature of D% be denoted by F. We prove termination using a well-founded
monotone F-algebra A = (N x F,>4), where (n, f) >4 (m,g) if f =g and n >y m. The
interpretation functions for the symbols in Dp are (with 1 < i < n)

04 = (170) aA((xaf)v(yvg)) = (x—i—y—i—l,a) qA((‘ra f)) = (l’+1,q)
fal(z, f)) =@+ L) mallz, f),(y,9) = (@+y+1m) Xz, [f))=(x+1X)

Intuitively these interpretations keep track of the size and the root symbol of the term. The
interpretations of the symbols D! ensure that they weigh more when appearing on the left
and are defined as

(|r| -z +1,D%) if f = root(¥)
(z +1,D%) otherwise

Dy a((z, f)) = {

where |r| denotes the size of the term r. One easily verifies that all rewrite rules in D) are
oriented strictly with respect to > 4; note that for right-hand sides D% (r) the second case in
the interpretation of DY applies, except when 7 = t; = z in which case the rule is oriented
based on the size of the terms alone. <

The second component in the interpretations in the above proof simulates root-labeling [16]
and the lemma can also be shown using semantic root-labeling in connection with LPO [17, 13].

» Corollary 36. Incremental polynomial termination over N is an undecidable property of
terminating TRSs.

7 Conclusion

In this paper we proved the undecidability of polynomial termination over N for TRSs
that are incremental polynomially terminating over N. We also proved that incremental
polynomial termination over N is an undecidable property of terminating TRSs. The proofs
remain valid if we restrict to polynomial interpretations with natural numbers as coefficients.
A simple tool that generates the TRSs Rp, Cp and Dp given a polynomial P € Z[x1, ..., Z,]
is available! and useful for tool builders and competition organizers.

As possible future work regarding decidability we mention weakly monotone interpretations
over N as used in a dependency pairs setting [1]. Polynomial interpretations over Q and
R ([11, 15]) are also of interest. Moreover, matrix [5] and arctic [9] interpretations are
under-explored as far as decidability issues are concerned.

! https://github.com/fabeulous/pt-hilbert-encodings
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