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—— Abstract

In this work, we initiate the study of proximity testing to Algebraic Geometry (AG) codes. An
AG code C' = C(X,P, D) over an algebraic curve X is a vector space associated to evaluations on
P C X of functions in the Riemann-Roch space Lx (D). The problem of testing proximity to an
error-correcting code C consists in distinguishing between the case where an input word, given as
an oracle, belongs to C' and the one where it is far from every codeword of C. AG codes are good
candidates to construct probabilistic proof systems, but there exists no efficient proximity tests for
them. We aim to fill this gap.

We construct an Interactive Oracle Proof of Proximity (IOPP) for some families of AG codes by
generalizing an IOPP for Reed-Solomon codes, known as the FRI protocol [9]. We identify suitable
requirements for designing efficient IOPP systems for AG codes. Our approach relies on a neat
decomposition of the Riemann-Roch space of any invariant divisor under a group action on a curve
into several explicit Riemann-Roch spaces on the quotient curve. We provide sufficient conditions
on an AG code C' that allow to reduce a proximity testing problem for C' to a membership problem
for a significantly smaller code C’.

As concrete instantiations, we study AG codes on Kummer curves and curves in the Hermitian
tower. The latter can be defined over polylogarithmic-size alphabet. We specialize the generic
AG-IOPP construction to reach linear prover running time and logarithmic verification on Kummer
curves, and quasilinear prover time with polylogarithmic verification on the Hermitian tower.
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1 Introduction

Let C C £° be an evaluation code with evaluation domain S of size n and alphabet 3. For
u € X% if A(u,C) > §, we say that u is 6-far from C and J-close otherwise. We address
the problem of proximity testing to a code C, i.e. given a code C' and assuming a verifier
has oracle access to a function f : S — X, distinguish between the case where f € C' and f
is d-far from C. In this paper, we focus on the case where C' is an AG code. An algebraic
geometry (AG) code C' = C(X, P, D) is a vector space formed by evaluations on a set P C X
of functions in the Riemann-Roch space Lx (D). We address this problem in the Interactive
Oracle Proof model [15], which has demonstrated to be particularly promising for the design
of proof systems in the past few years.

Context of this work. Under the generic term of arithmetization [34], algebraic techniques
for constructing proof systems using properties of low-degree polynomials have emerged from
the study of interactive proofs [5, 24]. Arithmetization techniques have been enhanced and
fruitfully applied to other broad families of proof systems since then, including probabilistically
checkable proofs (PCPs, [6, 3, 2]). Loosely speaking, in a probabilistic proof system for a
binary relation R, the arithmetization process transforms any instance-witness pair (z, w)
into a word that belongs to a certain error-correcting code C if (z,w) € R, and is very far
from C otherwise.

Since the seminal works of Kilian [31] and Micali [38], a lot of efforts have been put
into making PCPs efficient enough to obtain practical sublinear non-interactive arguments
for delegating computation. In search of reducing the work required to generate such
probabilistic proofs, as well as the communication complexity of succinct arguments based
on them, Interactive Oracle Proofs (IOPs, [15, 42]) have been introduced as a common
generalization of PCPs, IPs and TPCPs [28§]

Considering for the first time univariate polynomials instead of multivariate ones, [19, 23]
constructed a PCP with quasilinear proof length and constant query complexity. Since then,
efficient transparent and zero-knowledge non-interactive arguments have been designed by
relying on Reed-Solomon (RS) codes, including [1, 10, 14, 13, 30, 22, 49]. At some point,
aforementioned sublinear arguments require a proximity test for RS codes.

As a solution, one can use an IOP of Proximity for Reed-Solomon codes (an IOP of
Proximity [12] is the natural extension to the IOP model of a PCP of Proximity). In an IOP
of Proximity (IOPP) for an error-correcting code, a verifier is given as input a code, has
oracle access to a function (a purported codeword) and interacts with a prover. After the
interaction, the verifier accepts if the function is indeed a codeword, and rejects with high
probability if the function is far from any codeword. We defer the formal definition of an
IOPP to Section 1.1.

The FRI protocol is a prover-efficient IOP of Proximity for testing proximity to Reed-
Solomon codes evaluated over well-chosen evaluation points (introduced by [9] and further
improved in [18, 16, 11]). It admits linear prover time, logarithmic verifier time and
logarithmic query complexity. While being sub-optimal for some parameters, the FRI
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protocol is highly-efficient in practice and is a crucial tool in systems deployed in the real-
world. For instance, [12, 43] proposed IOPP constructions for RS codes with constant query
complexity whereas the FRI protocol has logarithmic query complexity.

The main drawback of RS codes is that they must have an alphabet size larger than
their length. AG codes [25], as evaluations of a set of functions at some designated rational
points on a given curve, extend the notion of Reed-Solomon codes and inherit many of their
interesting properties. Therefore, replacing RS codes with AG codes is not only natural but
has also led to improvements in the past. Examples of cryptographic applications of AG
codes include public key cryptography, distributed storage, secret sharing and multi-party
computation. A feature for a family of codes that facilitates arithmetization is a multiplication
property [37], namely the fact that the component-wise multiplication of two codewords
results in codewords in a code whose minimum distance is still good. This multiplication
property actually emulates multiplication of low-degree polynomials. Algebraic geometry
codes not only feature this multiplication property but may also have arbitrary large length
given a fixed finite field F, unlike RS codes.

Limitations of Reed-Solomon codes. We identify two limitations of using RS codes in
10Ps.

As mentioned earlier, RS codes are the simplest case of AG codes, but possess an inherent
limitation: the alphabet size must be larger than the block length of the code. Therefore,
practical IOP-based succinct arguments are designed over large fields.

The second limitation is related to the algebraic structure of the field. RS-IOPPs [19, 9]
require the set D C FF of evaluation points to have a special structure. Concretely, the field
must contain a subgroup of large smooth order, typically a power of 2 which is larger than
the size of the non-deterministic computation to be verified. Depending on the applications
of succinct non-interactive arguments, a base field might already be imposed. This is for
instance the case for standard digital signature schemes. For computations whose size exceeds
the order of the largest smooth subgroup of the field, RS-IOPPs known to date can no longer
be used.

We observe that lowering the size of field elements may not significantly shorten the
length of IOP-based succinct non-interactive arguments (see [15]). There are, however, other
reasonable motivations to replace RS codes with AG ones. We explain below how AG codes
could circumvent the limitations of RS codes.

Why can AG codes be useful? First, working over smaller fields lowers the cost of field
operations!. For concrete efficiency, complexity measures such as prover time and verifier
time are closely examined. Reducing significantly the size of the alphabet would have a direct
impact on the binary cost of arithmetic operations. Smaller fields could enhance efficiency of
proof systems since arithmetization of general circuits would be more efficient. Moreover, on
the prover side, the bit complexity of encoding codewords might be smaller.

A popular belief is that encoding with AG codes is an heavy task. It is surely true in
general, but there are explicit families of AG codes for which there are quasilinear time
encoding algorithms [8]. We discuss more about encoding in Section 1.3. On another note,
putting forward applications of AG codes can motivate the study of fast encoding algorithms
for AG codes, in particular in the computer algebra community.

L Consider the application of checking the correct execution of a size n computation. Then an RS-based
IOP for this problem will work over a field of size ©(n). This means that a single addition of two field
elements will cost Q(logn) operations. If the IOP is instead based on a code with polylogarithmic-size
alphabet, the cost of a single addition is only (log(polylog(n)).
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One may be concerned by the overhead of reducing the alphabet size when targeting a
soundness error less than 2. Notice that it is possible to sample enough bits of randomness
from an extension field when needed, or to repeat only some parts of the protocol (see [44, 9]).
For instance, the soundness error of our IOPP is bounded from below by \F\fl. Reaching the
targeting soundness requires to repeat the interactive phase of the IOPP s times, inducing a

factor s ~ multiplicative overhead for the prover. A rough estimation of bit complexities

K
does not slrlli)g\gr‘evidence of a significant overhead. Overall, a proof system supporting small
fields might be more efficient: any part of the protocol which does not contribute to the
soundness error could benefit from cheaper field operations.

In addition, AG codes offer more flexibility on the choice of the field. For computations
of size n, we propose AG codes for which the field is not required to admit an n-th root of
unity (unlike RS-IOPP on a prime field). Specifically, for AG codes over Kummer curves,
the base field needs only to have a N-th root of unity, where N divides n. For AG codes
over curves in a Hermitian tower (which admits a polylogarithmic-size alphabet), our IOPP
does not involve any assumption on the alphabet, except that it must be a degree-2 extension
of a field Iy, where ¢ is any prime power.

Finally, the question of whether there exist concretely efficient IOPPs for AG codes is
motivated by both a theoretical and practical perspective.

1.1 Definition of an IOPP for a code

We are specifically interested in public-coin IOP of Proximity (IOPP) for a family of evaluation
codes €, thereby we specify our definition for this particular setting. An IOPP (P, V) for a
code C is a pair of randomized algorithms, where both P (the prover) and V (the verifier)
receive as explicit input the specification of a code C' € €, C C £°. We define the input
size to be n = |S|. Furthermore, a purported codeword f : S — ¥ is given as explicit input
to P and as an oracle to V. The prover and the verifier interact over at most r(n) rounds.
During this conversation, P seeks to convince V that the purported codeword f belongs to
the code C.

At each round, the verifier sends a message chosen uniformly and independently at
random, and the prover answers with an oracle. Verifier’s queries to the prover’s messages
are generated by public randomness and performed after the end of the interaction with the
prover. Thus, such an IOPP is in particular a public-coin protocol (or Arthur-Merlin [5]).

Let us denote (P «+ V) € {accept,reject} the output of V after interacting with P.
The notation V¥ means that f is given as an oracle input to V. We say that a pair of
randomized algorithms (P, V) is an IOPP system for the code C' C ¥° with soundness error
s:(0,1] — [0, 1], if the following conditions hold:

Perfect completeness: If f € C, then Pr[(P(C, f) <> VI(C)) = accept] = 1.
Soundness: For any function f € ¥ such that 6 :== A(f,C) > 0 and any unbounded
malicious prover P*, Pr[(P* <+ V/(C)) = accept] < s(J).

The length of any prover message is expressed in the number of symbols of an alphabet
a(n). The sum of lengths of prover’s messages defines the proof length I(n) of the IOPP.
The query complexity q(n) is the total number of queries made by the verifier to both the
purported codeword f and the oracle sent by the prover during the interaction. The prover
complexity t,(n) is the time needed to generate prover messages during the interaction
(which does not include the input function f). The verifier complexity ¢,(n) is the time spent
by the verifier to make her decision when queries and query-answers are given as inputs.
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1.2 Our results

In this section, we provide and overview of the three contributions of this paper. In all this
work, we state complexities in field elements and field operations, where the field is the
alphabet of the considered code. Asymptotic complexities are relative to the length of the
code.

The first one is a clear criterion for constructing IOPPs with linear proof length and
sublinear query complexity for AG codes. Our hope with this result is to open up new
possibilities for designing efficient probabilistic proof systems based on families of AG
codes with constant rate and constant distance.

The second contribution is a concrete instantiation for AG codes defined over Kummer-
type curves. This IOPP has strictly linear prover time and strictly logarithmic verification
(counted in field operations). Thus, we give a strict generalization of the FRI protocol for
codes of length n over an alphabet of size roughly n2/3.

The third one is a concrete instantiation for AG codes defined over a tower of Hermitian
curves. Considering recursive towers enables to construct an IOPP for AG codes with
polylogarithmic-size alphabet. For those codes, we give an IOPP with quasilinear prover
time and polylogarithmic verification (counted in field operations).

Efficiency of our two AG-IOPP instantiations leverages the fact that proximity testing

for these families of AG code can be reduced to a proximity test for a small RS code.

Generic criterion for constructing AG-10PPs

Let X be a curve defined over a finite field F, D a divisor on the curve X and P C X (F).
This defines an AG code C = C(X,P, D). We construct a sequence of curves

Tr—1

X=X us X1 ik X i X,
so that Xy arises as the quotient of the curve &; by some automorphism subgroup I'; under
the quotient map ;.

Using these consecutive projection maps, we construct a sequence of AG codes (C;)o<i< of
decreasing length to turn the proximity test of the function f(©) = f to Cj into a membership
test of a function f(") in C,. We show that such a procedure is possible if there is a large
enough (with respect to the length of the code Cy) group G in the automorphism group of X
and under some hypotheses on the divisor D (overviewed in Section 2.2, detailed in Section
4). An AG code fulfilling all the required conditions is called foldable.

Assuming that an AG code C(X, P, D) of blocklength n is foldable, we show that there
is an O(log n)-round IOPP for it, with linear proof length, sublinear query complexity and
constant soundness (see Theorem 42).

In general, we observe that the larger is the group G acting on & compared to n, the
smaller are the query complexity and the verifier decision complexity of the protocol.

However, we notice that the hypothesis on the size of G is not a necessary condition for
constructing an IOPP with sublinear verification. For instance, if the curve X is isomorphic
to the projective line P!, we can continue to recurse in order to reduce even more the size of
the proximity testing problem. We propose two interesting families of AG codes for which it
is the case.
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Concrete IOPP for AG codes on Kummer curves

When X is a Kummer curve of the form 3" = f(x), we show how to choose P and D to make
the AG code C = C(X, P, D) foldable. We benefit from the action of the group Z/NZ on X
that yields a quotient curve X'/(Z/NZ) isomorphic to the projective line. This enables us to
define a sequence of codes (C;)o<i<s such that Cy = C and the code Cj is a Reed-Solomon
code of dimension (deg D)/N + 1.

» Theorem 1 (Informal, see Theorem 43). Let C = C(X,P, D) C F be a foldable AG code
defined over a Kummer curve X of equation X : y™ = f(x) such that deg f = N{ — 1 for
some integer £ > 0 and N is a smooth integer, coprime with |F|. Assume F contains a
primitive N-th root of unity. The block length n = |P| is a multiple of N and satisfies
n < {N? |]F|1/2. Let f : P — F be a purported codeword. For every proximily parameter
d € (0,1) and soundness € € (0,1), there exists a public-coin IOPP system (P,V) for C with
perfect completeness and the following properties:

rounds r(n) <logn,
proof length I(n) =0(n),
query complexity q(n) = O(logn),
prover complexity tp(n) = O0(n),
verifier decision complexity t,(n) = O(logn).

It is worth noting that the Hermitian curve defined over F,2 by y9™! = 27 + x satisfies
the hypotheses of the previous theorem. It is well known to be mazimal, i.e. it has the
maximum number of rational points with respect to its geometry. Besides, we recall that
Hermitian codes over alphabet ¥ support block length up to |E|3/ 2,

Concrete IOPP for AG codes on towers of Hermitian curves

We recall that a tower of curves consists of an infinite sequence of curves
Pl=Xy Xy ... X+ ...

such that the number of rational points of the n'® curve tends to infinity as n tends to
infinity. Towers of curves play a prominent role in the history of AG codes as they define
codes with outstanding length and correction capacity [47, 7].

The Hermitian tower is an example of the widely studied Artin-Scheier extensions [33, 45].
In this case, the curve X; arises as the quotient of the curve &, above modulo the action of
a group of order g of the finite field F2, the curve & being isomorphic to the projective PL.
Therefore, one can test proximity to an AG code from one of the curves X,, by going down
along the tower and then testing proximity to a RS code, whose degree can be expressed
explicitly in terms of the initial AG code.

Beyond supporting polylogarithmic-size alphabet, AG codes over the Hermitian tower
happen to be more naturally “foldable”. In particular, no additional assumptions on the
alphabet are required.

We write polylog(n) for functions that are in O (logk (n)) for some k.

» Theorem 2 (Informal, see Theorem 46). Let C = C(X,P, D) C F” be a foldable AG code
over an alphabet F of size |F| = Q(log®(n)) for some constant k. We denote n = |P|. Let
f:P =T be a purported codeword. For every proximity parameter 6 € (0,1) and soundness

€ (0,1), there exists a public-coin IOPP system (P,V) for C with perfect completeness and
the following properties:
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rounds r(n) <logn,
proof length [(n) =0(n),
query complexity q(n) = polylog(n),
prover complexity to(n) = O(n),
verifier decision complexity t,(n) = polylog(n).

1.3 More on the practicality of AG codes

When constructing a proximity test for a code, it is assumed that the purported codeword
is given as input to the prover. Thus, the prover complexity is computed thereof. While
we heavily rely on the group of automorphisms of the curve for proving the existence of an
efficient IOPP for “foldable” AG codes, we emphasize that the work of the prover and the
verifier during the protocol is essentially to perform some univariate polynomial interpolation
tasks, with very small degree. In particular, neither the prover nor the verifier of the IOPP
system needs to run an encoding algorithm for AG codes.

However, keeping applications to code-based IOP constructions in mind, the running time
of the IOP prover is bounded from below by the time needed to encode codewords during
arithmetization. Fast encoding for AG codes is not the most widely studied computational
task, and is often a concern when suggesting constructions based on AG codes?.

This is a reason why we focus our study on families of AG codes that are particularly
likely to lead to practical implementations, as we argue next. Specifically, our study includes
the two following subfamilies of one-point AG codes over small alphabets with constant rate
and distance.

The first family includes one-point AG codes over Kummer-type curves, and in particular
the notorious Hermitian curve. [8] proposed an encoding algorithm with quasilinear
complexity O(n). Roughly speaking, [8] method consists in translating the encoding task
into a bivariate polynomial multipoint-evaluation problem. Assuming that the evaluation
points are well-structured, they view a bivariate polynomial in F[X,Y] as a polynomial
in F[X][Y] in order to evaluate it thanks to two univariate multipoint evaluations. It is
the same idea as the one for computing m-dimensional FFT from m (univariate) FFTs.
The second family of one-point AG codes arises from curves on the Hermitian tower and
has an alphabet size polylogarithmic in the block length of the code. It is very likely
that those codes could also be encoded in quasilinear time, by iteratively applying the
encoding method proposed by [8].

We also point out that bases for Riemann-Roch spaces related to these codes are explicitly
known.

1.4 Related work

We discuss works related to AG-based proximity testing. We emphasize that the motivation
behind existing works was only theoretical. In particular, the PCP techniques being used are
too complex to be implemented for verifying meaningful computations.

In 2013, [17] constructed a PCP with linear proof length and sublinear query complexity
for boolean circuit satisfiability by relying on AG codes. More precisely, for any € > 0 and
instances of size n, their PCP has length 2°(1/)n, and query complexity n¢. When aiming

2 In general, the asymptotic cost of the task of encoding an arbitrary linear code of length n is O(n?)
(using a generator matrix for the code).
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at optimal proof length and query complexity as small as possible, this result remains the
state-of-the-art PCP construction. By using AG codes, the authors of [17] reduced the field
size to a constant, which avoids a logarithmic blowup in proof bit-length (occurring e.g.
in [19] when using univariate polynomials of degree m to encode binary strings of length
m). In [17], the authors pointed out that they are not able to apply proof composition [3]
to reduce the query complexity of their PCP because the decision complexity of the PCP
verifier is too large (polynomial in the query complexity).

Improving on [17], [12] proposed an IOP for boolean circuit satisfiability with linear proof
length and constant query complexity. The IOP of [12] invoked the sumcheck protocol [34]
on O(1)-wise tensor product of AG codes, which exponentially deteriorates the rate of the
base code. Then, they use Mie’s PCP of Proximity for non-deterministic languages [39] to
test proximity to the tensored code. Both constructions benefit from the use of AG codes to
get constant size alphabet and linear proof bit-lengths.

A recent work of [43] constructed an IOPP for any deterministic language which can be
decided in time poly(n) and space n°(Y). In particular, [43, Corollary 3.6] can be applied to
test proximity to AG codes. This IOPP outperforms our construction on some parameters: it
has constant round and query complexities, and proof length is slightly less than n. However,
it is unlikely that [43]’s IOPP leads to a concrete implementation, which is a motivation for
our work. Indeed, prover running time is polynomial, and the inner IOPP used for achieving
constant query complexity via proof composition is the heavy PCPP of [39]. Mie’s PCPP is
a theoretical and complex tool used to achieve constant query (e.g in [12, 13, 20]), but it is
seen as impractical®.

By contrast, we exhibit two explicit families of AG codes for which we are able to construct
a proximity test with linear prover running time and logarithmic verification (for the first one)
and quasilinear prover time with polylogarithmic verification (for the second one). The main
point however, is that our construction is undoubtedly much simpler to implement: the most
complex task of the prover and the verifier is simply to perform univariate interpolations
(with very small degrees). The technical difficulties are in analyzing the conditions allowing
the construction, but the protocol itself is very similar to the FRI protocol. IOPP inspired
by the FRI protocol have the inherent barrier of logarithmic query complexity. However, in
practice, it is still the most efficient proximity test for Reed-Solomon codes known to date.

2 Technical Overview

Our IOPP construction relies on the generalization of the FRI protocol to AG codes. Let us
first recall some ideas behind the construction of FRI protocol (see e.g. [18] for a detailed
presentation). Then we shall describe how we tailor these ideas and which difficulties arise
to construct our IOPP for AG codes over curves of positive genus.

2.1 The FRI protocol for RS proximity testing

Let k be a positive integer and p € (0,1) such that p = 27%. The FRI protocol allows to
check proximity to the Reed-Solomon code

RS[F,P,p| = {f €F" |deg f < p-|P|}

3 Proposing an alternative to [39] which does not involve heavy PCP machinery would allow to narrow
the gap between the best constructions known in theory and the most efficient ones used in practice.
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by testing proximity to RS [F,P’, p| with |P’| < |P|. The FRI protocol considers a family of
linear maps FP — FP" which randomly “fold” any function in F¥ into a function in FP'. We
present in a simplified way three key ingredients that enable the FRI protocol to work.

a) Splitting of polynomials. For any polynomial f of degree deg f < pn, there exist two
polynomials g, h of degree < % pn such that

f@)=g(z®) +z-h(2?). (1)

One may view such a decomposition as the result of the splitting of the space of polynomials
of degree less than pn into two copies of the space of polynomials of degree less than
pn/2.

b) Randomized folding. Choose P to be a multiplicative group of order 2" generated by
w € F. Then, define P’ = (w?) = {2? | z € P}. Set 7 : F — F to be the map defined
by m(x) = 22, observe that m(P) = P’. Moreover, |P’| = |P| /2. The structure of the
evaluation domain will allow to reduce the problem of proximity to one of half the size at
each round of interaction.

Based on the decomposition (1), define a folding operator Fold[-, z] : FP — F?’ for any
z € F as follows:

Fold [f,z] := g + zh.

If deg f < pn, both functions g : P’ — F and h: P’ — F belong to RS [F, P’, p]. Then for
any random challenge z € Fy, the operator Fold [-, z] maps RS [F, P, p] into RS [F, P’, p].

c) Distance preservation after folding. Except with small probability over z, we have that if
A(f,RS[F, P, p]) > 6, then

A (Fold [f, 2] ,RS[F,P’, p]) > (1 — o(1))s.

The protocol then goes as follows: the verifier sends a random challenge z € F and
the prover answers with an oracle function f’ : P/ — F, which is expected to be equal to
Fold [f,z] : P’ — F. At the next round, f’ becomes the function to be “folded”, and the
process is repeated for r rounds. Each round reduces the problem by half, eventually leading
to a function f(") evaluated over a small enough evaluation domain. This induces a sequence
of Reed-Solomon codes of strictly decreasing length. The code rate remains unchanged, and
so does the relative minimum distance. The final test consists in testing that f(") belongs to
the last RS code.

Perfect completeness follows from Item b. Prover and verifier efficiencies of the FRI
protocol come from the possibility of determining any value of Fold [f, z] at a point y € P’
with exactly two values of f, namely on the set 7=1({y}). Consequently, a single test of
consistency between f and f’ requires only two queries to f and one query to f.

Soundness of the protocol relies notably on Item c. It is proved using results about
distance preservation under random linear combinations, that could be roughly stated as
follows: “Let V' C Fy be a linear code and g,h € Fy. As long as § is small enough, if
we have A(g + zh,V) < § for enough values z € F,, then both g and h are §'-close to
V, where & = (1 —0(1))d.” (see [9, 18, 16, 11]). Based on that, one can deduce that if
Fold [f,z] = g + zh is d-close to V for enough values of z, then both g and h are ¢’-close
from V. The idea of the proof of Item c is to exhibit a codeword which is §-close from f,
based on the decomposition of Item a.

30:9
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» Remark 3. We point out that Item c holds because the functions g and h appearing in the
decomposition (1) have ezactly the same degree. This arises from the crucial fact that the
FRI protocol considers only RS code of dimension a power of 2. This means that the RS
code is defined by polynomials of degree at most an odd bound.

Let us give a glimpse of what happens when f is expected to have degree at most an
even integer, say 2d. The degrees of the functions g and h appearing in the decomposition
(1) of f are respectively degg < d and degh < d — 1. Therefore, if deg f < 2d, then g + zh
corresponds to a polynomial of degree < d. However, knowing that g + zh is a polynomial
of degree < d with high probability on z only tells us that both g and h are of degree < d,
which is not enough to deduce that f has degree < 2d and not 2d + 1. It is worth noting
that words corresponding to a polynomial of degree 2d + 1 are among the farthest words
from the RS code of degree < 2d. In the univariate case, one can overcome this obstacle by
supposing not only deg g, degh < d but also deg(vh) < d for a degree-1 polynomial function
v. This implies that degh < d, hence deg f < 2d.

2.2  Our IOPP for AG proximity testing

Let X be a curve defined over a finite field F and C' = C(X, P, D) be an AG code. We aim
to adapt the three ingredients of the FRI protocol to the AG context.

Group actions and Riemann-Roch spaces. The splitting of the polynomial f into an even
and an odd part in (1) comes from the action of a multiplicative group of order 2 on the
evaluation set P. This observation is also true with the actual FRI protocol, which sets 7
to be an affine subspace polynomial. This phenomenon is likely to occur in a more general
framework.

As soon as a group I' of order p acts on the curve X, its action naturally extends onto
the functions on X. Let us denote by 7 the canonical projection 7 : X — X/I. If we are
able to write the Riemann-Roch space associated to D as following

p—1

=Y W fjom with f; € Ly/r(E;), (*)
=0

for some function ;1 on the curve X and some divisors F£; on the quotient curve that are
explicitly expressed in terms of the divisor D, then we can mimic the decomposition (1) used
in the FRI protocol.

Now assume that no point of P is fixed by I, i.e. for every P € P and vy €T, v- P # P.
Set P’ = m(P). Polynomial interpolation enables the determination of f;(P) for any point
P € P’ with exactly p values of f, namely on the set 7=1({P}). This means that the
decomposition () can be written for any function in F”, not only for elements of Lx (D).

Folding operators. From the decomposition (x) above, we want to define a family of
folding operators (Fold [, z]) . . from F” to F”" and a code ¢’ = C(X /T, P’, D’) such that
Fold [, 2] (C) C C".

z€F

In a first approach, one could choose to define the folding operators similarly to the FRI
protocol by setting for z € T,

p—1
Fold[f,z] =) 2/
=0



S. Bordage, M. Lhotel, J. Nardi, and H. Randriam

where the functions f; come from the decomposition (x) of f € F”. With this definition, the
code C’ has to be associated to a divisor D’ on X' /T such that each Riemann-Roch space
Ly ,r(Ej) can be embedded into Ly ,r(D’).

The best scenario is when the divisor D yields a decomposition of Ly (D) as p “copies” of

the same Riemann-Roch space, as it is the case with Reed-Solomon codes of even dimension.

Unfortunately, to the best of our knowledge, it is unlikely that all divisors E; involved in the
decomposition (x) of f are the same (or even equivalent) if X' is not the projective line. We
are then facing an issue analogous to the one described in Remark 3 on P'.

Therefore, such a choice of the folding operators does not guarantee the soundness of
our protocol. We thus aim to adapt the idea at the end of Remark 3 to the AG setting. We
introduce some balancing functions v; such that, for every f; € C’, if the product v; f; also lies
in C’, then the function f; belongs to the desired Riemann-Roch space Ly r(E;). Defining
such a balancing function v; is tantamount to specify its pole order at the points supporting
the divisor D’. The existence of all the functions v; thus depends on the Weierstrass
semigroup of these points (see [26, Section 6.6] for definition) and does not hold for any
divisor D’. If such balancing functions exist for a divisor D', we say that D’ is compatible
with D. Finding a convenient divisor D’ compatible with a given divisor D is definitely the
trickiest part in defining the folding operators properly.

Once we have a divisor D’ that is D-compatible, we shall embed additional terms in the
folding operators to take account of the balancing functions. We shall use more randomness
so as not to double the degree in z to avoid a loss in soundness. For (21, 22) € F?, we set

p—1 p—1
Fold [£, (21, 22)] = Y _ 21 fi + Y _ 23 v .
j=0 j=0

We prove that Fold [-, (21, z)] (C') C €”, the function Fold [f, (21, z3)] € F?' can be locally
computed from p values of f, and Fold [, (21, 22)] preserves the distance to the code.

Finding a decomposition (x). Such a decomposition exists for a cyclic group I' = () whose
order is coprime with the characteristic. A result of Kani [29] states that, in this case, there
exists a function p on X satisfying () such that v - u = (u where ¢ is a primitive root of
unity of order |G|. Moreover, the divisor E; can be explicitly written in terms of the divisor
D and the function pu.

Alternatively, if a basis of Ly (D) is explicitly known, we may also be able to exhibit such
a decomposition without invoking Kani’s theorem for some cyclic group of order divisible by
the characteristic. This is exactly the strategy we use to design an IOPP for AG codes along
the Hermitian tower.

Soundness preservation. The soundness of the protocol depends on the relative minimum
distance of the codes C and C’. Ideally , we would like the rates of the codes C' and C’ to
be roughly equal to prevent the relative minimum distance from dropping. In particular, we
need Ly ,r(D’) to be not too large with respect to the components Ly r(E};).

A natural idea would be to choose D’ as the divisor E; with the largest Riemann-Roch
space. However, balancing functions only exists for some well-chosen divisors D’, whose degree
can be significantly larger than the degree of the divisor E; in (). Therefore, the divisors D
and D’ have to be carefully chosen to prevent the minimum distance from collapsing.

30:11

CCC 2022



30:12

Interactive Oracle Proofs of Proximity to Algebraic Geometry Codes

Sequence of “foldable” AG codes. With the goal of iterating the folding process in mind,
we assume that the base curve Xy := X' is endowed with a suitable acting group G that we
decompose into smaller groups I'g, 'y, ..., ', to fragment its action and create intermediary
quotients

o

Xo

where the morphism 7; : X; — X411 is the quotient map by I';. For instance, a sufficient
condition on the group G to have such a sequence is the solvability.

A code C' = C(X,P, D) is said to be a foldable AG code (Definition 8) if we are able to
construct a sequence of AG codes C; = C(X;, P;, D;) that support a family of randomized
folding operators Fold [-, 2] : FPi — FPi+1 with the desirable properties for our IOPP (i.e.
Fold |-, 2] (C;) = (Ci41), local computability, distance preservation to the code). Moreover,
to ensure that the last code C; has sufficiently small length and to obtain an IOPP with
sublinear query complexity, we require the size of G to be greater than |P| for a certain
e € (0,1). Details are provided in Section 4.

3 Preliminaries

We start with some reminders on important terms and notations related to the theory of AG
codes. We refer readers to [48, 45] for further details on these notions. We will always use F
to denote a finite field.

3.1 Functions and divisors on algebraic curves

Let X be an algebraic curve defined over a field F. Let F be an algebraic closure of the field
F. We denote by X (F) the set of its F-rational points and Aut(X’) its automorphism group.

A divisor D on X is a formal sum of points D = Y npP. We say that the divisor D
is effective if np > 0 for every point P. The support of D, denoted by Supp(D), is the
set of points P for which the coefficient np is non zero. We will always consider rational
divisors, whose support only consists in F,-rational points. We define the degree of D equals
degD :=> np.

The set of divisors on the curve X forms an additive group, denoted by Div(X). It is
endowed with a partial order relation < such that D < D’ if D' — D is effective. An element
f of the function field F' := F(X) of the curve X defines a divisor

dive(f) =Y vp(f)P

Pcx

where vp(f) is the valuation of the function f at the point P. The index F will be omitted
when the context is clear.

We denote by divg (f) (respectively divy, (f)) the positive (respectively negative) part of
the principal divisor div(f), i.e.

divg (f) = E vp(f)P and dive (f) = g vp(f)P
Pex Pex
vp(f)>0 vp(f)<0

so that div(f) = divg (f) — dive (f). The divisors divg (f) and dive (f) correspond to the
loci of zeroes and poles respectively.
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Let ¢ : X — X’ be a map between two algebraic curves. It induces a pull-back map
¢* 1 F(X') = F(X) defined by ¢*f = fo¢ for f € F(X’). For D =3 pn,P € Div(X), the
push-forward of D is the divisor on X’ defined by m,(D) =Y p npd(P).

The Riemann-Roch space of a divisor D € Div(X) is the F-vector space defined by

La(D) = {f € F(X) | dive(f) + D > 0} U{0}.

The subscript specifying the curve in Ly (D) is omitted when it is clear from the context. If
D' < D', then Ly (D) C Lx(D’).

As usual, given a real number «a, |« denotes the biggest integer less than or equal to «
and [a] the smallest integer bigger than or equal to a.

» Definition 4. Let D = > npP € Div(X). For any positive integer n, we denote by
L%DJ € Div(X) the divisor defined by

o] =2l

3.2 Algebraic geometry codes

Throughout this paper, the term code will refer to a linear code, i.e. a linear subspace of F",
where n is the length of the code.

Take D € Div(X) and P C X(F) of size n := |P| such that Supp(D) NP = (. The
Algebraic Geometry (AG) code C = C(X, P, D) is defined as the image under the evaluation
map

ev:L(D)— F".

The integer n is called the length of C'. The dimension of C is defined as its dimension as
F-vector space. We denote by A(C) the relative minimum distance of C, i.e.

A(C) =min {A(c,d) | ¢, € C and ¢ # '} .

In particular, AG codes on X = P! correspond to Reed-Solomon codes. The AG code C
is said to be one-point if the support of D consists in a single point.

By the Riemann-Roch theorem, if deg D > 2g — 1 where g is the genus of the curve X,
then dim Ly (D) = deg D — g + 1. Moreover, if deg D < n, the evaluation map is injective
and the Riemann-Roch theorem gives the dimension of the associated AG code. In this case,
the minimum distance is bounded from below by n — deg D.

The divisor D will always be chosen so that the map ev is injective. Therefore, the
elements of F™ will be regarded as functions in F?, and elements of C' simply as functions in
the Riemann-Roch space L(D).

3.3 Group and action
A finite group G is said to be solvable if there exists a sequence of subgroups of G
G=G >G> >G =1,

such that G;1; is a normal subgroup of G; and each factor group G;/G;+1 is abelian. Such a
sequence is called a normal series. If G is solvable, its cardinality equals the product of the
sizes of the factor groups. Additionally, a normal series of G is a composition series of G if
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each G;;1 is a maximal proper normal subgroup of G;. In the case where G is a finite group,
we have that G is solvable if and only if G has a composition series whose factor groups are
cyclic groups of prime order.

Let X be an algebraic curve. A group I is said to act on the curve X if T is a subgroup
of the automorphism group Aut(X). The stabilizer of a point P € X is the subgroup

I'p={yel'|r-P=P}CT.

A divisor D = )", npP € Div(X) is said to be I'-invariant is np = n,.p for all P € X and
veTl.

The action of I on X gives a projection 7 : X — X' /T" onto the quotient curve X /T". A
point @ € X/T is called a ramification point if the number of preimages of @) by 7 is not
equal to |I'|. Equivalently, @ is a ramification point if one of its preimages has a non-trivial
stabilizer.

4 Setting of AG codes compatible with proximity test

In this section, we display a workable setting for the construction of an IOPP system (P, V)
to test whether a given function f : P — F is close to the evaluation of a function in a given
Riemann-Roch space. As the idea is to iteratively reduce the problem of testing proximity to
C(X,P, D) to testing proximity to a smaller AG code, we introduce a sequence of suitable
AG codes of decreasing length.

4.1 Sequence of curves

Fix a curve X defined over I, a finite solvable group G C Aut(X’) and a sequence

g = (g()ygl;-'-agr)
such that

G=G >G> -->G =1, (2)

is a normal series for the group G.
For i € {0,...,r — 1}, we denote by I'; the (abelian) factor group T'; := G;/G;+1 and by
p; the order of I';. We have that the cardinality of G equals

r—1 r—1
61 =TTl =T]r
=0 =0

The group I'y acts on Xy := X, as a factor group of G. We thus define the quotient curve
X1 == Xy/To. The group I'1 acts trivially on the orbits under I'y. Repeating the process for
every i € {0,...,7 — 1} defines a sequence of curves recursively as follows:

XO = X and Xi+1 = Xl/l“z

We set F; .= F(X;) and we denote by m; : X; — X; 41 the canonical projection modulo the
action of I';. Even if the sequence of curves (3) depends on the derived series (2) of G, the
last curve X, is always isomorphic to the quotient X' /G:

To T T; Tiga

QO QO

XO ™0 Xl 1 L T4 Xl Ti41 XZ+1 . Tr—1 XT, (3)

» Definition 5. A sequence of curves constructed as above will be called a (X, G)-sequence.
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4.2 Sequence of codes

Let (X;) be a (X, G)-sequence. For any ¢ € {0,...,r — 1}, the factor group I'; which acts on
the curve X; is abelian of order p;.

For i € {0,...,7}, we aim to define an AG code C; C F” associated to a divisor
D; € Div(&;) and an evaluation set P;. The rest of this subsection is dedicated to the choice
of the sets P; and the divisors D;.

4.2.1 Evaluation points

From a set Py C X(F), we want to recursively define a sequence of set of points (P;) such
that P; C X;(F) and P;yq1 = m;(P;).

For our protocol, we need for each ¢ € {0,...,r — 1} that every point in P;y; admits
exactly p; preimages under 7;. Since the last curve X, is isomorphic to the quotient X'/G, it
is necessary and sufficient that the first set Py C Xp is a union of G-orbits of size |G|, i.e.
that G acts freely on Py.

4.2.2 Divisors

Fix a divisor Dy € Div(Xy) that is globally T'g-invariant. This way, the support of Dy does
not meet the set Py. For the sake of simplicity, we will assume that Dy is in fact supported
by T'o-fixed points. To make our protocol complete and sound, we need the sequence of
divisors (D;) to have the following properties:

the divisor D; is supported by I';-invariant points;

for each divisor D;, its associated Riemann-Roch space admits a nice decomposition

(given in (4) below);

at each step, a divisor D; ;1 needs to be compatible with D; and the decomposition of

Ly, (D;) in the sense of Definition 7 below.

» Definition 6. Leti € {0,...,r — 1}. Fiz a divisor D; € Div(X;) and a function p; € F; .
We say that p; partitions Ly, (D;) (with respect to the action of T';) if

pi—1
@MJW*LXHA ) (4)
with

1 . , )
E; ;= Ln-m*(Di + jdivp, (u,))J € Div(Xi41) for j € {0,...,p; — 1}, (5)

where the floor function of a divisor is given in Definition 4.

» Definition 7. Let i € {0,...,r —1}. Fiz a divisor D; € Div(X;) and a function p; € F;
such that p; partitions Lx,(D;). A divisor D;yq1 € Div(X;41) is said to be compatible with
(D;, i) if both assertions hold.

1. for every j € {0,...,p; — 1}, E; ; < D41,

2. for every j € {0,...,p; — 1}, there exists a function v;y1 ; € F(Xit1) such that

dives (Vit1,5) = Dit1 — Ei 5. (6)

The functions v;y1 ; are called balancing functions.
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In Definition 7, the first requirement implies that L(E; ;) € L(D;y1). The second one
means that a function f; belongs to L(E; ;) if and only if the product v;41 ; f; lies in L(D;41).

We have now described all the key components to formally define the notion of foldable
codes.

» Definition 8 (Foldable AG codes). Let C = C(X,P, D) be an AG-code. This code is said

to be foldable if the following conditions are satisfied.

1. There exists a finite solvable group G € Aut(X) that acts freely on P : a normal series of
G (2) provides a (X, G)-sequence of curves (X;);

2. There exists e € (0,1) such that |G| > |P|;

3. There exist some sequences of functions (u;) and divisors (D;) where p; € F;; Do = D
and D; € Div(X;) such that, for every i € {0,...,r — 1}, all the following properties hold:
a. the divisors D; are supported by I';-fixed points,
b. the function p; partitions Lx,(D;) (Definition 6),
c. the function p; maps distinct points in the same T';-orbit to distinct values: for every

~vi € Ty and P € P;, we have p;(P) = u;i(v:(P)) if and only if ; is the identity map,

d. D1 is (D;, p;)-compatible (Definition 7).

The second requirement given in Definition 7 is definitely compelling and requires some
geometric knowledge about the curves X;. Indeed, on a general curve, not every effective
divisor is the poles locus of a function. Characterizing which effective divisors arise this way
is at the heart of the Weierstrass gaps theory. Nonetheless, the existence of the balancing
functions v;41 ; happens to be the main ingredient in Lemma 41, which will take a prominent
role in the design of our IOPP.

To prevent the relative minimum distance of the code C;11 from collapsing and thence
ensure a good soundness of the protocol designed in Section 7, one may be tempted to
take D, 41 as one of the divisors F; ; (5) that appear in the decomposition (4) of Ly, (D).
However the Weierstrass gaps theory indicates that balancing functions exist only when
choosing a (D;, u;)-compatible divisor D;; whose degree may be unexpectedly substantial
(an illustration of this situation will be given in Example 20). Therefore, to broaden the
spectrum of foldable codes, we do not make this additional hypothesis.

Condition 3c in Definition 8 is necessary for the completeness of our protocol. If the
divisors D; have degree sufficiently large, it is always fulfilled, as proven in the following
lemma.

» Lemma 9. Let us assume that a function p; € F; partitions L, (D;) with respect to the
action of T; for some divisor D; € Div(X;). Let us denote by g; the genus of the curve X;. If
deg(D;) > 2g; + 1, then p; takes different values at points lying in the same orbit under T';.

Proof. Let us assume by contradiction that there exists two distinct points P and Q) on X}
such that m;(P) = m;(Q) and p;(P) = p;(Q). By Definition 6, every function f in L(D;)
can be written f =" ug f;j om; some some functions f; on the quotient curve Xj;;. Then,
for every f € L(D;), we have f(P) = f(Q). In particular, this means that a function of
L(D;) vanishes at P if and only if its vanishes at . Therefore, the Riemann-Roch spaces
L(D; — P) and L(D; — P — Q) are equal, which contradicts the Riemann-Roch theorem,
since deg(D; — P — Q) > 2g; — 1. <

4.3 RS codes are foldable AG codes

Reed-Solomon codes are AG codes on the projective line P!. Moreover the Riemann-Roch
space Lpi(dPy) on P! for Py, = [0 : 1] is isomorphic to the set of polynomials of degree (less
than or equal to) d.
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In this case, the decomposition (4) is nothing but the splitting of a polynomial into
an even part and an odd part, which plays a crucial role in the FRI protocol when the
characteristic is not 2.

To make both points of view coincide, let us consider the involution v : [Xy : X;] —
[—Xo : X1]. It generates a group isomorphic to Z/2Z and the quotient of P! by this group is
obtained as the image by 7 : [Xo : X1] — [X§ : X7].

The divisor D = dP,, is invariant under «y. Let us choose p as the function x = % We
have div(z) = Py — P with Py = [1: 0]. Noticing that m.(Ps) = Pso and m.(FPy) = P, we
get

1 d—1

50+ @) = 5= Dre v )| =[5

and the Riemman-Roch space Lp: (dPs,) is split into two parts:

tmtare) = (2] 22) o ovie (|252] ).

We recover the decomposition of a polynomial of degree d into even and odd parts of respective
degrees L%J and L%J
» Remark 10. The function p is not unique: any odd polynomial of z would make a suitable

choice for p.
Now, let us remark that the RS code
V= {feFdegf <d} =C(P',P,dPx)

is a foldable AG code, for any P C ¥ of size |P| = 2" for a certain integer r and any degree
bound d. We shall then retrieve the construction of the RS proximity test of [9].

Firstly, the finite solvable group Z/2"Z of size |P| acts on P! via [X( : X1] = [Xo, £X1],
where £ is a primitive 2"-th root unity. It clearly fulfils the two first items of Definition 8.
When considering its composition series

7). > 72" > - > 1 (7)

and the action of the corresponding factor group I' = (y) ~ Z/2Z, we obtain a trivial
sequence of curves (X;) with &; = P! for all i. Next, consider the sequence (u;) with

Wi =p == %, then yu = —p. Set do :=d, and for any ¢ € {0,...,r — 1}, d;j11 == L%J
Note that there exists ' < r such that d,,...,d, are all equal to 0. Setting D; = L%J P,

we have I';-invariant divisors fulfilling the compatibility condition given in Definition 7, by
letting v;41,; to be the constant function equal to 1 if {%J = Ldi;w, and Vg1t
otherwise.

4.4 Splitting Riemann-Roch spaces according to a cyclic group of
automorphisms

The first requirement to make a sequence of codes foldable is the splitting the Riemann-
Roch spaces as in (4), which mimics the decomposition in odd and even parts of univariate
polynomials. Under some additional hypotheses, a decomposition like (4) always exists. Let
us detail this framework.
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Let X be a smooth irreducible curve over a field F and let I" be a cyclic group of order m
generated by an element « that acts on F(X) x F. Assume that m and the characteristic
of F are coprime and consider ¢ € F a primitive m’
closure F of F.

Set ¥ := X/T and 7 : X — Y be the canonical projection morphism.

h root of unity, lying in some algebraic

Fix a I-invariant divisor D € Div(X). We want to exhibit a relation between the
Riemann-Roch space Lx (D) and some Riemann-Roch spaces on ). The group I' acts on the
vector space Ly (D) via v - f = f o+. By representation theory,

m—1

Lx(D) = @ La(D);,
=0

where Lx(D); :={g € Lx(D) | v-g=¢7g}.
One of the key ingredients of this section is a theorem due to Kani [29], which we
reformulate here in the case where I' is cyclic.

» Theorem 11 ([29]). Let T = (v) be a cyclic group that acts on F(X) x F. Assume that the
order m = |I'| is coprime with |F|. Then the two following statements hold.

1. There exists a function p € F(X) such that v - u = (u.

2. For any I'-invariant divisor D € Div(X), when considering the Riemman-Roch spaces

over the algebraic closure F, we have
_ 4 1 _
Lx(D); ® F ~ p/n* (Ly ({mﬂ* (D +jdiv(,u))J) ® IF) (8)

» Remark 12. If the function y is defined over the base field F then the decomposition (8) is
valid when considering F-vector spaces:

La(D)y = (L (| om0+ i) ) ).

In practical instantiations, we are always able to choose p defined over F, even when (
does not belong to F. For instance, in the case of Kummer curves (see Section 5), the
decomposition provided by Theorem 15 is always valid. However, as the evaluation set P
needs to be formed of orbits of size |G|, instantiations require this primitive root to belong to
F.

Let us highlight that Theorem 11 does not apply on the Hermitian tower, as the degree of
the Artin—Schrieir extensions is not coprime with the characteristic.

To handle the divisors that appear in the decomposition above, we need to get a better
grasp on the zeroes and the poles of the function p. If the group action fixes the field of
constants, the ramification points of 7 are zeroes or poles of the function p, as stated in the
following lemma.

» Lemma 13. Assume that T = (v) is a cyclic group of order m which fives the m'" primitive
root . Let P be a point of X whose stabilizer T'p is non-trivial. Then P € Supp(u).

Proof. By hypothesis, there exists j € {1,...,m — 1} such that 4/ € I'p. Then

(v - p)(P) = ¢ u(P) by definition of 4 in Th. 11,
= u(P) because 7/ € T'p.

Since ¢7 # 1, the point P is either a pole or a zero of . <
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5 Foldable AG codes on Kummer curves

5.1 Preliminaries

Let us consider a Kummer curve over a finite field F defined by an equation of the form
m
Xy = f(z) = (& — a0 9)

where f is a degree-m separable polynomial of F[X], gcd(N,m) = 1 and ay € F for all
¢e{l,...,m}. Let us denote by P, the affine point (ay,0) and P the unique point of X
lying on the line at infinity.

Sequence of curves. Assume that ged(N,|F|) = 1. The group Z/NZ acts on X via the
morphism (z,y) + (z,(y) where ¢ is a primitive N** root of unity. We assume that ¢

belongs to F.
The cyclic group Z/NZ is solvable: writing the prime decomposition of N = H::_& Di

gives the following sequence of subgroups
Z/NZt>Z/N1Z > Z/NoZ 1> -+ 1> Z/Ns_1Z 1> 1, (10)

where
s—1
=i

The i-th factor group I'; is isomorphic to the cyclic group of prime order Z/p;Z. It is spanned
by vi : (z,y) — (z,(;y) where (; is a primitive pt* root of unity.

Set Xp := X. By Section 4.1, the composition series (10) gives a sequence of curves (X;)
in which the i*" curve is defined by

Xy = f(z) (12)
and has genus

(Vi —=1)(m—1)
gi= g

The last curve X, has genus 0 and is isomorphic to the projective line P*. These successive
quotients provide a sequence of projections 7; : X; — X;41 defined by m;(z,y) = (z,y?):
Yo Yi Yit1

) i Ti41

X; Xipg —» ... — % X, ~ P
» Example 14. The Hermitian curve defined over Fg . by
Xyt = o, (13)

is a well-studied particular case of Kummer type curve. In this case, every curve in a
(X, G)-sequence is maximal over F2 [32, Proposition 6], i.e. |X,' (qu)| =q%>+ 1+ 2giq.
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Stabilized points. Let us denote P% the unique point at infinity on the curve &;. One can
easily check that

pi . (1:0:0) f N>m
1 (0:1:0) otherwise.

The points of Xy whose stabilizer under Z/NZ is non-trivial are in fact fixed by Z/NZ
and consist precisely in Py, ..., P, and PZ.

5.2 Decomposition of Riemann-Roch spaces

The theory of Kummer extensions provides us a decomposition like (4) at each level, with
w; =y for every i € {0,...,s — 1}.

» Theorem 15 ([35, Theorem 2.2]). Let D € Div(X;) that is I';-invariant. Then

pi—1
; 1 -
L D) = B 'L | - Ds 4 v )] ).
=0 ‘
Note that the function y maps distinct points in the same I';-orbits onto different values,
and thus satisfies the condition 3c of Definition 8.

An example of a sequence of y-compatible divisors. In order to exhibit a sequence of
divisors (D;) such that D,y is (D;,y)-compatible for every i > 0, we need to handle the
divisor associated to y and some other elementary functions on each curve X;, described for
instance in [36].

» Lemma 16 ([36]). On X; for everyi € {0,...,s— 1}, we have
1. diVFi (Cﬂ — Ozz) = Nl(Pg - Pgo),
2. divp,(y) =P+ -+ Py, — mP..

We now give sufficient conditions on the curve & and the first divisor Dy to get a
sequence of compatible divisors.

> Lemma 17. Set Do = _ ag Py + byPY, € Div(Xp).
=1
Assume that m = —1 mod N and that the integers ap 1, ..., Qo m,bo are all divisible by N.

For everyi € {0,...,s— 1}, set D;y1 = ??, Then, the divisor D;y1 is (D;,y)-compatible.

Propf. Forie{l,...,s}, let usset a; o = % and b; = Z’;—:i such that D; = 3" a; e Pr+
bi Pl

Fix i € {0,...,s — 1}. The divisor D; is supported only by I';-fixed points.

For any j € {0,...,p; — 1}, we have

1 . | aie+ bi —j ;
Ei; = Lp_ﬂi*(l)i +JleFi(Z/))J = Z {WJ P+ {JmJ P

— pi pi
Since N; divides N, we have m = —1 mod N;. Write m = k;N; — 1 with k; > 1. The
hypothesis on the integers ao.1,. .., @o,m, bo entails
aip+J J
—— | =410+ | — | = Git1,0,
\‘ Di J i+1, \‘sz i+1,
b; —jm jkiN; Jj .
{ZJ =bij1 ——— + { = biy1 — JjRilNiy1.
Y23 i pi
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Then FE;; = Dipq — jFLiNi+1P£1. In particular, D;11 = FE;o and E;; < D;yq1. Any
Vig1,j = (z — a)fid with a € {aq,...,am,} gives the last condition on D,y for it to be
(D;,y)-compatible by Definition 7, i.e. D11 — F; j = diveo (Vig1,5)- <

5.3 Family of foldable codes

We have gathered all the components to exhibit a foldable code on a family of Kummer
curves.

» Proposition 18. Let Xy be a Kummer curve defined by (9) withm = —1 mod N. Consider
an evaluation set Py C Xo(F)\{P1,. .., Pm, PL} formed by Z/NZ-orbits. Take Dy € Div(Xy)
satisfying hypothesis of Lemma 17. If N > n® for some e € (0,1), then the AG code
C = C(Xy, Py, Do) is foldable.

The length of foldable codes over a Kummer curve as defined in (9) over Fy is bounded

from above by ¢ +1+ (N —1)(kN —2),/q — kN, using Hasse-Weil bound, write m = kN — 1.

» Remark 19.

1. The primitive N** root ¢ needs to belong to the base field F to ensure that the set Py is
not empty.

2. The condition on the coefficients of D can be loosened while the previous statement still

holds. If ag 1, ..., a0,m,bo are divisible by Hf:_g p; and not necessarily by ps_1, we choose
asp = | 2=LL| and b, = b:=1 | for the coefficients of D,. The last curve X, being
s Ps—1 Ps—1

isomorphic to P!, the existence of balancing functions is trivial, if the first requirement of
Definition 7 holds.

What happens outside these hypotheses? Lemma 17 provides sufficient conditions to
make the code C; ;1 as small as possible compared to C; by choosing D; 1 among the divisors
E; ;, as required for a sequence of foldable codes by Definition 8. Let us have a look at what
could happen when dropping these conditions.

» Example 20. Over Fg, consider y¥ = 2™ + x where N = 9 and m = 5. Then m # —1
mod N and N = pgp; with pg = p; = 3. For Dy = 18POOO, we have

1
Eoo = ;J PL =6P.,
185
Eo1 = JP;O =4P.,
18 —2
Eo2 = 83X5J Polo:2polo-

Choosing D; = Ejy o would satisfy the first and the second conditions of Definition 7 to
be (Do, y)-compatible but not the third one. One can reasonably ask the support of Dy
to consist only of mo(P%) = PL, as one-point codes are generally better understood. The
Weierstrass gap theory on Kummer curves (e.g. [36, Theorem 3.2]) entails that if a function
on Xj : y3 = 2° + x has a pole locus of the form aPL, then o € 3Z + 5Z . Therefore the
smallest divisor of the form D; = d; PL that is (Dg, y)-compatible is D; = 12PL . With such
a choice of divisors, the code Cy of dimension 15 is folded into the code Cy of dimension 12
whereas the length of C is the third of the length of Cy.
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5.3.1 Explicit basis of the Riemann-Roch spaces

AG codes from the Kummer curve X associated to divisors as defined in Lemma 17 have
been studied by Hu and Yang [27]. They provide a basis of the Riemann-Roch spaces in a
combinatorial form.

» Theorem 21 ([27, Theorem 5]). Let j, ja,...,Jm be integers. We define
Ej,jz,...,jm = yj H(l‘ — Oég)jz.
=2

Consider D = Y"," | ayPy 4+ bPs. Set

—J—w

Qay,.ccoam,b = {(J} 2y endm) |G+ a1 =0, je = [ w for&=2,....,m

and mj + N(Go + -+ jm) Sb}.
Then the elements Ej j, . .. for (4, j2,.. ., jm) € Qay.....am b form a basis of Lx (D).

5.3.2 Parameters

To estimate the parameters of the code by using the Riemann-Roch theorem, we shall rely
on the following result.

» Lemma 22. Assume that 2(go — 1) < deg(Dq) (resp. deg(Dqy) < ng). Then for every
i€40,...,s}, 2(g; — 1) < deg(D;) (resp. deg(D;) < n;).

Proof. It is enough to notice that for every i € {0,...,s — 1},

deg D; n; )
deg Di+1 = & i ) ni+1 = 727 a'nd gi+] S & <
Di Pi Di

In other words, if the degree of the first divisor is such that we can estimate the parameters
of Cy thanks to Riemann-Roch Theorem, then we handle the parameters of all the sequence
of codes.

» Proposition 23. If deg(Dy) < nog, then for every i € {0,...,s}, the code C; has length n;

and minimum relative distance A(C;) =1 — %. In particular, the RS code Cs has length
deg Do
no :

Moreover, if 2(go — 1) < deg(Dy), for every i € {0,...,s}, the code C; has dimension

. . D . .. .
X, dimension degTD + 1 and relative minimum distance 1 —

Proof. The length of C; is n; by construction and its dimension is given by the Riemann-Roch
theorem. So let us prove the statement concerning the relative minimum distance.

First notice that n; = p;n;+1 and deg(D;) = p; deg(D;11) so 1 — d%iDi =1- %. For
i = s, the code Cy is a Reed-Solomon code of degree 0 < deg(D;) < ns by Lemma 22 and
has the expected relative minimum distance.

Now assume that A(C;41) equals 1 — % and let us prove that so does A(C;). On
the one hand, the divisor D;; corresponds to F; then for every f € Ciy1, fom € C;. In
addition, the weight of f om; in Cj is p; times the weight of f in C;4;1. Since n; = pin;y1,
we have A(C;) < A(Cji11). On the other hand, as deg(C;) < n;, we have A(C;) > 1 — dei%iDi,
which concludes the proof. <
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6 Foldable AG codes along the Hermitian tower

6.1 Preliminaries

Sequence of curves. We consider the sequence of function fields F = (F});>o over F 2 that
is defined recursively by Fy = F2(z¢) and F; = F;_;(x;) with equations

xd+ 2 = xffll for i > 1. (14)

Note that this tower of function field F corresponds to a tower of curves (X;);>o such that
F; = Fg2(&;). One can view the curve &; embedded in an i-dimensional affine space with
variables (x1,...,x;) defined by the equations (14).
For i = 1, the field Fy is the function field of the Hermitian curve H := A over Fge.
Let g; := g(&;) denote the genus of the curve X;. An explicit formula was given by
Pellikaan, Shen and Wee [41, Proposition 4]: we have go = 0 and for i > 1,

N |

gi =

- 1 (- 1\ :
[(qzl)((q+1)zq’)+1ql]2.<qu+1~<1+q> +1(1+Q)1>-(15)

k=1

For every ¢ > 0, the number of F2—rational places in F; is given by
|Xi(Fg2)| = ¢ + 1.
We have an infinite sequence of curves (X;);>o as follows.

T; Tioa
O

X; L} X1 ;1» L) XQZPI.

Ti+1

» Remark 24. In the context of recursive towers, it is classical to index the curves the
other way round compared to the notations used in Section 4. In the context of the
Hermitian tower, the curve X;_; is the quotient curve of the curve X; under the action of the
group [';. To design foldable codes, we will fix a level of the tower, say imax, and consider
codes over the curve X}
indices (‘Xi)imaxZiZO'

which we will fold using the sequence of curves with decreasing

max ?

This tower is a tower of Artin-Schreier extensions, which have been extensively studied
(see for example [45]). Let us recall some classical results that will be useful to design foldable
AG codes along this tower.

Automorphisms and projection maps. By definition of the Hermitian tower [45, Proposition
3.7.10], the Galois group of the extension F;/F;_; is the group of automorphisms defined by
(x1,...,Ti—1,2i) — (z1,...,Ti—1,T; + o) where « runs in

S={a€F,|a’+a=0}.

Note that if we fixed a non-zero element o € S, then for every 8 € F,, af liesin S. So § is
an additive group which is isomorphic to F,.

The quotient map 7; : X; — AX;_1 consists in the projection onto the first ¢ coordinates.

For every i > 0, we set II; to be the composition of the first ¢ quotient maps, i.e.

Il; =mjomj_10---0mg.
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Behaviour of the point of infinity. In what follows, let us denote by Pég) the unique pole
of the function zg in Fj, which corresponds to the point at infinity on the projective line
Xy =Pl

» Lemma 25 ([45, Proposition 3.7.8]). Let i > 1. The place P is totally ramified in
F;, which means that the preimage H;l ({Pég)}) consists in a unique place, denoted by

ché) € X;. Moreover, Pég) is the unique place that is ramified in the tower F.

The peculiar behaviour of the points Péé) in the tower encourages us to define a sequence
of codes associated with divisors D; € Div(&;) of the form

Di = dzpéé) for ¢ > 1.

Let us focus on the principal divisors divg,(z;) (0 < j < 4) and their valuation at the
point Péf,). Their properties follow from the study of the basic function field F' = F 2 (z, y)
which is nothing but the Hermitian function field. It is a special case of Artin-Schreier
extension of F2(x) and is well known that we have

divp(y) = P — PY.

» Remark 26. The role of the variables x and y is reversed compared to the Kummer model
of the Hermitian curve, studied in the previous section.

Since each extension F;/F;_; corresponds to the same Artin-Schreier extension, and that
P is fully ramified in F /Fo, we can deduce the form of the divisor divp, (z;), given in the
next lemma. The valuation of the function z; € F;_; at chg) follows from the extension
degrees [F;_1 : Fj] = ¢'~177 for j <.

» Lemma 27. The following two assertions hold.

1. Fori > 1, denote by P the unique common zero of the functions g, ...,x;. Then we
have

2. Let i > 1. Then for 0 < j < i, the valuation of the function x; € F;_1 is given by

Upg—l)(ifj) = —¢" (g +1).

Basis of the Riemann-Roch spaces associated to the divisor din). For a given ¢ > 0,
the Péé) is the unique pole of the functions o, ..., z;, which gives an explicit basis of the
Riemann-Roch space associated to a multiple of ché).

» Lemma 28. For alli <1 and m <1, the Riemann-Roch space Ly, (mPéé)) is formed by
linear combinations of functions in the following set:

ao

xg Ogao,Ogaqu—landZajqi_j(q—i-l)jSm

=0

a;
€Z;
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6.2 Construction of foldable AG codes

Fix a level iymax in the Hermitian tower. We want to construct foldable codes on the curve
X

Tmax

O

Tmax ?

of the form

Pirnax )

D

max

) where P; . C X;

Tmax — ¢ “Imax (

q2) \ {Po(gmax)} and Dimax = d P(imax).

Tmax ™ 00

We thus define a sequence of codes (C;) as follow:

Ci = C(Xypr—is Pi

tmax—%3

A D;... ;) where P;_y = m;(P;) and D; = d; PV

In order to make sure Cy = C'(X;

Tmax ?

Pirnrs Dinay ) 1s foldable, we need to describe the
Riemann-Roch spaces on a certain step from Riemann-Roch spaces on lower curves. A priori
Kani’s theorem does not apply, so we will have to find a decomposition by hand. We deduce

such a decomposition from the explicit basis of the Riemann-Roch space given in Lemma 28.

» Proposition 29. Leti > 0. Set D; = diné) for some integer d;. Then

with
1
E; ;= {qm* (D; — j - divp, (J:l))J for0<j<qg-—1.

In other words, the function x; € F; partitions the divisor D; in the sense of Definition 6.

Proof. By Lemma 28, the space Lx,(D;) is formed by linear combinations of z(° - - - z7* with
non-negative exponents such that 0 <a; < ¢ —1 for j # 1 and

Z%q (¢ +1) <m.

Asajrunsin {0,...,g—1}, the proof is concluded by noticing that the function zg° - - - i

te

1
F; lies in L(D; — j - divg, (z;)) which means that z(° ---z{"7" € F;_1 belongs to L, ,(E: ;).
<4

To make D;_; compatible with (D;, z;) (Definition 7), we need the existence of ¢ balancing
functions v,_1 ; € F;_q (for every 0 < j < g — 1) such that

Di 1 —Ei;= = (vi- l,J) (16)

)

In our setup, we have

=i+ | e
Ei; = V‘ J(q‘“L )Jpgg—U.

Thus, we need to “balance” the divisors

S 1)? )
Di1—E;; = (dil - {dz jot1) J) Py

q

We are led to study the Weierstrass semigroup of P , denoted by H (P )>. The

generators of this semigroup can be found using Lemma 27. In fact, P( U s the unique
common pole of the functions xq, ...,z;_1 € F;_1 and we know their exact valuation. Thus
we have

H(PED) = (@ e+ )F 0k <i— 1),
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» Remark 30. In the spirit of the FRI protocol, one could be tempted to choose D;_; as E; .
Such a choice would be valid in the sense of Definition 7 if and only for every 0 < j < g¢g—1

ViJ _ {di—j(qﬂ)iJ c (Pég—n).

q q

Unfortunately, when ¢ increases, this condition is never satisfied.

To ensure that deg(D,_1 — E; ;) is never a Weierstrass gap for Pééfl), we increase the
degree d;_1 of D;_;.

» Theorem 31. Leti > 1. Set D; = diPéf)) for some integer d; and D;_1 = di,lPéé_l)
where

d;
di—l = \\J + 292‘_1. (17)
q
Then D;_1 is compatible with (D;,x;) (Definition 7).
Proof. By [45, Theorem 1.6.8], we know that
max (N\H (Péé‘”)) <2g;_1— 1.

Then for every 0 < j < g — 1, the difference

d; di —jlg+1 i
mij := deg(Dj—1 — Ej ;) = ({J - {M)J + 291’—1) (18)
q q
always belongs to the Weierstrass semigroup H (Péi_l)). <

About the balancing functions. Since we know a N-basis of the Weierstrass semigroup
at ngl), we are able to explicit the form of the functions v;_; ;. In particular, they
can be chosen as the products of powers of the functions xg,...,x;—1. More precisely, if
a; j = (a; j(0),...,a; j(i — 1)) € N’ are integers such that

7—1
mig =Y ai;(k) g g+ 1, (19)
k=0

then m; ; € H (Péé_l)). The corresponding choice for the balancing function is then given by

i—1
Vio1 = H me.J( ).
k=0

Note that finding a vector a; ; € N satisfying (19) leads to the study of the diophantine
equation

i—1

mij =3 ar-q " Fg+1)*
k=0

with ¢ unknowns ay € N, for which we know there exists at least a solution (and we only
need one).
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6.2.1 A family of foldable codes

We denote by imax the level in the tower (X;);>0, such that X;___ is the curve on which the
code we want to test proximity is defined.

» Proposition 32. Fiz an integer imax. Set Py C PY(F2) \ {PL} and define P, as
the preimage of Py under the morphism I1

‘ Fiz an integer d Then the code
C(X,. . Pi . di PDYis foldable.

Tmax * Tmax *

max ? max ? ~ tmax

Proof. Beware that the sequence of curves is indexed decreasingly here, contrary to Section 4.

In particular, the original code is defined over the curve X;

By definition of the Hermitian tower, there exists a solvable group G acting on &; . that
admits a normal series for which each factor group is isomorphic to the additive abelian
group of F,. The action of G on P;____ is free, by definition of P; The cardinality of P;
is equal to |Po| g™, hence |G| > |P;,. .| for some e € (0,1).

The third condition of Definition 8 follows from Theorem 31, noticing that for every i > 0,
the function z; maps different points in the same I';-orbit onto different values. <

max max

max |

To control the dimension of foldable codes, we will focus on those of the form
C = O (Xips X F2) \ {PL), (20 4 1), ., ) P ) (20)

for some o > 1/2. In this case, we have n;_ = ¢'m>T2. We can determine a sufficient
condition over ip,x and a to get a constant rate.

» Lemma 33. Let R€ (0,1). Fize € (0,1). Set imax == ¢° and o := Rq' .
The ratio of the dimension of the code C defined in (20) by its block length goes to R
when q tends to infinity.

If2(¢°—1) < q, the relative minimum distance of C is bounded from below by 1—R (14 1 ).
q

Proof. If a > 1, the dimension of the code is equal to (2a+1)g;,.... — Gimac +1 = 2Rq* g, +1
by the Riemann-Roch Theorem. As R is fixed and ¢ goes to infinity, we can assume that
a > 1/2 to compute the rate as

. 2Rq" " gip..
lim —————w=
q—o0 qlmax"r

for imax = ¢¢. Lemma 54 in Appendix B clearly implies that this limit is equal to R.
Regarding the relative minimum distance, we use the Goppa bound: if

20+ 1)gi,,., < g2,

then the relative minimum distance of C' satisfies

A(C) > 1 _ <2a + 1)g7;max .

qimax+2

By Proposition 53 in Appendix B, we have

gi Z‘max Z-max
= max S 1 + ) ,
qzmax +2 2q ( q

which gives the expected lower bound for our choice of o and 4yax- <
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7 Folding operators for AG codes

Now that we have determined the needed properties of an AG-code to be foldable, we
construct the fundamental building block of our IOPP by generalizing the so-called algebraic
hash function of [18] to the AG codes setting, and we refer to it as the folding operator. Next,
we provide a formal description of the IOPP system (P, V) and state the theorem capturing
its efficiency properties.

7.1 Definition of folding operators

Let Cy = C(Xo,Po, D) be a code satisfying Definition 8. We consider its associated
(X, G)-sequence of curves (X;) and its sequence of divisors (D;).

To test proximity of a function f(© : Py — F to Cy, we aim to inductively reduce the
problem to a smaller one, consisting of testing proximity to the code C; = C(X;, P;, D;).
Broadly speaking, our goal is to define from any function f* : P; — F a function f0+1) :
Piy1 — F such that the relative distance A(f0+1,Cy,1) is roughly equal to A(f@,C;).

Fixi€{0,...,r—1} and let f:P; — F be an arbitrary function.

» Notation 34 (Interpolation polynomial). For each P € P;y1, let us denote Sp := ;' ({P})
the set of p; distinct preimages of P. Recall that the function u; satisfies Item 3c of Definition
8 and consider

pi—1

If)p(X) = ZXjajyp (21)
j=0
the univariate polynomial over F of degree less than p; which interpolates the set of points
{(uP), £(P)): P e Sp}.

Specifically, for all Pe Sp, we have

~

Ipp(ui(P)) = f(P).

Then for every j € {0,...,p; — 1}, we define the function

J Piyr — F,
f].{ P — aj p- (22)

Given f : P; — I, the idea is to define p; functions f; : Piy1 — F, where |P;11| = %
such that f corresponds to the evaluation of a function in L(D;) if and only if each f; coincides
with a function in L(E; ;) C L(D;41). Instead of testing for each j € {0,...,p; — 1} whether
f; € Cit1, we reduce those p; claims to a single one, by taking a random linear combination of
the f;’s, which we referred to as a folding of f. By linearity of the codes, such a combination of
the f;’s belongs to C; 1 whenever f € C; (see Proposition 37 below). However, for soundness
analysis, one needs to ensure that no f; corresponds to a function lying in L(D; 1)\ L(E; ;).
Some safeguards are embedded into the folding operation by introducing the balancing
functions v;11 ; from Definition 7 in the second term of the sum in (23).

» Definition 35 (Folding operator). For any z = (21, 22) € F2, we define the folding of f to
be the function Fold|f,z]: P;11 — F such that

pi—1 pi—1
Fold(f,z] := > zfi+ > 2 vip1,f (23)
5=0 =0

where the functions f; are defined in Equation (22) and the functions v;41 ; in Definition 7.
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7.2 Properties of folding operators

Our aim is to prove that the folding operators satisfy three key properties: local computability,
completeness, and distance preservation. This will enable us to invoke [4, Theorem 1] for the
completeness and soundness of our AG-IOPP.

Given the p points ((1:(P). f(P))) pig,
of Iy p defined in (21) by polynomial interpolation. Recalling that for each P € P;1q, we
have f;(P) = aj p, we get the following lemma. This lemma will allow to obtain fast prover
time and verifier decision complexity.

one can determine the coefficients (a;,p)o<j<p

» Lemma 36 (Locality). Let z € F2. For each P € Piy1, the value of Fold[f, z] (P) can be
computed with exactly p; queries to f, namely at the points w[l({P}),

» Proposition 37 (Completeness). Let z € F2. If f € C;, then Fold|[f,z] € Ciy1.

Proof. Write z = (21, 22). If f € Cj, it coincides with a function of L(D;). By definition of
the divisors E; ; and Theorem 11, there exist some functions f; € L(E; ;) such that

pi—1
f=> wlfjom
§=0
Let P € P;41. For any Pec Sp,

pi—1

Fold |1, (1(P).0)] (P) = Ip.p(ui(P)) = f(P) = Y~ mi(PY [;(P).

Moreover, for any P € P;y1, polynomials I¢ p(X) and Fold [f,(X,0)] (P) in F[X] are of
degree less than p; and agree on { ,ui(ﬁ); Pes p} of size p;, therefore they are equal. In

particular,

pi—1

Fold [/, (1:(P), 0)] (P) = >~ m(P) £;(P).
§=0

Thus, for all P € P;yq,

pi—1

S~ w(PY (f5(P) — f5(P)) = 0
§=0

and the polynomial

pi—1

> XI(f;(P) - £;(P))
j=0

of degree less than p; is zero on at least Hul(ﬁ), Pe 731'+1H = p; points. Hence, for every
j €{0,...,p; — 1}, the function f; defined in Equation (22) coincides with f] and

pi—1 pi—1
Fold[f,2] = > zfi+ > 2 vip1,f)
j=0 j=0

where E € L(E; ;) € L(D;41) and viy1,;f; € L(D;11), by definition of the divisors E; ;,
D; 41 and the functions v;41 ; (see Definition 7). Thus each term of Fold [f, 2] lies in the
vector space (41, which concludes the proof. <
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We discuss the effect of the folding operation on a function which is far from the code.
Roughly speaking, we want to show that, if f is -far from the code C;, then the folding
Fold [f, z] of f is almost §-far from the code C;y; with high probability over z € F2. We
start with the notion of weighted agreement.

» Definition 38 (Weighted agreement). For any function n € [0,1]7, we define the n-
agreement of two functions u,v € FF by

1
ot 0) = 0 S (P).

u(P)=v(P)
Given a subspace V. C FP and u € FP, we set

wy(u, V) = max wy (u,v).

Notice that since 1 € [0,1]7, we have for any V C F” and any u € F”,
wp(u, V) <1—A(u,V). (24)

Let us introduce some notations related to the Johnson list-decoding function. For any
e € (0,1], let J. : [0,1] — [0, 1] be the function such that

J. (N =1-1—(1—o)n,

and denote Jé =J.o---0J..
—_——

l times
We now state a preliminary result concerning the weighted agreement on a low-degree

parametrized curve. Proof of Proposition 39 builds upon the one of [18, Theorem 4.5] and is
given in Appendix A.

» Proposition 39. Letn € [0,1]% and e,6 > 0 such that and § < JL(N\). Letug,...,u;—; € FP
such that

= -1 /2\'"
iy _ > z
ZPJF ["Jn (;z uZ,V> > 1 (5] Z (5) , (25)

then there exists T C P, and vy, ...,vi—1 € V such that:
ZPeTn(P) > (1-6—¢)[P|

Jor each i, wijp = vip.

Here, for a function u € FF, ur € F7 corresponds to the function obtained by restriction
onT CP.

As mentioned earlier, soundness analysis relies on the relation between the weighted
agreement of f to C; and the weighted agreement of the folding of f to C;11, constrained by
the next corollary.

» Corollary 40. Fizi € {0,...,r —1}. For a function n: P; — [0,1], define 0 : P; 1 — [0,1]
by

VP € Piiq, O(P) = i > n(P).
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Let \; be the minimal relative distance of C;. Fiz e € (0,1) and

§ < min (Jg”()\i),; ()\i + ;)) .

For any function f : P; = F such that w,(f,C;) <1— 0, we have

Pr p(Fold[f, 2], i) > 16+ < |119|< +j—1) <4>pi.

e

Proving Corollary 40 requires the lemma stated next. We prove Corollary 40, then prove
Lemma 41.

» Lemma 41. Leti € {0,...,r — 1}, D; € Div(X;) and u; € F(X;) satisfying Definition (6).
Consider a divisor D; 11 € Div(X;41) that is (D;, pu;)-compatible in the sense of Definition 7.

Fiz j € {0,...,p; —1}. Then a function g € F(X;41) belongs to L(E; ;) if and only if
both functions g and gv;y1,; belong to L(Djt1).

Proof of Corollary 40. Let f : P; — F be an arbitrary function. According to Equation
(22), there exist p; function f; : Pi11 — F such that for any z = (21, 22) € F2,

pi—1 pi—1
Fold[f,2] = Y 2lf;+ Y 2" vit1,f5.
j=0 j=0

Rewrite Fold [f, z] as a polynomial function in zs:

Fold [f, 2] = f., +Z2fo+22f1 +Z§1fp1717
where
pi—1 .
fo=> AL [ =viagl
§=0

Finally, set

pi _ 1 4 Pi pz 4 pi+1
Ky = — d K =— |- .
AT () o LT (

Let us prove the corollary by contrapositive. We assume that

Pr [wg(Fold[f, } 2+1)>1—(5+E] > Ko+ K,
and thus

PEI‘]F PI‘ [we(Fold[f, ] H_1)>1—5—|—€] > Ko| > Kj.

Fix z; € F such that

PI‘ [LUQ(F0|C| [f, ] H—l) >1-—6 —|—8] > K.

By Proposition 39, there exist v,,,v],...,v, _; € C;+1 and T’ C P such that

Yoper 0(P) > (1 =0+ 5) |Pital,
/UZI‘T’ = leIT/,

,pL
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for each j € {1,...,p; — 1}, 1;;'7/ = ]’,‘7_/.

In particular,

1

13
—_— O(P)>1—-60+
|Pit1l )

PeT’ 2

wWo(fzr, Cit1) = wo(far,vs) =

It means that

€
) >1—64+—| > — 5+
ZFg]F wo(fz,Civ1) 21 -0+ 2} > ZFErF Lfer [wo(Fold [f, 2] ,Cit1) >1—0+¢] > Ky

> K.

The polynomial form of f,, in z; enables us to reapply Proposition 39: there exist 7 C P
and v, v1,...,Vp,—1 € Cji11 such that

>per 0(P) = (1= 06)[Pita],

for each j € {0,...,p; — 1}, i\ = fj\T‘
On 7' N T, we thus have

! !/
Yiiror = Tijrnr = WVit1,503) a7 = Vit1,595) 1007

The cardinality of 7/ NT satisfies

T AT =T +ITI=|T'UTI= Y 0(P)+ Y 0(P) — [Pixa| = (1-26 + )|7Dz+1|

PeT’ PeT

The assumption on § ensures that 20 — 5 < A;11 where A;1; is the minimal distance of C; ;.
Hence, for every j € {0,...,p; — 1}, the evaluations of v} and v;1 jv; on Piy1 are equals.
They are codewords of C;41, thus this implies that both functions v; and v;11 jv; belong to
L(D;4+1). By Lemma 41, we get that the function v, lies in L(E; ;).

Now let us define v : P; — [F by

pi—1

vQ € Pi, v(Q Zuz v 0mi(Q).

By definition of the divisors E; ; (5), the function v belong to L(D;). Now let us prove that
it agrees with f on S :=||pc Sp
Let P €T and P € Sp.

pi—1
f(P) = I p(u:(P Z i (P by definition of I¢ p,
pi—1
=Y m(P)v;om(P) since fj i = vj - and P = m;(P),
7=0
=u(P).

As a result, since v € C;, we can conclude that

PP IELEE o DILER )

PeTPESP

(fa )>wn fa 2
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Proof of Lemma 41. Assume that g € L(E; ;). Then Definition 7 ensures that g and gv; 41 ;
lie in L(DrLJr])

Conversely, assume that g and gv;41 ; belong to L(D; 1) and write D; 11 = )" npP. The
hypotheses on g imply that

g € L(Dix1) NL(Dig1 — (Vix1,5))-

By [40, Lemma 2.6}, the function g belongs to L(Dj, ), where the divisor Dj_, is defined by

D, = Zn’PP where np := min(np,np + vp(vit1,;)).
P

Then Dj, | = D41 — dive (Vig1,5) = Eij by the second item of Definition 7. <

7.3 10PP for foldable AG codes

Let Cy = C(Xy, Py, Do) be a foldable AG code over an alphabet F. Given a family of folding
operators defined as per Definition 35, [4] yields an IOPP for Cj, which is abstracted from
the FRI protocol of [9]. We informally describe the IOPP system (P, V) for testing proximity
of a function f© : Py — F to Cp, then give its properties. A formal description will be
provided in Section 8 for instantiations with concrete AG codes.

As in the FRI protocol, the IOPP is divided in two phases, referred to as COMMIT and
QUERY. Before any interaction, P and V agree on:

a (X, G)-sequence of curves (&X;), for which we denote the length of the composition serie

of G by r.

a sequence of codes (C;) where for each i € {0,...,r}, C; = (X;,P;, D;) and X;, P; and

D; are defined as per Section 4,

a sequence of functions (u;) € F(AX;) satisfying Definition 6,

a sequence of balancing functions (v;41)o<i<r of p;-tuples of functions in F(X; 1) such

that Viy1 = (Vi+1,j)0<j<p1, and Vitl,5 satisfies (6)

We recall that the choice of a sequence (&X;) induces a sequence of projections 7; : X; — Xji1.

The COMMIT phase is an interaction over r rounds between P and V. For each round
1 € {0,...,7 — 1}, the verifier samples a random challenge z() € F2. As an answer, the
prover gives oracle access to function fU+1 : P, ; — F, which is expected to be equal to
Fold [f(i), z(i)]. To compute the values of f0+1) on P;, 1, an honest prover P exploits the
fact that the folding of f(*) is locally computable (Lemma 36). Namely, for each P € Py, 1,
P computes the coefficients (a; p)o<j<p of Ity p € F[X] from f(i)|sp, evaluates v;41; at
P, and sets

pi—1 pi—1

Fold {f(i),z(i)} (P) = Z (zy))jajy + JZZ:O (zéi))j+1 Vit1,j(P)aj,p.

Jj=0

During the QUERY phase, one of the two tasks of the verifier V is to check that each pair
of successive oracle functions (f @, f (”1)) is consistent. A standard idea is to check that
the equality

J+ = Fold [ ), 2] (26)

holds at a random point in P; 1. By leveraging the local property of the folding operator,
such a test requires only p; queries to f) and 1 query to f*1. As in [9], we call this
step of verification a round consistency test. The verifier begins by sampling at random
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Qo € Py and once this is done, all the locations of the round consistency tests run inside
the current query test are determined. More specifically, for each round ¢, V defines
Qi1 = m(Q;) to be the random point where Equation (26) is checked. Through this
process, the round consistency tests are correlated to improve soundness. Such a query
test can be seen as a global consistency test, similar to the one of the FRI protocol. For
the final test, V reads () : P, — F in its entirety to test if £ e C,.

» Theorem 42. Let Cy = C(Xy, Po, Do) be a foldable AG code of length n = |Py|. By
definition, Cy admits a solvable group G € Aut(Xy) such that |G| > n® for a certain e € (0,1)
and induces a sequence of codes (C;). Set Pmayr = maxp;, A = min; A(C;) and

~ = min (me‘””()\), %()\ + ;)) .

There is an IOPP system (P,V) for Cy satisfying:

Perfect completeness: If O € Cy and f), ..., f) are honestly generated by the prover,
the verifier outputs accept with probability 1.

Soundness: Assume f©) is o-far from Cy and let ¢ € (0,1). With probability at least
1 — errcommit over the randomness of the verifier during the COMMIT phase, where

logn 4 4 Pmae
erfcommit < W Pmaz + g -1 g

and for any oracles f) ..., f") adaptively chosen by a possibly dishonest prover P*, the
probability that the verifier V outputs accept after a single query test is at most

erfquery(0) < (1 —min(d,v) + e logn).

Owerall, for any prover P*, the soundness error err(§) after t repetitions of the QUERY
phase satisfies

err(5) < effeommit + (errquery(5)>t

1 4 4 Pmaz

Moreover, the IOPP system is public-coin, has round complezity r(n) < logn, proof length
[(n) < n and query complexity q(n) < tpmas logn +n

l1—e

Proof. Lemma 36, Proposition 37 and Corollary 40 satisfy the conditions of [4, Theorem 1].
Completeness and soundness are given by [4, Theorem 1]. Let us prove the rest of the
theorem. Regarding round complexity, we have that

r—1
n
H pi = TT’
i=0 r
where

n _
nT:\Pr|=@<n1 €

For every i € {0,...,7 — 1}, 2 < p; < Pras- Therefore

r(n) <logyn —logy n, < log, n.
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For query complexity, notice that for i € {0,...,7 — 2}, f0TD(Q;41) is reused for the
next round consistency test. Hence,

r—1
q(n) =t (Zm) + 0! < Urppag 0t

=0

Finally, the total proof length I(n) is the sum of the lengths of all the oracles provided by
P during the COMMIT phase, counted in field elements. Denoting ;1 := H;:o pj, we notice
that
Pi| _ [Pol

Pia| = 4 = 200
| z+1| i i1

Thus, we have

I(n)_ZT:|Pi_zT:|7;F)|§ni21i—n(l21T><n. <
i=1 i=1 "

i=1

8 Proximity tests for AG codes on Kummer curves and Hermitian
towers

When we instantiate the AG-IOPP proposed in Section 7.3 for the setting of Kummer curves
(Section 5) and curves in the Hermitian tower (Section 6), we end up with a membership test
to a RS code. An RS code is itself a foldable AG code (see Section 4.3). In order to lower
verifier complexity, we can extend the AG-IOPP by replacing the final test by an IOPP for
RS code. This enhanced AG-IOPP is examined in this section.

8.1 How to iterate the folding to reach a code of dimension 1

Let C = C(X,P,G) be foldable in the sense of Definition 8 on a Kummer curve or on a
curve in the Hermitian tower. In Sections 5 and 6, we defined s codes (C;)o<i<s, Where s
is the the number of prime in the decomposition of NV in the Kummer case and s = iax
for the Hermitian tower. The code Cy, = C(P, P/, D) corresponds to a Reed-Solomon code
RS[F,P',d] = {f : Ps — F;deg f < d}, where the degree bound depends on the parameters
of the original code Cy. Taking this into consideration, we want to iterate the folding
operation until we get a RS code of dimension 1, as it is done in the FRI protocol [9].

As in Example 4.3, we set dy = d and define d;; = L%J for any integer i. Set s’ the
smallest integer such that dys = 0. Then, we consider the sequence of Reed-Solomon codes

(Cs+i)1<i<s when applying the construction described in Section 4 to the initial code Cs.

Letting r = s + &', we iteratively reduce the proximity test to the code Cy to a membership
test to the code C,., which is a Reed-Solomon code of dimension 1. If f(©) € Cy, then f(") is
expected to be a constant function, and this can be tested in a trivial way. We can leverage
the fact that C). is a Reed-Solomon code to extend the protocol described in Section 7.3. We
obtain a r-round IOPP system (P, V) for Cy, which is described below.

The prover P and the verifier V are given as input the description of the code Cy. The
verifier V is given oracle access to a function f(©) : Py — F, which is also given as explicit
input to the prover P.
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COMMIT phase

1. For each round ¢ from 0 to r — 1 :
a. V picks uniformly at random z® in F2? and sends it to P,
b. P computes f(+1) = Fold [f), 2(V],
c. If i <7 —1: P gives oracle access to f0+D : P, — F.
d. If i = 7 — 1: P commits to g € F (if (9 € Cp, then f(") is supposed to be constant
equal to f3).

QUERY phase

1. Repeat t times the following query test:
a. Pick Q¢ € Py uniformly at random.
b. For i =0 to r — 1, run the following round consistency test:
i. Define Qi1 € Pip1 by Qiv1 = mi(Qs), R
ii. Query f0FY to get fO+D(Q;41) and query £ at points Q € Sq,.,,
(ifi =7 —1, set fO(Q,) = B)
iii. Compute the value Fold [f(i), z(i)] (Qit1),
iv. If i <7 —1: return reject if and only if fF1(Q;41) # Fold [, 2] (Q;41)
v. If i = 7 — 1: return reject if and only if 8 # Fold [, 2] (Q;41)

2. Return acccept.

8.2 Properties of the AG-IOPP with Kummer curves

Assume Cy = C(Xy, Po, Do) is a foldable AG code of blocklength ng = |Pp| on a Kummer
curve Xy (cf. Proposition 18). This means that X, is defined by an equation y™ = f(x),
where f € F[X] is a separable degree-m polynomial, m = —1 mod N, N is coprime with
|F|, |Po| = aN for some integer o, and deg Dy < aN. Assume « is a power of 2 and N is a
n-smooth integer for a small fixed parameter n € N.

Proposition 23 states that the relative minimum distances of the codes C; are all equal
to A(Cp) = 1 — MTDO. Therefore, the ordering on the integers involved in the prime
decomposition Hf:_o p; of N does not impact the parameters of the protocol. Moreover, the
code Cy = C(Xs, Ps, D) corresponds to a RS code

deg Dy

_ deg D
Cs =RS {F,PS, N }

]z{f:’Ps—>IF;degf<

of blocklength |P,| = o, which is itself a foldable AG code (see Example 4.3).

» Theorem 43 (Kummer case). Let C = (Xy, Po, Do) be a foldable AG code on a Kummer
curve satisfying the hypotheses of Proposition 18 with N a n-smooth integer. Denote n = |Pp|.
The IOPP (P,V) described in Section 8.1 has perfect completeness and soundness as stated
in Theorem 42. Moreover, for t repetitions of the QUERY phase, we have:

rounds complexity r(n) <logn,

proof length I(n) <mn,

query complexity q(n) <tnlogon+1,
prover complexity tp(n) = Oy(n),
verifier decision complexity t,(n) = Oy(tlogn).
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Proof. Noticing that the round complexity is now r(n) = s+ ', straightforward calculations
show that complexity, query complexity and proof length computed in the proof 42 still hold.
Completeness and soundness also follow from [4]. We estimate prover complexity and verifier
complexity below.

Prover complexity. Fix a round index 7 < r — 1. The balancing functions v;41 ; : Piq1 — F
can be precomputed since they do not depend on f*, z(%) (see Remark 44). To simplify
notation, denote f = f(9). For any z = (21,22) € F2, computing the successive powers
(21, 2))0<j<p, takes 2(p; — 2) multiplications. For each P € P;;1, an honest prover must
compute the coefficients (a; p)o<j,<p of the polynomial Iy p(X) of degree degl;p < p;

from the interpolation set {(ul(ﬁ),f(ﬁ)) |Pe Sp} of size p;. Notice that u; = y, so

computing uz(ﬁ) for P e S p is done for free. Univariate interpolation for a polynomial
of degree < p; can be done in O(p?) by Lagrange interpolation. Overall, one can honestly
evaluate Fold [f, 2] : P;11 — F with |P, 41| O(p?) operations in F. We showed previously that
S'Z1IPi| < m, thus when summing over r — 1 rounds, we get that the cost of (honestly)
generating the oracles f(, ... fr=1) is Oy (n).

Verifier decision complexity. Verifier complexity is inferred from the previous discussion
about prover complexity. For each round, the verifier computes the successive powers of z; and
29, interpolates Iy p for a point P € P;41 in O(p?) operations, then computes Fold [f, z] (P)
in a number of operations which is independent of n. Hence, verifier complexity for repetition
parameter ¢ is t,(n) = O, (tlog(n)). <

» Remark 44. We give the cost of precomputing the evaluation tables of the balancing
functions. Letting v;11,; be as defined in proof of Lemma 17, the sequence of functions
(Vit1,5)o<j<p; can be evaluated at the same point P € P;1; in time O(logm + p;) using
exponentiation by squaring. Thus, the evaluations of ;41 1, ... Vi41,p,—1 on P;41 are obtained
with O((logm + p;) |Pi+1]) operations.

We give an example of an AG code over a Kummer curve where py,q. = 2.
» Example 45. On F with ¢ = 261 — 1 (9*" Mersenne prime), we consider the curve
Xo:yN =2+

where N = 2" with r = 16. It is maximal [46] of genus ¢ = N — 1. We consider the code Cy
associated to Dy = 217P2 on an evaluation set Py C Xy(Fy2) of size n = 229, Its dimension
equals dim Cy = 2'6 + 2 and its relative minimum distance ) is bounded from below by
1 —273. Take ¢ = 27655, By Theorem 42,

1 4\ [4\?
M aommit < og(n) <1+ ) () o 94334643:6.55-121  9—91
|Fez| e) \e

erfguery(0) < (1 — 06+ elog(n))
where 1 =6 =(1—- X+ 5)% < 0,51384. Hence

20
errquery((s) <0,51384 + ﬁ ~ 0,72728.

By running the QUERY phase with repetition parameter ¢ > 199, we get (errgyery )t < 2791
and err(§) < 279, The last code C, is a small Reed-Solomon code of length n, = 2% and
dimension 2. The total number of rounds of the IOPP is thus r + 1.
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8.3 Properties of the AG-IOPP with towers of Hermitian curves

» Theorem 46. Let C = (X, P, D) be a foldable AG code with alphabet F =T 2 on a tower
of Hermitian curves satisfying the hypotheses of Proposition 32. Letting imax be the index
of the curve X in the Hermitian tower (X;)i>o0, the length n = |P| of C is at most g'm>T2,
The IOPP (P,V) described in Section 8.1 has perfect completeness, and soundness as stated
in Theorem 42. Moreover, we have:

rounds complexity r(n) <logn,

proof length I(n) <mn,

query complexity q(n) <tqlogn+1,

prover complexity tp(n) = O(n-Mg(q)log(q)),

(
verifier decision complexity t,(n) = O(logn - Mg(q)log(q)).

Proof. The proof follows from proof of Theorem 43, replacing n by ¢. Prover and verifier
complexities are computed from the cost of computing the coefficients of a univariate polyno-
mial of degree less than ¢ from its evaluation on points forming an arithmetic progression in
F = F,2. This interpolation task can be done in Mr(g)log g+ O(Mr(q)) base field operations
[21], where Mp(d) denotes the cost of multiplying two degree-d univariate polynomials in
F[X]. <

Given a foldable code as in Proposition 32, the IOPP constructs a sequence of codes as
follow:

C; = C(X, Piois Di.. i) where P;_; = m;(P;) and D; = d; P

max — %)

with the integers d; defined recursively by

d;
di—1 = {QJ +29(Xi—1).

» Remark 47. Be careful about the indices: the indices for the codes on one hand and for the
curves, the support and the degree on the other hand, are in reserved order. The original
code to which we test proximity is Cy, defined over the curve &; and the last RS code is
C; which is defined over X, ~ P!

masx !

Unlike the Kummer case, we have to increase the degree of divisor by twice the genus of
the curve at each step to make sure the compatibility hypotheses of Definition 7 are valid.
This has a counterpart: the dimension of the codes C; decreases much slowly than their block
length. A foldable code in the sense of Definition 8 may induce of a sequence of codes in
which the last code C;
thus need to control the dimension of the code C;
of this section.

is trivial. In this case, the protocol would no longer be sound. We
. This is the purpose of the remaining

max

» Remark 48. In light of the Kummer case in which the group Z/NZ is factored as much as
possible, if ¢ is some prime power ¢ = p*, we could split the additive group F, ~ (Z/pZ )Z
acting at each level with ¢ intermediary rounds. In 36, any value taken by the folding of a
function f would be determined by p values of f (instead of ¢ values), and the verifier and
the prover would perform polynomial interpolations of degree p. However, for each of these
intermediary steps, we would have to make the new divisor grow to fulfill the compatibility
conditions (Definition 7), as mentioned above. If the rate increases too much, the relative
minimum distance drops and the total number queries to target a designated soundness may
be tremendous. The loss in terms of soundness error per QUERY phase seems to be much
more significant than the aforementioned advantages.
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8.3.1 Bounding the rate of the underlying Reed-Solomon code

We aim to bound the dimension of the code Reed-Solomon code C;,_ . .
degree d;___ of the divisor D;___ on P!

Tmax Tmax

Let us compute the

» Lemma 49. For 1 < j < imax, we have

i 2Giman— .
s | 52 |2 -,

Proof. It follows from the definition of the degrees d; given in (17) and by induction on j. <«

From Lemma 49, we can get an upper bound on dy.

» Corollary 50. Let us assume that 2(imax — 1) < q. The degree do of the divisor Dy on P!
is bounded from above by

tmax

di,.. .
do < {quJ + (dmax — 1) <1 + — 6 (3¢ —4+ 2zmax)>

Proof. By Lemma 49, we have the following bound over dy:

d; imax— 29;
do < {qi:::J + ) {qu J + fmax — 1.

i=0
. . img 1 | 2g,
It is thus enough to estimate the sum Z — |- By Proposition 53,
k=0 L4

IN

PN SO

k=0 q k=0
Z'max(imaux - 1) Z'maux(imaux - 1)(2imax - 1)

(¢—1) 5 +
_ Z.max(imax - 1) 4 22‘ma,x
N 2 ( 3773 > ’
which gives the expected result. <

We aim to determine a sufficient condition on i, that ensures that the RS code C;
is not trivial. Let us denote by ng the size of the support Py of C;

max

max *

The rate of C;_, is equal to
do+1
no ’
Also we have n;_._ = |P;, . | = ¢"™>no.

» Corollary 51. Let us fix p € (0,1). If

qzmax

d; ., i max .
L.mde + (Zmax - 1) (1 + : 6 : (3(] —4+ 22max)> +1< p1o;

then the rate of the RS code C;

tmax

is less than p.

It satisfies ng < ¢2.
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8.3.2 Foldable codes with constant rate which are endowed with an
IOPP with designed soundness

In this paragraph, we focus on foldable codes of the form

Co = C (Xips i B2) \ {PL, (20 4 1)gi, ., ) P ) (20)

max ?

for some a > 1/2, as in Section 6.2.1. The evaluation set P; . is the whole set of rational

max

points of X; __ minus the point of at infinity Péé‘“““‘), ie. m, . = qmext2,

» Proposition 52. Let us fiz p € (0,1). The rate of the RS code C;
p if
2 e + 3120 (20 4+ ¢ — 1) + imax (6a(g — 1) +7) — 6pg® < 0.

below Cy is less than

max

Proof. For g large enough, we can assume that 2i,, — 1 < ¢. Using Proposition 53, we get
an upper bound over d

Tmax *

imax L .
d < (2a4+1)—=¢"*(q + (imax — 1))-

inlax —_ 2
From Corollary 51, a sufficient condition for the underlying RS code to have a rate less than
p is
imax . . z’max .
(2a + 1)7((] + (tmax — 1)) + (dmax — 1) (1 + T(?;q —4+ 2zmax)> +1< pg?
Multiplying the inequality by 6, expanding and simplifying, we get our condition. |

Now assume that ipax = ¢° for € € (0, 1). In the constant rate regime described in Lemma
33, we have aipn.x = Rq. The condition above becomes

1
2’L?na,x + Sifnax(q - 1) + Z.ma\x(6Rq + 7) < 6q2 (p — R (1 — q)) .

IfR(1- %) < p, the right handside is positive. Let us give a rough estimation of the
largest € such that iy, = ¢° satisfies this inequality. The left handside begin equivalent to
3¢*2, we have € ~ 3(1 + log, (p -R (1 - %))

Table 1 displays some examples of level iy, and initial rate R of foldable codes for
which the AG-IOPP reduce the proximity test to testing RS codes of rate p. In terms of the
soundness of the protocol, it means that A as defined in Theorem 42 is greater than 1 — p.

Table 1 Example of parameters of foldable codes of rate R along the Hermitian tower. Alphabet
is Fg and block length is n. The last column gives a bound on the minimal distance of the RS code.

q imax n R 1—p>
24| 3 | 2%
AR 1/8 1/3
24| 4 | 2% 1/3
o5 |3 2% 3/4
5 | 2% 1/2
116 |2
4 | 2% 3/4
2| 5 | 2% 2/3
7 | 2% 1/2
24| 3 | 2% | 1/32 1/2
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A  Proof of Proposition 39

Proposition 39 is a weighted version of [18, Theorem 4.5]. We only highlight the changes to
be made in the proof of [18, Theorem 4.5].
-1
For z € F and (vg,...,u_1) € V!, let us set v, == Zzivi. Rewriting the proof of
i=0
Theorem 4.5 [18] with

A={z€eF|w,(u,,V)>1-4}
provides vg,...,v;_1 € V and a set
C={z€F|wy,(usv.)>1-0}CA

with cardinality |C| > 1. Let us set T := {P € P | u;jr = v;r for all i}. Therefore

1
1-0< — Wy (Uy, v,
|C|§: W( )

zeC

1
= W Z Z T](P)]luz(P):vz(P)

zeC PeP

1 1
= W Z U(P)@ Z Ly, (Py=v.(P)

pPeP zeC

Notice that if there exists i € {0,...,l — 1} such that w; which does not coincide with v;, the
number of z € F such that u,(P) = v,(P) is at most  — 1. Then

1 1 -1
1_5SWZU(P)+W > 77(P)W

PeT PeC\T

1
< —= > n(P)+e,
d
which gives the first item of the proposition.

B Properties of the genera of the curves in the Hermitian tower

To estimate the parameters of the foldable codes we define along the Hermitian tower, we
need to handle the genera of the curves in this tower. From the formulae (15), we deduce a
bound on the genus of the curve X; for small ¢ (Proposition 53) and the asymptotic behaviour
of the ratio of g; by ¢'™2 for i = ¢° when ¢ goes to infinity (Lemma 54).

» Proposition 53. Fori > 1, we have

; P T R TIN s
AR AN gt = (i iy i(i—1)
< = < z <2 ==
9i = 9 Z k)gh—1— 2 Z q = 2q + 2 T

k=1 k=1

the last inequality holding only if 2(i — 1) < q.



S. Bordage, M. Lhotel, J. Nardi, and H. Randriam

Proof. Starting from the second formula of (15), we can write

1 ] [ 1 k—1 .
9i 2-<qz+12(1+q) +1—(1+q)‘>
k=1

i+1 )
5= ¢ (1+1/g) = 1)

i+1 @ i 1
9 Z <k‘) 1

k=1

IN
<

(=)

using that the term outside the geometric sum is non-positive. Note that if & > 2, then we
can bound the binomial coefficients as follows

i\ _i(i—1)---(i—k+1) i(i — 1)k=1
<k:)_ Rh—1)-2 = 2

as the denominator is greater than 2 and the factors i — 1,7 — 2,...,4 — k + 1 are all lesser
than 7 — 1. Factoring and using this upper bound on the binomial coefficients, we get

i+1 . . k—1 - i1 . i . k—2
q L1 1—1 iq 1 1—1 1—1

9i < -(z—&-g ( ) ): (1—1—-( )E ( .
2 kaz q 2 2 q = q

Y k—2
i fi—1
Assuming that 2(i — 1) < ¢, we can bound the sum > (Z ) by 2, which concludes
k=2 q
the proof. <

» Lemma 54. Fizec € (0,1) and set i =q°. Then

9 1
qi+2 g—00 qu—s'

Proof. From the first formula of (15), we get

2 imax < 1 ) < 1)‘15 1 1
: =(1-=)(1+=) -1|+—u—=
qltxlax+2 q2 q qzmax+2 q2

£

1 1

q
Let us examine the asymptotic behaviour of (1 + 5) when ¢ goes to infinity. Set h = ¢~ .

(1 + ;)q = exp (hl_e : log(thrh)) = exp (hl—f (1 - g + o(h))) = 1+h'"to(h'™7)

Therefore, we have

N\ 1
1—1—5 _1Nq1*5. 4
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