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Abstract
We study the parameterized complexity of two classic problems on directed graphs: Hamiltonian
Cycle and its generalization Longest Cycle. Since 2008, it is known that Hamiltonian Cycle is
W[1]-hard when parameterized by directed treewidth [Lampis et al., ISSAC’08]. By now, the question
of whether it is FPT parameterized by the directed feedback vertex set (DFVS) number has become
a longstanding open problem. In particular, the DFVS number is the largest natural directed width
measure studied in the literature. In this paper, we provide a negative answer to the question,
showing that even for the DFVS number, the problem remains W[1]-hard. As a consequence, we also
obtain that Longest Cycle is W[1]-hard on directed graphs when parameterized multiplicatively
above girth, in contrast to the undirected case. This resolves an open question posed by Fomin et
al. [ACM ToCT’21] and Gutin and Mnich [arXiv:2207.12278]. Our hardness results apply to the path
versions of the problems as well. On the positive side, we show that Longest Path parameterized
multiplicatively above girth belongs to the class XP.
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1 Introduction

Hamiltonian Cycle (Path) Parameterized by DFVS. In Hamiltonian Cycle (Path),
we are given a (directed or undirected) graph G = (V, E), and the objective is to determine
whether G contains a simple cycle (path) of length n = |V (G)|, called a Hamiltonian cycle
(path). Hamiltonian Cycle1 has been widely studied, from various algorithmic (see, e.g.,
[7, 9–12, 15, 16, 28, 29, 37]) and structural (see, e.g., the survey [50]) points of view. This
problem is among the first problems known to be NP-complete [60], and it remains NP-
complete on various restricted graph classes (see, e.g., [2,20,46]). Nevertheless, a longest path
can be found easily in polynomial-time on the large class of directed acyclic graphs (DAGs)
using dynamic programming.2 Thus, it is natural to ask – can we solve Hamiltonian Cycle
efficiently on wider classes of directed graphs that resemble DAGs to some extent?

1 Throughout the following paragraphs, we refer only to the cycle variant of the problem, but the same
statements also hold for the path variant.

2 For example, see the lecture notes at https://people.csail.mit.edu/virgi/6.s078/lecture17.pdf.
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Figure 1 Figure 3 in [59]. Caption (verbatim): “The ecology of digraph widths. Undirected
measures refer to the underlying undirected graph. Arrows denote generalizations (for example small
treewidth implies small kelly-width). The dashed lines indicate rough borders of known tractability
and intractability for most studied problems (including Hamiltonian Cycle).”

In the undirected realm, the class of acyclic graphs (i.e., forests) can be generalized
to graphs of bounded treewidth [27]. The celebrated Courcelle’s theorem [24] states that
a wide range of problems, including Hamiltonian Cycle, are fixed-parameter tractable
(FPT)3 when parameterized by treewidth. Historically, the notion of directed treewidth
(Definition 4) was introduced by Johnson et al. [58] as a generalization of the undirected
notion contrived to solving linkage problems such as Hamiltonian Cycle; see also [70].
Since then, directed treewidth has been intensively studied (see, e.g., [1, 47,48,52,61,76]).
Over the years, various other width measures for directed graphs have been proposed and
studied as well, where the most prominent ones are the DFVS number (which is the minimum
number of vertices to remove to make the graph acyclic), directed pathwidth (defined similarly
to directed treewidth, where we replace trees by paths), DAG-width [69] and Kelly-width [55].
Notably, DFVS is the largest among them (see Fig. 1). Johnson et al. [58] and Hunter et
al. [55] proved that Hamiltonian Cycle (as well as Longest Cycle, defined later) is
slice-wise polynomial (XP) parameterized by directed treewidth. Later, Lampis et al. [64]
(originally in 2008 [63]) showed that, here, this is the “right” form of the time complexity:
they proved that Hamiltonian Cycle parameterized by directed pathwidth is W[1]-hard
(in fact, even W[2]-hard), implying that the problem is unlikely to be FPT.

Thus, since 2008, it has remained open whether Hamiltonian Cycle parameterized by
DFVS is FPT or W[1]-hard (see Fig. 1). As a follow-up to their result, Kaouri et al. [59]
wrote: “Treewidth occupies a sweet spot in the map of width parameters: restrictive enough
to be efficient and general enough to be useful. What is the right analogue which occupies a
similar sweet spot (if it exists) for digraphs? One direction is to keep searching for the right
width that generalizes DAGs, that is searching the area around (and probably above) DFVS.
... The other possibility is that widths which generalize DAGs, such as DFVS and all the
currently known widths, may not necessarily be the right path to follow. ... The search is on!”

Our main contribution is, essentially, the finish line for this search for Hamiltonian
Cycle. We prove that, unfortunately, already for DFVS number itself, the problem is
W[1]-hard. Formally, Hamiltonian Cycle (Path) By DFVS is defined as follows: Given
a directed graph G = (V, E) and a subset X ⊆ V (G) such that G − X is acyclic, determine
whether G contains a Hamiltonian cycle (path). Here, the parameter is |X|. Note that X

need not be given as input – the computation of a minimum-size vertex set whose removal
makes a given directed graph acyclic is in FPT [23], so, given a directed graph G, we can
simply run the corresponding algorithm to attain X whose size is the DFVS number of G.

3 A problem is FPT (resp. XP) if it is solvable in time f(k) · nO(1) (resp. nf(k)) for some computable
function f of the parameter k, where n is the size of the input.
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▶ Theorem 1. Hamiltonian Cycle By DFVS is W[1]-hard.

We also obtain the same hardness result for Hamiltonian Path By DFVS. Notice
that Hamiltonian Cycle (Path) By DFVS is in XP, since, as mentioned earlier, it is
already known to be in XP even when parameterized by the smaller parameter directed
treewidth [58]. So, the classification of this problem is resolved.

Lastly, we remark that the choice of the larger directed feedback arc set (DFAS) number
is also futile, as it also yields W[1]-hardness. Indeed, there is a simple reduction that shows
this: Replace each vertex v in S by two vertices, vin and vout, so that all vertices that were
in-neighbors (out-neighbors) of v become in-neighbors (out-neighbors) of vin (vout), and add
the arc (vin, vout). It is immediate that the original instance is a Yes-instance of Hamiltonian
Cycle if and only if the new instance is, and that the DFVS number of the original graph
equals the DFAS number of the new graph.

Longest Cycle (Path) Above Girth. In the Longest Cycle (Path) problem, also known
as k-Long Cycle (k-Path), we are given a (directed or undirected) graph G and a non-
negative integer k, and the objective is to determine whether G contains a simple cycle
(path) of length at least k. Clearly, Longest Cycle is a generalization of Hamiltonian
Cycle as the latter is the special case of the former when k = n. Over the past four
decades, Longest Cycle and Longest Path have been intensively studied from the
viewpoint of parameterized complexity. There has been a long race to achieve the best
known running time on general (directed and undirected) graphs for the parameter is
k [5,14,17,19,22,40,44,54,62,67,72,74,77–79], where the current winners for directed graphs
have time complexity 4k · nO(1) [79] for Longest Cycle and 2k · nO(1) [77] for Longest
Path. Moreover, the parameterized complexity of the problems was analyzed with respect to
structural parameterizations (see, e.g., [7, 28, 29, 33, 37, 45, 49]), on special graph classes (see,
e.g., [32,41,42,66,68,80]), and when counting replaces decision [3,4,6,13,18,25,26,34,65,75].
In fact, Longest Path is widely considered to be one of the most well studied in the field,
being, perhaps, second only to Vertex Cover [27].

We consider the “multiplicative above guarantee” parameterization for Longest Path
where the guarantee is girth4, called Longest Cycle (Path) Above Girth, which is
defined as follows (for directed graphs): Given a directed graph G = (V, E) with girth g and
a positive integer k, determine whether G contains a cycle (path) of length at least g · k.
Here, the parameter is k. This parameterization of Longest Cycle (Path) was considered
by Fomin et al. [36], who proved that on undirected graphs the problem is in FPT. They
posed the following open question: “For problems on directed graphs, parameterization
multiplicatively above girth (which is now the length of a shortest directed cycle) may also
make sense. For example, what is the parameterized complexity of Directed Long Cycle
under this parameterization?” This question was also posed by Gutin et al. [51] as Open
Question 9. As our second contribution, we resolve this question – in sharp contrast to the
undirected case, the answer is negative:

▶ Theorem 2. Longest Cycle Above Girth is W[1]-hard.

Again, we can transfer the hardness also to the longest path setting. On the positive side,
we give a deterministic XP algorithm for the path variant of the problem.

▶ Theorem 3. Longest Path Above Girth is in XP.

4 The girth of a graph is the length of its shortest cycle, and it is easily computable in polynomial time.
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Therefore, the classification of this problem is resolved as well. Notice that this theorem
also easily implies that when we ask for a path of length at least g + k, the problem is in
FPT (in fact, solvable in time 2O(k) · nO(1)) as follows. If k ≥ g, then we can simply run
some known 2O(k) · nO(1)-time algorithm for Longest Path parameterized by the solution
size. Otherwise, when k < g, we create n instances of Longest Path Above Girth with
parameter 2 (thus, solvable in polynomial time by our theorem), one for each vertex v:
Replace v by a path of length g − k whose start vertex has all in-neighbors of v as its
in-neighbors and whose end vertex has all out-neighbors of v as its out-neighbors, and take
the disjoint union of the resulting graph and a cycle of length g; it is easy to see that we
should return Yes if and only if the answer to at least one of these n instances is Yes.

Other above/below guarantee versions of Longest Cycle (Path) were also considered in
the literature; see [8,35,38,39,51,53,56,57]. Remarkably, while the parameterized complexity
of all of these versions is quite well understood for undirected graphs, the resolution of the
parameterized complexity of most of these versions has been (sometimes repeatedly) asked
as an open question for directed graphs, where only little is known. It is conceivable that
our contributions will shed light on these open questions as well in future works.

1.1 Techniques
Hamiltonian Cycle By DFVS. Before describing the ideas behind our reduction, we provide
some background about the related Disjoint Paths problem. Here, we are given a graph
with k vertex pairs (si, ti) and the goal is to determine whether there exists k vertex-disjoint5

paths such that the i-th path connects si to ti. While Disjoint Paths is famously known
to be FPT (parameterized by k) on undirected graphs [71], the problem becomes NP-hard
on directed graphs already for k = 2 [43]. What is interesting for us is that when the input
is restricted to be a DAG, then Disjoint Paths can be solved by an XP algorithm [43], but
it is unlikely to admit an FPT algorithm as the problem is W[1]-hard [73].

The latter result suggests a starting point for extending the hardness to our problem.
A simple idea to design a reduction from Disjoint Paths on DAGs is to just insert edges
t1 → s2, t2 → s3, . . . , tk → s1. Then the set {s1, . . . , sk} becomes a DFVS and the existence
of k disjoint (si, ti)-paths implies the existence of a long cycle. There is a catch, though.
This construction might turn a No-instance into an instance with a long cycle because the
cycle might traverse the vertices si, ti in a different order, corresponding to a family of
disjoint paths which does not form a solution to the original instance. To circumvent this,
we open the black box and give a reduction directly from the basic W[1]-complete problem –
Multicolored Clique – while adapting some ideas from the hardness proof for Disjoint
Paths on DAGs by Slivkins [73].

The construction by Slivkins uses two kinds of gadgets. First, for each i = 1, . . . , k one
needs a choice gadget comprising two long directed paths with some arcs from the first path
to the second one. The solution path corresponding to the i-th choice gadget must choose one
of these arcs to “change the lane”; the location of this change encodes the choice of the i-th
vertex in the clique. Next, for each pair (i, j), where 1 ≤ i < j ≤ k, one needs a verification
gadget to check whether the i-th and j-th chosen vertices are adjacent. The corresponding
solution path must traverse the i-th and j-th choice gadgets around the locations of their
transitions. The arcs between the choice gadgets are placed in such a way that both these
locations can be visited only when the corresponding edge exists in the original graph.

5 Another studied variant involves finding edge-disjoint paths. While these two problems behave differently
in some settings, this is not the case in our context.
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Our reduction relies on a similar mechanism of choice gadgets, formed by k directed
paths, corresponding to k colors in the Multicolored Clique instance. The i-th path is
divided into blocks corresponding to the vertices of color i. We enforce that a Hamiltonian
cycle must omit exactly one block when following such a path, thus encoding a choice of k

vertices. The arcs between blocks from different paths encode the adjacency matrix of the
original graph. We would like to guarantee that any Hamiltonian cycle C visits each omitted
block k − 1 times, utilizing the arcs mentioned above. To ensure this, we need to allow C to
“make a step backward” on the directed path during such a visit. On the other hand, we
cannot afford to create too many disjoint cycles because DFVS should have size bounded
in terms of k. As a remedy, we attach k − 1 long cycles to each choice gadget, which are
connected to every block in a certain way (see Figure 3 on page 8). Using the fact that every
vertex in the gadget must be visited by C at some point, we prove that each long cycle is
entered exactly once and each choice gadget is entered exactly k times in total, imposing
a rigid structure on a solution. As a result, we get rid of the flaw occurring in the naive
construction and obtain an equivalent instance with DFVS number O(k2).

Longest Cycle (Path) Above Girth. Having established our main hardness result, it is easy
to extend it to Longest Cycle (Path) Above Girth. We replace each vertex v in the
DFVS by two vertices vin and vout, splitting the in- and out-going arcs of v between them,
and insert a long path from vin to vout. This path is set sufficiently long to make the girth g

of the graph comparable to its size. Consequently, the original graph G is Hamiltonian if and
only if the second one has a cycle of length g ·(dfvs(G)+1). So, this problem is also W[1]-hard.

To design an XP algorithm for Longest Path Above Girth, we follow the win-win
approach employed by the FPT algorithm for the undirected case [36], which relies on a certain
version of the Grid Minor Theorem. In general, the theorem states that either a graph contains
a k × k-grid as a minor, or its treewidth is bounded by f(k), for some (in fact, polynomial)
function f . In the first scenario, a sufficiently long path always exists, whereas in the second
scenario, the problem is solved via dynamic programming on the tree decomposition.

We take advantage of the directed counterpart of the Grid Minor Theorem: either
a digraph contains a subgraph isomorphic to a subdivision of the order-O(k) cylindrical wall
or its directed treewidth is bounded by f(k), for some function f [61]. We prove that in the
first scenario again a sufficiently long path always exists (so we obtain a Yes-instance), while
in the second scenario we can utilize the known algorithm to compute the longest path in
XP time with the help of the directed tree decomposition. Finally, let us remark that this
argument does not extend to Longest Cycle Above Girth because we cannot guarantee
the existence of a sufficiently long cycle in a subdivision of a cylindrical wall. We leave it
open whether this problem belongs to XP as well.

2 Preliminaries

General Notation. For an integer r, let [r] = {1, . . . , r}, and for integers r1, r2, let [r1, r2] =
{r1, r1 + 1, . . . , r2}. We refer to [27] for standard definitions in Parameterized Complexity.

Directed Graphs. We use standard graph theoretic terminology from Diestel’s book [31].
We work with simple directed graphs (digraphs) where the edges are given by a set E

of ordered pairs of vertices. For an edge e = (u, v) in a digraph G, we say that u is an
in-neighbor of v and v is an out-neighbor of u. We refer to e as an incoming edge of v and an
outgoing edge of u. For a vertex set S ⊆ V (G) we define ∂out(S) = {(u, v) ∈ E(G) : u ∈ S},

ESA 2023
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Figure 2 A cylindrical grid and a cylindrical wall of order 4. The figure is taken from [61].

∂in(S) = {(u, v) ∈ E(G) : v ∈ S}, and ∂(S) = ∂out(S) ∪ ∂in(S). For two vertex sets
A, B ⊆ V (G) we write E(A, B) for ∂(A)∩∂(B), that is, the set of edges with one endpoint in
A and the other in B. We use this notation only when the digraph G is clear from the context.
When C is a subgraph of G we abbreviate ∂(C) = ∂(V (C)) and likewise for the remaining
notation. A digraph G is isomorphic to a digraph H if there is a bijection f : V (G) → V (H)
such that for any u, v ∈ V (G) we have (u, v) ∈ E(G) if and only if (f(u), f(v)) ∈ E(H). The
length of a path (or a cycle) P is the number of edges in P . When the first and last vertices of
a path P are s and t, respectively, we call it an (s, t)-path. A cycle in G is called Hamiltonian
if it visits all the vertices of G. The girth of a digraph G is the shortest length of a cycle in
G. For a rooted tree T and a node t ∈ V (T ), Tt denotes the subtree of T rooted at t. By
orienting each edge in a rooted tree from a parent to its child we obtain an arborescence.

Directed Treewidth. We move on to the directed counterparts of treewidth and grids.

▶ Definition 4 (Directed Tree Decomposition [61]). A directed tree decomposition of a
directed graph G is a triple (T, β, γ), where T is an arborescence, and β : V (T ) → 2V (G) and
γ : E(T ) → 2V (G) are functions such that
1. {β(t) : t ∈ V (T )} is a partition of V (G) into (possibly empty) sets, and
2. if e = (s, t) ∈ E(T ), A =

⋃
{β(t′) : t′ ∈ V (Tt)} and B = V (G) \ A, then there is no closed

(directed) walk in G − γ(e) containing a vertex in A and a vertex in B.

For t ∈ V (T ), define Γ(t) := β(t) ∪
⋃

{γ(e) : e is incident with t}. Moreover, define
β(T ) :=

⋃
{β(t′) : t′ ∈ V (T )}.

The width of (T, β, γ) is the least integer w such that |Γ(t)| ≤ w +1 for all t ∈ V (T ). The
directed treewidth of G is the least integer w such that G has a directed tree decomposition
of width w.

▶ Definition 5 (Subdivision). For a directed graph G, the edge subdivision of (u, v) ∈ E(G) is
the operation that removes (u, v) from G and inserts two edges (u, w) and (w, v) with the new
vertex w. A graph derived from G by a sequence of edge subdivisions is a subdivision of G.

We now define special graphs called cylindrical grids and cylindrical walls (see Fig. 2).

▶ Definition 6 (Cylindrical Grid and Cylindrical Wall [21]). A cylindrical grid of order k, for
some k ≥ 1, is the directed graph Gk consisting of k pairwise vertex disjoint directed cycles
C1, . . . , Ck, together with 2k pairwise vertex disjoint directed paths P1 . . . , P2k such that:
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for i ∈ [k], V (Ci) = {vi,1, vi,2, . . . , vi,2k} and E(Ci) = {(vi,j , vi,j+1)| j ∈ [2k − 1]} ∪
{(vi,2k, vi,1)}
for i ∈ {1, 3, 5, . . . , 2k − 1}, E(Pi) = {(v1,i, v2,i), (v2,i, v3,i), . . . , (vk−1,i, vk,i)}, and
for i ∈ {2, 4, 6, . . . , 2k}, E(Pi) = {(vk,i, vk−1,i), (vk−1,i, vk−2,i), . . . , (v2,i, v1,i)}.

A cylindrical wall of order k is the directed graph Wk obtained from the cylindrical grid Gk

by splitting each vertex of degree 4 as follows: we replace v by two new vertices vin, vout and
an edge (vin, vout) so that every edge (u, v) ∈ E(Gk) is replaced by an edge (u, vin) and every
edge (v, u) ∈ E(Gk) is replaced by an edge (vout, u).

Note that in the cylindrical grid Gk, the path Pi is oriented from the first cycle to the
last one if i is odd, and from the last cycle to the first if i is even (see Figure 2). We have
the following theorem for directed graphs, which will be helpful in designing our algorithm
in Section 4 using a win/win approach.

▶ Theorem 7 (Directed Grid Theorem [61]). There is a function f : N → N such that for
every fixed k ∈ N, when given a directed graph G, in polynomial time we can compute either:
1. a subgraph of G that is isomorphic to a subdivision6 of Wk or
2. a directed tree decomposition of G of width at most f(k).

3 Hardness of Hamiltonian Cycle By DFVS

This section is devoted to the proof of Theorem 1. It is based on a parameterized reduction
from Multicolored Clique, defined as follows.

Multicolored Clique
Input: A graph G = (V, E), an integer k, and a partition (V 1, V 2, . . . , V k) of V .
Parameter: k

Question: Is there a clique of size k with a vertex from each V i, i ∈ [k]?

This problem is well-known to be W[1]-hard [27, Theorem 13.7]. For an instance
(G, (V 1, V 2, . . . , V k)) of Multicolored Clique, we construct an instance (G′, X) of
Hamiltonian Cycle By DFVS as follows.

Construction of G′. For i ∈ [k] we construct a directed path P i corresponding to V i

as follows. Let us fix an arbitrary ordering <i of the vertices in V i, and accordingly,
denote V i = {v1, v2, . . . v|Vi|}. To each vertex v ∈ V i we associate a directed path Pv

on 2k vertices. We let vleft and vright denote the first and last vertices of Pv, respect-
ively. We refer to the 2(k − 1) internal vertices of Pv as v1,out, v1,in, v2,out, . . . , vi−1,out,
vi−1,in, vi+1,out, vi+1,in, . . . , vk,out, vk,in (note that the index i is avoided). The directed path
P i is the concatenation of these paths: Pv1 → Pv2 →, . . . , → Pv|V i|

.
For every i ∈ [k] we create a “universal” vertex ui and insert edges (ui, vleft), (ui, vright),

(vleft, ui), (vright, ui) for all v ∈ V i. Next, we create k −1 cycles Ci→j for j ∈ [k]\{i}, each of
length 2 · |V i|. The vertices of Ci→j are ci→j,out

v1
, ci→j,in

v1
, ci→j,out

v2
, ci→j,in

v2
, . . . , ci→j,out

v|Vi|
, ci→j,in

v|Vi|
.

We insert edges from ci→j,out
v to vj,out and from vj,in to ci→j,in

v for all v ∈ V i. See Figure 3
for an illustration.

6 The theorem in [61] states that the cylindrical wall of order k is obtained as a topological minor of G.
For any topological minor H of G, there exists a subdivision of H isomorphic to a subgraph of G.
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<latexit sha1_base64="jVCvH7793nazBqpXTUXpYEf0hEs=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx48RjBPDBZw+ykNxkyO7vM9AbCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJk41hzqPZaxbATMghYI6CpTQSjSwKJDQDIa3U785Am1ErB5wnIAfsb4SoeAMrfQ4esokhDjpet1S2a24M9Bl4uWkTHLUuqWvTi/maQQKuWTGtD03QT9jGgWXMCl2UgMJ40PWh7alikVg/Gx28YSeWqVHw1jbUkhn6u+JjEXGjKPAdkYMB2bRm4r/ee0Uwxs/EypJERSfLwpTSTGm0/dpT2jgKMeWMK6FvZXyAdOMow2paEPwFl9eJo3zindVuby/KFfdPI4COSYn5Ix45JpUyR2pkTrhRJFn8kreHOO8OO/Ox7x1xclnjsgfOJ8/qMGQ3Q==</latexit>

vleft1

<latexit sha1_base64="LKulc8A8wLASAUdJ0a73g7REbNI=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHaJryOJF4+YyCMCktmhFybMzm5meknIhr/w4kFjvPo33vwbB9iDgpV0UqnqTneXH0th0HW/ndza+sbmVn67sLO7t39QPDxqmCjRHOo8kpFu+cyAFArqKFBCK9bAQl9C0x/dzvzmGLQRkXrASQzdkA2UCARnaKXH8VMqIcBpr9IrltyyOwddJV5GSiRDrVf86vQjnoSgkEtmTNtzY+ymTKPgEqaFTmIgZnzEBtC2VLEQTDedXzylZ1bp0yDSthTSufp7ImWhMZPQt50hw6FZ9mbif147weCmmwoVJwiKLxYFiaQY0dn7tC80cJQTSxjXwt5K+ZBpxtGGVLAheMsvr5JGpexdlS/vL0pVN4sjT07IKTknHrkmVXJHaqROOFHkmbySN8c4L86787FozTnZzDH5A+fzB6pFkN4=</latexit>

vleft2

<latexit sha1_base64="m4Iuk3u925t/YLb21FGiHxCAeO8=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHZ9H0m8eMREHhGQzA69MGF2djPTS0I2/IUXDxrj1b/x5t84wB4UrKSTSlV3urv8WAqDrvvt5FZW19Y38puFre2d3b3i/kHdRInmUOORjHTTZwakUFBDgRKasQYW+hIa/vB26jdGoI2I1AOOY+iErK9EIDhDKz2OnlIJAU66591iyS27M9Bl4mWkRDJUu8Wvdi/iSQgKuWTGtDw3xk7KNAouYVJoJwZixoesDy1LFQvBdNLZxRN6YpUeDSJtSyGdqb8nUhYaMw592xkyHJhFbyr+57USDG46qVBxgqD4fFGQSIoRnb5Pe0IDRzm2hHEt7K2UD5hmHG1IBRuCt/jyMqmflb2r8uX9RaniZnHkyRE5JqfEI9ekQu5IldQIJ4o8k1fy5hjnxXl3PuatOSebOSR/4Hz+AKvJkN8=</latexit>

vleft3

<latexit sha1_base64="iVwikxohssjKOEKuwMgkYTp5fOk=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYhA8hV3fx4AXjxHMA5I1zE5mkyGzM8tMbyAs+QwvHhTx6td482+cJHvQxIKGoqqb7q4wEdyg5307K6tr6xubha3i9s7u3n7p4LBhVKopq1MllG6FxDDBJasjR8FaiWYkDgVrhsO7qd8cMW24ko84TlgQk77kEacErdQePWWa9wc46V50S2Wv4s3gLhM/J2XIUeuWvjo9RdOYSaSCGNP2vQSDjGjkVLBJsZMalhA6JH3WtlSSmJkgm508cU+t0nMjpW1JdGfq74mMxMaM49B2xgQHZtGbiv957RSj2yDjMkmRSTpfFKXCReVO/3d7XDOKYmwJoZrbW106IJpQtCkVbQj+4svLpHFe8a8rVw+X5aqXx1GAYziBM/DhBqpwDzWoAwUFz/AKbw46L8678zFvXXHymSP4A+fzB4OHkVw=</latexit>

vright3

<latexit sha1_base64="TZCGd6RQFhh0Q8pNqsWYL5GUNJQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTFr2PBi8cKthbaWDbbTbt0sxt2J4US+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkq3Q2KY4JI1kaNg7UQzEoeCPYaj25n/OGbacCUfcJKwICYDySNOCVqpM37KNB8Mcdqr9coVr+rN4a4SPycVyNHolb+6fUXTmEmkghjT8b0Eg4xo5FSwaambGpYQOiID1rFUkpiZIJufPHXPrNJ3I6VtSXTn6u+JjMTGTOLQdsYEh2bZm4n/eZ0Uo5sg4zJJkUm6WBSlwkXlzv53+1wzimJiCaGa21tdOiSaULQplWwI/vLLq6RVq/pX1cv7i0rdy+Mowgmcwjn4cA11uIMGNIGCgmd4hTcHnRfn3flYtBacfOYY/sD5/AGCA5Fb</latexit>

vright2

<latexit sha1_base64="d2arBoQ1m6Fjn44Y5AZwMFcVOf8=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJGmYns8mQ2ZllpjcQlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXmAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHobua3xkwbruQjThIWxGQgecQpQSt1xk+Z5oMhTnt+r1zxqt4c7irxc1KBHPVe+avbVzSNmUQqiDEd30swyIhGTgWblrqpYQmhIzJgHUsliZkJsvnJU/fMKn03UtqWRHeu/p7ISGzMJA5tZ0xwaJa9mfif10kxug0yLpMUmaSLRVEqXFTu7H+3zzWjKCaWEKq5vdWlQ6IJRZtSyYbgL7+8SpoXVf+6evVwWal5eRxFOIFTOAcfbqAG91CHBlBQ8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP4B/kVo=</latexit>

vright1

<latexit sha1_base64="q3YxQHH11AiKxe3ZO8pCR45oeSY=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8SNgVX8eAF48RzAOSNcxOZpMhszvLTG8gLPkMLx4U8erXePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYVSqGa8zJZVuBdRwKWJeR4GStxLNaRRI3gyGd1O/OeLaCBU/4jjhfkT7sQgFo2il9ugp885VipOu1y2V3Yo7A1kmXk7KkKPWLX11eoqlEY+RSWpM23MT9DOqUTDJJ8VOanhC2ZD2edvSmEbc+Nns5Ak5tUqPhErbipHM1N8TGY2MGUeB7YwoDsyiNxX/89ophrd+JuIkRR6z+aIwlQQVmf5PekJzhnJsCWVa2FsJG1BNGdqUijYEb/HlZdK4qHjXlauHy3LVzeMowDGcwBl4cANVuIca1IGBgmd4hTcHnRfn3fmYt644+cwR/IHz+QPec5Dx</latexit>

v1,out1

<latexit sha1_base64="QRyiyMIPFNpUMPjeFW5BOtIlhq0=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgQcJu8HUMePEYwTxgs4bZyWwyZHZmmekNhCWf4cWDIl79Gm/+jZNkD5pY0FBUddPdFSaCG3Ddb6ewtr6xuVXcLu3s7u0flA+PWkalmrImVULpTkgME1yyJnAQrJNoRuJQsHY4upv57THThiv5CJOEBTEZSB5xSsBK/vgp8y5UCtNerVeuuFV3DrxKvJxUUI5Gr/zV7SuaxkwCFcQY33MTCDKigVPBpqVualhC6IgMmG+pJDEzQTY/eYrPrNLHkdK2JOC5+nsiI7Exkzi0nTGBoVn2ZuJ/np9CdBtkXCYpMEkXi6JUYFB49j/uc80oiIklhGpub8V0SDShYFMq2RC85ZdXSatW9a6rVw+Xlbqbx1FEJ+gUnSMP3aA6ukcN1EQUKfSMXtGbA86L8+58LFoLTj5zjP7A+fwB3/eQ8g==</latexit>

v1,out2

<latexit sha1_base64="4SteTG1Q8QOFi1sIUy+W/Ngqr+M=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgQcKu72PAi8cI5gGbNcxOZpMhszPLTG8gLPkMLx4U8erXePNvnCR70MSChqKqm+6uMBHcgOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLh3dRvjZg2XMlHGCcsiElf8ohTAlbyR0+Zd6ZSmHQvuuWKW3VnwMvEy0kF5ah3y1+dnqJpzCRQQYzxPTeBICMaOBVsUuqkhiWEDkmf+ZZKEjMTZLOTJ/jEKj0cKW1LAp6pvycyEhszjkPbGRMYmEVvKv7n+SlEt0HGZZICk3S+KEoFBoWn/+Me14yCGFtCqOb2VkwHRBMKNqWSDcFbfHmZNM+r3nX16uGyUnPzOIroCB2jU+ShG1RD96iOGogihZ7RK3pzwHlx3p2PeWvByWcO0R84nz/he5Dz</latexit>

v1,out3

<latexit sha1_base64="GTJZAdfEi9GsNqH9Dn8ixSejjGw=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8SNg1vo4BLx4jmAds1jA7mU2GzM4sM72BsOQzvHhQxKtf482/cZLsQRMLGoqqbrq7wkRwA6777aysrq1vbBa2its7u3v7pYPDplGppqxBlVC6HRLDBJesARwEayeakTgUrBUO76Z+a8S04Uo+wjhhQUz6kkecErCSP3rKqucqhUm32i2V3Yo7A14mXk7KKEe9W/rq9BRNYyaBCmKM77kJBBnRwKlgk2InNSwhdEj6zLdUkpiZIJudPMGnVunhSGlbEvBM/T2RkdiYcRzazpjAwCx6U/E/z08hug0yLpMUmKTzRVEqMCg8/R/3uGYUxNgSQjW3t2I6IJpQsCkVbQje4svLpHlR8a4rVw+X5Zqbx1FAx+gEnSEP3aAaukd11EAUKfSMXtGbA86L8+58zFtXnHzmCP2B8/kD5JGQ9Q==</latexit>

v3,out3

<latexit sha1_base64="ZrQRQfEPAcPevRsOx3DpVX88w78=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8SNiNz2PAi8cI5gGbNcxOZpMhszPLTG8gLPkMLx4U8erXePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5BGnBKzkj56yi3OVwqRb7ZbKbsWdAS8TLydllKPeLX11eoqmMZNABTHG99wEgoxo4FSwSbGTGpYQOiR95lsqScxMkM1OnuBTq/RwpLQtCXim/p7ISGzMOA5tZ0xgYBa9qfif56cQ3QYZl0kKTNL5oigVGBSe/o97XDMKYmwJoZrbWzEdEE0o2JSKNgRv8eVl0qxWvOvK1cNluebmcRTQMTpBZ8hDN6iG7lEdNRBFCj2jV/TmgPPivDsf89YVJ585Qn/gfP4A4w2Q9A==</latexit>

v3,out2

<latexit sha1_base64="pzv0XcVkjpep3N7WgCfKQ9hSWEc=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgQcKu72PAi8cI5gGbNcxOZpMhszPLTG8gLPkMLx4U8erXePNvnCR70MSChqKqm+6uMBHcgOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLh3dRvjZg2XMlHGCcsiElf8ohTAlbyR0/ZxZlKYdL1uuWKW3VnwMvEy0kF5ah3y1+dnqJpzCRQQYzxPTeBICMaOBVsUuqkhiWEDkmf+ZZKEjMTZLOTJ/jEKj0cKW1LAp6pvycyEhszjkPbGRMYmEVvKv7n+SlEt0HGZZICk3S+KEoFBoWn/+Me14yCGFtCqOb2VkwHRBMKNqWSDcFbfHmZNM+r3nX16uGyUnPzOIroCB2jU+ShG1RD96iOGogihZ7RK3pzwHlx3p2PeWvByWcO0R84nz/hiZDz</latexit>

v3,out1

<latexit sha1_base64="R8fU5CraRQyaYdwgQwwMjXjNGL0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNj1fQx48RjBPDBZw+ykkwyZnV1mZgNhyV948aCIV//Gm3/jJNmDJhY0FFXddHcFseDauO63s7S8srq2ntvIb25t7+wW9vZrOkoUwyqLRKQaAdUouMSq4UZgI1ZIw0BgPRjcTvz6EJXmkXwwoxj9kPYk73JGjZUeh0/p+SmX47bXLhTdkjsFWSReRoqQodIufLU6EUtClIYJqnXTc2Pjp1QZzgSO861EY0zZgPawaamkIWo/nV48JsdW6ZBupGxJQ6bq74mUhlqPwsB2htT09bw3Ef/zmonp3vgpl3FiULLZom4iiInI5H3S4QqZESNLKFPc3kpYnyrKjA0pb0Pw5l9eJLWzkndVury/KJbdLI4cHMIRnIAH11CGO6hAFRhIeIZXeHO08+K8Ox+z1iUnmzmAP3A+fwD05ZBo</latexit>

v3,in1

<latexit sha1_base64="Ibbh4fkIS5i1g8vgCq0XHUmwjTw=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcJufB4DXjxGMA9M1jA7mU2GzM4sM7OBsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7gpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvJ36zRFVmknxYMYx9SPcFyxkBBsrPY6e0vMzJibdSrdYcsvuDGiZeBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFLoJJrGmAxxn7YtFTii2k9nF0/QiVV6KJTKljBopv6eSHGk9TgKbGeEzUAvelPxP6+dmPDGT5mIE0MFmS8KE46MRNP3UY8pSgwfW4KJYvZWRAZYYWJsSAUbgrf48jJpVMreVfny/qJUdbM48nAEx3AKHlxDFe6gBnUgIOAZXuHN0c6L8+58zFtzTjZzCH/gfP4A9mmQaQ==</latexit>

v3,in2

<latexit sha1_base64="UZ0eZ6kqFQN7VLun5Fq5TUdQHJs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcKu8XUMePEYwTwwWcPsZDYZMjO7zMwGwpK/8OJBEa/+jTf/xkmyB00saCiquunuCmLOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw9up3xxRpVkkH8w4pr7AfclCRrCx0uPoKa2cMTnpVrrFklt2Z0DLxMtICTLUusWvTi8iiaDSEI61bntubPwUK8MIp5NCJ9E0xmSI+7RtqcSCaj+dXTxBJ1bpoTBStqRBM/X3RIqF1mMR2E6BzUAvelPxP6+dmPDGT5mME0MlmS8KE45MhKbvox5TlBg+tgQTxeytiAywwsTYkAo2BG/x5WXSOC97V+XL+4tS1c3iyMMRHMMpeHANVbiDGtSBgIRneIU3RzsvzrvzMW/NOdnMIfyB8/kD9+2Qag==</latexit>

v3,in3

<latexit sha1_base64="U9j8aP6dCp6ZYTEtJJwkZvRDl4c=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNj1fQx48RjBPDBZw+ykkwyZnV1mZgNhyV948aCIV//Gm3/jJNmDJhY0FFXddHcFseDauO63s7S8srq2ntvIb25t7+wW9vZrOkoUwyqLRKQaAdUouMSq4UZgI1ZIw0BgPRjcTvz6EJXmkXwwoxj9kPYk73JGjZUeh0+pd8rluH3eLhTdkjsFWSReRoqQodIufLU6EUtClIYJqnXTc2Pjp1QZzgSO861EY0zZgPawaamkIWo/nV48JsdW6ZBupGxJQ6bq74mUhlqPwsB2htT09bw3Ef/zmonp3vgpl3FiULLZom4iiInI5H3S4QqZESNLKFPc3kpYnyrKjA0pb0Pw5l9eJLWzkndVury/KJbdLI4cHMIRnIAH11CGO6hAFRhIeIZXeHO08+K8Ox+z1iUnmzmAP3A+fwD02ZBo</latexit>

v1,in3

<latexit sha1_base64="1iUOKaGNWEUs1frCMkSvVcFUSiA=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNgNvo4BLx4jmAcma5idTJIhs7PLTG8gLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwbqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3k79xohrIyL1gOOY+yHtK9ETjKKVHkdPqXcu1KRT7hSKbsmdgSwTLyNFyFDtFL7a3YglIVfIJDWm5bkx+inVKJjkk3w7MTymbEj7vGWpoiE3fjq7eEJOrdIlvUjbUkhm6u+JlIbGjMPAdoYUB2bRm4r/ea0Eezd+KlScIFdsvqiXSIIRmb5PukJzhnJsCWVa2FsJG1BNGdqQ8jYEb/HlZVIvl7yr0uX9RbHiZnHk4BhO4Aw8uIYK3EEVasBAwTO8wptjnBfn3fmYt6442cwR/IHz+QPzVZBn</latexit>

v1,in2

<latexit sha1_base64="/OkCH1zl+ChOiCAHAA/t+0tNwek=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvHiMYB6YrGF20kmGzM4uM7OBsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzDhGP6R9yXucUWOlx9FT6p1xOel4nWLJLbszkGXiZaQEGaqd4le7G7EkRGmYoFq3PDc2fkqV4UzgpNBONMaUDWkfW5ZKGqL209nFE3JilS7pRcqWNGSm/p5Iaaj1OAxsZ0jNQC96U/E/r5WY3o2fchknBiWbL+olgpiITN8nXa6QGTG2hDLF7a2EDaiizNiQCjYEb/HlZVI/L3tX5cv7i1LFzeLIwxEcwyl4cA0VuIMq1ICBhGd4hTdHOy/Ou/Mxb8052cwh/IHz+QPx0ZBm</latexit>

v1,in1

<latexit sha1_base64="8M2i4aac7j8NlP7J9OBR58So89s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzAOSNcxOZpMhs7PLTK8QlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilZvqY1ab9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5sdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG88TOhkhS5YotFYSoJxmT2ORkIzRnKiSWUaWFvJWxENWVo8ynZELzll1dJq1b1rqqX9xeVupvHUYQTOIVz8OAa6nAHDWgCAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHyYKOoQ==</latexit>

u2

<latexit sha1_base64="TE8jUhHovM0zYgmnwY8+qLTQxi0=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqc1lw47KCfUAbw2Q6bYdOMmHmplJCV278FTcuFHHrN7jzb5y2WWjrgQuHc+7l3nuCWHANjvNtLSwuLa+s5tby6xubW9v2zm5Ny0RRVqVSSNUIiGaCR6wKHARrxIqRMBCsHvSvx359wJTmMrqDYcy8kHQj3uGUgJF8+4DepyXcUrzbA6KUfMCnJzKBkZ8OfHfk2wWn6EyA54mbkQLKUPHtr1Zb0iRkEVBBtG66TgxeShRwKtgo30o0iwntky5rGhqRkGkvnbwxwkdGaeOOVKYiwBP190RKQq2HYWA6QwI9PeuNxf+8ZgKdKy/lUZwAi+h0UScRGCQeZ4LbXDEKYmgIoYqbWzHtEUUomOTyJgR39uV5UisV3Yvi+e1ZoexkceTQPjpEx8hFl6iMblAFVRFFj+gZvaI368l6sd6tj2nrgpXN7KE/sD5/AMuCmKk=</latexit>

c2!3,out
v1

<latexit sha1_base64="cmJcFGPzkhsLBZrr3cWdYOoY26I=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExoCopz7ESC2OR6ENqQ+S4TmvVsSPbKaqiLCz8CgsDCLHyD2z8DW6bAVqOdKWjc+7VvfcEMaNKO863tbC4tLyyWlgrrm9sbm3bO7sNJRKJSR0LJmQrQIowykldU81IK5YERQEjzWBwPfabQyIVFfxOj2LiRajHaUgx0kby7QN8n1ZgR9JeXyMpxQM8PaE889Oh72a+XXLKzgRwnrg5KYEcNd/+6nQFTiLCNWZIqbbrxNpLkdQUM5IVO4kiMcID1CNtQzmKiPLSyRcZPDJKF4ZCmuIaTtTfEymKlBpFgemMkO6rWW8s/ue1Ex1eeSnlcaIJx9NFYcKgFnAcCexSSbBmI0MQltTcCnEfSYS1Ca5oQnBnX54njUrZvSif356Vqk4eRwHsg0NwDFxwCargBtRAHWDwCJ7BK3iznqwX6936mLYuWPnMHvgD6/MH15OYHg==</latexit>

c2!3,in
v1

<latexit sha1_base64="NeQXrTA9DIZXgl4VwqfOZ4hLM4E=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExoCopz7ESC2OR6ENqQ+S4TmvVsSPbKaqiLCz8CgsDCLHyD2z8DW6bAVqOdKWjc+7VvfcEMaNKO863tbC4tLyyWlgrrm9sbm3bO7sNJRKJSR0LJmQrQIowykldU81IK5YERQEjzWBwPfabQyIVFfxOj2LiRajHaUgx0kby7QN8n1ZgR9JeXyMpxQM8PaE889OhX8l8u+SUnQngPHFzUgI5ar791ekKnESEa8yQUm3XibWXIqkpZiQrdhJFYoQHqEfahnIUEeWlky8yeGSULgyFNMU1nKi/J1IUKTWKAtMZId1Xs95Y/M9rJzq88lLK40QTjqeLwoRBLeA4EtilkmDNRoYgLKm5FeI+kghrE1zRhODOvjxPGpWye1E+vz0rVZ08jgLYB4fgGLjgElTBDaiBOsDgETyDV/BmPVkv1rv1MW1dsPKZPfAH1ucP2RiYHw==</latexit>

c2!3,in
v2

<latexit sha1_base64="hyIm2+Zk2hbnw7hFQ1gtMn4mVWE=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJAVVJy2usxMJYJPqQ2hA5rtNadezIdoqqKAsLv8LCAEKs/AMbf4P7GKDlSFc6Oude3XtPEDOqtON8W7ml5ZXVtfx6YWNza3vH3t1rKJFITOpYMCFbAVKEUU7qmmpGWrEkKAoYaQaD67HfHBKpqOB3ehQTL0I9TkOKkTaSbx/i+7QMO5L2+hpJKR5g5ZTyzE+HfiXz7aJTciaAi8SdkSKYoebbX52uwElEuMYMKdV2nVh7KZKaYkayQidRJEZ4gHqkbShHEVFeOvkig8dG6cJQSFNcw4n6eyJFkVKjKDCdEdJ9Ne+Nxf+8dqLDKy+lPE404Xi6KEwY1AKOI4FdKgnWbGQIwpKaWyHuI4mwNsEVTAju/MuLpFEuuRel89uzYtWZxZEHB+AInAAXXIIquAE1UAcYPIJn8ArerCfrxXq3PqatOWs2sw/+wPr8AdqdmCA=</latexit>

c2!3,in
v3

<latexit sha1_base64="Vn9WQdCdQgImM6BkhIbkoPy7i3A=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUHwIGEmcTsGvHiMYBZIxqGn05M06ZkeumsiYcjJi7/ixYMiXv0Gb/6NneWgiQ8KHu9VUVXPjwXXYNvfVmZpeWV1Lbue29jc2t7J7+7VtUwUZTUqhVRNn2gmeMRqwEGwZqwYCX3BGn7/euw3BkxpLqM7GMbMDUk34gGnBIzk5Q/pfVrCbcW7PSBKyQdcPpUJjLx04JVHXr5gF+0J8CJxZqSAZqh6+a92R9IkZBFQQbRuOXYMbkoUcCrYKNdONIsJ7ZMuaxkakZBpN528McLHRungQCpTEeCJ+nsiJaHWw9A3nSGBnp73xuJ/XiuB4MpNeRQnwCI6XRQkAoPE40xwhytGQQwNIVRxcyumPaIIBZNczoTgzL+8SOqlonNRPL89K1TsWRxZdICO0Aly0CWqoBtURTVE0SN6Rq/ozXqyXqx362PamrFmM/voD6zPH86MmKs=</latexit>

c2!3,out
v3

<latexit sha1_base64="sfc0xZUhml2mSHdxHb6A44t2DjA=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqc1lw47KCfUAbw2Q6bYdOMmHmplJCV278FTcuFHHrN7jzb5y2WWjrgQuHc+7l3nuCWHANjvNtLSwuLa+s5tby6xubW9v2zm5Ny0RRVqVSSNUIiGaCR6wKHARrxIqRMBCsHvSvx359wJTmMrqDYcy8kHQj3uGUgJF8+4DepyXcUrzbA6KUfMCnJzKBkZ8O/NLItwtO0ZkAzxM3IwWUoeLbX622pEnIIqCCaN10nRi8lCjgVLBRvpVoFhPaJ13WNDQiIdNeOnljhI+M0sYdqUxFgCfq74mUhFoPw8B0hgR6etYbi/95zQQ6V17KozgBFtHpok4iMEg8zgS3uWIUxNAQQhU3t2LaI4pQMMnlTQju7MvzpFYquhfF89uzQtnJ4sihfXSIjpGLLlEZ3aAKqiKKHtEzekVv1pP1Yr1bH9PWBSub2UN/YH3+AM0HmKo=</latexit>

c2!3,out
v2

<latexit sha1_base64="SI0nthK4KiyplWseSHQSaqtHSDc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQ+l4VuXFawD2hjmUwn7dDJJMzcKCHUX3HjQhG3fog7/8Zpm4W2HrhwOOde7r3HjwXX4Djf1srq2vrGZmGruL2zu7dvHxy2dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vj+tRvPzCleSTvII2ZF5Kh5AGnBIzUt0v1+6yKe4oPR0CUih7x2aRvl52KMwNeJm5OyihHo29/9QYRTUImgQqiddd1YvAyooBTwSbFXqJZTOiYDFnXUElCpr1sdvwEnxhlgINImZKAZ+rviYyEWqehbzpDAiO96E3F/7xuAsG1l3EZJ8AknS8KEoEhwtMk8IArRkGkhhCquLkV0xFRhILJq2hCcBdfXiatasW9rFzcnpdrTh5HAR2hY3SKXHSFaugGNVATUZSiZ/SK3qwn68V6tz7mrStWPlNCf2B9/gDssZRE</latexit>

C2!3

<latexit sha1_base64="jFs7VZrZFG4YvDc4HgV54gDtWgQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzAOSNcxOepMhs7PLzKwQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUbDxmtWm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuyUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOyIXjLL6+SVq3qXVUv7y8qdTePowgncArn4ME11OEOGtAEBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPkNqOfA==</latexit>

P 2

Figure 3 Fragment of the graph G′: the path P 2 (comprising subpaths Pv1 , Pv2 , Pv3 ) and the
cycle C2→3.

We add two sets of k “terminal” vertices: S = {s1, s2, . . . , sk} and T = {t1, t2, . . . , tk}.
For i ∈ [k] we insert edges from si, i ∈ [k], to vleft

1 (being the first vertex of the path P i).
We also add edges from vright

|V i| (being the last vertex of the path P i) to ti.
We also create two additional sets of

(
k
2
)

terminal vertices each: Ŝ = {ŝi→j : 1 ≤ 1 < j ≤
k} and T̂ = {t̂i→j : 1 ≤ 1 < j ≤ k}. For i, j ∈ [k], i < j, and v ∈ V i, we insert an edge from
ŝi→j to vj,in (which belongs to Pv and hence to P i) and for v ∈ V j , we insert an edge from
vi,out to t̂i→j . Furthermore, we add edges from every t ∈ T ∪ T̂ to every s ∈ S ∪ Ŝ.

Finally we encode the adjacency matrix of G: for each edge uv in E(G) with u ∈ V i and
v ∈ V j with i < j, we insert an edge from uj,out to vi,in. See Figure 4 for an example.

This concludes the construction of G′. Clearly, the graph G′ can be computed in
polynomial time when given (G, (V 1, . . . , V k)). We begin the analysis of G′ by showing that
it has a DFVS of size O(k2).

▶ Lemma 8. There exists a subset X ⊆ V (G′) such that G′ − X is a DAG and |X| =
k(k − 1) + 2k +

(
k
2
)
.

Proof. Let Y be the set of vertices {ci→j,out
vi : i, j ∈ [k], i ̸= j} where vi stands for the first

vertex in V i. We set X = Y ∪ T ∪ T̂ ∪ {u1, . . . uk} and claim that G′ − X is a directed
acyclic graph. First observe that for each i ∈ [k] the graph Li := P i ∪

⋃
j ̸=i Ci→j − X is

acyclic because it can be drawn with each edge being either vertical or horizontal facing
right (see Figure 3). The remaining edges in G′ − X either start at S ∪ Ŝ (these vertices
have no incoming edges) or go from Li to Lj for i < j. Thus G′ − X is a DAG. Finally we
check that |X| = |Y | + |T | + |T̂ | + k = k(k − 1) + 2k +

(
k
2
)
. ◀

Correctness. We first show that if (G, (V 1, V 2, . . . , V k)) is a Yes-instance then there exists
a Hamiltonian cycle in G′. In the following lemmas, we refer to the directed feedback vertex
set X from Lemma 8.

▶ Lemma 9. If (G, (V 1, V 2, . . . , V k)) is a Yes-instance of Multicolored Clique then
(G′, X) is a Yes-instance of Hamiltonian Cycle By DFVS.

Proof. Let {v1, . . . , vk} be a clique in G with vi ∈ V i for i ∈ k. For i ∈ [k] we define the
path Zi that starts at si, follows P i until vleft

i , visits ui, and then follows P i from vright
i to

ti. Next, for i < j we construct the path Qi→j as ŝi→j → vj,in
i → Ci→j → vj,out

i → vi,in
j →

Cj→i → vi,out
j → t̂i→j . Note that one can traverse the entire cycle Ci→j after entering

it from vj,in
i and leave towards vj,out

i . The edge (vj,out
i , vi,in

j ) is present in G′ due to the
encoding of the adjacency matrix of G. The union of all these paths covers the entire vertex
set of G′. It suffices to observe that these paths can be combined into a single cycle using
the edges from T ∪ T̂ to S ∪ Ŝ. ◀



A. Jacob, M. Włodarczyk, and M. Zehavi 65:9

<latexit sha1_base64="LKulc8A8wLASAUdJ0a73g7REbNI=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHaJryOJF4+YyCMCktmhFybMzm5meknIhr/w4kFjvPo33vwbB9iDgpV0UqnqTneXH0th0HW/ndza+sbmVn67sLO7t39QPDxqmCjRHOo8kpFu+cyAFArqKFBCK9bAQl9C0x/dzvzmGLQRkXrASQzdkA2UCARnaKXH8VMqIcBpr9IrltyyOwddJV5GSiRDrVf86vQjnoSgkEtmTNtzY+ymTKPgEqaFTmIgZnzEBtC2VLEQTDedXzylZ1bp0yDSthTSufp7ImWhMZPQt50hw6FZ9mbif147weCmmwoVJwiKLxYFiaQY0dn7tC80cJQTSxjXwt5K+ZBpxtGGVLAheMsvr5JGpexdlS/vL0pVN4sjT07IKTknHrkmVXJHaqROOFHkmbySN8c4L86787FozTnZzDH5A+fzB6pFkN4=</latexit>

vleft2

<latexit sha1_base64="jVCvH7793nazBqpXTUXpYEf0hEs=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx48RjBPDBZw+ykNxkyO7vM9AbCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJk41hzqPZaxbATMghYI6CpTQSjSwKJDQDIa3U785Am1ErB5wnIAfsb4SoeAMrfQ4esokhDjpet1S2a24M9Bl4uWkTHLUuqWvTi/maQQKuWTGtD03QT9jGgWXMCl2UgMJ40PWh7alikVg/Gx28YSeWqVHw1jbUkhn6u+JjEXGjKPAdkYMB2bRm4r/ee0Uwxs/EypJERSfLwpTSTGm0/dpT2jgKMeWMK6FvZXyAdOMow2paEPwFl9eJo3zindVuby/KFfdPI4COSYn5Ix45JpUyR2pkTrhRJFn8kreHOO8OO/Ox7x1xclnjsgfOJ8/qMGQ3Q==</latexit>

vleft1

<latexit sha1_base64="q3YxQHH11AiKxe3ZO8pCR45oeSY=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8SNgVX8eAF48RzAOSNcxOZpMhszvLTG8gLPkMLx4U8erXePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYVSqGa8zJZVuBdRwKWJeR4GStxLNaRRI3gyGd1O/OeLaCBU/4jjhfkT7sQgFo2il9ugp885VipOu1y2V3Yo7A1kmXk7KkKPWLX11eoqlEY+RSWpM23MT9DOqUTDJJ8VOanhC2ZD2edvSmEbc+Nns5Ak5tUqPhErbipHM1N8TGY2MGUeB7YwoDsyiNxX/89ophrd+JuIkRR6z+aIwlQQVmf5PekJzhnJsCWVa2FsJG1BNGdqUijYEb/HlZdK4qHjXlauHy3LVzeMowDGcwBl4cANVuIca1IGBgmd4hTcHnRfn3fmYt644+cwR/IHz+QPec5Dx</latexit>

v1,out1

<latexit sha1_base64="/OkCH1zl+ChOiCAHAA/t+0tNwek=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvHiMYB6YrGF20kmGzM4uM7OBsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzDhGP6R9yXucUWOlx9FT6p1xOel4nWLJLbszkGXiZaQEGaqd4le7G7EkRGmYoFq3PDc2fkqV4UzgpNBONMaUDWkfW5ZKGqL209nFE3JilS7pRcqWNGSm/p5Iaaj1OAxsZ0jNQC96U/E/r5WY3o2fchknBiWbL+olgpiITN8nXa6QGTG2hDLF7a2EDaiizNiQCjYEb/HlZVI/L3tX5cv7i1LFzeLIwxEcwyl4cA0VuIMq1ICBhGd4hTdHOy/Ou/Mxb8052cwh/IHz+QPx0ZBm</latexit>

v1,in1

<latexit sha1_base64="pzv0XcVkjpep3N7WgCfKQ9hSWEc=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgQcKu72PAi8cI5gGbNcxOZpMhszPLTG8gLPkMLx4U8erXePNvnCR70MSChqKqm+6uMBHcgOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLh3dRvjZg2XMlHGCcsiElf8ohTAlbyR0/ZxZlKYdL1uuWKW3VnwMvEy0kF5ah3y1+dnqJpzCRQQYzxPTeBICMaOBVsUuqkhiWEDkmf+ZZKEjMTZLOTJ/jEKj0cKW1LAp6pvycyEhszjkPbGRMYmEVvKv7n+SlEt0HGZZICk3S+KEoFBoWn/+Me14yCGFtCqOb2VkwHRBMKNqWSDcFbfHmZNM+r3nX16uGyUnPzOIroCB2jU+ShG1RD96iOGogihZ7RK3pzwHlx3p2PeWvByWcO0R84nz/hiZDz</latexit>

v3,out1

<latexit sha1_base64="R8fU5CraRQyaYdwgQwwMjXjNGL0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNj1fQx48RjBPDBZw+ykkwyZnV1mZgNhyV948aCIV//Gm3/jJNmDJhY0FFXddHcFseDauO63s7S8srq2ntvIb25t7+wW9vZrOkoUwyqLRKQaAdUouMSq4UZgI1ZIw0BgPRjcTvz6EJXmkXwwoxj9kPYk73JGjZUeh0/p+SmX47bXLhTdkjsFWSReRoqQodIufLU6EUtClIYJqnXTc2Pjp1QZzgSO861EY0zZgPawaamkIWo/nV48JsdW6ZBupGxJQ6bq74mUhlqPwsB2htT09bw3Ef/zmonp3vgpl3FiULLZom4iiInI5H3S4QqZESNLKFPc3kpYnyrKjA0pb0Pw5l9eJLWzkndVury/KJbdLI4cHMIRnIAH11CGO6hAFRhIeIZXeHO08+K8Ox+z1iUnmzmAP3A+fwD05ZBo</latexit>

v3,in1

<latexit sha1_base64="d2arBoQ1m6Fjn44Y5AZwMFcVOf8=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJGmYns8mQ2ZllpjcQlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXmAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHobua3xkwbruQjThIWxGQgecQpQSt1xk+Z5oMhTnt+r1zxqt4c7irxc1KBHPVe+avbVzSNmUQqiDEd30swyIhGTgWblrqpYQmhIzJgHUsliZkJsvnJU/fMKn03UtqWRHeu/p7ISGzMJA5tZ0xwaJa9mfif10kxug0yLpMUmaSLRVEqXFTu7H+3zzWjKCaWEKq5vdWlQ6IJRZtSyYbgL7+8SpoXVf+6evVwWal5eRxFOIFTOAcfbqAG91CHBlBQ8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP4B/kVo=</latexit>

vright1

<latexit sha1_base64="QRyiyMIPFNpUMPjeFW5BOtIlhq0=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgQcJu8HUMePEYwTxgs4bZyWwyZHZmmekNhCWf4cWDIl79Gm/+jZNkD5pY0FBUddPdFSaCG3Ddb6ewtr6xuVXcLu3s7u0flA+PWkalmrImVULpTkgME1yyJnAQrJNoRuJQsHY4upv57THThiv5CJOEBTEZSB5xSsBK/vgp8y5UCtNerVeuuFV3DrxKvJxUUI5Gr/zV7SuaxkwCFcQY33MTCDKigVPBpqVualhC6IgMmG+pJDEzQTY/eYrPrNLHkdK2JOC5+nsiI7Exkzi0nTGBoVn2ZuJ/np9CdBtkXCYpMEkXi6JUYFB49j/uc80oiIklhGpub8V0SDShYFMq2RC85ZdXSatW9a6rVw+Xlbqbx1FEJ+gUnSMP3aA6ukcN1EQUKfSMXtGbA86L8+58LFoLTj5zjP7A+fwB3/eQ8g==</latexit>

v1,out2

<latexit sha1_base64="1iUOKaGNWEUs1frCMkSvVcFUSiA=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNgNvo4BLx4jmAcma5idTJIhs7PLTG8gLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwbqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3k79xohrIyL1gOOY+yHtK9ETjKKVHkdPqXcu1KRT7hSKbsmdgSwTLyNFyFDtFL7a3YglIVfIJDWm5bkx+inVKJjkk3w7MTymbEj7vGWpoiE3fjq7eEJOrdIlvUjbUkhm6u+JlIbGjMPAdoYUB2bRm4r/ea0Eezd+KlScIFdsvqiXSIIRmb5PukJzhnJsCWVa2FsJG1BNGdqQ8jYEb/HlZVIvl7yr0uX9RbHiZnHk4BhO4Aw8uIYK3EEVasBAwTO8wptjnBfn3fmYt6442cwR/IHz+QPzVZBn</latexit>

v1,in2

<latexit sha1_base64="Ibbh4fkIS5i1g8vgCq0XHUmwjTw=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcJufB4DXjxGMA9M1jA7mU2GzM4sM7OBsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7gpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvJ36zRFVmknxYMYx9SPcFyxkBBsrPY6e0vMzJibdSrdYcsvuDGiZeBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFLoJJrGmAxxn7YtFTii2k9nF0/QiVV6KJTKljBopv6eSHGk9TgKbGeEzUAvelPxP6+dmPDGT5mIE0MFmS8KE46MRNP3UY8pSgwfW4KJYvZWRAZYYWJsSAUbgrf48jJpVMreVfny/qJUdbM48nAEx3AKHlxDFe6gBnUgIOAZXuHN0c6L8+58zFtzTjZzCH/gfP4A9mmQaQ==</latexit>

v3,in2

<latexit sha1_base64="ZrQRQfEPAcPevRsOx3DpVX88w78=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8SNiNz2PAi8cI5gGbNcxOZpMhszPLTG8gLPkMLx4U8erXePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5BGnBKzkj56yi3OVwqRb7ZbKbsWdAS8TLydllKPeLX11eoqmMZNABTHG99wEgoxo4FSwSbGTGpYQOiR95lsqScxMkM1OnuBTq/RwpLQtCXim/p7ISGzMOA5tZ0xgYBa9qfif56cQ3QYZl0kKTNL5oigVGBSe/o97XDMKYmwJoZrbWzEdEE0o2JSKNgRv8eVl0qxWvOvK1cNluebmcRTQMTpBZ8hDN6iG7lEdNRBFCj2jV/TmgPPivDsf89YVJ585Qn/gfP4A4w2Q9A==</latexit>

v3,out2

<latexit sha1_base64="TZCGd6RQFhh0Q8pNqsWYL5GUNJQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTFr2PBi8cKthbaWDbbTbt0sxt2J4US+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkq3Q2KY4JI1kaNg7UQzEoeCPYaj25n/OGbacCUfcJKwICYDySNOCVqpM37KNB8Mcdqr9coVr+rN4a4SPycVyNHolb+6fUXTmEmkghjT8b0Eg4xo5FSwaambGpYQOiID1rFUkpiZIJufPHXPrNJ3I6VtSXTn6u+JjMTGTOLQdsYEh2bZm4n/eZ0Uo5sg4zJJkUm6WBSlwkXlzv53+1wzimJiCaGa21tdOiSaULQplWwI/vLLq6RVq/pX1cv7i0rdy+Mowgmcwjn4cA11uIMGNIGCgmd4hTcHnRfn3flYtBacfOYY/sD5/AGCA5Fb</latexit>

vright2

<latexit sha1_base64="m4Iuk3u925t/YLb21FGiHxCAeO8=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHZ9H0m8eMREHhGQzA69MGF2djPTS0I2/IUXDxrj1b/x5t84wB4UrKSTSlV3urv8WAqDrvvt5FZW19Y38puFre2d3b3i/kHdRInmUOORjHTTZwakUFBDgRKasQYW+hIa/vB26jdGoI2I1AOOY+iErK9EIDhDKz2OnlIJAU66591iyS27M9Bl4mWkRDJUu8Wvdi/iSQgKuWTGtDw3xk7KNAouYVJoJwZixoesDy1LFQvBdNLZxRN6YpUeDSJtSyGdqb8nUhYaMw592xkyHJhFbyr+57USDG46qVBxgqD4fFGQSIoRnb5Pe0IDRzm2hHEt7K2UD5hmHG1IBRuCt/jyMqmflb2r8uX9RaniZnHkyRE5JqfEI9ekQu5IldQIJ4o8k1fy5hjnxXl3PuatOSebOSR/4Hz+AKvJkN8=</latexit>

vleft3

<latexit sha1_base64="4SteTG1Q8QOFi1sIUy+W/Ngqr+M=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgQcKu72PAi8cI5gGbNcxOZpMhszPLTG8gLPkMLx4U8erXePNvnCR70MSChqKqm+6uMBHcgOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLh3dRvjZg2XMlHGCcsiElf8ohTAlbyR0+Zd6ZSmHQvuuWKW3VnwMvEy0kF5ah3y1+dnqJpzCRQQYzxPTeBICMaOBVsUuqkhiWEDkmf+ZZKEjMTZLOTJ/jEKj0cKW1LAp6pvycyEhszjkPbGRMYmEVvKv7n+SlEt0HGZZICk3S+KEoFBoWn/+Me14yCGFtCqOb2VkwHRBMKNqWSDcFbfHmZNM+r3nX16uGyUnPzOIroCB2jU+ShG1RD96iOGogihZ7RK3pzwHlx3p2PeWvByWcO0R84nz/he5Dz</latexit>

v1,out3

<latexit sha1_base64="GTJZAdfEi9GsNqH9Dn8ixSejjGw=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8SNg1vo4BLx4jmAds1jA7mU2GzM4sM72BsOQzvHhQxKtf482/cZLsQRMLGoqqbrq7wkRwA6777aysrq1vbBa2its7u3v7pYPDplGppqxBlVC6HRLDBJesARwEayeakTgUrBUO76Z+a8S04Uo+wjhhQUz6kkecErCSP3rKqucqhUm32i2V3Yo7A14mXk7KKEe9W/rq9BRNYyaBCmKM77kJBBnRwKlgk2InNSwhdEj6zLdUkpiZIJudPMGnVunhSGlbEvBM/T2RkdiYcRzazpjAwCx6U/E/z08hug0yLpMUmKTzRVEqMCg8/R/3uGYUxNgSQjW3t2I6IJpQsCkVbQje4svLpHlR8a4rVw+X5Zqbx1FAx+gEnSEP3aAaukd11EAUKfSMXtGbA86L8+58zFtXnHzmCP2B8/kD5JGQ9Q==</latexit>

v3,out3

<latexit sha1_base64="UZ0eZ6kqFQN7VLun5Fq5TUdQHJs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcKu8XUMePEYwTwwWcPsZDYZMjO7zMwGwpK/8OJBEa/+jTf/xkmyB00saCiquunuCmLOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw9up3xxRpVkkH8w4pr7AfclCRrCx0uPoKa2cMTnpVrrFklt2Z0DLxMtICTLUusWvTi8iiaDSEI61bntubPwUK8MIp5NCJ9E0xmSI+7RtqcSCaj+dXTxBJ1bpoTBStqRBM/X3RIqF1mMR2E6BzUAvelPxP6+dmPDGT5mME0MlmS8KE45MhKbvox5TlBg+tgQTxeytiAywwsTYkAo2BG/x5WXSOC97V+XL+4tS1c3iyMMRHMMpeHANVbiDGtSBgIRneIU3RzsvzrvzMW/NOdnMIfyB8/kD9+2Qag==</latexit>

v3,in3

<latexit sha1_base64="U9j8aP6dCp6ZYTEtJJwkZvRDl4c=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNj1fQx48RjBPDBZw+ykkwyZnV1mZgNhyV948aCIV//Gm3/jJNmDJhY0FFXddHcFseDauO63s7S8srq2ntvIb25t7+wW9vZrOkoUwyqLRKQaAdUouMSq4UZgI1ZIw0BgPRjcTvz6EJXmkXwwoxj9kPYk73JGjZUeh0+pd8rluH3eLhTdkjsFWSReRoqQodIufLU6EUtClIYJqnXTc2Pjp1QZzgSO861EY0zZgPawaamkIWo/nV48JsdW6ZBupGxJQ6bq74mUhlqPwsB2htT09bw3Ef/zmonp3vgpl3FiULLZom4iiInI5H3S4QqZESNLKFPc3kpYnyrKjA0pb0Pw5l9eJLWzkndVury/KJbdLI4cHMIRnIAH11CGO6hAFRhIeIZXeHO08+K8Ox+z1iUnmzmAP3A+fwD02ZBo</latexit>

v1,in3

<latexit sha1_base64="iVwikxohssjKOEKuwMgkYTp5fOk=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYhA8hV3fx4AXjxHMA5I1zE5mkyGzM8tMbyAs+QwvHhTx6td482+cJHvQxIKGoqqb7q4wEdyg5307K6tr6xubha3i9s7u3n7p4LBhVKopq1MllG6FxDDBJasjR8FaiWYkDgVrhsO7qd8cMW24ko84TlgQk77kEacErdQePWWa9wc46V50S2Wv4s3gLhM/J2XIUeuWvjo9RdOYSaSCGNP2vQSDjGjkVLBJsZMalhA6JH3WtlSSmJkgm508cU+t0nMjpW1JdGfq74mMxMaM49B2xgQHZtGbiv957RSj2yDjMkmRSTpfFKXCReVO/3d7XDOKYmwJoZrbW106IJpQtCkVbQj+4svLpHFe8a8rVw+X5aqXx1GAYziBM/DhBqpwDzWoAwUFz/AKbw46L8678zFvXXHymSP4A+fzB4OHkVw=</latexit>

vright3

<latexit sha1_base64="56KLxdPQ8G4GLhlKbJy4So2EeGs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cI5oHJGmYnvcmQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+W9GSfoR3QgecgZNVZ6SB8zgaGZ9LxeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7OIJObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0fdLnCpkRY0soU9zeStiQKsqMDalkQ/AWX14mzbOqd1m9uDuv1Nw8jiIcwTGcggdXUINbqEMDGEh4hld4c7Tz4rw7H/PWgpPPHMIfOJ8/pzSQ3A==</latexit>

uleft
1

<latexit sha1_base64="1CWTefG2IhPbTY8rEHB1UNxlBJg=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx48RjBPDBZw+ykNxkyO7vM9CphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98BG1ErO5wlIAfsb4SoeAMrXT/9JBJCHHc9bqlsltxp6CLxMtJmeSodUtfnV7M0wgUcsmMaXtugn7GNAouYVzspAYSxoesD21LFYvA+Nn04jE9tkqPhrG2pZBO1d8TGYuMGUWB7YwYDsy8NxH/89ophld+JlSSIig+WxSmkmJMJ+/TntDAUY4sYVwLeyvlA6YZRxtS0Ybgzb+8SBqnFe+icn57Vq66eRwFckiOyAnxyCWpkhtSI3XCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/AKpOkN4=</latexit>

wleft
1

<latexit sha1_base64="ZX7DYCDkx/TSgZnE2OMsYc+XAkE=">AAAB8nicbVDLSgMxFM34rPVVdekmWAQXUmaKr2XBjcsK9gHtWDJppg3NJENyI5Shn+HGhSJu/Rp3/o1pOwttPXDhcM693HtPlApuwPe/vZXVtfWNzcJWcXtnd2+/dHDYNMpqyhpUCaXbETFMcMkawEGwdqoZSSLBWtHoduq3npg2XMkHGKcsTMhA8phTAk7q2Meseq4sTHpBr1T2K/4MeJkEOSmjHPVe6avbV9QmTAIVxJhO4KcQZkQDp4JNil1rWEroiAxYx1FJEmbCbHbyBJ86pY9jpV1JwDP190RGEmPGSeQ6EwJDs+hNxf+8joX4Jsy4TC0wSeeLYiswKDz9H/e5ZhTE2BFCNXe3YjokmlBwKRVdCMHiy8ukWa0EV5XL+4tyzc/jKKBjdILOUICuUQ3doTpqIIoUekav6M0D78V79z7mrStePnOE/sD7/AHecJDx</latexit>

u2,out
1

<latexit sha1_base64="4eMbpFpfpHk8Ojv2mbJoKeJYJAM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcJu8HUMePEYwTwwWcPspJMMmZ1dZmaFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80jem3GMfkgHkvc5o8ZKD8ljWjnjctL1usWSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7OLJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Ws/5TJODEo2X9RPBDERmb5PelwhM2JsCWWK21sJG1JFmbEhFWwI3uLLy6RRKXuX5Yu781LVzeLIwxEcwyl4cAVVuIUa1IGBhGd4hTdHOy/Ou/Mxb8052cwh/IHz+QPxzpBm</latexit>

u2,in
1

<latexit sha1_base64="ih0tzEFRA31NwUUMEfz+ikbb6W0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcKu72PAi8cI5oHJGmYnnWTI7OwyMyuEJX/hxYMiXv0bb/6Nk2QPmljQUFR1090VxIJr47rfTm5peWV1Lb9e2Njc2t4p7u7VdZQohjUWiUg1A6pRcIk1w43AZqyQhoHARjC8mfiNJ1SaR/LejGL0Q9qXvMcZNVZ6SB7TsxMuxx2vUyy5ZXcKski8jJQgQ7VT/Gp3I5aEKA0TVOuW58bGT6kynAkcF9qJxpiyIe1jy1JJQ9R+Or14TI6s0iW9SNmShkzV3xMpDbUehYHtDKkZ6HlvIv7ntRLTu/ZTLuPEoGSzRb1EEBORyfukyxUyI0aWUKa4vZWwAVWUGRtSwYbgzb+8SOqnZe+yfHF3Xqq4WRx5OIBDOAYPrqACt1CFGjCQ8Ayv8OZo58V5dz5mrTknm9mHP3A+fwDzWJBn</latexit>

u3,in
1

<latexit sha1_base64="Xzt8WJzFCJvwCLTGAUjJZxB6SHw=">AAAB8nicbVDLSgMxFM34rPVVdekmWAQXUmZ8LwtuXFawD5jWkkkzbWgmGZIboQz9DDcuFHHr17jzb0zbWWjrgQuHc+7l3nuiVHADvv/tLS2vrK6tFzaKm1vbO7ulvf2GUVZTVqdKKN2KiGGCS1YHDoK1Us1IEgnWjIa3E7/5xLThSj7AKGWdhPQljzkl4KTQPmbnp8rCuBt0S2W/4k+BF0mQkzLKUeuWvto9RW3CJFBBjAkDP4VORjRwKti42LaGpYQOSZ+FjkqSMNPJpieP8bFTejhW2pUEPFV/T2QkMWaURK4zITAw895E/M8LLcQ3nYzL1AKTdLYotgKDwpP/cY9rRkGMHCFUc3crpgOiCQWXUtGFEMy/vEgaZ5XgqnJ5f1Gu+nkcBXSIjtAJCtA1qqI7VEN1RJFCz+gVvXngvXjv3sesdcnLZw7QH3ifP9/7kPI=</latexit>

u3,out
1

<latexit sha1_base64="zNeheLRll+ZZ4paI+ANT+NMBu50=">AAAB8nicbVDLSgNBEJyNrxhfUY9eFoPgQcJufB4DXjxGMA/YrGF2MpsMmZ1ZZnqEsOQzvHhQxKtf482/cZLsQRMLGoqqbrq7opQzDZ737RRWVtfWN4qbpa3tnd298v5BS0ujCG0SyaXqRFhTzgRtAgNOO6miOIk4bUej26nffqJKMykeYJzSMMEDwWJGMFgpMI/Z+Zk0MOnVeuWKV/VmcJeJn5MKytHolb+6fUlMQgUQjrUOfC+FMMMKGOF0UuoaTVNMRnhAA0sFTqgOs9nJE/fEKn03lsqWAHem/p7IcKL1OIlsZ4JhqBe9qfifFxiIb8KMidQAFWS+KDbcBelO/3f7TFECfGwJJorZW10yxAoTsCmVbAj+4svLpFWr+lfVy/uLSt3L4yiiI3SMTpGPrlEd3aEGaiKCJHpGr+jNAefFeXc+5q0FJ585RH/gfP4A4X+Q8w==</latexit>

u3,out
2

<latexit sha1_base64="3zkGbnrcK+GncT5QUFXdNakqMUQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eFoPgQcKu8XUMePEYwTxgs4bZyWwyZHZmmekRwpLP8OJBEa9+jTf/xkmyB00saCiquunuilLONHjet1NYWV1b3yhulra2d3b3yvsHLS2NIrRJJJeqE2FNORO0CQw47aSK4iTitB2Nbqd++4kqzaR4gHFKwwQPBIsZwWClwDxmtTNpYNKr9coVr+rN4C4TPycVlKPRK391+5KYhAogHGsd+F4KYYYVMMLppNQ1mqaYjPCABpYKnFAdZrOTJ+6JVfpuLJUtAe5M/T2R4UTrcRLZzgTDUC96U/E/LzAQ34QZE6kBKsh8UWy4C9Kd/u/2maIE+NgSTBSzt7pkiBUmYFMq2RD8xZeXSeu86l9VL+8vKnUvj6OIjtAxOkU+ukZ1dIcaqIkIkugZvaI3B5wX5935mLcWnHzmEP2B8/kD4wOQ9A==</latexit>

u3,out
3

<latexit sha1_base64="9rXRcucGpJeSDyX+1m7khhmPrhQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eFoPgQcJufB4DXjxGMA/YrGF2MpsMmZ1ZZnqEsOQzvHhQxKtf482/cZLsQRMLGoqqbrq7opQzDZ737RRWVtfWN4qbpa3tnd298v5BS0ujCG0SyaXqRFhTzgRtAgNOO6miOIk4bUej26nffqJKMykeYJzSMMEDwWJGMFgpMI9Z7UwamPTOe+WKV/VmcJeJn5MKytHolb+6fUlMQgUQjrUOfC+FMMMKGOF0UuoaTVNMRnhAA0sFTqgOs9nJE/fEKn03lsqWAHem/p7IcKL1OIlsZ4JhqBe9qfifFxiIb8KMidQAFWS+KDbcBelO/3f7TFECfGwJJorZW10yxAoTsCmVbAj+4svLpFWr+lfVy/uLSt3L4yiiI3SMTpGPrlEd3aEGaiKCJHpGr+jNAefFeXc+5q0FJ585RH/gfP4A4XiQ8w==</latexit>

u2,out
3

<latexit sha1_base64="1G8icmFneO51fPPyxwhGNGLJxuI=">AAAB8nicbVDLSgMxFM34rPVVdekmWAQXUmaKr2XBjcsK9gHtWDJppg3NJENyI5Shn+HGhSJu/Rp3/o1pOwttPXDhcM693HtPlApuwPe/vZXVtfWNzcJWcXtnd2+/dHDYNMpqyhpUCaXbETFMcMkawEGwdqoZSSLBWtHoduq3npg2XMkHGKcsTMhA8phTAk7q2Meseq4sTHrVXqnsV/wZ8DIJclJGOeq90le3r6hNmAQqiDGdwE8hzIgGTgWbFLvWsJTQERmwjqOSJMyE2ezkCT51Sh/HSruSgGfq74mMJMaMk8h1JgSGZtGbiv95HQvxTZhxmVpgks4XxVZgUHj6P+5zzSiIsSOEau5uxXRINKHgUiq6EILFl5dJs1oJriqX9xflmp/HUUDH6ASdoQBdoxq6Q3XUQBQp9Ixe0ZsH3ov37n3MW1e8fOYI/YH3+QPf9JDy</latexit>

u2,out
2

<latexit sha1_base64="3L4AriZPcdjkM8MkLSqJC9HxS3w=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcJu8HUMePEYwTwwWcPspJMMmZ1dZmaFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80jem3GMfkgHkvc5o8ZKD8ljWjnjctKtdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2cXT8iJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+td+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDKtgQvMWXl0mjUvYuyxd356Wqm8WRhyM4hlPw4AqqcAs1qAMDCc/wCm+Odl6cd+dj3ppzsplD+APn8wfzUpBn</latexit>

u2,in
2

<latexit sha1_base64="uX5cXrul77uaSmaJNk9hOE6v6ac=">AAAB8XicbVDJSgNBEK1xjXGLevTSGAQPEmbiegx48RjBLJiMoadTkzTp6Rm6e4Qw5C+8eFDEq3/jzb+xsxw08UHB470qquoFieDauO63s7S8srq2ntvIb25t7+wW9vbrOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxjcjP3GEyrNY3lvhgn6Ee1JHnJGjZUe0sesfMrlqHPWKRTdkjsBWSTejBRhhmqn8NXuxiyNUBomqNYtz02Mn1FlOBM4yrdTjQllA9rDlqWSRqj9bHLxiBxbpUvCWNmShkzU3xMZjbQeRoHtjKjp63lvLP7ntVITXvsZl0lqULLpojAVxMRk/D7pcoXMiKEllClubyWsTxVlxoaUtyF48y8vknq55F2WLu7OixV3FkcODuEITsCDK6jALVShBgwkPMMrvDnaeXHenY9p65IzmzmAP3A+fwD01pBo</latexit>

u2,in
3

<latexit sha1_base64="9eUm2W8Uj+kDxZfa2BRfvUFKzZc=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNg1vo4BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/naXlldW19dxGfnNre2e3sLdfN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEMbyZ+44lrIyJ1j6OY+yHtK9ETjKKVHpLHtHwq1LhT7hSKbsmdgiwSLyNFyFDtFL7a3YglIVfIJDWm5bkx+inVKJjk43w7MTymbEj7vGWpoiE3fjq9eEyOrdIlvUjbUkim6u+JlIbGjMLAdoYUB2bem4j/ea0Ee9d+KlScIFdstqiXSIIRmbxPukJzhnJkCWVa2FsJG1BNGdqQ8jYEb/7lRVI/K3mXpYu782LFzeLIwSEcwQl4cAUVuIUq1ICBgmd4hTfHOC/Ou/Mxa11yspkD+APn8wf2YJBp</latexit>

u3,in
3

<latexit sha1_base64="vh3Fn0BYfEfWmMMdmjrTRurc7nQ=">AAAB8XicbVDJSgNBEK1xjXGLevTSGAQPEmbiegx48RjBLJiMoadTkzTp6Rm6e4Qw5C+8eFDEq3/jzb+xsxw08UHB470qquoFieDauO63s7S8srq2ntvIb25t7+wW9vbrOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxjcjP3GEyrNY3lvhgn6Ee1JHnJGjZUe0sfs7JTLUafcKRTdkjsBWSTejBRhhmqn8NXuxiyNUBomqNYtz02Mn1FlOBM4yrdTjQllA9rDlqWSRqj9bHLxiBxbpUvCWNmShkzU3xMZjbQeRoHtjKjp63lvLP7ntVITXvsZl0lqULLpojAVxMRk/D7pcoXMiKEllClubyWsTxVlxoaUtyF48y8vknq55F2WLu7OixV3FkcODuEITsCDK6jALVShBgwkPMMrvDnaeXHenY9p65IzmzmAP3A+fwD03JBo</latexit>

u3,in
2

<latexit sha1_base64="q7Tge5a4Pz0AujPK9B5Jt0/+mFE=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzAOSNcxOZpMhszvLTK8QlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px7cxvP3FthIofcJJwP6LDWISCUbRSN33MtBiOcNqv9csVt+rOQVaJl5MK5Gj0y1+9gWJpxGNkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rU0phE3fjY/eUrOrDIgodK2YiRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fiThJkcdssShMJUFFZv+TgdCcoZxYQpkW9lbCRlRThjalkg3BW355lbRqVe+qenl/Uam7eRxFOIFTOAcPrqEOd9CAJjBQ8Ayv8Oag8+K8Ox+L1oKTzxzDHzifP4B1kVo=</latexit>

uright
2

<latexit sha1_base64="arZqT0Qk3TpI3lRK7cp083Uewpk=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga8eIxgHpCsYXYymwyZnVlmeoWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuurvCRHCDnvftFFZW19Y3ipulre2d3b3y/kHTqFRT1qBKKN0OiWGCS9ZAjoK1E81IHArWCke3U7/1xLThSj7gOGFBTAaSR5wStFInfcw0Hwxx0jvvlSte1ZvBXSZ+TiqQo94rf3X7iqYxk0gFMabjewkGGdHIqWCTUjc1LCF0RAasY6kkMTNBNjt54p5Ype9GStuS6M7U3xMZiY0Zx6HtjAkOzaI3Ff/zOilGN0HGZZIik3S+KEqFi8qd/u/2uWYUxdgSQjW3t7p0SDShaFMq2RD8xZeXSfOs6l9VL+8vKjUvj6MIR3AMp+DDNdTgDurQAAoKnuEV3hx0Xpx352PeWnDymUP4A+fzB4H5kVs=</latexit>

uright
3

<latexit sha1_base64="gowKtvo5HKyEiIluiVOI+++g7cI=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8lUT8Oha8eKxgPyCNZbPdtEs3u2F3IpTQn+HFgyJe/TXe/Ddu2xy09cHA470ZZuZFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctozJNWZMqoXQnIoYJLlkTOQrWSTUjSSRYOxrdTv32E9OGK/mA45SFCRlIHnNK0EpB9phrPhjipOf3KlWv5s3gLhO/IFUo0OhVvrp9RbOESaSCGBP4XophTjRyKtik3M0MSwkdkQELLJUkYSbMZydP3FOr9N1YaVsS3Zn6eyIniTHjJLKdCcGhWfSm4n9ekGF8E+ZcphkySeeL4ky4qNzp/26fa0ZRjC0hVHN7q0uHRBOKNqWyDcFffHmZtM5r/lXt8v6iWveKOEpwDCdwBj5cQx3uoAFNoKDgGV7hzUHnxXl3PuatK04xcwR/4Hz+AH7xkVk=</latexit>

uright
1

<latexit sha1_base64="Ua5dpXQ0P9TVO0UQn83WzCrWzTA=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6xjw4jGCeWCyhtlJbzJkdnaZ6RXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1BNqIWN3jOAE/YgMlQsEZWukhfcwkhDjpVXulsltxZ6DLxMtJmeSo90pf3X7M0wgUcsmM6Xhugn7GNAouYVLspgYSxkdsAB1LFYvA+Nns4gk9tUqfhrG2pZDO1N8TGYuMGUeB7YwYDs2iNxX/8zophtd+JlSSIig+XxSmkmJMp+/TvtDAUY4tYVwLeyvlQ6YZRxtS0YbgLb68TJrVindZubg7L9fcPI4COSYn5Ix45IrUyC2pkwbhRJFn8kreHOO8OO/Ox7x1xclnjsgfOJ8/qLiQ3Q==</latexit>

uleft
2

<latexit sha1_base64="6Fudb76Dyyp9sO6MXuOuAfkNehc=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3fx4AXjxHMA5M1zE5mkyGzs8tMrxCW/IUXD4p49W+8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJn7ziWsjYnWPo4T7Ee0rEQpG0UoP6WMmeYjj7lm3VHYr7hRkkXg5KUOOWrf01enFLI24QiapMW3PTdDPqEbBJB8XO6nhCWVD2udtSxWNuPGz6cVjcmyVHgljbUshmaq/JzIaGTOKAtsZURyYeW8i/ue1Uwyv/UyoJEWu2GxRmEqCMZm8T3pCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14l5WLu/Ny1c3jKMAhHMEJeHAFVbiFGtSBgYJneIU3xzgvzrvzMWtdcvKZA/gD5/MHqjyQ3g==</latexit>

uleft
3

<latexit sha1_base64="GPGRtb+oIEnYUtuQYELz5RdqDQM=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYhA8SNgVX8eAF48RzAOSNcxOZpMhszPLTK8SlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMCrVlNWpEkq3QmKY4JLVkaNgrUQzEoeCNcPhzcRvPjJtuJL3OEpYEJO+5BGnBK3UfnrI/FOV4rjrd0tlr+JN4S4SPydlyFHrlr46PUXTmEmkghjT9r0Eg4xo5FSwcbGTGpYQOiR91rZUkpiZIJuePHaPrdJzI6VtSXSn6u+JjMTGjOLQdsYEB2bem4j/ee0Uo+sg4zJJkUk6WxSlwkXlTv53e1wzimJkCaGa21tdOiCaULQpFW0I/vzLi6RxVvEvKxd35+Wql8dRgEM4ghPw4QqqcAs1qAMFBc/wCm8OOi/Ou/Mxa11y8pkD+APn8wfgAZDy</latexit>

w1,out
1

<latexit sha1_base64="bFBfxtcMXObjWvmmJFB083ISeh4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgQcJu8HUMePEYwTxgs4bZyWwyZHZmmelVwpLP8OJBEa9+jTf/xkmyB00saCiquunuChPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3Uz99iPThit5D+OEBTEZSB5xSsBK/tNDVjtTKUx6Xq9ccavuDHiZeDmpoByNXvmr21c0jZkEKogxvucmEGREA6eCTUrd1LCE0BEZMN9SSWJmgmx28gSfWKWPI6VtScAz9fdERmJjxnFoO2MCQ7PoTcX/PD+F6DrIuExSYJLOF0WpwKDw9H/c55pREGNLCNXc3orpkGhCwaZUsiF4iy8vk1at6l1WL+7OK3U3j6OIjtAxOkUeukJ1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kD4YyQ8w==</latexit>

w2,out
1

<latexit sha1_base64="Zt+C2crx40rvohClC+fhuwdd+qI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgQcJu8HUMePEYwTxgs4bZyWwyZHZmmelVwpLP8OJBEa9+jTf/xkmyB00saCiquunuChPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3Uz99iPThit5D+OEBTEZSB5xSsBK/tNDVjtTKUx6tV654lbdGfAy8XJSQTkavfJXt69oGjMJVBBjfM9NIMiIBk4Fm5S6qWEJoSMyYL6lksTMBNns5Ak+sUofR0rbkoBn6u+JjMTGjOPQdsYEhmbRm4r/eX4K0XWQcZmkwCSdL4pSgUHh6f+4zzWjIMaWEKq5vRXTIdGEgk2pZEPwFl9eJq1a1busXtydV+puHkcRHaFjdIo8dIXq6BY1UBNRpNAzekVvDjgvzrvzMW8tOPnMIfoD5/MH4xCQ9A==</latexit>

w2,out
2

<latexit sha1_base64="jzSb1OLrn8tVhu4bbzy6ZYuO5HA=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8SNiNz2PAi8cI5gGbNcxOZpMhszPLTK8SlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXmAhuwHW/naXlldW19cJGcXNre2e3tLffNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLhzcRvPTJtuJL3MEpYEJO+5BGnBKzkPz1k1VOVwrh71i2V3Yo7BV4kXk7KKEe9W/rq9BRNYyaBCmKM77kJBBnRwKlg42InNSwhdEj6zLdUkpiZIJuePMbHVunhSGlbEvBU/T2RkdiYURzazpjAwMx7E/E/z08hug4yLpMUmKSzRVEqMCg8+R/3uGYUxMgSQjW3t2I6IJpQsCkVbQje/MuLpFmteJeVi7vzcs3N4yigQ3SETpCHrlAN3aI6aiCKFHpGr+jNAefFeXc+Zq1LTj5zgP7A+fwB5JSQ9Q==</latexit>

w2,out
3

<latexit sha1_base64="+eX1NKvJiIss5yUB2tI1TyF4R2I=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgQcKu72PAi8cI5gGbNcxOZpMhszPLTK8SlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXmAhuwHW/ncLS8srqWnG9tLG5tb1T3t1rGpVqyhpUCaXbITFMcMkawEGwdqIZiUPBWuHwZuK3Hpk2XMl7GCUsiElf8ohTAlbynx4y70SlMO6edcsVt+pOgReJl5MKylHvlr86PUXTmEmgghjje24CQUY0cCrYuNRJDUsIHZI+8y2VJGYmyKYnj/GRVXo4UtqWBDxVf09kJDZmFIe2MyYwMPPeRPzP81OIroOMyyQFJulsUZQKDApP/sc9rhkFMbKEUM3trZgOiCYUbEolG4I3//IiaZ5Wvcvqxd15pebmcRTRATpEx8hDV6iGblEdNRBFCj2jV/TmgPPivDsfs9aCk8/soz9wPn8A4wmQ9A==</latexit>

w1,out
3

<latexit sha1_base64="sxRYNKyd5gHNiFFdKDXo/iCkaSw=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgQcJu8HUMePEYwTxgs4bZyWwyZHZmmelVwpLP8OJBEa9+jTf/xkmyB00saCiquunuChPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3Uz99iPThit5D+OEBTEZSB5xSsBK/tND5p2pFCa9Wq9ccavuDHiZeDmpoByNXvmr21c0jZkEKogxvucmEGREA6eCTUrd1LCE0BEZMN9SSWJmgmx28gSfWKWPI6VtScAz9fdERmJjxnFoO2MCQ7PoTcX/PD+F6DrIuExSYJLOF0WpwKDw9H/c55pREGNLCNXc3orpkGhCwaZUsiF4iy8vk1at6l1WL+7OK3U3j6OIjtAxOkUeukJ1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kD4YWQ8w==</latexit>

w1,out
2

<latexit sha1_base64="2NN2QhS5p/ADsWm7n4XgX4zdUoE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseAF48RzILJGHo6NUmTnp6hu0cJQ/7CiwdFvPo33vwbO8tBEx8UPN6roqpekAiujet+O7ml5ZXVtfx6YWNza3unuLtX13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8Hgeuw3HlFpHss7M0zQj2hP8pAzaqx0//SQeSdcjjpep1hyy+4EZJF4M1KCGaqd4le7G7M0QmmYoFq3PDcxfkaV4UzgqNBONSaUDWgPW5ZKGqH2s8nFI3JklS4JY2VLGjJRf09kNNJ6GAW2M6Kmr+e9sfif10pNeOVnXCapQcmmi8JUEBOT8fukyxUyI4aWUKa4vZWwPlWUGRtSwYbgzb+8SOqnZe+ifH57Vqq4szjycACHcAweXEIFbqAKNWAg4Rle4c3Rzovz7nxMW3PObGYf/sD5/AHzXpBn</latexit>

w1,in
1

<latexit sha1_base64="/J1AEyJiq1xtRBiHtefdE5niBlo=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNgNvo4BLx4jmAcma5idTJIhs7PLTK8SlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/naXlldW19dxGfnNre2e3sLdfN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEMryd+45FrIyJ1h6OY+yHtK9ETjKKV7p8eUu9UqHGn3CkU3ZI7BVkkXkaKkKHaKXy1uxFLQq6QSWpMy3Nj9FOqUTDJx/l2YnhM2ZD2ectSRUNu/HR68ZgcW6VLepG2pZBM1d8TKQ2NGYWB7QwpDsy8NxH/81oJ9q78VKg4Qa7YbFEvkQQjMnmfdIXmDOXIEsq0sLcSNqCaMrQh5W0I3vzLi6ReLnkXpfPbs2LFzeLIwSEcwQl4cAkVuIEq1ICBgmd4hTfHOC/Ou/Mxa11yspkD+APn8wf04pBo</latexit>

w1,in
2

<latexit sha1_base64="ZMb3UnYO8gWPbKwyMqyzJNJ6mWc=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNj1fQx48RjBPDBZw+xkkgyZnV1mepWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruCWAqDrvvtLCwuLa+s5tby6xubW9uFnd2aiRLNeJVFMtKNgBouheJVFCh5I9achoHk9WBwPfbrj1wbEak7HMbcD2lPia5gFK10//SQesdCjdqn7ULRLbkTkHniZaQIGSrtwlerE7Ek5AqZpMY0PTdGP6UaBZN8lG8lhseUDWiPNy1VNOTGTycXj8ihVTqkG2lbCslE/T2R0tCYYRjYzpBi38x6Y/E/r5lg98pPhYoT5IpNF3UTSTAi4/dJR2jOUA4toUwLeythfaopQxtS3obgzb48T2onJe+idH57Viy7WRw52IcDOAIPLqEMN1CBKjBQ8Ayv8OYY58V5dz6mrQtONrMHf+B8/gD2ZpBp</latexit>

w1,in
3

<latexit sha1_base64="6bHr6ClN2u4mzck3KakB7qeqKaE=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcJufB4DXjxGMA9M1jA7mU2GzM4sM7NKWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTMYXk/85iNVmklxZ0Yx9SPcFyxkBBsr3T89pJUTJsbd026x5JbdKdAi8TJSggy1bvGr05MkiagwhGOt254bGz/FyjDC6bjQSTSNMRniPm1bKnBEtZ9OLx6jI6v0UCiVLWHQVP09keJI61EU2M4Im4Ge9ybif147MeGVnzIRJ4YKMlsUJhwZiSbvox5TlBg+sgQTxeytiAywwsTYkAo2BG/+5UXSqJS9i/L57Vmp6mZx5OEADuEYPLiEKtxADepAQMAzvMKbo50X5935mLXmnGxmH/7A+fwB9/CQag==</latexit>

w2,in
3

<latexit sha1_base64="O5qVfiA5JgqGvvpB07r/9M8kckQ=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNgNvo4BLx4jmAcma5iddJIhs7PLzKwSlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEAuujet+O0vLK6tr67mN/ObW9s5uYW+/rqNEMayxSESqGVCNgkusGW4ENmOFNAwENoLh9cRvPKLSPJJ3ZhSjH9K+5D3OqLHS/dNDWj7lctwpdwpFt+ROQRaJl5EiZKh2Cl/tbsSSEKVhgmrd8tzY+ClVhjOB43w70RhTNqR9bFkqaYjaT6cXj8mxVbqkFylb0pCp+nsipaHWozCwnSE1Az3vTcT/vFZield+ymWcGJRstqiXCGIiMnmfdLlCZsTIEsoUt7cSNqCKMmNDytsQvPmXF0m9XPIuSue3Z8WKm8WRg0M4ghPw4BIqcANVqAEDCc/wCm+Odl6cd+dj1rrkZDMH8AfO5w/2bJBp</latexit>

w2,in
2

<latexit sha1_base64="YI4Sykq6lCYfR+upcKdL8YPuY9M=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNgNvo4BLx4jmAcma5idTJIhs7PLTK8SlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/naXlldW19dxGfnNre2e3sLdfN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEMryd+45FrIyJ1h6OY+yHtK9ETjKKV7p8e0vKpUOOO1ykU3ZI7BVkkXkaKkKHaKXy1uxFLQq6QSWpMy3Nj9FOqUTDJx/l2YnhM2ZD2ectSRUNu/HR68ZgcW6VLepG2pZBM1d8TKQ2NGYWB7QwpDsy8NxH/81oJ9q78VKg4Qa7YbFEvkQQjMnmfdIXmDOXIEsq0sLcSNqCaMrQh5W0I3vzLi6ReLnkXpfPbs2LFzeLIwSEcwQl4cAkVuIEq1ICBgmd4hTfHOC/Ou/Mxa11yspkD+APn8wf06JBo</latexit>

w2,in
1

<latexit sha1_base64="BFOqefRAa76iRF+kZDbPcvwA9so=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJGmYns8mQ2ZllplcJSz7DiwdFvPo13vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0M/Vbj0wbruQ9jhMWxGQgecQpQSt1nh4yzQdDnPT8XrniVb0Z3GXi56QCOeq98le3r2gaM4lUEGM6vpdgkBGNnAo2KXVTwxJCR2TAOpZKEjMTZLOTJ+6JVfpupLQtie5M/T2RkdiYcRzazpjg0Cx6U/E/r5NidB1kXCYpMknni6JUuKjc6f9un2tGUYwtIVRze6tLh0QTijalkg3BX3x5mTTPqv5l9eLuvFLz8jiKcATHcAo+XEENbqEODaCg4Ble4c1B58V5dz7mrQUnnzmEP3A+fwCCDZFb</latexit>

wright
1

<latexit sha1_base64="3E1xLFPjFDirAtMXFDfzQmgfvq0=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xjw4jGCecBmDbOTSTJkdmaZ6VXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEsENet63s7K6tr6xWdgqbu/s7u2XDg6bRqWasgZVQul2RAwTXLIGchSsnWhG4kiwVjS6mfqtR6YNV/IexwkLYzKQvM8pQSsFTw+Z5oMhTrrVbqnsVbwZ3GXi56QMOerd0lenp2gaM4lUEGMC30swzIhGTgWbFDupYQmhIzJggaWSxMyE2ezkiXtqlZ7bV9qWRHem/p7ISGzMOI5sZ0xwaBa9qfifF6TYvw4zLpMUmaTzRf1UuKjc6f9uj2tGUYwtIVRze6tLh0QTijalog3BX3x5mTSrFf+ycnF3Xq55eRwFOIYTOAMfrqAGt1CHBlBQ8Ayv8Oag8+K8Ox/z1hUnnzmCP3A+fwCDkZFc</latexit>

wright
2

<latexit sha1_base64="dDoTBOemGQETQQ3o3/M46GsOZAY=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYhA8hV3fx4AXjxHMA5I1zE5mkyGzM8tMrxKWfIYXD4p49Wu8+TdOkj1oYkFDUdVNd1eYCG7Q876dpeWV1bX1wkZxc2t7Z7e0t98wKtWU1akSSrdCYpjgktWRo2CtRDMSh4I1w+HNxG8+Mm24kvc4SlgQk77kEacErdR+esg07w9w3D3rlspexZvCXSR+TsqQo9YtfXV6iqYxk0gFMabtewkGGdHIqWDjYic1LCF0SPqsbakkMTNBNj157B5bpedGStuS6E7V3xMZiY0ZxaHtjAkOzLw3Ef/z2ilG10HGZZIik3S2KEqFi8qd/O/2uGYUxcgSQjW3t7p0QDShaFMq2hD8+ZcXSeO04l9WLu7Oy1Uvj6MAh3AEJ+DDFVThFmpQBwoKnuEV3hx0Xpx352PWuuTkMwfwB87nD4UVkV0=</latexit>

wright
3

<latexit sha1_base64="V+RothQwg4uT6LqxZssAsU07U1M=">AAAB8XicbVDJSgNBEO2JW4xb1KOXxiB4CjPux4AXjxHMgskYejo1SZOenqG7RglD/sKLB0W8+jfe/Bs7y0ETHxQ83quiql6QSGHQdb+d3NLyyupafr2wsbm1vVPc3aubONUcajyWsW4GzIAUCmooUEIz0cCiQEIjGFyP/cYjaCNidYfDBPyI9ZQIBWdopfunh0xCiKPOaadYcsvuBHSReDNSIjNUO8WvdjfmaQQKuWTGtDw3QT9jGgWXMCq0UwMJ4wPWg5alikVg/Gxy8YgeWaVLw1jbUkgn6u+JjEXGDKPAdkYM+2beG4v/ea0Uwys/EypJERSfLgpTSTGm4/dpV2jgKIeWMK6FvZXyPtOMow2pYEPw5l9eJPWTsndRPr89K1XcWRx5ckAOyTHxyCWpkBtSJTXCiSLP5JW8OcZ5cd6dj2lrzpnN7JM/cD5/AK1WkOA=</latexit>

wleft
3

<latexit sha1_base64="JxEeYpzvnJypAZ9VrgmEHMbHMK4=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryOJF4+YyCMCktlhFibMzm5mejVkw1948aAxXv0bb/6NA+xBwUo6qVR1p7vLj6Uw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoxusskpFu+dRwKRSvo0DJW7HmNPQlb/qj66nffOTaiEjd4Tjm3ZAOlAgEo2il+6eHVPIAJ71Kr1hyy+4MZJl4GSlBhlqv+NXpRywJuUImqTFtz42xm1KNgkk+KXQSw2PKRnTA25YqGnLTTWcXT8iJVfokiLQthWSm/p5IaWjMOPRtZ0hxaBa9qfif104wuOqmQsUJcsXmi4JEEozI9H3SF5ozlGNLKNPC3krYkGrK0IZUsCF4iy8vk0al7F2Uz2/PSlU3iyMPR3AMp+DBJVThBmpQBwYKnuEV3hzjvDjvzse8NedkM4fwB87nD6vSkN8=</latexit>

wleft
2

<latexit sha1_base64="dGfjG0Tk4aZeyeCwBiCE0vZaDa4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx48VjBtIU2ls120y7dbMLuRCihv8GLB0W8+oO8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0O/VbT1wbkagHHKc8iOlAiUgwilbyzWPuTXqVqltzZyDLxCtIFQo0epWvbj9hWcwVMkmN6XhuikFONQom+aTczQxPKRvRAe9YqmjMTZDPjp2QU6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQT5EKlGXLF5ouiTBJMyPRz0heaM5RjSyjTwt5K2JBqytDmU7YheIsvL5Pmec27ql3eX1TrbhFHCY7hBM7Ag2uowx00wAcGAp7hFd4c5bw4787HvHXFKWaO4A+czx/E7Y6e</latexit>

s1
<latexit sha1_base64="t4VQgTfX4Y6IOK63KiYnkzuuiNI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx48VjBtIU2ls120y7dbMLuRCihv8GLB0W8+oO8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0O/VbT1wbkagHHKc8iOlAiUgwilby8TH3Jr1K1a25M5Bl4hWkCgUavcpXt5+wLOYKmaTGdDw3xSCnGgWTfFLuZoanlI3ogHcsVTTmJshnx07IqVX6JEq0LYVkpv6eyGlszDgObWdMcWgWvan4n9fJMLoJcqHSDLli80VRJgkmZPo56QvNGcqxJZRpYW8lbEg1ZWjzKdsQvMWXl0nzvOZd1S7vL6p1t4ijBMdwAmfgwTXU4Q4a4AMDAc/wCm+Ocl6cd+dj3rriFDNH8AfO5w/GdY6f</latexit>

t1

<latexit sha1_base64="rl3GAPOAJ2l59uJiVor3/g+9zZk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzAOSNcxOZpMhs7PLTK8QlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilJj5mtWm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bFTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwxv/EyoJEWu2GJRmEqCMZl9TgZCc4ZyYgllWthbCRtRTRnafEo2BG/55VXSqlW9q+rl/UWl7uZxFOEETuEcPLiGOtxBA5rAQMAzvMKbo5wX5935WLQWnHzmGP7A+fwBx/qOoA==</latexit>

t2
<latexit sha1_base64="03i5IHjTHwBPLwDyWKvxNX+01Yc=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzAOSNcxOepMhs7PLzKwQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU1I9ZbdovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TgZcITNiYgllittbCRtRRZmx+ZRsCN7yy6ukVat6V9XL+4tK3c3jKMIJnMI5eHANdbiDBjSBAYdneIU3RzovzrvzsWgtOPnMMfyB8/kDxnKOnw==</latexit>

s2

<latexit sha1_base64="BNMlOZ8VTLSel0LPNn2eYVkkSL8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8Pha8eKxg2kIby2Y7bZduNmF3I5TQ3+DFgyJe/UHe/Ddu2xy09cHA470ZZuaFieDauO63U1hZXVvfKG6WtrZ3dvfK+wcNHaeKoc9iEatWSDUKLtE33AhsJQppFApshqPbqd98QqV5LB/MOMEgogPJ+5xRYyVfP2bnk2654lbdGcgy8XJSgRz1bvmr04tZGqE0TFCt256bmCCjynAmcFLqpBoTykZ0gG1LJY1QB9ns2Ak5sUqP9GNlSxoyU39PZDTSehyFtjOiZqgXvan4n9dOTf8myLhMUoOSzRf1U0FMTKafkx5XyIwYW0KZ4vZWwoZUUWZsPiUbgrf48jJpnFW9q+rl/UWl5uZxFOEIjuEUPLiGGtxBHXxgwOEZXuHNkc6L8+58zFsLTj5zCH/gfP4Ax/eOoA==</latexit>

s3
<latexit sha1_base64="rSHg8TS4924cbxLDnVbP87jLmBA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8Pha8eKxg2kIby2a7bZduNmF3IpTQ3+DFgyJe/UHe/Ddu2xy09cHA470ZZuaFiRQGXffbKaysrq1vFDdLW9s7u3vl/YOGiVPNuM9iGetWSA2XQnEfBUreSjSnUSh5MxzdTv3mE9dGxOoBxwkPIjpQoi8YRSv5+JidT7rlilt1ZyDLxMtJBXLUu+WvTi9macQVMkmNaXtugkFGNQom+aTUSQ1PKBvRAW9bqmjETZDNjp2QE6v0SD/WthSSmfp7IqORMeMotJ0RxaFZ9Kbif147xf5NkAmVpMgVmy/qp5JgTKafk57QnKEcW0KZFvZWwoZUU4Y2n5INwVt8eZk0zqreVfXy/qJSc/M4inAEx3AKHlxDDe6gDj4wEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8AyX+OoQ==</latexit>

t3

<latexit sha1_base64="PJAwKuOhlwa5C48cjCoKt9QaEUI=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KknxtSy4cVnBPqCJZTKZNEMnD2ZuLCV048ZfceNCEbf+gzv/xmmbhbYeuHA4517uvcdLBVdgWd/G0vLK6tp6aaO8ubW9s2vu7bdUkknKmjQRiex4RDHBY9YEDoJ1UslI5AnW9gbXE7/9wKTiSXwHo5S5EenHPOCUgJZ65pEz5D4LCWB1n9vYkbwfApEyGeLauGdWrKo1BV4kdkEqqECjZ345fkKziMVABVGqa1spuDmRwKlg47KTKZYSOiB91tU0JhFTbj79YoxPtOLjIJG6YsBT9fdETiKlRpGnOyMCoZr3JuJ/XjeD4MrNeZxmwGI6WxRkAkOCJ5Fgn0tGQYw0IVRyfSumIZGEgg6urEOw519eJK1a1b6ont+eVepWEUcJHaJjdIpsdInq6AY1UBNR9Iie0St6M56MF+Pd+Ji1LhnFzAH6A+PzB/QkmC4=</latexit>

bs1!2

<latexit sha1_base64="UQNsafG11YN0F6J1I2cVr2Wu3hI=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KknxtSy4cVnBPqCJZTKZNEMnD2ZuLCV048ZfceNCEbf+gzv/xmmbhbYeuHA4517uvcdLBVdgWd/G0vLK6tp6aaO8ubW9s2vu7bdUkknKmjQRiex4RDHBY9YEDoJ1UslI5AnW9gbXE7/9wKTiSXwHo5S5EenHPOCUgJZ65pEz5D4LCWC4z23sSN4PgUiZDHFt3DMrVtWaAi8SuyAVVKDRM78cP6FZxGKggijVta0U3JxI4FSwcdnJFEsJHZA+62oak4gpN59+McYnWvFxkEhdMeCp+nsiJ5FSo8jTnRGBUM17E/E/r5tBcOXmPE4zYDGdLQoygSHBk0iwzyWjIEaaECq5vhXTkEhCQQdX1iHY8y8vklatal9Uz2/PKnWriKOEDtExOkU2ukR1dIMaqIkoekTP6BW9GU/Gi/FufMxal4xi5gD9gfH5A/W6mC8=</latexit>

bt1!2

<latexit sha1_base64="gaJE6tDdMDeLtj+llby0DE5bHxE=">AAACBXicbVC5TsNAEF1zhnAZKKFYESFRRTZ3GYmGMkjkkGITrdfreJX1od0xUWSloeFXaChAiJZ/oONv2CQuIOFJIz29N6OZeV4quALL+jYWFpeWV1ZLa+X1jc2tbXNnt6mSTFLWoIlIZNsjigkeswZwEKydSkYiT7CW178e+60HJhVP4jsYpsyNSC/mAacEtNQ1D5wB91lIAKv73MaO5L0QiJTJAJ+OumbFqloT4HliF6SCCtS75pfjJzSLWAxUEKU6tpWCmxMJnAo2KjuZYimhfdJjHU1jEjHl5pMvRvhIKz4OEqkrBjxRf0/kJFJqGHm6MyIQqllvLP7ndTIIrtycx2kGLKbTRUEmMCR4HAn2uWQUxFATQiXXt2IaEkko6ODKOgR79uV50jyp2hfV89uzSs0q4iihfXSIjpGNLlEN3aA6aiCKHtEzekVvxpPxYrwbH9PWBaOY2UN/YHz+APWpmC8=</latexit>

bs1!3

<latexit sha1_base64="Nr3f5ax2ooa85GxoVbv5Z/hjq+c=">AAACBXicbVC5TsNAEF1zhnAZKKFYESFRRTZ3GYmGMkjkkGITrdfreJX1od0xUWSloeFXaChAiJZ/oONv2CQuIOFJIz29N6OZeV4quALL+jYWFpeWV1ZLa+X1jc2tbXNnt6mSTFLWoIlIZNsjigkeswZwEKydSkYiT7CW178e+60HJhVP4jsYpsyNSC/mAacEtNQ1D5wB91lIAMN9bmNH8l4IRMpkgE9HXbNiVa0J8DyxC1JBBepd88vxE5pFLAYqiFId20rBzYkETgUblZ1MsZTQPumxjqYxiZhy88kXI3ykFR8HidQVA56ovydyEik1jDzdGREI1aw3Fv/zOhkEV27O4zQDFtPpoiATGBI8jgT7XDIKYqgJoZLrWzENiSQUdHBlHYI9+/I8aZ5U7Yvq+e1ZpWYVcZTQPjpEx8hGl6iGblAdNRBFj+gZvaI348l4Md6Nj2nrglHM7KE/MD5/APc/mDA=</latexit>

bt1!3
<latexit sha1_base64="jWRTNCYDj9MPyL6Eb4Yms1iU+M0=">AAACBXicbVC5TsNAEF2HK4TLQAnFigiJKrLDWUaioQwSOaTEROv1Ol5lfWh3TBRZaWj4FRoKEKLlH+j4GzaJC0h40khP781oZp6bCK7Asr6NwtLyyupacb20sbm1vWPu7jVVnErKGjQWsWy7RDHBI9YADoK1E8lI6ArWcgfXE7/1wKTicXQHo4Q5IelH3OeUgJZ65mF3yD0WEMBwn1VxV/J+AETKeIhPxz2zbFWsKfAisXNSRjnqPfOr68U0DVkEVBClOraVgJMRCZwKNi51U8USQgekzzqaRiRkysmmX4zxsVY87MdSVwR4qv6eyEio1Ch0dWdIIFDz3kT8z+uk4F85GY+SFFhEZ4v8VGCI8SQS7HHJKIiRJoRKrm/FNCCSUNDBlXQI9vzLi6RZrdgXlfPbs3LNyuMoogN0hE6QjS5RDd2gOmogih7RM3pFb8aT8WK8Gx+z1oKRz+yjPzA+fwD40pgx</latexit>

bt2!3

<latexit sha1_base64="5H2brvzkBTvZz0WeWv7PK5jQ4cI=">AAACBXicbVC5TsNAEF2HK4TLQAnFigiJKrLDWUaioQwSOaTEROv1Ol5lfWh3TBRZaWj4FRoKEKLlH+j4GzaJC0h40khP781oZp6bCK7Asr6NwtLyyupacb20sbm1vWPu7jVVnErKGjQWsWy7RDHBI9YADoK1E8lI6ArWcgfXE7/1wKTicXQHo4Q5IelH3OeUgJZ65mF3yD0WEMDqPqviruT9AIiU8RCfjntm2apYU+BFYuekjHLUe+ZX14tpGrIIqCBKdWwrAScjEjgVbFzqpoolhA5In3U0jUjIlJNNvxjjY6142I+lrgjwVP09kZFQqVHo6s6QQKDmvYn4n9dJwb9yMh4lKbCIzhb5qcAQ40kk2OOSURAjTQiVXN+KaUAkoaCDK+kQ7PmXF0mzWrEvKue3Z+WalcdRRAfoCJ0gG12iGrpBddRAFD2iZ/SK3own48V4Nz5mrQUjn9lHf2B8/gD3PJgw</latexit>

bs2!3

<latexit sha1_base64="SIa6bV6ROjLk+ihbxN6TOVxMaQg=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx48VjBtIU2ls120i7dbMLuRiihv8GLB0W8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIphj5LRKLaIdUouETfcCOwnSqkcSiwFY5up37rCZXmiXww4xSDmA4kjzijxkp+9ph7k16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns2Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroJci7TzKBk80VRJohJyPRz0ucKmRFjSyhT3N5K2JAqyozNp2xD8BZfXibN85p3Vbu8v6jW3SKOEhzDCZyBB9dQhztogA8MODzDK7w50nlx3p2PeeuKU8wcwR84nz/H/Y6g</latexit>

u1

<latexit sha1_base64="8M2i4aac7j8NlP7J9OBR58So89s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzAOSNcxOZpMhs7PLTK8QlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilZvqY1ab9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5sdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG88TOhkhS5YotFYSoJxmT2ORkIzRnKiSWUaWFvJWxENWVo8ynZELzll1dJq1b1rqqX9xeVupvHUYQTOIVz8OAa6nAHDWgCAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHyYKOoQ==</latexit>

u2

<latexit sha1_base64="M1MJlMiT6nS46tfPmMHgRGe0XP0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8Pha8eKxg2kIby2Y7bZduNmF3I5TQ3+DFgyJe/UHe/Ddu2xy09cHA470ZZuaFieDauO63U1hZXVvfKG6WtrZ3dvfK+wcNHaeKoc9iEatWSDUKLtE33AhsJQppFApshqPbqd98QqV5LB/MOMEgogPJ+5xRYyU/fczOJ91yxa26M5Bl4uWkAjnq3fJXpxezNEJpmKBatz03MUFGleFM4KTUSTUmlI3oANuWShqhDrLZsRNyYpUe6cfKljRkpv6eyGik9TgKbWdEzVAvelPxP6+dmv5NkHGZpAYlmy/qp4KYmEw/Jz2ukBkxtoQyxe2thA2poszYfEo2BG/x5WXSOKt6V9XL+4tKzc3jKMIRHMMpeHANNbiDOvjAgMMzvMKbI50X5935mLcWnHzmEP7A+fwByweOog==</latexit>

u3

<latexit sha1_base64="alE7rmyxk5Vbj8JVkof23Dcwr8E=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmKr2WhG5cV7APaWCbTSTt0kgkzEyWE+ituXCji1g9x5984bbPQ1gMXDufcy733+DFnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjthKJJLRFBBey62NFOYtoSzPNaTeWFIc+px1/0pj5nQcqFRPRnU5j6oV4FLGAEayNNLDLjfvMRX3JRmONpRSPqDYd2BWn6syBVombkwrkaA7sr/5QkCSkkSYcK9VznVh7GZaaEU6npX6iaIzJBI9oz9AIh1R52fz4KTo1yhAFQpqKNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZi+JE04gsFgUJR1qgWRJoyCQlmqeGYCKZuRWRMZaYaJNXyYTgLr+8Stq1qntZvbg9r9SdPI4iHMMJnIELV1CHG2hCCwik8Ayv8GY9WS/Wu/WxaC1Y+UwZ/sD6/AHpmZRC</latexit>

C1!2 <latexit sha1_base64="8cHzVv3Usyytan+dxhy4LJdleyE=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUl8LwvduKxgH9DGMplO2qGTTJiZKCHUX3HjQhG3fog7/8Zpm4W2HrhwOOde7r3HjzlT2nG+rcLK6tr6RnGztLW9s7tn7x+0lEgkoU0iuJAdHyvKWUSbmmlOO7GkOPQ5bfvj+tRvP1CpmIjudBpTL8TDiAWMYG2kvl2u32cu6kk2HGkspXhEZ5O+XXGqzgxombg5qUCORt/+6g0ESUIaacKxUl3XibWXYakZ4XRS6iWKxpiM8ZB2DY1wSJWXzY6foGOjDFAgpKlIo5n6eyLDoVJp6JvOEOuRWvSm4n9eN9HBtZexKE40jch8UZBwpAWaJoEGTFKieWoIJpKZWxEZYYmJNnmVTAju4svLpHVadS+rF7fnlZqTx1GEQziCE3DhCmpwAw1oAoEUnuEV3qwn68V6tz7mrQUrnynDH1ifP+selEM=</latexit>

C1!3

<latexit sha1_base64="SI0nthK4KiyplWseSHQSaqtHSDc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQ+l4VuXFawD2hjmUwn7dDJJMzcKCHUX3HjQhG3fog7/8Zpm4W2HrhwOOde7r3HjwXX4Djf1srq2vrGZmGruL2zu7dvHxy2dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vj+tRvPzCleSTvII2ZF5Kh5AGnBIzUt0v1+6yKe4oPR0CUih7x2aRvl52KMwNeJm5OyihHo29/9QYRTUImgQqiddd1YvAyooBTwSbFXqJZTOiYDFnXUElCpr1sdvwEnxhlgINImZKAZ+rviYyEWqehbzpDAiO96E3F/7xuAsG1l3EZJ8AknS8KEoEhwtMk8IArRkGkhhCquLkV0xFRhILJq2hCcBdfXiatasW9rFzcnpdrTh5HAR2hY3SKXHSFaugGNVATUZSiZ/SK3qwn68V6tz7mrStWPlNCf2B9/gDssZRE</latexit>

C2!3
<latexit sha1_base64="NspGW3LioZewdGcyiw9qucM7hmk=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmKr2WhG5cV7APaWCbTSTt0kgkzEyWE+ituXCji1g9x5984bbPQ1gMXDufcy733+DFnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjthKJJLRFBBey62NFOYtoSzPNaTeWFIc+px1/0pj5nQcqFRPRnU5j6oV4FLGAEayNNLDLjfushvqSjcYaSykekTsd2BWn6syBVombkwrkaA7sr/5QkCSkkSYcK9VznVh7GZaaEU6npX6iaIzJBI9oz9AIh1R52fz4KTo1yhAFQpqKNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZi+JE04gsFgUJR1qgWRJoyCQlmqeGYCKZuRWRMZaYaJNXyYTgLr+8Stq1qntZvbg9r9SdPI4iHMMJnIELV1CHG2hCCwik8Ayv8GY9WS/Wu/WxaC1Y+UwZ/sD6/AHpp5RC</latexit>

C2!1

<latexit sha1_base64="o1/oYxcZbYKBh7F1lir3JV8F0n0=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUl8LwvduKxgH9DGMplO2qGTTJiZKCHUX3HjQhG3fog7/8Zpm4W2HrhwOOde7r3HjzlT2nG+rcLK6tr6RnGztLW9s7tn7x+0lEgkoU0iuJAdHyvKWUSbmmlOO7GkOPQ5bfvj+tRvP1CpmIjudBpTL8TDiAWMYG2kvl2u32dnqCfZcKSxlOIRuZO+XXGqzgxombg5qUCORt/+6g0ESUIaacKxUl3XibWXYakZ4XRS6iWKxpiM8ZB2DY1wSJWXzY6foGOjDFAgpKlIo5n6eyLDoVJp6JvOEOuRWvSm4n9eN9HBtZexKE40jch8UZBwpAWaJoEGTFKieWoIJpKZWxEZYYmJNnmVTAju4svLpHVadS+rF7fnlZqTx1GEQziCE3DhCmpwAw1oAoEUnuEV3qwn68V6tz7mrQUrnynDH1ifP+s6lEM=</latexit>

C3!1
<latexit sha1_base64="oXwO5HtI63fojPAi0TPqef1oI58=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQ+l4VuXFawD2hjmUwn7dDJJMzcKCHUX3HjQhG3fog7/8Zpm4W2HrhwOOde7r3HjwXX4Djf1srq2vrGZmGruL2zu7dvHxy2dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/vj+tRvPzCleSTvII2ZF5Kh5AGnBIzUt0v1++wM9xQfjoAoFT3i6qRvl52KMwNeJm5OyihHo29/9QYRTUImgQqiddd1YvAyooBTwSbFXqJZTOiYDFnXUElCpr1sdvwEnxhlgINImZKAZ+rviYyEWqehbzpDAiO96E3F/7xuAsG1l3EZJ8AknS8KEoEhwtMk8IArRkGkhhCquLkV0xFRhILJq2hCcBdfXiatasW9rFzcnpdrTh5HAR2hY3SKXHSFaugGNVATUZSiZ/SK3qwn68V6tz7mrStWPlNCf2B9/gDsv5RE</latexit>

C3!2

<latexit sha1_base64="ZhUQ3V5wNxBol6X2n6HnbPaQg4g=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8Pha8eKxg2kIby2Y7bZduNmF3I5TQ3+DFgyJe/UHe/Ddu2xy09cHA470ZZuaFieDauO63U1hZXVvfKG6WtrZ3dvfK+wcNHaeKoc9iEatWSDUKLtE33AhsJQppFApshqPbqd98QqV5LB/MOMEgogPJ+5xRYyW//pidT7rlilt1ZyDLxMtJBXLUu+WvTi9maYTSMEG1bntuYoKMKsOZwEmpk2pMKBvRAbYtlTRCHWSzYyfkxCo90o+VLWnITP09kdFI63EU2s6ImqFe9Kbif147Nf2bIOMySQ1KNl/UTwUxMZl+TnpcITNibAllittbCRtSRZmx+ZRsCN7iy8ukcVb1rqqX9xeVmpvHUYQjOIZT8OAaanAHdfCBAYdneIU3RzovzrvzMW8tOPnMIfyB8/kDkl+OfQ==</latexit>

P 3

<latexit sha1_base64="jFs7VZrZFG4YvDc4HgV54gDtWgQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzAOSNcxOepMhs7PLzKwQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUbDxmtWm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuyUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOyIXjLL6+SVq3qXVUv7y8qdTePowgncArn4ME11OEOGtAEBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPkNqOfA==</latexit>

P 2

<latexit sha1_base64="VG7HxvHdscTUYGYYF1lk/L71l0c=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx48VjBtIU2ls120y7dbMLuRCihv8GLB0W8+oO8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0O/VbT1wbkagHHKc8iOlAiUgwilbyG4+5N+lVqm7NnYEsE68gVSjQ6FW+uv2EZTFXyCQ1puO5KQY51SiY5JNyNzM8pWxEB7xjqaIxN0E+O3ZCTq3SJ1GibSkkM/X3RE5jY8ZxaDtjikOz6E3F/7xOhtFNkAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT9mG4C2+vEya5zXvqnZ5f1Gtu0UcJTiGEzgDD66hDnfQAB8YCHiGV3hzlPPivDsf89YVp5g5gj9wPn8Aj1WOew==</latexit>

P 1

<latexit sha1_base64="bAtzZtvWDihYVB7PGkK1aAt3df0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/q5N+1Xa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFtkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpaF3Xvun71cFlruEUcZTiBUzgHD26gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz/JhI6h</latexit>u1

<latexit sha1_base64="2VWqRQs6ykP9ym8RYru9w6TsEE0=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kknx61jw4rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8rJ/Xp/1K1a25c5BV4hWkCgWa/cpXb5CwLEZpmKBadz03NUFOleFM4LTcyzSmlI3pELuWShqjDvL5sVNybpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQb5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT9mG4C2/vEpa9Zp3Xbt6uKw23CKOEpzCGVyABzfQgHtogg8MODzDK7w50nlx3p2PReuaU8ycwB84nz/LCY6i</latexit>u2

<latexit sha1_base64="6ci5/Kp4jnSqmgRGEtxFXvjnEfA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8Pha8eKxgbKENZbPdtEs3m7A7EUrob/DiQRGv/iBv/hu3bQ7a+mDg8d4MM/PCVAqDrvvtlFZW19Y3ypuVre2d3b3q/sGjSTLNuM8Smeh2SA2XQnEfBUreTjWncSh5KxzdTv3WE9dGJOoBxykPYjpQIhKMopX8rJefT3rVmlt3ZyDLxCtIDQo0e9Wvbj9hWcwVMkmN6XhuikFONQom+aTSzQxPKRvRAe9YqmjMTZDPjp2QE6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQT5EKlGXLF5ouiTBJMyPRz0heaM5RjSyjTwt5K2JBqytDmU7EheIsvL5PHs7p3Vb+8v6g13CKOMhzBMZyCB9fQgDtogg8MBDzDK7w5ynlx3p2PeWvJKWYO4Q+czx/Mjo6j</latexit>u3
<latexit sha1_base64="M+UrOM1Vi5PvU6jSiZJ2Cu5qycU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8Pha8eKxg2kIbymY7bZduNmF3Uyihv8GLB0W8+oO8+W/ctjlo64OBx3szzMwLE8G1cd1vp7C2vrG5Vdwu7ezu7R+UD48aOk4VQ5/FIlatkGoUXKJvuBHYShTSKBTYDEf3M785RqV5LJ/MJMEgogPJ+5xRYyV/3M0up91yxa26c5BV4uWkAjnq3fJXpxezNEJpmKBatz03MUFGleFM4LTUSTUmlI3oANuWShqhDrL5sVNyZpUe6cfKljRkrv6eyGik9SQKbWdEzVAvezPxP6+dmv5dkHGZpAYlWyzqp4KYmMw+Jz2ukBkxsYQyxe2thA2poszYfEo2BG/55VXSuKh6N9Xrx6tKzc3jKMIJnMI5eHALNXiAOvjAgMMzvMKbI50X5935WLQWnHzmGP7A+fwBzhaOpA==</latexit>v3

<latexit sha1_base64="gff+WRzhpCnC782Sea+DZZUl+3Y=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzAOSJcxOepMhs7PLzGwgLPkGLx4U8eoHefNvnCR70MSChqKqm+6uIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzUnPSz2qxfrrhVdwGyTrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyVeqnGhLIxHWLXUkkj1H62OHZGLqwyIGGsbElDFurviYxGWk+jwHZG1Iz0qjcX//O6qQnv/IzLJDUo2XJRmApiYjL/nAy4QmbE1BLKFLe3EjaiijJj8ynZELzVl9dJq1b1bqrXj1eVupvHUYQzOIdL8OAW6vAADWgCAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHzJGOow==</latexit>v2

<latexit sha1_base64="nN06XHInOluuSbNNkbD3K+jgLYQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi8cKpi20oWy2k3bpZhN2N4US+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/vtCSrNE/lopikGMR1KHnFGjZX8ST/3Zv1qza27C5C/xCtIDQo0+9XP3iBhWYzSMEG17npuaoKcKsOZwFmll2lMKRvTIXYtlTRGHeSLY2fkzCoDEiXKljRkof6cyGms9TQObWdMzUivenPxP6+bmeg2yLlMM4OSLRdFmSAmIfPPyYArZEZMLaFMcXsrYSOqKDM2n4oNwVt9+S9pXdS96/rVw2Wt4RZxlOEETuEcPLiBBtxDE3xgwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwDywyOog==</latexit>v1
<latexit sha1_base64="3a+fp5iGBeLq3yUrWm38ojLMkFw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi8cKphbaUDbbTbt0swm7E6WE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TJJpxn2WyES3Q2q4FIr7KFDydqo5jUPJH8LRzdR/eOTaiETd4zjlQUwHSkSCUbSS/9TLvUmvWnPr7gxkmXgFqUGBZq/61e0nLIu5QiapMR3PTTHIqUbBJJ9UupnhKWUjOuAdSxWNuQny2bETcmKVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1Moyug1yoNEOu2HxRlEmCCZl+TvpCc4ZybAllWthbCRtSTRnafCo2BG/x5WXSOqt7l/WLu/Nawy3iKMMRHMMpeHAFDbiFJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBzJSOow==</latexit>w1

<latexit sha1_base64="4dC94mVAhUCeJpjf6gJTbU7T5IY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48VTFtoQ9lsp+3SzSbsbpQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMfRZLGLVDqlGwSX6hhuB7UQhjUKBrXB8O/Nbj6g0j+WDmSQYRHQo+YAzaqzkP/Wy2rRXrrhVdw6ySrycVCBHo1f+6vZjlkYoDRNU647nJibIqDKcCZyWuqnGhLIxHWLHUkkj1EE2P3ZKzqzSJ4NY2ZKGzNXfExmNtJ5Eoe2MqBnpZW8m/ud1UjO4CTIuk9SgZItFg1QQE5PZ56TPFTIjJpZQpri9lbARVZQZm0/JhuAtv7xKmrWqd1W9vL+o1N08jiKcwCmcgwfXUIc7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fzhmOpA==</latexit>w2

<latexit sha1_base64="EilB5Zdlqfg4jZOMs17AGUavOjM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8Pha8eKxg2kIbymY7bZduNmF3o5TQ3+DFgyJe/UHe/Ddu2xy09cHA470ZZuaFieDauO63U1hZXVvfKG6WtrZ3dvfK+wcNHaeKoc9iEatWSDUKLtE33AhsJQppFApshqPbqd98RKV5LB/MOMEgogPJ+5xRYyX/qZudT7rlilt1ZyDLxMtJBXLUu+WvTi9maYTSMEG1bntuYoKMKsOZwEmpk2pMKBvRAbYtlTRCHWSzYyfkxCo90o+VLWnITP09kdFI63EU2s6ImqFe9Kbif147Nf2bIOMySQ1KNl/UTwUxMZl+TnpcITNibAllittbCRtSRZmx+ZRsCN7iy8ukcVb1rqqX9xeVmpvHUYQjOIZT8OAaanAHdfCBAYdneIU3RzovzrvzMW8tOPnMIfyB8/kDz56OpQ==</latexit>w3

<latexit sha1_base64="VXUJwB0X62RvQ0RD2uztFjB4MsE=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx40GMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW56uZxFOAYTuAMPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPmcuMww==</latexit>

G

Figure 4 Graph G (top right) with a clique {u1, v3, w2} and the graph G′ encoding G. For the
sake of legibility, several groups of edges are omitted in this picture: edges incident to ui or the
cycles Ci→j and edges going from T ∪ T̂ to S ∪ Ŝ.

Proving the converse of Lemma 9 is more challenging. We will reveal the structure of a
potential Hamiltonian cycle H in G′ gradually. First, we show that if H enters the cycle
Ci→j through an incoming edge corresponding to a certain vertex v ∈ V i, then it must also
leave it through an outgoing edge related to v, and vice versa. A priori, there might be
multiple vertices v ∈ V i for which this happens.

For v ∈ V i we denote the edge from ci→j,out
v to vj,out by ei→j,out

v . Similarly, let the edge
from vj,in to ci→j,in

v be ei→j,in
v .

▶ Lemma 10. Let H be a Hamiltonian cycle in G′ and 1 ≤ i < j ≤ k. Then E(H)∩∂(Ci→j)
is of the form

⋃
v∈U {ei→j,out

v , ei→j,in
v } where U is some subset of V i.

Proof. Note that ∂(Ci→j) = {ei→j,out
v1

, ei→j,in
v1

, ei→j,out
v2

, ei→j,in
v2

, . . . ei→j,out
v|Vi|

, ei→j,in
v|Vi|

}. First
suppose that for some v ∈ V i, we have ei→j,in

v ∈ E(H). Since H is a Hamiltonian cycle in
G′, it has to visit the vertex ci→j,out

v . Thus H contains an outgoing edge of ci→j,out
v . The

only two outgoing edges of ci→j,out
v are ei→j,out

v and (ci→j,out
v , ci→j,in

v ). Since ei→j,in
v ∈ E(H)

is an incoming edge of ci→j,in
v , the edge (ci→j,out

v , ci→j,in
v ) cannot belong to E(H). The only

other candidate for the outgoing edge of ci→j,out
v is ei→j,out

v , so ei→j,out
v ∈ E(H).

The proof of implication in the other direction is analogous. Hence for each v ∈ V i we
have ei→j,out

v ∈ E(H) ⇔ ei→j,in
v ∈ E(H). ◀
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As the next step, we show that when v ∈ V i and a Hamiltonian cycle enters some cycle
Ci→j adjacent to P i through a vertex from Pv, then it must enter all the k −1 cycles adjacent
to P i through Pv. Again, we cannot yet exclude a scenario that this would happen for
multiple vertices v ∈ V i.

▶ Lemma 11. For any Hamiltonian cycle H in G′ and i ∈ [k], there exists a subset U ⊆ V i

for which we have E(H) ∩ E(P i,
⋃

j ̸=i Ci→j) =
⋃

v∈U E(Pv,
⋃

j ̸=i Ci→j).

Proof. Targeting a contradiction, suppose there exists a vertex v ∈ V i such that at least
one edge of E(Pv,

⋃
j ̸=i Ci→j) is in E(H) and at least one edge of E(Pv,

⋃
j ̸=i Ci→j) is not

in E(H). From Lemma 10 we know that E(H) ∩ E(Pv,
⋃

j ̸=i Ci→j) is a union of pairs of
the form {ei→j,out

v , ei→j,in
v } for some j ∈ [k] \ {i}. Hence there indices p, j ∈ [k] \ {i} so that

(vp,in, vj,out) ∈ E(P i), one of the sets E(Bv, Ci→p), E(Bv, Ci→j) has empty intersection with
E(H) and the other one is contained in E(H). We can assume w.l.o.g. that j = p + 1 and
the first of these sets is empty.

We arrive at the following scenario: p ∈ [k] \ {i}, ei→p,out
v , ei→p,in

v /∈ E(H) and ei→p+1,out
v

, ei→p+1,in
v ∈ E(H). Since H is a Hamiltonian cycle, it has to visit the vertex vp,in. Thus,

it has to traverse an outgoing edge of vp,in. The only outgoing edges of vp,in are the
edges ei→p,in

v and (vp,in, vp+1,out). By the assumption, ei→p,in
v /∈ E(H) so (vp,in, vp+1,out) ∈

E(H). On the other hand, since ei→p+1,out
v ∈ E(H) is an incoming edge of vp+1,out, we

have (vp,in, vp+1,out) /∈ E(H) as it is also an incoming edge to vp+1,out. This yields a
contradiction. ◀

We want to argue now that in fact the set U in Lemma 11 is a singleton, that is, for fixed
i ∈ [k] each cycle Ci→j is being entered exactly once and from the same subpath Pv of P i.
To this end, we take advantage of the universal vertices ui.

▶ Lemma 12. For any Hamiltonian cycle H in G′ and i ∈ [k] there exists v ∈ V i such that
E(H) ∩ E(P i,

⋃
j ̸=i Ci→j) is E(Pv,

⋃
j ̸=i Ci→j).

Proof. Let U be the set from Lemma 11. Targeting a contradiction, suppose that there
exist two distinct v, w ∈ U . That is, E(H) ∩ E(P i,

⋃
j ̸=i Ci→j) ⊇ E(Pv,

⋃
j ̸=i Ci→j) ∪

E(Pw,
⋃

j ̸=i Ci→j).
The Hamiltonian cycle H must contain an outgoing edge of vleft, which is the first vertex

on the path Pv. The only out-neighbors of vleft are ui and vp,out where p = 1 when i ̸= 1 or
p = 2 when i = 1. Recall that the ei→p,out

v is present in E(Bi
v,

⋃
j ̸=i Ci→j) and thereby in

E(H) by the assumption. Also, since the edge ei→p,out
v is an incoming edge of vp,out , the

edge (vleft, vp,out) cannot be in E(H). Thus the outgoing edge of vleft in H is (vleft, ui).
Now consider the vertex wleft, which is the first one of the path Pw. By the same

argument as above, we have (wleft, ui) ∈ E(H). This implies that ui has two in-neighbors in
H, a contradiction.

It is also impossible that U = ∅ because then E(H)∩∂(Ci→j) = ∅ for each j ̸= i implying
that H is disconnected. Consequently, U contains exactly one element. ◀

We can summarize the arguments given so far as follows: for a Hamiltonian cycle H in
G′ and i ∈ [k], there exists vi ∈ V i, such that, for all j ̸= i, it holds that E(H) ∩ ∂(Ci→j) =
E(Pvi

, Ci→j) = {ei→j,out
vi

, ei→j,in
vi

}. We make note of a simple implication of this fact.

▶ Lemma 13. Let H be a Hamiltonian cycle in G′ and i, j ∈ [k]. Let v ∈ V i satisfy
E(H) ∩ ∂(Ci→j) = {ei→j,out

v , ei→j,in
v }. Then e = (vj,out, vj,in) does not belong to E(H).
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Proof. Since E(H) ∩ ∂(Ci→j) comprises exactly two edges, we infer that H contains the
path Q = vj,in → ci→j,in

v → . . . → ci→j,out
v → vj,out with all internal vertices from V (Ci→j).

If H traversed the edge e = (vj,out, vj,in), then it would contain the cycle C formed by Q

and e. This would imply H = C, which contradicts that H is Hamiltonian. ◀

We are going to show that H can include only one edge that goes from V (P i) to V (P j);
it will follow that this edge must be (vj,out

i , vi,out
j ).

▶ Lemma 14. Let H be a Hamiltonian cycle in G′. For each pair i, j ∈ [k] with i < j we
have |E(H) ∩ E(P i, P j)| ≤ 1.

Proof. Suppose that |E(H) ∩ E(P i, P j)| ≥ 2. Then there exist u, w ∈ V j and eu ∈
∂ in(ui,in) ∩ ∂out(P i), ew ∈ ∂ in(wi,in) ∩ ∂out(P i) such that eu, ew ∈ E(H). This implies
that the edges (ui,out, ui,in), (wi,out, wi,in) ∈ E(P j) cannot be used by H. Since i < j,
the vertex ui,out has only one out-neighbor different than ui,in: the terminal t̂i→j . Hence
(ui,out, t̂i→j) ∈ E(H). But the same argument applies to wi,out. As a consequence, two
incoming edges of t̂i→j are being used by H and so we arrive at a contradiction. ◀

Finally, we prove the second implication in the correctness proof of the reduction.

▶ Lemma 15. If (G′, X) is a Yes-instance of Hamiltonian Cycle By DFVS then
(G, (V 1, V 2, . . . , V k)) is a Yes-instance of Multicolored Clique.

Proof. Let H be a Hamiltonian cycle in G′ and vi ∈ V i be the vertex given by Lemma 12
for i ∈ [k]. Fix a pair of indices i < j. By Lemma 13 we know that the edge (vj,out

i , vj,in
i )

does not belong to E(H). The remaining outgoing edges of vj,out
i belong to E(P i, P j) and

H must utilize one of them. By the same argument, H must traverse one of the incoming
edges of vi,in

j that belongs to E(P i, P j). Due to Lemma 14, the Hamiltonian cycle H can
use at most one edge from E(P i, P j). Consequently, we obtain that (vj,out

i , vi,in
j ) ∈ E(H).

In particular, this means that (vj,out
i , vi,in

j ) is present in E(G′) and, by the construction of
G′, implies that vivj ∈ E(G). Therefore, {v1, v2, . . . , vk} forms a clique in G. ◀

Lemmas 9 and 15 constitute that the instances (G, (V 1, V 2, . . . , V k)) and (G′, X) are
equivalent while Lemma 8 ensures that |X| = O(k2). We have thus obtained a parameterized
reduction from Multicolored Clique to Hamiltonian Cycle By DFVS, proving
Theorem 1.

Due to space constraints, the W[1]-hardness proofs for Longest Cycle Above Girth
and the path variants of both problems are provided in the full version.

4 XP Algorithm for Longest Path Above Girth

Johnson et al. [58] proved that Hamiltonian Path is in XP parameterized by directed
treewidth. This result was later extended by de Oliveira Oliveira [30] to capture a wider range
of problems expressible in Monadic Second Order (MSO) logic with counting constraints. As
a special case of this theorem, we have the following.

▶ Theorem 16 ([30]). Longest Path on directed graphs is in XP when parameterized by
directed treewidth.

We will use the Directed Grid Theorem (Theorem 7), which either returns a cylindrical
wall of order O(k) in G or concludes that the directed treewidth of G is bounded in terms
of k. In the former case, we prove that a path of length g · k always exists in G. In the latter
case, we use Theorem 16 to solve the problem optimally by an XP algorithm.
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65:12 Finding Long Directed Cycles Is Hard Even When DFVS Is Small or Girth Is Large

<latexit sha1_base64="MwVVwHIMbzmfqg4GdHQO9Vq1mPw=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBG6KjPia1lw47KCfWA7lkyatqGZzJDcEcowf+HGhSJu/Rt3/o1pOwttPRA4nHMvuecEsRQGXffbWVldW9/YLGwVt3d29/ZLB4dNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4Zuq3nrg2IlL3OIm5H9KhEgPBKFrpwfRSL3tMhcp6pbJbdWcgy8TLSRly1Hulr24/YknIFTJJjel4box+SjUKJnlW7CaGx5SN6ZB3LFU05MZPZxdn5NQqfTKItH0KyUz9vZHS0JhJGNjJkOLILHpT8T+vk+Dg2rd54gS5YvOPBokkGJFpfNIXmjOUE0so08LeStiIasrQllS0JXiLkZdJ86zqXVYv7s7LtUpeRwGO4QQq4MEV1OAW6tAABgqe4RXeHOO8OO/Ox3x0xcl3juAPnM8f1zyQ9g==</latexit>

sin1

<latexit sha1_base64="qdnFiLwfkTyrYJ3/Nrgq03WXUOM=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0XoqiTia1lw47KCfUAay2Q6aYdOZsLMjVBCPsONC0Xc+jXu/BunbRbaeuDC4Zx7ufeeMBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1gYNgvUQzEoeCdcPJ7czvPjFtuJIPME1YEJOR5BGnBKzkm0Hm5Y+ZSiEfVGtuw50DrxKvIDVUoDWofvWHiqYxk0AFMcb33ASCjGjgVLC80k8NSwidkBHzLZUkZibI5ifn+MwqQxwpbUsCnqu/JzISGzONQ9sZExibZW8m/uf5KUQ3QcZlkgKTdLEoSgUGhWf/4yHXjIKYWkKo5vZWTMdEEwo2pYoNwVt+eZV0zhveVePy/qLWrBdxlNEJOkV15KFr1ER3qIXaiCKFntErenPAeXHenY9Fa8kpZo7RHzifP8QEkYE=</latexit>

sout1
<latexit sha1_base64="vWDHzVTF7126NR5KLi4Ad9+wZHQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvQVZnxvSy4cVnBPrAdSybNtKFJZkgyQhnmL9y4UMStf+POvzFtZ6GtBwKHc+4l95wg5kwb1/12Ciura+sbxc3S1vbO7l55/6Clo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+mfrtJ6o0i+S9mcTUF3goWcgINlZ60P30LHtMmcz65Ypbc2dAy8TLSQVyNPrlr94gIomg0hCOte56bmz8FCvDCKdZqZdoGmMyxkPatVRiQbWfzi7O0IlVBiiMlH3SoJn6eyPFQuuJCOykwGakF72p+J/XTUx47ds8cWKoJPOPwoQjE6FpfDRgihLDJ5Zgopi9FZERVpgYW1LJluAtRl4mrdOad1m7uDuv1Kt5HUU4gmOoggdXUIdbaEATCEh4hld4c7Tz4rw7H/PRgpPvHMIfOJ8/2lCQ+A==</latexit>

sin3

<latexit sha1_base64="IKb0jjgqwEYfrayTfRWGr9iuIBI=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAhdlcT3suDGZQX7gDSWyXTSDp3MhJkboYR8hhsXirj1a9z5N07bLLT1wIXDOfdy7z1hIrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbqFRT1qJKKN0NiWGCS9YCDoJ1E81IHArWCce3U7/zxLThSj7AJGFBTIaSR5wSsJJv+tl5/pipFPJ+perW3RnwMvEKUkUFmv3KV2+gaBozCVQQY3zPTSDIiAZOBcvLvdSwhNAxGTLfUkliZoJsdnKOT60ywJHStiTgmfp7IiOxMZM4tJ0xgZFZ9Kbif56fQnQTZFwmKTBJ54uiVGBQePo/HnDNKIiJJYRqbm/FdEQ0oWBTKtsQvMWXl0n7rO5d1S/vL6qNWhFHCR2jE1RDHrpGDXSHmqiFKFLoGb2iNwecF+fd+Zi3rjjFzBH6A+fzB8cakYM=</latexit>

sout3

<latexit sha1_base64="DndwKMd7ZxJx2TIafHrF4Fy2uiE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvQVZkRqy4LblxWsA9sx5JJM21oJhmSjFCG+Qs3LhRx69+4829M21lo64HA4Zx7yT0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QSTm5nfeaJKMynuzTSmfoRHgoWMYGOlBz1I69ljykQ2KFfcmjsHWiVeTiqQozkof/WHkiQRFYZwrHXPc2Pjp1gZRjjNSv1E0xiTCR7RnqUCR1T76fziDJ1ZZYhCqewTBs3V3xspjrSeRoGdjLAZ62VvJv7n9RITXvs2T5wYKsjiozDhyEg0i4+GTFFi+NQSTBSztyIyxgoTY0sq2RK85cirpH1e8y5r9buLSqOa11GEEziFKnhwBQ24hSa0gICAZ3iFN0c7L86787EYLTj5zjH8gfP5A91kkPo=</latexit>

sin5

<latexit sha1_base64="m5ZxtuSH2svLnJ3VOuqGERFFwm0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahp5KIVY8FLx4r2FpIY9lsN+3SzW7YnQgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSK4Adf9dkpr6xubW+Xtys7u3v5B9fCoa1SqKetQJZTuhcQwwSXrAAfBeolmJA4FewgnNzP/4Ylpw5W8h2nCgpiMJI84JWAl3wyyZv6YqRTyQbXmNtw58CrxClJDBdqD6ld/qGgaMwlUEGN8z00gyIgGTgXLK/3UsITQCRkx31JJYmaCbH5yjs+sMsSR0rYk4Ln6eyIjsTHTOLSdMYGxWfZm4n+en0J0HWRcJikwSReLolRgUHj2Px5yzSiIqSWEam5vxXRMNKFgU6rYELzll1dJ97zhXTaadxe1Vr2Io4xO0CmqIw9doRa6RW3UQRQp9Ixe0ZsDzovz7nwsWktOMXOM/sD5/AHKMJGF</latexit>

sout5

<latexit sha1_base64="aFmK+lz/nyNBFW7lrSzIjcAiGjM=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiDkFGbE7Rjw4jEuWSAZQk+nJmnS0zN09whhyCd48aCIV7/Im39jJ5mDRh8UPN6roqpekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9f3+uWKW3PnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6rXkXtfPbs0q9msdRhCM4hip4cAl1uIEGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfNK41q</latexit>

R1

<latexit sha1_base64="KSBZB0YFQJzOuLA/Pl6lUfN1ttQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiDkFGbcjwEvHuOSBZIh9HQqSZOenqG7RwhDPsGLB0W8+kXe/Bs7yRw08UHB470qquoFseDauO63k1tZXVvfyG8WtrZ3dveK+wcNHSWKYZ1FIlKtgGoUXGLdcCOwFSukYSCwGYxupn7zCZXmkXw04xj9kA4k73NGjZUe7rtn3WLJrbgzkGXiZaQEGWrd4lenF7EkRGmYoFq3PTc2fkqV4UzgpNBJNMaUjegA25ZKGqL209mpE3JilR7pR8qWNGSm/p5Iaaj1OAxsZ0jNUC96U/E/r52Y/rWfchknBiWbL+ongpiITP8mPa6QGTG2hDLF7a2EDamizNh0CjYEb/HlZdI4rXiXlYu781K1nMWRhyM4hjJ4cAVVuIUa1IHBAJ7hFd4c4bw4787HvDXnZDOH8AfO5w/QM41s</latexit>

R3

<latexit sha1_base64="iZplbev9luMBCcZOFgIFwp9Ldro=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHhRHaNX0cSLxwxukACK+mWLjR0u5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789hNTmsfywUwS5kdkKHnIKTFW8u777mOjX644NWcOvErcnFQgR7Nf/uoNYppGTBoqiNZd10mMnxFlOBVsWuqlmiWEjsmQdS2VJGLaz+bHTvGZVQY4jJUtafBc/T2RkUjrSRTYzoiYkV72ZuJ/Xjc14Y2fcZmkhkm6WBSmApsYzz7HA64YNWJiCaGK21sxHRFFqLH5lGwI7vLLq6R1XnOvapd3F5V6NY+jCCdwClVw4Rrq0IAmeECBwzO8whuS6AW9o49FawHlM8fwB+jzBxZdjiU=</latexit>

SH

1

<latexit sha1_base64="/yO330ZjvwlhRb55md7S/hG2JQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVX8dALh4jmgckS5idzCZDZmeXmV4hLH6CFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmjZnfeeTaiFg94DThfkRHSoSCUbTSfWPgDcoVt+bOQVaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyp1I/NTyhbEJHvGepohE3fjY/9YmcWWVIwljbUkjm6u+JjEbGTKPAdkYUx2bZm4n/eb0Uwxs/EypJkSu2WBSmkmBMZn+TodCcoZxaQpkW9lbCxlRThjadkg3BW355lbTPa95V7fLuolKv5nEU4QROoQoeXEMdbqEJLWAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QO2UY1b</latexit>

C1
<latexit sha1_base64="+zz2biRrRqt8FacKvRTOVvTnwlc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHhRHaJryMJF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7mNza3tnfxuYW//4PCoeHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M63O//cS1EbF6xEnC/YgOlQgFo2ilh3q/2i+W3Iq7AFknXkZKkKHRL371BjFLI66QSWpM13MT9KdUo2CSzwq91PCEsjEd8q6likbc+NPFqTNyYZUBCWNtSyFZqL8npjQyZhIFtjOiODKr3lz8z+umGN76U6GSFLliy0VhKgnGZP43GQjNGcqJJZRpYW8lbEQ1ZWjTKdgQvNWX10mrWvGuK1f3l6VaOYsjD2dwDmXw4AZqcAcNaAKDITzDK7w50nlx3p2PZWvOyWZO4Q+czx+31Y1c</latexit>

C2
<latexit sha1_base64="G6dKUnYo7RR8isYwOGt5h2GrKYI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHhRHZ9H0m4eMQojwQ2ZHbohQmzs5uZWRNC+AQvHjTGq1/kzb9xgD0oWEknlarudHcFieDauO63k1tb39jcym8Xdnb39g+Kh0dNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYxqM7/1hErzWD6acYJ+RAeSh5xRY6WHWu+iVyy5FXcOskq8jJQgQ71X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzUKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeOtPuExSg5ItFoWpICYms79JnytkRowtoUxxeythQ6ooMzadgg3BW355lTTPK9515er+slQtZ3Hk4QROoQwe3EAV7qAODWAwgGd4hTdHOC/Ou/OxaM052cwx/IHz+QO5WY1d</latexit>

C3 <latexit sha1_base64="SZUp0KdbBxHX/2CT6UBCbFJANJs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHhRHYNPo4kXDxilEcCGzI7zMKE2dnNTK8JIXyCFw8a49Uv8ubfOMAeFKykk0pVd7q7gkQKg6777eQ2Nre2d/K7hb39g8Oj4vFJy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwrs/99hPXRsTqEScJ9yM6VCIUjKKVHur9ar9YcivuAmSdeBkpQYZGv/jVG8QsjbhCJqkxXc9N0J9SjYJJPiv0UsMTysZ0yLuWKhpx408Xp87IhVUGJIy1LYVkof6emNLImEkU2M6I4sisenPxP6+bYnjrT4VKUuSKLReFqSQYk/nfZCA0ZygnllCmhb2VsBHVlKFNp2BD8FZfXiety4p3Xbm6r5Zq5SyOPJzBOZTBgxuowR00oAkMhvAMr/DmSOfFeXc+lq05J5s5hT9wPn8Aut2NXg==</latexit>

C4

<latexit sha1_base64="TGp31vTsdnNCriSrT6gHiWiM84k=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmLCiewaUY8kXjhilA8DK+mWAg1td9N2Tchmf4UXDxrj1Z/jzX9jgT0o+JJJXt6bycy8IOJMG9f9dnJr6xubW/ntws7u3v5B8fCopcNYEdokIQ9VJ8CaciZp0zDDaSdSFIuA03YwuZn57SeqNAvlvZlG1Bd4JNmQEWys9HDXT6rpY1JP+8WSW3HnQKvEy0gJMjT6xa/eICSxoNIQjrXuem5k/AQrwwinaaEXaxphMsEj2rVUYkG1n8wPTtGZVQZoGCpb0qC5+nsiwULrqQhsp8BmrJe9mfif143N8NpPmIxiQyVZLBrGHJkQzb5HA6YoMXxqCSaK2VsRGWOFibEZFWwI3vLLq6R1XvEuK9Xbi1KtnMWRhxM4hTJ4cAU1qEMDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGqVZBB</latexit>

SH

5

<latexit sha1_base64="7+MzCFjjpKtHdCwvkcw7G36/O0I=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLCiez6fSTxwhGjCySwkm7pQkPb3bRdE7LhN3jxoDFe/UHe/DcW2IOiL5nk5b2ZzMwLE860cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VoT6Jeaw6IdaUM0l9wwynnURRLEJO2+H4Zua3H6nSLJb3ZpLQQOChZBEj2FjJv+ufPTT65Ypbc+dAf4mXkwrkaPbLn71BTFJBpSEca9313MQEGVaGEU6npV6qaYLJGA9p11KJBdVBNj92ik6sMkBRrGxJg+bqz4kMC60nIrSdApuRXvZm4n9eNzXRdZAxmaSGSrJYFKUcmRjNPkcDpigxfGIJJorZWxEZYYWJsfmUbAje8st/Seu05l3WLm7PK/VqHkcRjuAYquDBFdShAU3wgQCDJ3iBV0c6z86b875oLTj5zCH8gvPxDRlpjic=</latexit>

SH

3

<latexit sha1_base64="+bxXBRCC8IlBj5NcQpmfaKaTd6g=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZhwIrvEryOJF44YXSCBlXRLFxq67abtmpANv8GLB43x6g/y5r+xwB4UfMkkL+/NZGZemHCmjet+O2vrG5tb24Wd4u7e/sFh6ei4pWWqCPWJ5FJ1QqwpZ4L6hhlOO4miOA45bYfj25nffqJKMykezCShQYyHgkWMYGMl/75fe2z0S2W36s6BVomXkzLkaPZLX72BJGlMhSEca9313MQEGVaGEU6nxV6qaYLJGA9p11KBY6qDbH7sFJ1bZYAiqWwJg+bq74kMx1pP4tB2xtiM9LI3E//zuqmJboKMiSQ1VJDFoijlyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTtCF4yy+vklat6l1VL+8uyvVKHkcBTuEMKuDBNdShAU3wgQCDZ3iFN0c4L86787FoXXPymRP4A+fzBxfjjiY=</latexit>

SH

2

<latexit sha1_base64="h+czRAwN4ntDtqNLuqiZSvLPNGQ=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNPo4kXjhilIeBlcwOA0yYmd3MzJqQzX6FFw8a49XP8ebfOMAeFKykk0pVd7q7gogzbVz328mtrW9sbuW3Czu7e/sHxcOjlg5jRWiThDxUnQBrypmkTcMMp51IUSwCTtvB5Gbmt5+o0iyU92YaUV/gkWRDRrCx0sNdP6mmj0k97RdLbsWdA60SLyMlyNDoF796g5DEgkpDONa667mR8ROsDCOcpoVerGmEyQSPaNdSiQXVfjI/OEVnVhmgYahsSYPm6u+JBAutpyKwnQKbsV72ZuJ/Xjc2w2s/YTKKDZVksWgYc2RCNPseDZiixPCpJZgoZm9FZIwVJsZmVLAheMsvr5LWecW7rFzcVku1chZHHk7gFMrgwRXUoA4NaAIBAc/wCm+Ocl6cd+dj0Zpzsplj+APn8weozJBA</latexit>

SH

4

<latexit sha1_base64="UAMkRccvXa9cOUIu+MDP9IFKHu0=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiDkFGaC2zHgxWNcskAyhJ5OTdKkp2fo7hFCyCd48aCIV7/Im39jJ5mDJj4oeLxXRVW9IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJaPZpygH9GB5CFn1Fjp4b5X7RVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNasW7rFzcnZdq5SyOPJzAKZTBgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Azq+Naw==</latexit>

R2

<latexit sha1_base64="OBqQ+nPLgui4cwokCJKsMKlnNuU=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiDkFGYkLseAF49xyQLJEHo6NUmTnp6hu0cIIZ/gxYMiXv0ib/6NnWQOmvig4PFeFVX1gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh/tetVcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0zyveZeXirlqqlbM48nACp1AGD66gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB0beNbQ==</latexit>

R4

<latexit sha1_base64="BW7kQgTGkhVt5nAQUXYD3Wywn+U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHhRHaNqEcSLx7xwSOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqEccJ9yM6UCIUjKKVHu571V6x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa5xXvslK9uyjVylkceTiBUyiDB1dQg1uoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4A0zuNbg==</latexit>

R5
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C5

Figure 5 The path R (colored in red) in a subdivision of W5, described in Lemma 20.

Throughout this section we abbreviate W = W2k+1 (the cylindrical wall of order 2k + 1).
In order to establish correctness of the algorithm, we need to argue that any subdivision H

of W admits a path k times longer than the girth of H.
We denote the 2k + 1 vertex disjoint cycles in W by CW

1 , CW
2 , . . . CW

2k+1 counting from
the innermost one. For a subdivision H of W we denote the counterpart of CW

i in H as CH
i .

We refer to the girth of H as g. Note that g lower bounds the length of each cycle CH
i .

▶ Definition 17. A subpath in CW
i is called a segment of CW

i if its endpoints have out-
neighbors in CW

i+1 and none of its internal vertices has out-neighbors in CW
i+1. A subpath in

CH
i is a segment of CH

i if it is a subdivision of a segment in CW
i .

We make note of a few properties of segments.

▶ Observation 18. For every i ∈ [2k + 1] the following hold.
1. Each cycle CW

i is a cyclic concatenation of k + 1 segments of length 4.
2. Each cycle CH

i is a cyclic concatenation of k + 1 segments.
3. If i > 1 then each segment of CW

i has a unique internal vertex with an in-neighbor in CW
i−1.

We show that in every cycle CH
i we can choose a segment S so that the path obtained by

traversing all vertices in CH
i that are not internal vertices of S is almost as long as CH

i .

▶ Lemma 19. For a segment S of CH
i , let Ŝ be the subpath of CH

i that starts at the end
of S and ends at the start of S. Then there exists a segment SH

i of CH
i such that ŜH

i has
length at least g − g

k+1 .

Proof. By Observation 18 we know that CH
i can be partitioned into k + 1 segments. By a

counting argument, there exist a segment SH
i of size at most |E(CH

i )|
k+1 . Thus, for the path

ŜH
i complementing SH

i , we have |E(ŜH
i )| ≥ |E(CH

i )| · (1 − 1
k+1 ) ≥ g · (1 − 1

k+1 ). ◀

Let sout
i denote the first vertex on SH

i . If i > 1, we define sin
i to be the unique internal

vertex of SH
i corresponding to a vertex in CW

i with an in-neighbor in CW
i−1. If i = 1, we

define sin
i to be the last vertex on SH

i .

▶ Lemma 20. Let H be a subdivision of W2k+1 and g be the girth of H. Then there exists a
path of length at least g · k in H.
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Proof. For i ∈ [2k + 1] we define path Ri in Ci as follows. If i is odd, we set Ri to be the
subpath of Ci from sin

i to sout
i . If i is even, the path Ri begins at the unique vertex in CH

i

that can be reached via a subdivided edge from sout
i−1 and Ri ends at the unique vertex in CH

i

from which sin
i+1 is reachable by via a subdivided edge. Note that the first and last indices in

[2k + 1] are odd, so the paths Ri are well-defined. We can now concatenate R1, R2, . . . , R2k+1
using the subdivided edges between the cycles to obtain a path R in H; see Figure 5.

We argue that R is sufficiently long. There are k + 1 odd indices in [2k + 1], and, for
each of them, Ri contains the path ŜH

i (from Lemma 19) of length at least g − g
k+1 . Since

these form vertex disjoint subpaths of R, we conclude that E(R) ≥ (g − g
k+1 )(k + 1) =

g(k + 1) − g = g · k. ◀

We are ready to summarize the entire algorithm.

▶ Theorem 3. Longest Path Above Girth is in XP.

Proof. We first execute the algorithm from Theorem 7, which returns either a directed tree
decomposition of width f(k), for some computable function f , or a subgraph H of G that is
a subdivision of W2k+1. Note that the girth of H is at least the girth of G. In the first case,
we apply the algorithm from Theorem 16 to find the longest path in G in polynomial time
for fixed k. In the latter case, Lemma 20 asserts that H contains a path of length at least k

times the girth of H, so we can report that (G, k) a Yes-instance. ◀

References
1 Isolde Adler. Directed tree-width examples. Journal of Combinatorial Theory, Series B,

97(5):718–725, 2007.
2 Takanori Akiyama, Takao Nishizeki, and Nobuji Saito. NP-completeness of the hamiltonian

cycle problem for bipartite graphs. Journal of Information processing, 3(2):73–76, 1980.
3 Noga Alon and Shai Gutner. Balanced hashing, color coding and approximate counting. In

Parameterized and Exact Computation, 4th International Workshop, IWPEC 2009, Copenha-
gen, Denmark, September 10-11, 2009, Revised Selected Papers, pages 1–16, 2009.

4 Noga Alon and Shai Gutner. Balanced families of perfect hash functions and their applications.
ACM Trans. Algorithms, 6(3):54:1–54:12, 2010.

5 Noga Alon, Raphael Yuster, and Uri Zwick. Color-coding. J. ACM, 42(4):844–856, 1995.
6 Vikraman Arvind and Venkatesh Raman. Approximation algorithms for some parameterized

counting problems. In Algorithms and Computation: 13th International Symposium, ISAAC
2002 Vancouver, BC, Canada, November 21–23, 2002 Proceedings 13, pages 453–464. Springer,
2002.

7 Benjamin Bergougnoux, Mamadou Moustapha Kanté, and O-joung Kwon. An optimal xp
algorithm for hamiltonian cycle on graphs of bounded clique-width. Algorithmica, 82(6):1654–
1674, 2020.

8 Ivona Bezáková, Radu Curticapean, Holger Dell, and Fedor V. Fomin. Finding detours is
fixed-parameter tractable. SIAM J. Discret. Math., 33(4):2326–2345, 2019.

9 Andreas Björklund. Determinant sums for undirected hamiltonicity. SIAM J. Comput.,
43(1):280–299, 2014. doi:10.1137/110839229.

10 Andreas Björklund. Exploiting sparsity for bipartite hamiltonicity. In 29th International
Symposium on Algorithms and Computation, ISAAC 2018, December 16-19, 2018, Jiaoxi,
Yilan, Taiwan, pages 3:1–3:11, 2018.

11 Andreas Björklund. An asymptotically fast polynomial space algorithm for hamiltonicity
detection in sparse directed graphs. In 38th International Symposium on Theoretical Aspects
of Computer Science, STACS 2021, March 16-19, 2021, Saarbrücken, Germany (Virtual
Conference), pages 15:1–15:12, 2021.

ESA 2023

https://doi.org/10.1137/110839229


65:14 Finding Long Directed Cycles Is Hard Even When DFVS Is Small or Girth Is Large

12 Andreas Björklund and Thore Husfeldt. The parity of directed hamiltonian cycles. In 54th
Annual IEEE Symposium on Foundations of Computer Science, FOCS 2013, 26-29 October,
2013, Berkeley, CA, USA, pages 727–735, 2013.

13 Andreas Björklund, Thore Husfeldt, Petteri Kaski, and Mikko Koivisto. Counting paths and
packings in halves. In Algorithms-ESA 2009: 17th Annual European Symposium, Copenhagen,
Denmark, September 7-9, 2009. Proceedings 17, pages 578–586. Springer, 2009.

14 Andreas Björklund, Thore Husfeldt, Petteri Kaski, and Mikko Koivisto. Narrow sieves for
parameterized paths and packings. J. Comput. Syst. Sci., 87:119–139, 2017.

15 Andreas Björklund, Petteri Kaski, and Ioannis Koutis. Directed hamiltonicity and out-
branchings via generalized laplacians. In 44th International Colloquium on Automata, Lan-
guages, and Programming, ICALP 2017, July 10-14, 2017, Warsaw, Poland, pages 91:1–91:14,
2017.

16 Andreas Björklund and Ryan Williams. Computing permanents and counting hamiltonian
cycles by listing dissimilar vectors. In 46th International Colloquium on Automata, Languages,
and Programming, ICALP 2019, July 9-12, 2019, Patras, Greece, pages 25:1–25:14, 2019.

17 Hans L. Bodlaender. On linear time minor tests with depth-first search. Journal of Algorithms,
14(1):1–23, 1993.

18 Cornelius Brand, Holger Dell, and Thore Husfeldt. Extensor-coding. In Proceedings of the
50th Annual ACM SIGACT Symposium on Theory of Computing (STOC), pages 151–164,
2018.

19 Cornelius Brand and Kevin Pratt. Parameterized applications of symbolic differentiation of
(totally) multilinear polynomials. In 48th International Colloquium on Automata, Languages,
and Programming, ICALP 2021, July 12-16, 2021, Glasgow, Scotland (Virtual Conference),
pages 38:1–38:19, 2021.

20 Michael Buro. Simple amazons endgames and their connection to hamilton circuits in cubic
subgrid graphs. In Computers and Games: Second International Conference, CG 2000
Hamamatsu, Japan, October 26–28, 2000 Revised Papers 2, pages 250–261. Springer, 2001.

21 Victor Campos, Raul Lopes, Ana Karolinna Maia, and Ignasi Sau. Adapting the directed grid
theorem into an fpt algorithm. Electronic Notes in Theoretical Computer Science, 346:229–240,
2019.

22 Jianer Chen, Joachim Kneis, Songjian Lu, Daniel Mölle, Stefan Richter, Peter Rossmanith,
Sing-Hoi Sze, and Fenghui Zhang. Randomized divide-and-conquer: Improved path, matching,
and packing algorithms. SIAM Journal on Computing, 38(6):2526–2547, 2009.

23 Jianer Chen, Yang Liu, Songjian Lu, Barry O’Sullivan, and Igor Razgon. A fixed-parameter
algorithm for the directed feedback vertex set problem. J. ACM, 55(5):21:1–21:19, 2008.

24 Bruno Courcelle and Joost Engelfriet. Graph Structure and Monadic Second-Order Logic - A
Language-Theoretic Approach, volume 138 of Encyclopedia of mathematics and its applications.
Cambridge University Press, 2012. doi:10.1017/CBO9780511977619.

25 Radu Curticapean, Holger Dell, and Dániel Marx. Homomorphisms are a good basis for
counting small subgraphs. In Proceedings of the 49th Annual ACM SIGACT Symposium on
Theory of Computing (STOC), pages 210–223, 2017.

26 Radu Curticapean and Dániel Marx. Complexity of counting subgraphs: Only the boundedness
of the vertex-cover number counts. In 2014 IEEE 55th Annual Symposium on Foundations of
Computer Science (FOCS), pages 130–139. IEEE, 2014.

27 Marek Cygan, Fedor V. Fomin, Lukasz Kowalik, Daniel Lokshtanov, Dániel Marx, Marcin
Pilipczuk, Michal Pilipczuk, and Saket Saurabh. Parameterized Algorithms. Springer, 2015.

28 Marek Cygan, Stefan Kratsch, and Jesper Nederlof. Fast hamiltonicity checking via bases of
perfect matchings. Journal of the ACM (JACM), 65(3):1–46, 2018.

29 Marek Cygan, Jesper Nederlof, Marcin Pilipczuk, Michał Pilipczuk, Johan MM Van Rooij,
and Jakub Onufry Wojtaszczyk. Solving connectivity problems parameterized by treewidth in
single exponential time. ACM Transactions on Algorithms (TALG), 18(2):1–31, 2022.

https://doi.org/10.1017/CBO9780511977619


A. Jacob, M. Włodarczyk, and M. Zehavi 65:15

30 Mateus de Oliveira Oliveira. An algorithmic metatheorem for directed treewidth. Discrete
Applied Mathematics, 204:49–76, 2016. doi:10.1016/j.dam.2015.10.020.

31 Reinhard Diestel. Graph Theory, 4th Edition, volume 173 of Graduate texts in mathematics.
Springer, 2012.

32 Frederic Dorn, Fedor V Fomin, and Dimitrios M Thilikos. Catalan structures and dynamic
programming in h-minor-free graphs. Journal of Computer and System Sciences, 78(5):1606–
1622, 2012.

33 Martin Doucha and Jan Kratochvíl. Cluster vertex deletion: A parameterization between
vertex cover and clique-width. In MFCS, volume 2012, pages 348–359. Springer, 2012.

34 Jörg Flum and Martin Grohe. The parameterized complexity of counting problems. SIAM
Journal on Computing, 33(4):892–922, 2004.

35 Fedor V. Fomin, Petr A. Golovach, William Lochet, Danil Sagunov, Kirill Simonov, and
Saket Saurabh. Detours in directed graphs. In 39th International Symposium on Theoretical
Aspects of Computer Science, STACS 2022, March 15-18, 2022, Marseille, France (Virtual
Conference), pages 29:1–29:16, 2022.

36 Fedor V. Fomin, Petr A. Golovach, Daniel Lokshtanov, Fahad Panolan, Saket Saurabh, and
Meirav Zehavi. Multiplicative parameterization above a guarantee. ACM Trans. Comput.
Theory, 13(3):18:1–18:16, 2021.

37 Fedor V. Fomin, Petr A. Golovach, Daniel Lokshtanov, Saket Saurabh, and Meirav Zehavi.
Clique-width III: hamiltonian cycle and the odd case of graph coloring. ACM Trans. Algorithms,
15(1):9:1–9:27, 2019.

38 Fedor V. Fomin, Petr A. Golovach, Danil Sagunov, and Kirill Simonov. Algorithmic extensions
of dirac’s theorem. In Proceedings of the 2022 ACM-SIAM Symposium on Discrete Algorithms,
SODA 2022, Virtual Conference / Alexandria, VA, USA, January 9 - 12, 2022, pages 406–416,
2022.

39 Fedor V. Fomin, Petr A. Golovach, Danil Sagunov, and Kirill Simonov. Longest cycle above
erdős-gallai bound. In 30th Annual European Symposium on Algorithms, ESA 2022, September
5-9, 2022, Berlin/Potsdam, Germany, pages 55:1–55:15, 2022.

40 Fedor V. Fomin, Daniel Lokshtanov, Fahad Panolan, Saket Saurabh, and Meirav Zehavi. Long
directed (s, t)-path: FPT algorithm. Inf. Process. Lett., 140:8–12, 2018.

41 Fedor V. Fomin, Daniel Lokshtanov, Fahad Panolan, Saket Saurabh, and Meirav Zehavi.
Decomposition of map graphs with applications. In 46th International Colloquium on Automata,
Languages, and Programming, ICALP 2019, July 9-12, 2019, Patras, Greece, pages 60:1–60:15,
2019.

42 Fedor V. Fomin, Daniel Lokshtanov, Fahad Panolan, Saket Saurabh, and Meirav Zehavi.
Finding, hitting and packing cycles in subexponential time on unit disk graphs. Discret.
Comput. Geom., 62(4):879–911, 2019.

43 Steven Fortune, John Hopcroft, and James Wyllie. The directed subgraph homeomorphism
problem. Theoretical Computer Science, 10(2):111–121, 1980. doi:10.1016/0304-3975(80)
90009-2.

44 Harold N Gabow and Shuxin Nie. Finding a long directed cycle. ACM Transactions on
Algorithms (TALG), 4(1):1–21, 2008.

45 Robert Ganian. Improving vertex cover as a graph parameter. Discrete Mathematics &
Theoretical Computer Science, 17, 2015.

46 Michael R Garey, David S Johnson, and Larry Stockmeyer. Some simplified np-complete
problems. In Proceedings of the sixth annual ACM symposium on Theory of computing (STOC),
pages 47–63, 1974.

47 Archontia C. Giannopoulou, Ken-ichi Kawarabayashi, Stephan Kreutzer, and O-joung Kwon.
The directed flat wall theorem. In Proceedings of the 2020 ACM-SIAM Symposium on Discrete
Algorithms, SODA 2020, Salt Lake City, UT, USA, January 5-8, 2020, pages 239–258, 2020.

48 Archontia C. Giannopoulou, Ken-ichi Kawarabayashi, Stephan Kreutzer, and O-joung Kwon.
Directed tangle tree-decompositions and applications. In Proceedings of the 2022 ACM-SIAM
Symposium on Discrete Algorithms, SODA 2022, Virtual Conference / Alexandria, VA, USA,
January 9 - 12, 2022, pages 377–405, 2022.

ESA 2023

https://doi.org/10.1016/j.dam.2015.10.020
https://doi.org/10.1016/0304-3975(80)90009-2
https://doi.org/10.1016/0304-3975(80)90009-2


65:16 Finding Long Directed Cycles Is Hard Even When DFVS Is Small or Girth Is Large

49 Petr A. Golovach, R. Krithika, Abhishek Sahu, Saket Saurabh, and Meirav Zehavi. Graph
hamiltonicity parameterized by proper interval deletion set. In LATIN 2020: Theoretical
Informatics - 14th Latin American Symposium, São Paulo, Brazil, January 5-8, 2021, Pro-
ceedings, pages 104–115, 2020.

50 Ronald J Gould. Advances on the hamiltonian problem–a survey. Graphs and Combinatorics,
19(1):7–52, 2003.

51 Gregory Gutin and Matthias Mnich. A survey on graph problems parameterized above and
below guaranteed values. arXiv preprint arXiv:2207.12278, 2022.

52 Meike Hatzel, Ken-ichi Kawarabayashi, and Stephan Kreutzer. Polynomial planar directed
grid theorem. In Proceedings of the Thirtieth Annual ACM-SIAM Symposium on Discrete
Algorithms, SODA 2019, San Diego, California, USA, January 6-9, 2019, pages 1465–1484,
2019.

53 Meike Hatzel, Konrad Majewski, Michal Pilipczuk, and Marek Sokolowski. Simpler and faster
algorithms for detours in planar digraphs. In 2023 Symposium on Simplicity in Algorithms,
SOSA 2023, Florence, Italy, January 23-25, 2023, pages 156–165, 2023.

54 Falk Hüffner, Sebastian Wernicke, and Thomas Zichner. Algorithm engineering for color-coding
with applications to signaling pathway detection. Algorithmica, 52(2):114–132, 2008.

55 Paul Hunter and Stephan Kreutzer. Digraph measures: Kelly decompositions, games, and
orderings. Theor. Comput. Sci., 399(3):206–219, 2008.

56 Ashwin Jacob, Michal Wlodarczyk, and Meirav Zehavi. Long directed detours: Reduction to
2-disjoint paths. CoRR, abs/2301.06105, 2023.

57 Bart M. P. Jansen, László Kozma, and Jesper Nederlof. Hamiltonicity below dirac’s condition.
In Graph-Theoretic Concepts in Computer Science - 45th International Workshop, WG 2019,
Vall de Núria, Spain, June 19-21, 2019, Revised Papers, pages 27–39, 2019.

58 Thor Johnson, Neil Robertson, Paul D. Seymour, and Robin Thomas. Directed tree-width. J.
Comb. Theory, Ser. B, 82(1):138–154, 2001.

59 Georgia Kaouri, Michael Lampis, and Valia Mitsou. New directions in directed treewidth.
Parameterized Complexity News: Newsletter of the Parameterized Complexity Community,
September:4–5, 2009.

60 Richard M. Karp. Reducibility among combinatorial problems. In Proceedings of a symposium
on the Complexity of Computer Computations, held March 20-22, 1972, at the IBM Thomas
J. Watson Research Center, Yorktown Heights, New York, USA, pages 85–103, 1972.

61 Ken-ichi Kawarabayashi and Stephan Kreutzer. The directed grid theorem. In Proceedings of
the forty-seventh annual ACM symposium on Theory of Computing, pages 655–664, 2015.

62 Ioannis Koutis. Faster algebraic algorithms for path and packing problems. In Automata,
Languages and Programming, 35th International Colloquium, ICALP 2008, Reykjavik, Iceland,
July 7-11, 2008, Proceedings, Part I: Tack A: Algorithms, Automata, Complexity, and Games,
pages 575–586, 2008.

63 Michael Lampis, Georgia Kaouri, and Valia Mitsou. On the algorithmic effectiveness of digraph
decompositions and complexity measures. In Algorithms and Computation, 19th International
Symposium, ISAAC 2008, Gold Coast, Australia, December 15-17, 2008. Proceedings, pages
220–231, 2008.

64 Michael Lampis, Georgia Kaouri, and Valia Mitsou. On the algorithmic effectiveness of digraph
decompositions and complexity measures. Discret. Optim., 8(1):129–138, 2011.

65 Daniel Lokshtanov, Andreas Björklund, Saket Saurabh, and Meirav Zehavi. Approximate
counting of k-paths: Simpler, deterministic, and in polynomial space. ACM Trans. Algorithms,
17(3):26:1–26:44, 2021.

66 Daniel Lokshtanov, Matthias Mnich, and Saket Saurabh. Planar k-path in subexponential
time and polynomial space. In WG, pages 262–270. Springer, 2011.

67 Burkhard Monien. How to find long paths efficiently. In North-Holland Mathematics Studies,
volume 109, pages 239–254. Elsevier, 1985.



A. Jacob, M. Włodarczyk, and M. Zehavi 65:17

68 Jesper Nederlof. Detecting and counting small patterns in planar graphs in subexponential
parameterized time. In Proccedings of the 52nd Annual ACM SIGACT Symposium on Theory
of Computing, STOC 2020, Chicago, IL, USA, June 22-26, 2020, pages 1293–1306, 2020.

69 Jan Obdrzálek. Dag-width: connectivity measure for directed graphs. In Proceedings of the
Seventeenth Annual ACM-SIAM Symposium on Discrete Algorithms, SODA 2006, Miami,
Florida, USA, January 22-26, 2006, pages 814–821, 2006.

70 Bruce A. Reed. Introducing directed tree width. Electron. Notes Discret. Math., 3:222–229,
1999.

71 Neil Robertson and Paul D Seymour. Graph minors. XIII. The disjoint paths problem. Journal
of combinatorial theory, Series B, 63(1):65–110, 1995. doi:10.1006/jctb.1995.1006.

72 Hadas Shachnai and Meirav Zehavi. Representative families: A unified tradeoff-based approach.
J. Comput. Syst. Sci., 82(3):488–502, 2016.

73 Aleksandrs Slivkins. Parameterized tractability of edge-disjoint paths on directed acyclic
graphs. SIAM J. Discret. Math., 24(1):146–157, 2010. doi:10.1137/070697781.

74 Dekel Tsur. Faster deterministic parameterized algorithm for k-path. Theor. Comput. Sci.,
790:96–104, 2019.

75 Virginia Vassilevska and Ryan Williams. Finding, minimizing, and counting weighted subgraphs.
In Proceedings of the forty-first annual ACM symposium on Theory of computing (STOC),
pages 455–464, 2009.

76 Sebastian Wiederrecht. A note on directed treewidth. CoRR, abs/1910.01826, 2019. arXiv:
1910.01826.

77 Ryan Williams. Finding paths of length k in O∗(2k) time. Inf. Process. Lett., 109(6):315–318,
2009.

78 Meirav Zehavi. Mixing color coding-related techniques. In Algorithms - ESA 2015 - 23rd
Annual European Symposium, Patras, Greece, September 14-16, 2015, Proceedings, pages
1037–1049, 2015.

79 Meirav Zehavi. A randomized algorithm for long directed cycle. Inf. Process. Lett., 116(6):419–
422, 2016.

80 Meirav Zehavi, Fedor V. Fomin, Daniel Lokshtanov, Fahad Panolan, and Saket Saurabh. Eth-
tight algorithms for long path and cycle on unit disk graphs. J. Comput. Geom., 12(2):126–148,
2021.

ESA 2023

https://doi.org/10.1006/jctb.1995.1006
https://doi.org/10.1137/070697781
https://arxiv.org/abs/1910.01826
https://arxiv.org/abs/1910.01826

	1 Introduction
	1.1 Techniques

	2 Preliminaries
	3 Hardness of Hamiltonian Cycle By DFVS
	4 XP Algorithm for Longest Path Above Girth

