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—— Abstract
We give new upper and lower bounds on the power of several restricted classes of arbitrary-order
read-once branching programs (ROBPs) and standard-order ROBPs (SOBPs) that have received
significant attention in the literature on pseudorandomness for space-bounded computation.
Regular SOBPs of length n and width |w(n+1)/2] can ezactly simulate general SOBPs of length
n and width w, and moreover an n/2 — o(n) blow-up in width is necessary for such a simulation.
Our result extends and simplifies prior average-case simulations (Reingold, Trevisan, and Vadhan
(STOC 2006), Bogdanov, Hoza, Prakriya, and Pyne (CCC 2022)), in particular implying that
weighted pseudorandom generators (Braverman, Cohen, and Garg (SICOMP 2020)) for regular
SOBPs of width poly(n) or larger automatically extend to general SOBPs. Furthermore, our
simulation also extends to general (even read-many) oblivious branching programs.
There exist natural functions computable by regular SOBPs of constant width that are average-
case hard for permutation SOBPs of exponential width. Indeed, we show that Inner-Product
mod 2 is average-case hard for arbitrary-order permutation ROBPs of exponential width.
There exist functions computable by constant-width arbitrary-order permutation ROBPs that
are worst-case hard for exponential-width SOBPs.
Read-twice permutation branching programs of subexponential width can simulate polynomial-
width arbitrary-order ROBPs.
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1 Introduction

Read-once branching programs (ROBPs) have been extensively studied over the past four
decades, motivated by the fact that these programs capture how small-space machines use
random coins, and hence optimal and explicit pseudorandom generators for them would
imply BPL = L, showing that every randomized logspace algorithm can be simulated
deterministically with only a constant factor blow-up in space. Thus, there has been several
decades of research on constructing pseudorandom generators for different variants of ROBPs.
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In this paper, we study how those variants compare to each other in computational power,
through new simulations and separations. To describe our results, we first define the models
we are studying, starting from the most general model of read-many branching programs.

» Definition 1. An (oblivious) branching program (BP) B of length m and width w
computes a function B: {0,1}" — {0,1}. On an input x € {0,1}", the branching program
computes as follows. It has m + 1 layers Vi, ..., Vi, each with vertices labeled {1,... ,w}.
It starts at a fized start state vsy € V. Then for each step t = 1,...,m, it reads the next
symbol ;) for some i(t) € [n], and updates its state according to a transition function
By: Vio1 x {0,1} = Vi by taking v; = Bi[vi_1, %)), Forv €V, and v € V; fort > s, we
write Bv,y] = u if the program transitions to state u starting from state v upon reading
Y = (Ti(s41)s- - Ti(r)). Moreover, there is a set of accept states Vyee € Vi For x € {0,1}7,
we define B(x) = 1 if and only if Blvst,x] € Vaee. That is, B accepts the inputs x that
lead it from the start state vgy € Vi in the first layer to an accept state in the last layer
Vace € Vaee C V. We write B(v,x) = 1 if the program transitions to an accept state from a
state v on input . We call the function i : [m] — [n] the read order of B.

» Definition 2. A read-k branching program is a BP where the read order i satisfies

li=(j)| < k for every j € [n]. For k =1 we denote this a read-once branching program
(ROBP).

» Definition 3. A standard-order ROBP (SOBP) is an ROBP whose read order is the
identity function (i.e. i(t) =t for everyt € [n]).

Note that we have the inclusions

SOBPs € ROBPs C BPs.

To emphasize the distinction between the standard-order model and general ROBPs (which
have i(t) = m(t) for some permutation 7), we denote the latter as arbitrary-order ROBPs.

» Remark 4. Our choice of notation follows the recent surveys of Hatami and Hoza [26] and
Hoza [28]. There have been several (inconsistent) choices of notation in prior papers. In
particular, prior works have referred to standard order ROBPs as simply ROBPs, or “ordered
BPs”. Other works have referred to ROBPs as “unordered ROBPs”.

In 1990, Nisan [38] constructed an explicit pseudorandom generator (PRG) for SOBPs with
seed length O(logn -log(nw/e)) (c.f. the optimal O(log(nw/e)) achieved by the probabilistic
method). Despite extensive effort, this result has not been improved when the width of
the programs w is at least 4 and at most 27" Motivated by this longstanding challenge,
researchers have extensively studied restricted cases of the model, known as regular and
permutation SOBPs:

» Definition 5. A regular BP is a branching program where for allt € [m] and i € [w], there
are exactly two distinct pairs (j1,b1), (j2, b2) such that Bi[j1,b1] = Bi[j2,ba] = i. Equivalently,
the graph of transitions from Vi_q to Vi is 2-in-regqular.

» Definition 6. A permutation BP is an branching program where for all t € [m] and
o € {0,1}, B[, 0] is a permutation on [w].
Note that we have the inclusions

permutation BPs C regular BPs C BPs

and the same inclusions hold when restricting BPs to ROBPs or SOBPs.
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There has been extensive prior work studying pseudorandomness for regular [31, 8, 16, 5,
34, 12] and permutation [32, 44, 41, 10, 29, 39, 22] SOBPs and ROBPs over roughly the last
decade.

For regular SOBPs, the PRG of Braverman, Rao, Raz, and Yehudayoff [8] improves
on Nisan’s (which has seed length O(log?n) even for w = 4 and ¢ = 1/3) in the regime
where both w and 1/¢ are subpolynomial, i.e. n°). The later work [5] obtained better seed
length than O(log?n) when either w or 1/e was n°) (whereas Braverman et al. required
both parameters to be small relative to n), at the cost of obtaining only a hitting set
generator (HSG), a weaker object than pseudorandom generators that is sufficient for most
derandomization tasks. For permutation SOBPs, Pyne and Vadhan [39] achieved seed length
O(log?’/2 n) for an object known as a weighted PRG,! in the w = n regime motivated by
derandomizing logspace.

Despite this extensive prior work, and the status quo where the known pseudorandom
objects for regular and permutation SOBPs are better than those known for generic SOBPs
in many regimes, there was relatively little work investigating the relative power of these
models. As an example, it is well known that SOBPs can be simulated by a one-way two-party
communication protocol, and therefore any program of width less than 2°4") cannot compute
the Inner-Product function 1Py, (z) := > I | @;z,4; (mod 2) on average. However, this
result does not say anything about the relative power of general SOBPs versus regular and
permutation SOBPs.

1.1 Our Results

We begin a systematic study of the relative power of SOBPs, regular SOBPs, and permutation
SOBPs. We first survey the landscape of known results before stating our results.

1.1.1 General vs. Regular Programs

Perhaps the best known upper bound in this regard is the work of Reingold, Trevisan, and
Vadhan [42] and its recent extension of Bogdanov, Hoza, Pyne, and Prakriya [5]. They showed
that regular SOBPs of width poly(nw) and length O(n) can approzimately simulate general
SOBPs of width w and length n. This implies a “transfer result”: in the width-poly(n) regime,
optimal PRGs or HSGs for regular ROBPs imply the equivalent objects for general ROBPs,
and hence for logspace computation. However, these results have a few limitations. First,
the simulation was average-case, and due to this did not imply a transfer result for weighted
PRGs, a pseudorandom object that has seen extensive recent interest [7, 11, 14, 39, 27].
Moreover, both proofs are relatively involved.

We show that this upper bound can be improved and substantially simplified, and in fact,
general and regular programs of the same length m, regardless of being read-once or not, are
equivalent up to a factor of m in the width.

» Theorem 7 (Informal statement of Theorem 18). Let B be an oblivious branching program
of length m and width w > 4. There exists a reqular oblivious branching program R of length
m and width mw/2 such that R(x) = B(z) for all x. Moreover, R has the same read order
as B.

1A weighted PRG is a tuple of functions (G, p): {0,1}* — {0,1}" x R, where the weighted expectation
E:[p(z) - B(G(z))] is within e of E[B(U,)] for all B in the class.
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As a consequence, weighted PRGs for regular SOBPs with seed length matching those
known for permutation SOBPs [39] would imply an improved derandomization of logspace:?

» Corollary 8. Suppose there is an explicit weighted PRG for regular SOBPs of length n and
width w with seed length O(logn - (logn + /log(w/e)) + log(w/¢)). Then BPL C L*/3+0(1),

This follows as a corollary of Theorem 7 and the argument of Chattopadhyay and Liao [11]
that the Saks—Zhou algorithm [43] can be instantiated with a weighted PRG.

As mentioned above, Theorem 7 holds even for non-read-once branching programs (as
defined in Definition 1), in contrast to the prior results of [42, 5]. As a corollary, we derive
that L can be computed by polynomial width regular branching programs:

» Corollary 9. Every language in L can be decided by a (read-many) regular branching
program of length and width poly(n), on inputs of size n.

In terms of separation results, some simple observations were known. The AND function,
which can be shown to require width n for permutation (in fact, regular) BPs, has a trivial
general BP of width 2. (See Observation 19 for a proof.) We extend this separation to larger
widths. This complements our simulation result (Theorem 7) by showing that in the case of
ROBPs, the loss of a factor of n/2 is tight up to an additive term of (wlogw)/2.

» Proposition 10. For every w = 2'.,n € N, there is a function f : {0,1}" — {0,1}
computable by an general SOBP of width w such that every reqular SOBP computing f has
width at least %57 — wlogw.

It is known that general SOBPs of constant width cannot be approximated by regular
SOBPs of some poly(n) width in the “sandwiching notion” [3]. This can be derived by
combining the results of [9, 8]. Brody and Verbin [9] showed that there is an instantiation of
the Impagliazzo—Nisan—-Wigderson PRG [31] that does not fool general SOBPs of width 3,
and yet Braverman et al. [8] shows that this same PRG fools regular SOBPs of width n°¢ for
some ¢ > 0.

1.1.2 Regular vs. Permutation Programs

For the relationship between permutation and regular SOBPs, the situation was even less
clear. As discussed in the previous section, despite extensive work on pseudorandomness for
permutation and regular SOBPs, prior work has not proven separations between the two
models. In fact, as far as we know, prior work did not exhibit any function computable by a
regular program that was not computable by a permutation program of equal width.

We develop new lower bounds that separate these models to a near-maximal extent.

» Theorem 11. There is ¢ > 0 and wg € N such that for every € > 0 and n the following
holds. There exists a function f:{0,1}" — {0,1} computable by a regular SOBP of width wq
such that no permutation SOBP of width 26/ 1°6(1/€) agrees with f on a 1/2 + € fraction of
the inputs. In particular, no permutation SOBP of width 2°V™ agrees with f on a 1/2+ 2-Vvn
fraction of inputs.

2 A preprint circulated by the second author claimed this as a consequence of [5]. However, it does not
follow from the argument in that work.
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The hard function in Theorem 11 is the Inner-Product function with a specific variable-
ordering. Our techniques for proving Theorem 11 are information-theoretic, and rely on
showing that the entropy of the state over the n + 1 layers of a permutation ROBP must be
non-decreasing.

Our next result shows that the Inner-Product function is in fact average-case hard for
arbitrary-order permutation ROBPs of exponential width.

» Theorem 12. Every arbitrary-order permutation ROBP B that computes |P®"(z) :=
Z?:l Xo;—122; (mod 2) on more than a 3/4 + € fraction of inputs has width at least 9de™n .
Moreover, IP®™ can be computed by a reqular SOBP of width 4.

We conjecture that Theorems 11 and 12 can be strengthened to give optimal average-case
hardness, namely 1/2 + 27", but we have not been able to prove such a result.

» Conjecture 13. There exists a constant ¢ > 0 such that the following holds. FEvery
arbitrary-order permutation ROBP B that computes IP®"(x) := 31" | x9;_172; (mod 2) on
more than a 1/2 + 27" fraction of inputs has width at least 2°™.

1.1.3 Standard-Order vs. Arbitrary-Order Programs

In the past decade, researchers have turned their attention of constructing PRGs from
SOBPs to the more general model of arbitrary-order ROBPs, as a way to generate new
ideas to improve the state-of-the-art PRGs for SOBPs, and to develop PRGs for several
natural subclasses of circuits that are not captured by SOBPs, as circuit classes are closed
under permutation of the input coordinates. This line of research has received extensive
interests [30, 41, 45, 25, 36, 21, 19], and in particular has resulted near-optimal PRGs
for several well-studied models of computation, including read-once formulas [6, 23, 13,
17, 19], constant-width arbitrary-order permutation ROBPs [41, 10, 34], and read-once
Fy-polynomials [35, 36, 33, 18].

While Theorem 12 shows that there are regular SOBPs which cannot be approximated by
arbitrary-order permutation ROBPs of exponential width, we show that the opposite direction
is also true, by giving a function that is computable by an arbitrary-order permutation
ROBP of constant width that requires exponential width for (even general) SOBPs.

» Proposition 14 (Informal statement of Proposition 35). For every n, there exists a function
f:{0,1}™ — {0,1} such that f is computable by an arbitrary-order permutation ROBP of
width 6, and every SOBP computing f has width at least 2™/2.

This result uses a non-Abelian group product and an adversarial argument.

1.1.4 Read Once vs. Read Many

Given our exponential lower bounds (Theorems 11 and 12) for permutation ROBPs, it is
natural to ask whether any of them extends to read-k programs.

We show that even in the read-2 setting, permutation branching programs already become
substantially more powerful. Specifically, read-twice permutation branching programs of
subexponential width can simulate arbitrary-order ROBPs of polynomial width:

» Proposition 15. Let f: {0,1}" — [w] be computable by an arbitrary-order ROBP B of
width w. Then for every k € N, f is computable by a read-(2¥) permutation branching
program B’ of width wk+Hn'"
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Our simulation in Proposition 15 follows directly from Bennett’s work on reversible
computation [4]. We complement Proposition 15 by showing that a subexponential blow-up
in the width is necessary for read-twice programs: there is no fixed read order such that
read-twice permutation BPs reading bits in that order can simulate even regular SOBPs of
constant width.

» Theorem 16. For every read-twice ordering i : [2n] — [n], there exists a function
g:{0,1}" — {0,1} computable by a regular ROBP of width O(1), such that every read-twice
permutation branching program P of width 2" with read order i computes g correctly on at
most 1/2 + 9-0(n'/%) fraction of inputs.

1.1.5 Permutation vs. Monotone Programs

Several works [37, 19] have studied the model of monotone branching programs, which
correspond to branching programs where the edges labeled 1 do not cross, and likewise
for the edges labeled 0. They are considered to be the “extreme opposite” of permutation
programs [19]. We provide evidence for this belief by showing that read-once DNFs, which
are computable by constant-width monotone programs, are worst-case hard for permutation
SOBPs of exponential width:

» Proposition 17. Let f(x1,y1,...,%n,Yn) = V(i Ayi). Then every permutation SOBP
computing f has width at least 2™.

2 Regular Branching Programs

We show that regular programs can exactly simulate general programs with a moderate
blow-up in width. We emphasize that our simulation is not restricted to the read-once
setting.

» Theorem 18. Let B: {0,1}" — {0,1} be a branching program of length m and width
w. There is a reqular branching program R: {0,1}" — {0,1} of length m and width v’ :=
max{w, 4" +w(l — 10%)} such that R(x) = B(z) for all x € {0,1}™. Moreover, R has the
same variable read order as B. In particular, for w > 4, we have w' < wm/2.

Proof. We prove by induction on length m. We show the stronger claim that R exactly com-
putes the states of B, ie.  that there are maps ¢;: [w] — [w] such that
Gi(R[vst, (Ti1), - - Tiy)]) = Blvst, (Ti1ys - - - Tiqry)] for every x € {0,1}" and t € [m].

When m < logw, we can simulate B trivially by storing the bits read in at most 2™ < w
states. Now, suppose m > logw + 1. For each state v in the (m — 1)-th layer B,,_; of
B, let Cy,_1(v) := ¢, | (v). By the inductive assumption, we have Yven,  [Cm_1(v)] <
w(m —1)/2 4+ w(l —log(w)/2).

Now, for each state u in the m-th layer B,, of B, create

SID DN )]

(v,b):Bv,b]=u

states, denoted Cy,(u), and define ¢,, such that ¢y, (Cp,(u)) := u.

Finally, for each b € {0,1} and v € B,,—; such that Blv,b] = u, we add a b-edge from
every state in Cp,—1(v) to some state in Cp,(u). There are sy := 3", ). gy pj=ulCm—1(v)]
many such edges, and hence there are enough states in C,,(u) to accommodate this (with
each state having at most 2 edges). Now, summing over all u € B,,,, we have
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Bl = 3 [Conu)]
u€E B,
1
=V ERD DR ]
u€Bm, (v,b):Blv,b]=u
<Y (545 Cuna (0)
2 2
u€EBm, (v,b):B[v,b]=u
B
:‘7+ S (Gt ()]
vEVm_1
w(m — 1) log w w
> 27 + w(l — 9 ) + 5
wm log w
=5 +e1-757)

Let k < w be the number of u such that s, is odd. Note that £ must be even. For each such
u there is a state in Cp,(u) such that it has in-degree one. To preserve regularity, we add
k/2 < w/2 of dummy states in R,,_; that are not reachable from the start state and connect
the k outgoing edges of these states to these u’s. |

We now show that for general SOBPs, this loss of a factor of m is tight, and in fact the
loss is even tight in the leading constant.

» Proposition 10. For every w = 2t,n € N, there is a function f : {0,1}" — {0,1}
computable by an general SOBP of width w such that every reqular SOBP computing f has
width at least 5% — wlogw.

We recall the well-known fact that AND,, can be computed by a constant-width SOBP,
but requires width n for regular ROBPs. We provide a proof for completeness.

» Observation 19. Given n € N, AND := AND,, can be computed by a general SOBP of
width 2. However, every reqular SOBP R computing AND must have i + 1 distinct states
reachable from vy in layer i.

Proof. The fact that AND can be computed by a general SOBP of width 2 is direct. We show
the lower bound by induction. It is clearly true for layer 0 as vy can reach itself. Assuming
it holds for layer i, we note that from correctness, u := Rlvg, 1°71] # R[vg, 1¢]|0] and hence
there are two distinct states reachable in layer i + 1 from R[vg, 1!]. Let R; be the reachable
states in layer i that are not R[vs, 1?]. We have that there are at least 2|R;| edges from
R; (and every endpoint of such an edge is reachable). Moreover, we claim that these edges
cannot reach u. Otherwise there would be 7 # 1¢71 such that Blvg, 7|[1"7!] = Blvg, 17]
which contradicts R computing AND. Thus there are at least |R;| + 1 vertices reachable in
layer ¢ 4+ 1 that are not u, so we conclude. |

We can then bootstrap this separation to work for larger widths. Essentially, we use a
multiplexer to force the program to remember a large amount of information before computing
AND.

» Definition 20. Given n,w = 2!, let m = n — 2(t — 1). Define f: {0,1}'7 x {0,1}™ x
{0,137 = {0,1} as f(x,y,2) = (x,2) © AND(y) = YiZ; wi2; + AND(y) (mod 2).

We first argue that f can be computed by a SOBP of width w.
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> Claim 21.  f can be computed by an SOBP of width w.

Proof. We define a program B(z,y,z). In the first ¢ layers, B stores the entire input. For
each state in layer t, B uses 2 states to compute AND(y), and hence at layer m 4+t — 1 the
states are labeled (2, AND(y)). Then the program reads in z and computes (z, z), such that
the states in the final layer are labeled ({(z,z), AND(y)) and hence B can return the value of
f. Tt is clear from this description that B has width 2 - 2/~1 = w. <

We then argue that no regular SOBP can do better than remembering the first ¢ — 1 bits,
and moreover must compute AND using essentially disjoint states.

> Claim 22.  For every regular SOBP B computing f, for every z # 2’ € {0,1}!~! we have
Blvgt, ] # Blugt, 2']. Furthermore, for every k < m the states reachable in layer t — 1 + k
from Blvg, ] must be disjoint from those reachable from Blvg, x'].

Proof. First assume for contradiction there are x, 2’ € {0,1}!~! with 2’ # x where Blvg, r] =
Blvst, x']. Let i be some index where z} # x; and hence (x, e;) # (2/, ;). Thus, f(z,0™,¢;) #
f@, 0™ e;), but

B, z||0™]|e;] = Bvg, 2'[|0™]|e;]

which is a contradiction. For the second claim, assume for contradiction there are 7,7’ €
{0,1}* (where we do not require 7 # 7') such that Blvg, z||T] = Blvacc, 2’||7]. But then
fz, 7]|0m7F e;) # f(2',7'||0m %, e;) from before, but

Blvst, #||7]|0™*[le;] = Blvse, @'||71]0™ | |e;]
which is a contradiction. <

We can then prove the result.

Proof of Proposition 10. Let f be the function in Definition 20 with n,w = 2¢. By Claim 21,
f can be computed by a general SOBP of width w.

Now let R be an arbitrary regular SOBP computing f. By Claim 22, we must have
R[vgt, 7] # Rlvg, 2'] for every x # 2’ € {0,1}'1. Since R must correctly compute AND(y)
(which can be shown by a similar extension argument), we obtain that for every z, there are
at least m states reachable from R[vg, x] in layer ¢ +m — 1 for every z, and all of these states
are disjoint by Claim 22. Thus, it follows from m = n — 2(¢ — 1) that R has width at least

2t_1-m=%~m:%+w(1—logw). <

3 Permutation Read-Once Branching Programs

In this section, we give explicit functions computable by small width regular SOBPs that
are average-case hard against permutation SOBPs and ROBPs of large widths. We will be
working with the Inner-Product functions with their input bits ordered in a certain manner.

» Definition 23. For integers ¢, m, define IP™: ({0,1}24)™ — {0,1} to be

m

ngaem(1‘17yla s azmvym) = @<Iza yl>a
=1

where (T1,. .., Te, Y1, ---,Ye) := @5:1 z;y;. We omit the subscript 20 when £ = 1.
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We first show that IP%m can be computed by a regular SOBP of width 2%t via a simple
argument. This follows from the fact that regular SOBPs can compute the XOR of an
arbitrary function on 2¢ bits using 2¢ + 1 bits, because we can store all the 2¢ bits and
maintaining the prefix-XOR with 1 extra bit using a regular program. The program we
construct is essentially the one used in simulating high-degree regular programs by binary
regular programs in [5]:

» Lemma 24. Let f: {0,1}* — {0,1} be an arbitrary function. Then g: ({0,1}¥)" — {0,1}
defined as

glat,. ..,z = @ fz,

i€[n]
where z* € {0,1}* for each i € [n], can be computed by a reqular SOBP of width 2F+1.

Proof. Let B be a program where each state has label (s,b) € {0,1}* x {0,1}. On reading
x; where j € [k], the program updates as

(s.5) (s',b) if1<j<k-—1
’ (s,b® f(s)) ifj=k.

where s’ is s with the j-th coordinate replaced with the bit :1:; The width of this program
is 2% . 2, and the fact that it computes f is direct. Finally, the program is regular as every
s’ has a single b € {0,1} and two strings s € {0,1}* for which the replacement of the j-th
coordinate of s with b produces s'. |

We recall our average-case lower bound against permutation ROBPs computing inner
product.

» Theorem 12. FEvery arbitrary-order permutation ROBP B that computes |P®"($) =
Z?Zl Zoi—1x2; (mod 2) on more than a 3/4 + € fraction of inputs has width at least 9de™n.
Moreover, IP®™ can be computed by a reqular SOBP of width 4.

For permutation SOBPs, we can strengthen this to a strong average case lower bound:

» Theorem 11. There is ¢ > 0 and wy € N such that for every e > 0 and n the following
holds. There exists a function f: {0,1}" — {0,1} computable by a regular SOBP of width wq
such that no permutation SOBP of width 2¢/1°6(1/€) agrees with f on a 1/2 + € fraction of
the inputs. In particular, no permutation SOBP of width 2°V™ agrees with f on a 1/2 +2-Vn
fraction of inputs.

Our argument relies on the fact that the entropy of the states in each layer of a permutation
ROBP is non-decreasing. Before stating this property formally, we first recall some basic
facts in information theory. We use capital letters to denote random variables, and lower
case to denote specific assignments.

» Definition 25. Given a joint random variable (X,Y), let
H(X) =3, csupp(x) P(2) logy(1/p(x)) be the (binary) entropy of X;
H(X|Y):=H(X,Y)— H(Y) be the conditional entropy of X given Y, and
I(X;Y):=H(X)—- H(X|Y) be the mutual information of X and Y.

Moreover, given p € [0,1], let H(p) := plogy(1/p) + (1 — p)log,(1/(1 — p)) be the entropy of

a p-biased Bernoulli random variable.
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We define the distributions over states of a program.

» Definition 26. Given a ROBP B of length n, fori € {0,...,n}, let S; be the distribution
over the reachable states after reading X; of a uniformly random X ~ {0,1}™.

We then note the most important property of permutation SOBPs from this perspective:
given the state reached after reading x; and the value of x;, one can exactly recover the state
after reading z;_1. More generally, we have the following proposition.

» Proposition 27. Let (X1,...,X,) < U,. For every SOBP B and i < j, we have
H(S; | Si,Xi41,...,X;) = 0. Moreover, if B is a permutation SOBP then H(S; |
Sj,XiJrl,...,Xj) =0.

Proof. The first claim is immediate from the fact that knowing the current state .S; and
next j — i bits X;11,...,X; to be read determines the state S;. The second claim is likewise
immediate, as for a permutation SOBP there is exactly one state S; in layer ¢ that reaches
the state S; in layer j after reading X;y1,...,X;. |

We use this property to show that for permutation SOBPs, the entropy of the state at
layer 7 must increase by at least the mutual information between the state and the i-th input
bit, and use this to conclude a lower bound on the width.

» Lemma 28. Let (Xi,...,X,) ~ {0,1}" be a uniform n-bit input. For a permutation
SOBP B of length n and width w, let iy < --- < i, be some m layers in B, and X' :=
(Xi;_1415---,X5,), where ig := 0. Then

logw > ZI(X”;SZ-J.).
j=1

Proof. We first prove that for every j € [m],

H(S;,) =1(X";8;,) + H(Si,~1). (1)

i
Given this, the lemma follows from H(Sp) = 0 and

m m

logw = logsupp(S;,,) > H(S;, ) = ZH(SZ-J.) —H(S;;_,) = ZI(Xij;Sij).
j=1

We now prove Equation (1). By Proposition 27 we have
H(SZ] | Sijanij) =0= H(S'ij—l | Sijfleij)‘

Applying the chain rule to both sides we obtain

H(Sij—1 ) X’LJ)

H(Sl Sij_uXij) - H(Slg ‘ Sij_uXij)
H(Sijfl’Sij’Xij) - H(Sij—l | Sij,Xij)
H(S;,, X").

37

Another chain rule to both sides gives

H(X"% | Si;) + H(Si;) = H(X" | Si, )+ H(S;,_,).
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Thus,

H(S;,) = H(X" | S, 1) Szj ) — H(X7 [ 85)
—H(X"|S;,)) - (H(XY) - H(X" | S,_,))

Si, 1)""_1(5Z ’XZJ) I(S’LJ 17XZ])
(Si,

\.//.\

where the final step follows from the fact that X;, is independent of all prior bits, and thus
the state at layer ;. |

We are now prepared to prove the lower bounds. In both cases, we require Fano’s
inequality. For the inner product bound, we use a simple formulation due to Regev [40]:

» Lemma 29 (Claim 2.1 [40]). Let X be uniformly distributed over {0,1}. Let S be a
random variable such that there exists f such that Prx g[f(S) # X] =: p < 1/2. Then
I(X;5) 21— H(p).

3.1 Mild Average-Case Lower Bounds for Arbitrary-Order Programs

We now prove the lower bound in Theorem 12: To illustrate the idea, consider a permutation
SOBP B that reads its input x in the order of x1,...,z2,. We will show that when X is
uniform over {0,1}2", for every i € [n], given the state So;_; reached by B after reading
Xq,...,X5_1, we can use B to predict the value of X5; 1 better than random guessing,
showing that there is non-trivial amount of mutual information between So; 1 and Xo; 1.
To see this, note that for every « € {0,1}",

_ ®2n ®2n
Zoi—1 = IP¥" (21, ..., 22i-1,0,Z2i41, .- ., T2p) D IPYT" (21, ..., @251, 1, 22541, .. ., Top).

Moreover, given a state S;y1, we can simulate the remaining program on the two inputs
(,CCQZ' = 07 X2i+1, ce ,Xgn) and (.’1,‘22‘ == 1, X2i+17 ey Xgn), for a uniform X2i+1, ce ,Xgn, to
compute the right hand side, which by a union bound, is correct and thus equals X5; 1 with
probability at least 1/2 + 2e.

Proof of Theorem 12. Let X = (X4,...,X9,) := (X1,Y1,...,X,,,Y,,) be a uniform ran-
dom input. Fix an arbitrary-order permutation ROBP B that reads z in the order of
T(1), -+ To(2n) fOr some permutation 0. By assumption we have Pr[B(X) # f(X)] < 1/4—«.

For every i € [n], let 7; := min{o~1(2i — 1),071(2i)} be the layer reached by B after
reading the first bit of x9;_1 and x9;. Let L C [2n] be the indices of the variables of X read
up to this point (i.e., L = {o(1),...,0(r;)} and let R :=[2n]\ L = {o(r; +1),...,0(2n)}.

We now show that I(X,,;Sy,) > 1— H(1/2 — 2¢), which suffices to prove the result by
Lemma 28. To do so, given the state s,, in layer r;, we let our guess of z,, be

g(sr,) = B[v,yo] &) B[v,yl],
where y <+ Ug is a random suffix and y® is y with its (¢; := max{o~1(2i — 1),071(2i)})-th

bit replaced with b € {0,1}. Observe that B[S,,, Y] is identical to f(X) conditioned on
X, = b. We have

44:11
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Prlg(S,.) # X..] = Pr[B[S,,, Y™] @ B[S, Y*] # X,,]
< Pr[B[S, "] £ J(X)| + Pr[B[S,,, Y] # £(X)]
< Pr[B(X) # f(X) | X, = 0] + Pr[B(X) # f(X) | X, = 1]
= 2Pr[B(X) # f(X)]
<1/2—2e.

By Lemma 29 we have I(X,;S,,) > 1— H(1/2 — 2¢) > 4¢2. Therefore by Lemma 28 we
have

logw > ZI(XM Sy,) > 4e2n,

i=1

and hence w > 24"n The “moreover” claim follows from Lemma 24. ]

3.2 Moderate Average-Case Lower Bounds

Before proving our strong average-case lower bound (Theorem 11), we have to extend
Theorem 12 to improve the correlation bound from 3/4 + ¢ to 1/2 + ¢ for an arbitrary
constant eg.

» Theorem 30. Let ¢ > 8log(1/e). If B is a permutation SOBP of width w and length 2¢m
that agrees with |PS,™ on a 1/2 + ¢ fraction of inputs, then w > 25™¢/4,

The high-level idea is to combine the idea in the previous subsection with Goldreich-Levin
list-decoding. Instead of predicting 1 bit, we will divide the input into blocks and show
that we can predict the whole block of X given the state S; reached by B upon reading
X% To do so, we first show that with probability at least £/2 over all-but-the-Y*-part of
the input, we have the following property: Given the state S;, we can predict (X*,Y?) for a
random sample Y ~ {0, 1} correctly with probability 1/2+¢. Then by the Goldreich-Levin
theorem, we can use this predictor to narrow X* down to a list of size 1/, showing that
there is a non-trivial amount of mutual information between X* and S;.

Our argument only requires the following bound on the “list size,” which follows from
Parseval’s identity.

> Claim 31. For every Boolean function f: {0,1}* — {0, 1}, there are at most 1/ many
a € {0,1}* such that Pr[f(U) = (a,z)] > 1/2 + /2.

Proof. This is equivalent to f(a) > ¢, where f(a) =B, [f(z)(=1){*®)]. Let L be the number
of such a’s. Then by Parseval’s identity, we have Le? < > ae{o,1} fla)? = E[f(z)?] < 1.
Rearranging gives L < 1/¢2. <

3.2.1 Proof of Theorem 30

Proof. Let (X',...,Y™) be a uniformly random input of IP§,"*. Let B be a width-w
permutation SOBP that agrees with IPEBZ" with probability 1/2 4 e. Our goal is to show that
w > 254"/4, For i € [m], let S; denote the state B reaches after reading X*. We will show
that I(S;; X?) > ef/4, from which the theorem follows from Lemma 28.
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To proceed, fix an i € [m]. Given an input (z!,y',...,2™,y™) of B, let 2 € ({0,1}¢)?m~!
denote all but the y’-th block of y, that is, z = (z!,...,y* " 2t 2L .. y™). We will use
the shorthand B(z,y") to denote B(z!,y',...,2™,y™). Given z € ({0,1}*)?"~! and an
auxiliary bit a € {0,1}, consider the function B, ,: {0,1}* — {0,1} defined by

B.o(y') = B(z,y') o P y') @ a. (2)

j>i

(One should think of a as a guess of the bit EBJ.Q.(xj, y7).) Let s; be the state reached by B
upon reading the prefix (z1,y! ..., 2%) € ({0,1}¢)%~1. Observe that we can compute B, ,(y*)
by simulating B starting from state s; on the remaining inputs (3, z**1,...,y™) and then
XORing its output with a.

We claim that with probability at least £/2 over (Z, A) ~ ({0,1}*)?™~1 x {0, 1}, we have

P By a(YH = (X" V)| >1/2 2. 3
P [Bra) = (x| 21724 e (3)

To see this, note that A is a correct guess of the bit EBjQ(a:j, y7) with probability 1/2, i.e.

PrAN{O’l}[@jQ(a:j, y7) = A] = 1/2. Conditioned on A being the correct guess, it follows by
an averaging argument that with probability at least /2 over Z ~ ({0,1}¢)?™~! we have

p Bza(Y) = (X" YH|= P B(Z, YY) = (X', Y? X7, yi Xj,Yj}
R 2,4(Y") = ( >} YiN{gJ}Z[ (Z2,Y") = )+@< >+@( )
Jj>1 i<t
= Pr [B(Z,Yi):IP@k(Z,Yi)}21/24—5/2.
Yin{0,1}¢

Let us call the pair (z,a) good if it satisfies Equation (3). Note that for a good (z,a), by
Claim 31, there are at most 1/ many choices of r € {0, 1} such that

Pr |B.,(Y) = ,Yi]>12 2,
P (B =y 212 e

and 2’ is one of them, and thus we have the following claim.
> Claim 32. H(X"|S;,(Z,A) is good) < log(1/e?).
We will use the following fact behind the proof of Fano’s inequality.

> Claim 33 (Fano's inequality). Let X,Y,G be three random variables such that H(G |
X,Y) = 0. Then

HX|Y)=H(G|Y)+H(X | GY)

For a uniform (X1!,...,Y"™) ~ ({0,1}%)?™, let G := G(Z, A) be the indicator random
variable of whether (Z, A) is good. Let Z~; denote (X**1 ... Y™). Since X" is independent
of Z~; and A,

H(XZ | S;) = H(XZ | Siy Zsi, A).

Now, given S;, Z~;, A, and X*, we can compute Bz 4 and determine if (Z, 4) is good,
and thus we have H(G | S;, X*, Z~;, A) = 0. So by Claim 33,

H(X"|Si, Zsiy, A) = H(G | S, Zwi, A) + H(X' | G, S;, Zi, A). (4)
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We can bound the first term H(G | S;, Z~;, A) by H(G). For the second term, we apply
Claim 32 as follows:

H(X"| 8, Z5i, A,G) = Pr[G] - H(X' | Si, Z>i, A, G = 1)+ (1 = Pr[G]) - H(X" | Si, Z>i, A, G = 0)
< Pr[G] -log(1/€%) + (1 — Pr[G]) - H(X").

Applying both bounds to the right hand side of Equation (4) gives
H(X"| S, Zsi, A) < H(G) + Pr[G] - log(1/?) + (1 — Pr[G]) - H(X").

As Pr[G] > /2, we have H(G) < 2Pr[G]log(1/ Pr[G]) < 2Pr[G]log(2/e). Therefore,

I(X%8) = HXY) — H(X'|S;)
(X) H(X"|S;, Zsi, A)

H
Pr[G] - (H(X") —log(1/£%)) — H(G)
Pr|
(e

(
G- (H(XY) — log(1/e))
/2) - (E—4log(1/e)),

which is at least € - £/4 for £ > 8log(1/¢). It follows from Lemma 28 that

AVAR VARV

1ongZI(S¢;Xi)ZEm€/4. <

=1

3.3 Strong Average-Case Lower Bounds

We now prove Theorem 11. Assadi and N. [1] proved the following XOR Lemma for multi-
pass streaming algorithms.® In the case of one pass this is essentially the same as SOBPs.
Moreover, we observe that their argument also applies to permutation SOBPs.

» Lemma 34 ([1]). There exists an absolute constant €9 > 0 such that the following holds.
Let f:{0,1}™ — {0,1} be any function and let f&° be the XOR of £ copies of f on disjoint
(sequential) blocks. Suppose Pr[P(U) = f(U)] < 1/2+¢ for some e < &g for every permutation
SOBP P of width w. Then Pr[P(U) = f®¢(U)] < 1/2+ %7 for every permutation SOBP P
of width w.

Proof of Theorem 11. By Theorem 30, for every constant £y > 0, there exists a constant ¢
such that the function IP§,™ on 2¢m bits is (1/2 + &¢)-hard for permutation SOBPs of width
2=0m¢/8 By Lemma 34, the function IP™ on 2¢mk bits is (1/2 +sk/ )-hard for permutation
SOBPs of width 250"/8. Choosing ¢¢ to be a sufficiently small constant, k = Tlog. (1/¢),
and letting n := 2¢mk gives us a hard function on n bits that is (1/2+¢)-hard for permutation
SOBPs of width 2¢*/1°8(1/) for a universal constant c. |

3.4 Worst Case Lower Bounds Against Monotone Functions

Next, we show there are monotone functions (in fact, read-once DNFs) that are worst-case
hard for permutation SOBPs of exponential width.

» Proposition 17. Let f(z1,y1,...,%n,Yn) = V(i Ayi). Then every permutation SOBP
computing f has width at least 2™.

3 There is a mistake in the publicly available versions which has been corrected by the authors (2]
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Proof. Let B be a permutation SOBP computing f. We will show that in layer 2¢ (the state
after reading both variables in the ith term), there are 2¢ states reachable by strings that
have not yet satisfied a term. This holds vacuously for i = 0. Now suppose this holds for
term ¢ and let T; be the set of such states, and for b € {0,1} define

Tl[b] = {U € Voiy1 : JueT; st B[u,b] = U}.

We first observe that |T;[1]| = |T;[0]| = |T;| > 2 and T;[1] N T;[0] = 0. The first follows
since B is a permutation SOBP (and hence all states in T;[1] can have a single in-1-edge
and likewise for T;[0]) and the second follows via an extension argument, since otherwise B
fails to compute f. This implies |7;[10] U T;[00]| > 2|T;| again using that B is a permutation
SOBP. Finally, we observe that T;,; 2 T;[10] U T;[00] and hence |T;11| > 2! as claimed,
which completes the induction.

The “moreover” claim follows from inspection. <

3.5 Separating General SOBPs From Permutation ROBPs

We now give a function f that is computable by an arbitrary-order permutation ROBP of
constant width but is hard for any SOBP of exponential width.

» Proposition 35. Let D3 be the Dihedral group of order 6 with identity element e and
fix two reflections r,s such that r> = s> = e and rs # sr. Let S = {r,s,sr}. Consider
f:{0,1}*" — {0,1} defined by

flx,y) =W (rFrs¥t .. .pTrghn € §).

Then every general SOBP computing f has width at least 2™. Moreover, f can be computed
by a arbitrary-order permutation ROBP of width 6.

Proof. The “moreover” claim follows from the fact that any group product can be simulated
by a permutation ROBP of width equal to the group’s order. We now claim that for every
x # a2’ €{0,1}", there is a y € {0,1}" such that f(z,y) # f(2',y), and therefore any SOBP
must use 2" states to remember x after reading it.

First, consider the case where the Hamming weights of  and z’ have different parities.

Then by taking y to be the all-zero string 0" and using r?> = e, we have f(z,y) = r° and
f(a',y) = r'=" for some b € {0, 1}.

Now, suppose their parities are the same. Let i € [n] be the first position where = and
2’ differ, and without loss of generality assume z; = 1 (and so z; = 0). Let y = e;. Then
f(z,y) =rsrb and f(2',y) = sr!=? for some b € {0,1}, but s,sr € S and rsr,7s ¢ S. So in
either case we have f(x,y) # f(a',y). <
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A Read-Twice Permutation Branching Programs

We first show that read-twice permutation branching programs can compute polynomial width
arbitrary-order ROBPs in subexponential width. This follows from Bennett’s simulation in
reversible computation [4], but here we have to take into account the number of reads of
the program. We remark that the proof of this result implicitly uses permutation branching
programs where the bound on the number of accept states is much smaller than the width
bound [29].

» Proposition 15. Let f: {0,1}" — [w] be computable by an arbitrary-order ROBP B of

width w. Then for every k € N, f is computable by a read-(2%) permutation branching
/ . (k+1)n1/k

program B’ of width w .

Proof. As both programs can read inputs in arbitrary order, by permuting the indices of =
we can without loss of generality assume B is a SOBP. Given a SOBP O of width w, we
first how to simulate it using a permutation read-2 BP P of width w™ for some m < v/2n,
in which every state is represented by an m-tuple in [w]™. We will show that every step
in P is reversible, that is, for every state st_; € [w]™ in P, not only can we compute
st := By(s}_y, i) given sf_;, but we can also compute s;_; given s} and (), where
i(t) € [n] is the coordinate of = read by P at the t-th step. One can verify that this is

equivalent to the condition that P is a permutation program.
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We construct P as follows. At each step, P remembers the at most m out of the n states
reached by O. Let s; € [w] be the state reached by O after reading 1, ..., z;. The program

P first reads 1, ..., 2, to compute and store the m states (si1,...,$my) € [w]™ reached by
O in the first m steps. Knowing s,,_2, we can read z,,_1 again to erase s,,_; from the
memory, reaching the state (si,...,8m—2,0, $m). Knowing s,,_3, we can read z,,_o again
to erase S,,_2, reaching (s1,...,8m—3,0,0, ;). More generally, after reading x,,—2,...,21
the second time 4, we can erase s,,_1,...,s; from memory and we are left with
(0,...,0,58m).

Now, given s,,, we read the next m — 1 bits z,,41,...,Z2m—1 to compute and store
(Sm+t1y---s82m—1,8m). Using a similar strategy, we can read am—2,...,ZTm+1 again to
erase Somm—2, - .., Sm+1 {rom memory, giving us

(07 ceey 07 S2m—1, Sm)

Continuing, we can compute (sy=m i’SZm i+ 82m—1, Sm) reversibly with w™ states.
i=1 =2
Thus we can compute s,, as long as
m
m(m + 1
Si- mm+1)
; 2
=1
which holds when m = +/2n.
We just showed how to compute the m-tuple of states (sym SYT rees S2me1 Sm)
i=1 1=2
reversibly by reading the input twice. By reading the input another two times, from
(szm Sy ir-»82m—1,5m) We can erase everything but Sy = Sf(m) to com-
i=1 i= i=1
pute (s¢(m),0,...,0) reversibly. We now repeat the above strategy recursively to com-

pute (szm £y szm £y S2f(m)—1s 5f(m)) With a read-4 permutation program of width
i=1 =2

Dlimy J @)
By an inductive argument, we can compute the state s, of the read-once branching
program reversibly with a read-(2%) permutation program of width w™, whenever

EDIP IR IR (Y]
ig=11ip_1=1 i1=1

Choosing m > (k + 1)n'/*+1) completes the proof. <

A.1 Hardness for Read-Twice Permutation Programs

We now show that an exponential blow-up in the width in Proposition 15 is necessary. We
first restate the theorem.

» Theorem 16. For every read-twice ordering i : [2n] — [n], there exists a function
g:{0,1}™ — {0,1} computable by a reqgular ROBP of width O(1), such that every read-twice
permutation branching program P of width 9n'"* with read order i computes g correctly on at
most 1/2 + 2= Un'®) fraction of inputs.

4 Note that the order of how the bits are read matters. For example, without knowing s,,—2 we cannot
compute Spy—1 USing r;m—1.
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A 2-pass BP is a read-2 BP where the first read of all its n-bit input come before the
second read of any bit. We first prove an average-case lower bound against 2-pass permutation
programs of width 2V, where the second pass of the n-bit input is read in the same or the
reverse order as the first pass. We show that given any read-twice ordering of the input bits,

1/4

either y/n of the bits can be read in a read-once manner, or n'/* of the bits can be read in

the 2-pass manner described above. In either case, we can define our hard function on at

least n'/* bits and apply our average-case lower bounds. As both programs in the theorem
can read input bits in arbitrary order, by permuting the indices of the input we can assume

the indices in the first pass of the read are in increasing order.

A.1.1 From 2-pass lower bound to read-once lower bound

We obtain our 2-pass lower bound by a reduction to our read-once lower bound (Theorem 11)
based on an idea by David, Papakonstantinou, and Sidiropoulos [15].

» Proposition 36. Let P be a 2-pass permutation BP of width w that reads its first pass of the
input in the standard order, and its second pass in the same or reverse order as the first pass.
If Pr[P(U) = f(U)] > 1/2 + € for some f: {0,1}™ — {0,1}, then there exists a permutation
SOBP permutation program P’ of width w? such that Pr[P'(U) = f(U)] > 1/2 +¢/w.

» Corollary 37. There exists a function f: {0,1}" — {0,1} computable by a regular SOBP
of constant width that is (1/2 4+ 27V™)-hard against 2-pass permutation BPs of width 2°V™
that reads its second pass of the input in the same or reverse order as the first pass for a
universal constant c.

Proof. Let f be the function in Theorem 11 with ¢ = 2-(+9V7  which is hard against
permutation SOBPs of width 2(c'/(1+e)Vn for some universal constant c. Suppose f is
not (1/2 4+ 2-V™)-hard against a 2-pass permutation SOBP of width w = 2°V”. Then by
Proposition 36, f is not (1/24 2~ (+)V")_hard against a permutation SOBP of width 22¢v™,
Choosing ¢ such that 2¢ < ¢//(1 + ¢), we get a contradiction. <

Proof of Proposition 36. We first handle the case where the second pass is in the same
order as the first pass. Suppose

Pr[P(U) = f(U)] = Pr[P(U) # f(U)] > ¢

Let V,, be the layer P reaches after making its first pass on z. By an averaging argument,
there must be a state v* € V,, such that

Pr[( (U) = JU >)AP%< )] = Pr[(P(U) # £(U)) A Popor (U)]
1

( = F(U)) A Po(U)] = Pr[(P(U) # F(U)) A P-u(U)])
> W(Pr [PU) = (U] = Pr[P(U) # F(U)])
> =
= Vil

For b € {0, 1}, consider the new function P} that outputs P(x) if P,-(z) =1 and outputs b
otherwise. Note that adv(P}, f) > ¢/|V,,| for one of the b € {0,1}. Assume b = 0 without
loss of generality.
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We now show that the function P} can be computed by a permutation SOBP of width
w? as follows. Its i-th layer V! is V; X V4. Its start state is (vo, v*). Its accept states are
Ve i={(v1,02) : (v1 = 0* Avg € Viee) }

acc

To handle the case where the second pass is in the reverse order, we use a similar idea.

Suppose
PrP(U) = f(U)] - Pr[P(U) # f(U)] > .

Let Viaee C Vo, be the set of accept states in the final layer. By an averaging argument, there
must be a state v* € V.. such that

€
Pr{Poe (U) = F(0)] = P[P (0) # 1(0)] 2
We now show that the function P_,,~ can be computed by a permutation SOBP program
of width w?. Here we use the fact that P is a permutation BP, where we can reverse the
transitions in the program as follows. Define the reversed transition P=1: V. x {0,1} — V,_4

to be P [v,, 2] := v,_1, where v,_1 is the unique state v € V,._ such that P,[v,_1,2,] = v,.
To implement P_,,-, its i-th layer V/ is V; x Va,_;. Its start state is (vg,v*) € Vi X Vay,.

Its transition P} : V/_ | — V/is P/((v1,v2),2;) = (P;(v1,2:), P, ;. (02, 2;)). Its accept states

are V) . := {(v1,v2) : v1,v2 € V}, : v1 = v2)}. <

A.1.2 From 2-pass lower bound to read-2 lower bound

We follow a similar idea that is used in [24]. Given a read-2 sequence, by permuting the
indices of the input bits, we may assume the first pass is in increasing order. We will show that
it contains a subsequence of the form i1iqigis - - - Jabyms In which case we can define the hard

function on z;,, .. and applying our read-once lower bound on y/n bits, or it contains a

.y .’I}iﬁ
2-pass subsequence of the form iy - - 4 /mis(1) - i,(/m) for some permutation o: [\/n] = [v/n],
in which case by the Erdds-Szekeres theorem (Theorem 38 below), the sequence iy (1 - - - T (/)
must contain a monotone subsequence i, - of length n'/* — 1, and so the read-2

1/4

T Y
sequence contains a 2-pass sequence on n/* — 1 bits where the second pass is in the same or
reverse order as the first pass. So we can apply our 2-pass lower bound.

Before proving Theorem 16, we first state the Erd6s—Szekeres theorem, which will be
used in our proof.

» Theorem 38 (Erdés—Szekeres [20]). For any integers s and r, any sequence of distinct real
numbers of length sr 4+ 1 contains a monotonically increasing subsequence of length s+ 1 or
a monotonically decreasing subsequence of length r + 1.

Proof of Theorem 16. Let s € [n]?" be a read-2 sequence. For i € [n], let pos!(i) and pos?(i)
be the locations of the first and second occurrence of i, respectively. Partition the 2n indices of

the sequence into \/n blocks By, : k € [/n], where By, := [pos' ((k—1)y/n+1) : pos!(kv/n)—1].

We consider two cases.

Suppose each block contains both occurrences of some element. That is, for each block
By : k € [\/n], we have pos!(iy),pos®(ix) € By for some i, € [n]. Then s contains the
subsequence

it e
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We define g(z) := f(zi,,...,>; ), where f is the hard function defined in Theorem 11 (but

on \/n bits). Let P be a read-2 permutation BP of width 2n/8 < 27" which reads its input
in the order given by s. By Theorem 11, we have that Pr[P(U) = g(U)] < 1/2 + 29—
and g is computable by a regular ROBP of constant width.

Otherwise, some block does not contain both occurrences of any element. In other words,
there exists a block By such that none of pos?((k — 1)y/n + 1), ..., pos?(ky/n) lies in By. In
this case, s contains the 2-pass subsequence

(k= 1)+ 1) - (k) -0 (k= DV -+ 1) - (k)

for some permutation o on the \/n elements in the subsequence. Applying the Erdés—Szekeres
theorem to the second half of the subsequence, we obtain a 2-pass subsequence on n'/4 — 1
elements from s where the second pass in the same or reverse order as the first pass. As in
the previous case, by defining g to be the hard function f in Theorem 11 on these n'/4 — 1
bits, we conclude that Pr[P(U) = g(U)] < 1/2 + 2-2(n"%) for any read-twice permutation
program reading its input in the order given by s, and g is computable by a regular ROBP
of constant width. |
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