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—— Abstract

The Iterated Immediate Snapshot model (IIS) is a central model in the message adversary setting.
We consider general message adversaries whose executions are arbitrary subsets of the executions of
the IIS message adversary. We present a complete and explicit characterization and lower bounds
for solving set-agreement for general sub-IIS message adversaries.

In order to have this characterization, we introduce a new topological approach for such general
adversaries, closely associating executions to geometric simplicial complexes. This way, it is possible
to define and explicitly construct a topology directly on the considered sets of executions. We believe
this topology by geometrization to be of independent interest and a good candidate to investigate
distributed computability in general sub-IIS message adversaries, as this could provide both simpler
and more powerful ways of using topology for distributed computability.
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1 Introduction

The k—set-agreement problem is a standard problem in distributed computing and it is
known to be a good benchmark for topological approaches. The k—set-agreement problem is
a distributed task where processes have to agree on no more than k different initial values.
The set-agreement problem is the k—set agreement problem with &£+ 1 processes. A review by
Raynal can be found in [23]. Since the seminal works of Herlihy-Shavit, Borowsky-Gafni and
Saks Zaharoglou [14, 3, 25], using topological methods has proved very fruitful for distributed
computing and for distributed computability in particular. In the shared memory model,
the impossibility of wait-free k—set agreement for more than k + 1 processes is one of the
crowning achievements of topological methods in distributed computing.

Since those first results, the topological framework has been refined to be presented in a
more effective way. In particular, the Iterated Immediate Snapshot model (IIS) is a special
message adversary that has been proposed as a central model to investigate distributed
computability. In this paper we consider the set-agreement problem in the context of message
adversaries defined as subsets of executions of the IIS message adversary.
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1.1 Main Contributions

The main contribution is the first complete and explicit characterization of sub-IIS message
adversaries for which set-agreement is solvable. We introduce in Section 3 a geometrization
mapping geo that associates a point in RY (with a large enough N) to any execution of
11S,,, the set of IIS executions for n + 1 processes. The characterization of Th. 26 states
that set-agreement is solvable for M C 115, if and only if the geometrization of M has
a “hole”, i.e. geo(M) is a strict subset of the convex hull of S”, the simplex of dimension
n. In Section 4, we describe and prove important properties of the geometrization geo. In
particular we give a combinatorial description of the sets geo~!(z), for € RV, in Th.25.
Interestingly, we show that these sets can have only three possible size: 1, 2 and infinite size.
Together with the previous theorem, this gives a explicit and complete characterization of
the subsets of the executions of the IIS message adversary for which set-agreement is solvable.
We also apply our technique to derive new lower bounds for general message adversaries
solving set-agreement.

The geo mapping is central to our characterization. The second main contribution is
to show that there is a natural topological interpretation of this mapping. Using geo, we
present in Section 3 a new topology that is defined directly on the set of IIS executions. We
believe this topology by geometrization to be of independent interest and a good candidate
to investigate distributed computability in general sub-IIS message adversaries, as this could
provide both simpler and more powerful ways of using topology for distributed computability
of any task.

In order to handle general message adversaries, we consider here simplicial complexes
primarily as geometric simplicial complexes. The standard chromatic subdivision is the
combinatorial topology representation of one round of the Immediate Snapshot model. Its
simple and regular structure makes topological reasoning attractive. In this paper, we
introduce a new universal algorithm and show its relationship with the standard chromatic
subdivision as exposed in the geometric simplicial complex setting. This new algorithm
is called the Chromatic Averaging algorithm, it averages with specific weights vectors of
RY at each node. Running the Chromatic Average Algorithm in the I1S,, model yields a
geometric counterpart in RV to any given infinite execution of I1S,. The geometrization
mapping geo(w) of an execution w € I1S,, is defined as the convergence value of running the
Chromatic Average Algorithm under execution w.

The topology on the set of executions is then the topology induced from the standard
topology in RY by the mapping geo : the open sets are pre-images geo~!(Q2) of the open sets
Q of RY. The standard euclidean topology of RY is simple and well understood, however,
since geo is not injective, it is necessary to describe so-called “non-separable sets” in order
to fully understand the new topology. In topology, two distinct elements x,y are said to
be non-separable if for any two neighbourhoods Q, of z and €, of y, we have Q, N Q, # 0.
In our setting, two executions are non-separable when they have the same image via the
mapping geo, we call such pre-image sets geo—classes. Understanding those sets is central to
the characterization of solvability of set-agreement. It is also central to precisely describe the
properties of the geometrization topology. So we introduce first the geometrization topology
and in Section 4, we investigate the geo—classes. In Section 5, we apply our framework
to derive the characterization of computability of set-agreement and lower bounds. In the
conclusion, we discuss the perspective of possible application of the geometrization topological
framework to arbitrary tasks.
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1.2 Related Works

In [9], the “two generals problem”, that is the consensus problem for two processes is
investigated for arbitrary sub-IIS models by Godard and Perdereau. Given that consensus for
two processes is actually set-agreement, the characterization of solvability of set-agreement
presented here is a generalization to any number of processes of the results of [9].

One of the most advanced results toward the investigation of general sub-ISS adversary
are presented in the work of Kuznetsov and Rieutord [24, 17]. Their adversaries are iterated
and are related to so-called affine task. Our work consider more general sub-IIS adversaries,
including non-iterated adversaries, but the distributed computability is presented only for
the set-agreement task.

In [8], Gafni, Kuznetsov and Manolescu investigate models that are more general subsets
of the Iterated Immediate Snapshot model, where the execution sets are closed under a
specific relation. We believe our tools can provide a simpler, and less error-prone (see [9,
Section 5.1]), framework to investigate distributed computability of sub-IIS models. In
particular, their closure relation is nicely interpreted here as exactly the non-separability
relation of the geometrization topology.

In a series of works, averaging algorithms to solve relaxed versions of the Consensus
problem, including approximate Consensus, have been investigated. In [6], Charron-Bost,
Fiigger, and Nowak have used matrix oriented approaches to show the convergence of
different averaging algorithms. We use a similar stochastic matrix technique here to prove
the convergence of the Chromatic Average Algorithm. In [7], Fiigger, Nowak and Schwarz
have shown tight bounds for solving approximate and asymptotic Consensus in quite general
message adversaries.

In [20], Nowak, Schmid, and Winkler propose knowledge-based topologies for all message
adversaries. It is then used to characterize message adversaries that can solve Consensus.
The scope of [20] is larger than the scope of this paper, however, note that contrary to
those topologies, that are implicitly defined by indistinguishability of local knowledge, the ge-
ometrization topology here is explicitly defined and fully described by Th. 25. Recently, in [2],
Attiya, Castaneda and Nowak presented a corrected version of the general characterisation
of [8] in this framework. They also give as application a characterisation for set-agreement
based upon terminating subdivisions [2, Thm. 4.2]. We believe the characterisation given
in Thm. 26 to be more precise. An interesting open question would be to compare the
geometrization topology to the knowledge-based ones defined in [20, 2].

2 Models and Definitions

2.1 Message Adversaries

We introduce and present here our notations. Let n € N, we consider systems with n 4 1
processes. We denote II,, = [0,..,n] the set of processes. Since sending a message is an
asymmetric operation, we will work with directed graphs. We recall the main standard
definitions in the following.

We use standard directed graph (or digraph) notations: given G, V(G) is the set of
vertices, A(G) C V(G) x V(G) is the set of arcs.

» Definition 1. We denote by G,, the set of directed graphs with vertices in I1,,.

A dynamic graph G is a sequence G1,Ga,--- ,G,,--- where G, is a directed graph with
vertices in IL,. We also denote by G(r) the digraph G,. A message adversary is a set of
dynamic graphs.
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Since that n will be mostly fixed through the paper, we use II for the set of processes
and G for the set of graphs with vertices II when there is no ambiguity.

Intuitively, the graph at position r of the sequence describes whether there will be, or not,
transmission of some messages sent at round r. A formal definition of an execution under a
scenario will be given in Section 2.3.

We will use the standard following notations in order to describe more easily our message
adversaries [21]. A sequence is seen as a word over the alphabet G.

» Definition 2. Given A C G, A* is the set of all finite sequences of elements of A, A¥ is
the set of all infinite ones and A>® = A* U A¥.

Given G € 6%, it G = HK, with H € G, K € G, we say that H is a prefiz of G, and K
a suffiz. Pref(G) denotes the set of prefixes of G. An adversary of the form A¥ is called an
oblivious adversary or an iterated adversary. A word in M C G¥ is called a communication
scenario (or scenario for short) of message adversary M. Given a word H € G*, it is called a
partial scenario and len(H) is the length of this word. The prefix of G of length r is denoted
Gy, (not to be confused with G(r) which is the r-th letter of G, it the digraph at time r).

The following definitions provide a notion of causality when considering infinite word
over digraphs.

» Definition 3 ([5]). Let G a sequence G1,Ga,-++ ,Gy,---. Let p,q € II. There is a journey
in G at time v from p to q, if there exists a sequence pg,p1,...,p: € I, and a sequence
r<ipg<iy <---<iy €N where we have

Po=D,Pt =4,

for each 0 < j <t, (pj—1,p;) € A(Gi,)

This is denoted p«é q. We also say that p is causally influencing q from round r in G.

2.2 Iterated Immediate Snapshot Message Adversary

We say that a graph G has the Immediacy Property if for all a, b, ¢ € V(G), (a,b), (b, c) € A(G)
implies that (a,c) € A(G). A graph G has the containment Property if for all a,b € V(G),
(a,b) € A(G) or (b,a) € A(G).

» Definition 4 ([12]). We set IS,, = {G € G,, | G has the Immediacy and Containment pro-
perties}. The Iterated Immediate Snapshot message adversary for n + 1 processes is the
message adversary 11S, = I57.

The Iterated Immediate Snapshot model was first introduced as a (shared) memory
model and then has been shown to be equivalent to the above message adversary first as
tournaments and iterated tournaments [4, 1], then as this message adversary [12, 13]. See
also [22] for a survey of the reductions involved in these layered models.

We show how standard fault environments are conveniently described in our framework.

» Example 5. Consider a message passing system with n 4 1 processes where, at each round,
all messages could be lost. The associated message adversary is G

» Example 6. Consider a system with two processes {o, } where, at each round, only one
message can be lost. The associated message adversary is {o«>e, o<—e o—e}¥. This is I15].
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2.3 Execution of a Distributed Algorithm

Given a message adversary M and a set of initial configurations Z, we define what is an
execution of a given algorithm A subject to M with initialization Z. An execution is
constituted of an initialization step, and a (possibly infinite) sequence of rounds of messages
exchanges and corresponding local state updates. When the initialization is clear from the
context, we will use scenario and execution interchangeably.

An execution of an algorithm A under scenario w € M and initialization ¢ € Z is the

following. This execution is denoted ¢.w. First, ¢ affects an initial state to all processes of II.

A round is decomposed in 3 steps: sending, receiving, updating the local state. At round
r € N, messages are sent by the processes using the SendA11 () primitive. The fact that the
corresponding receive actions, using the Receive () primitive, will be successful depends on
G = w(r), G is called the instant graph at round r.

Let p,q € II. The message sent by p is received by ¢ on the condition that the arc

(p,q) € A(G). Then, all processes update their state according to the received values and .A.

Note that, it is usually assumed that p always receives its own value, that is (p,p) € A(G)
for all p and G.

Let w € M, € Z. Given u € Pref(w), we denote by sp(c.u) the state of process p at
the len(u)-th round of the algorithm A under scenario w with initialization ¢. This means
that s,(t.€) represents the initial state of p in ¢, where ¢ denotes the empty word.

A task is given by a set Z of initial configurations, a set of output values Out and a
relation A, the specification, between initial configurations and output configuration!'. We
say that a process decides when it outputs a value in Out. Finally and classically,

» Definition 7. An algorithm A solves a Task (Z,Out,A) for the message adversary M if
for any v € T, any scenario w € M, there exist u a prefiz of w such that the states of the
processes out = (so(L.w), ..., s,(r.w)) satisfy the specification of the task, ie tAout.

3 A Topology by Geometrization

In this paper we present a new topological approach for investigating distributed computability.

It extends the known simplicial complexes-based known method for finite executions to
infinite executions without considering infinite additional complexes like in [8]. This enables
to define directly a topology on the set of executions of the standard Iterated Immediate
Snapshot model I15,,.

3.1 Combinatorial Topology Definitions
3.1.1 Geometric Simplicial Complexes

Before giving the definition of the geometrization topology in Sect. 3.2.2, we state the
definition of simplicial complexes, but not first as abstract complex, as is usually done
in distributed computing, but primarily as geometrical objects in RY. This is the reason
we call this definition the geometrization topology. Intuitively we will associatea point in
RY to any execution via a geometrization mapping geo. The geometrization topology is
the topology induced by geo™! from the standard topology in R™. This also makes geo

! Note that the standard definition in the topological setting involves carrier map that we do not consider
here for we will consider only one specific task, the Set Agreement problem.
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continuous by definition. In the standard approach, geometric simplices are also used but
they are introduced as geometric realizations of the abstract simplicial complexes. As will be
seen later, when dealing with infinite complexes, the standard topology of these simplices
does not enable to handle the computability of distributed tasks since we will need to define
an other topology. We show that the topology on infinite complexes, as defined in standard
topology textbook, is different from the one we show here to be relevant for distributed
computability. Note that to be correctly interpreted, the topology we construct is on the set
of infinite executions, not on the complexes corresponding to finite executions.

The following definitions are standard definitions from algebraic topology [19]. We fix
an integer N € N for this part. We denote ||z|| the euclidean norm in RY. For a bounded
subset X C R™, we denote diam(X) its diameter.

» Definition 8. Let n € N. A finite set 0 = {xg,...,2,} C RY is called a simplex of
dimension n if the vectors {x1 — xo,...,Tn — To} are linearly independent. We denote by |o|
the convex hull of o.

» Definition 9 ([19]). A simplicial complex is a collection C' of simplices such that:

(a) Ifoc e C and o' C o, then o’ € C,

(b) If o,7 € C and |o| N |7| # O then there exists o’ € C such that |o| N |7| = |o’],
o Co,d Cr.
We denote :Ct = |J |S], this is the geometrization of C.

SeC
Note that these definitions do not require complexes to be a finite collection of simplices.

The simplices of dimension 0 (singleton) of C' are called vertices, we denote V(C') the set of
vertices of C. A complex is pure of dimension n if all maximal simplices are of dimension
n. In this case, a simplex of dimension n — 1 is called a facet. The boundary of a simplex
o ={zo,...,zn} is the pure complex ;¢ (o, {z; | 7 € [0,n],i # j} of dimension n — 1. Tt is
denoted d(0), it is the union of the facets of o.

Let A and B be simplicial complexes. A map f: V(A) — V(B) defines a simplicial map
if it preserves the simplices, i.e. for each simplex o of A, the image f(o) is a simplex of B.
By linear combination of the barycentric coordinates, f extends to the linear simplicial map
f: 1At =B, which is continuous. See [19, Lemma 2.7].

We also have colored simplicial complexes. These are simplicial complexes C' together
with a function x : V(C) — II such that the restriction of x on any maximal simplex of C' is
a bijection. A simplicial map that preserves colors is called chromatic.

Finally, S. will denote “the” simplex of dimension n. Through this paper we assume a
fixed embedding in RY for S. = (z,...,z). We will also assume that its diameter diam(S.)
is 1.

3.1.2 The Standard Chromatic Subdivision

Here we present the standard chromatic subdivision, [12] and [15], as a geometric complex.
We start with subdivisions and chromatic subdivisions.

» Definition 10 (Subdivision). A subdivision of a simplex S is a simplicial complex C' with
wWKr=15].

» Definition 11 (Chromatic Subdivision). Given (S,P) a chromatic simplex, a chromatic
subdivision of S is a chromatic simplicial complezx (C,Pc) such that

C is a subdivision of S(i.eCv = |S]),

Vo € V(S),Pc(z) = P(x).
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To=({z.}(Te)
Lo C{zo,z.}(x.) C{Eo,Io}(xO)

(a) Images by (y for various V C {o,e,e}. (b) Chr(S?).

Figure 1 Standard chromatic subdivision construction for dimension 2. On the left, the association
between an instant graph of IS> (top) and a simplex of Chr(S?) (grey area) is illustrated.

Note that it is not necessary to assume V(S) C V(C) here, since the vertices of the
simplex S being extremal points, they are necessarily in V(C).

We start by defining some geometric transformations of simplices (here seen as sets of
points). The choice of the coefficients will be justified later.

» Definition 12. Consider a set V = (yo, ...,yq) of size d+1 in RN. We define the function
Cv:V — RN by, for all j €[0,d]

d 1
Colyy) =z, ™ e
P e T e

4

We now define in a geometric way the standard chromatic subdivision of colored simplex
(S,P), where S = {zg,21,...,2,} and P(z;) = 1.

The chromatic subdivision Chr(S) for the colored simplex S = {xo, ..., z,} is a simplicial
complex defined by the set of vertices V(Chr(S)) = {¢v(z;) | i € [0,n],V C V(S),x; € V}.

For each pair (i,V), i € [0,n] and V C V(S), there is an associated vertex y of Chr(S),
and conversely each vertex has an associated pair. The color of (i,V) is . The set V is
called the view. We define ® the following presentation of a vertex y, ®(y) = (P(y), Vy)
where P(y) =i and V,, = V.

The simplices of Chr(S) are the set of d + 1 points {Cv; (x4, ), -, Cv, (x4,)} where

there exists a permutation 7 on [0, d] such that V) C --- C V(q),

If i; € P(V;) then V; C V,.

In Fig. 1, we present the construction for Chr(S?). For convenience, we associate
o,e, e to the processes 0, 1,2 respectively. In Fig. 1la, we consider the triangle x,, ., T
in R?, with 2, = (0,0), ze = (1,0), z. = (£, ¥3). We have that Caozar(@e) = (3,0),

2> 72
Clao,ee} (To) = (3,0) and (a4, 00y (2e) = (3, *1/—05) The relation between instant graph (top)
and simplex {(%, 0),(1,0), (3, ?)} (grey area) is detailed in the following section.

In the following, we will be interested in iterations of Chr(S™,P). The last property of
the definition of chromatic subdivision means with we can drop the C' index in the coloring
of complex C' and use P to denote the coloring at all steps. From its special role, it is called
the process color and we drop P in Chr(S,P) using in the following C'hr(S) for all simplices
S of iterations of Chr(S™).
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In [16], Kozlov showed how the standard chromatic subdivision complex relates to Schlegel
diagrams (special projections of cross-polytopes), and used this relation to prove the standard
chromatic subdivision was actually a subdivision.

In [12, section 3.6.3], a general embedding in R™ parameterized by ¢ € R is given for the
standard chromatic subdivision. The geometrization here is done choosing € =
to have “well balanced” drawings.

d .
5441 0 order

3.2 Encoding Iterated Immediate Snapshots Configurations
3.2.1 Algorithms in the Iterated Immediate Snapshots Model

It is well known, see e.g. [12, Chap. 3&4, Def. 3.6.3], that each maximal simplex S =
{Cvy(miy), -+, Cv, (z4,)} from the chromatic subdivision of S™ can be associated with a graph
of IS,, denoted ©(S). We have V(O(S)) = II, = [0,n] and set ©(Cy, (z;,)) = P(x;;).The
arcs are defined using the representation ® of points, A(©(S)) = {(4,7) |+ # 4, Vi C V;}. The
mapping @ will denote ©~1. We can transpose this presentation to an averaging algorithm
called the Chromatic Average Algorithm presented in Algorithm 1.

Algorithm 1 The Chromatic Average Algorithm for process i.

1Tz
2 Loop forever

3 SendA11((i, x));

4 V <Receive() // set of all received messages;

5 d < sizeof(V) —1 // i received d + 1 messages including its own ;
1— i S

6 | T= g T D ay)eviti drL i

Executing one round of the loop in Chromatic Average for instant graph G, the state of
process i is @} = (v, (z}), where V; is the view of ¢ on this round, that is the set of (j, ;) it
has received; with O({Cv, (z3), -+ , (v, (z)}) = G. See eg. in Fig. 1a, the simplex of the grey
area corresponds to the ordered sequence of views {xe} C {Ze, 2o} C {Ts, To, Ts }, associated
to the directed graph depicted at the top right. Adjacency for a given ¢ corresponds to the
smallest subset containing x;. By iterating, the chromatic subdivisions Chr"(S™) are given
by the global state under all possible r rounds of the Chromatic Average Algorithm. Finite
rounds give the Iterated Chromatic Subdivision (hence the name). This is an algorithm that
is not meant to terminate (like the full information protocol). The infinite runs are used
below to define a topology on I1S,.

The Chromatic Average algorithm is therefore the geometric counterpart to the Full
Information Protocol that is associated with Chr [12]. In particular, any algorithm can be
presented as the Chromatic Average together with a terminating condition and an output
function of x.

This one round transformation for the canonical S can actually be done for any simplex
S of dimension n of RY. For G € IS,,, we denote ug(S) the geometric simplex that is the
image of S by one round of the Chromatic average algorithm under instant graph G.

The definitions of the previous section can be considered as mostly textbook (as in [12]),
or folklore. To the best of our knowledge, the Chromatic Average Algorithm, as such, is
new, and there is no previous complete proof of the link between the Chromatic Average
Algorithm and iterated standard chromatic subdivisions. However, one shall remark that
people are, usually, actually drawing standard chromatic subdivisions using the Chromatic
Average Algorithm.
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3.2.2 A Topology for II1S,

Let w e IIS,,, w= G1G5---. For the prefix of w of size r, S a simplex of dimension n, we
define geo(w,.)(S) = pa, o pa,_, ©- -+ o e, (S). Finally, we set geo(w) = Tli_r}n()O geo(wy,)(S™).
We prove in Section A.1 that this actually converges.

We define the geometrization topology on the space I1S,, by considering as open sets the
sets geo~ () where Q is an open set of RY. A collection of sets can define a topology when
any union of sets of the collection is in the collection, and when any finite intersection of sets
of the collection is in the collection. This is straightforward for a collection of inverse images
of a collection that satisfies these properties.

A neighbourhood for point x is an open set containing x. In topological spaces, a pair of
distinct points x, y is called non-separable if there does not exist two disjoint neighbourhoods
of these points. The pre-images geo~!(x) that are not singletons are non-separable sets. We
will see that we always have non-separable sets and that they play an important role for task
solvability.

Subset of I1S,, will get the subset topology, that is , for M C IIS,,, open sets are the
sets geo~(Q) N M where (2 is an open set of RY. We set tM1 = geo(M) the geometrization
of M.

Note that the geometrization should not be confused with the standard geometric realiza-
tion. They are the same at the set level but not at the topological level, see in Section A.2.
At times, in order to emphasize this difference, for a simplex S € RY, we will also use I}
instead of |S|. The geometrization of C, denoted {C?, that is the union of the convex hulls
|o| of the simplices o of C, is endowed with the standard topology from R™. We also note
this topological space as 1C!.

4 Geometrization Equivalence

As will be be shown later, the geometrization has a crucial role in order to understand the
relationship between sets of possible executions and solvability of distributed tasks. In this
section, we describe more precisely the pre-images sets, that is subsets of 115, of the form
geoY(z) for z € |S"|. In particular, we will get a description of the non-separable sets of
execution.

4.1 Definitions

We say that two executions w,w’ € I1S,, are geo-equivalent if geo(w) = geo(w’). The set of
all w’ such that geo(w) = geo(w’) is called the equivalence class of w. Since the topology
we are interested in for 115, is the one induced by the standard separable space RY via

! mapping, it is straightforward to see that non-separable sets are exactly the

the geo™
geo-equivalence classes that are not singletons. In this section, we describe all equivalence

classes and show that there is a finite number of possible size for these sets.

We define the sets Solo(P), that correspond to subsets of instant graphs where the
processes in P C II have no incoming message from processes outside of P. We have
Solo(Il) = IS,,.

» Definition 13. In the complex Chr(S"™), with P C I, Solo(P) is the set of simplices
T € Chr(S™) such that ¥(p,q) € A(O(T)),q€ P=pe P.

15:9
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We denote by Ky the instant graph that is complete on II. An execution w is said fair for
P, w € Fair(P), if w € Solo(P)* and for all p,q € P, Vr € N, we have p~- q. Fairness for P
means that processes in P are only influenced by processes in P, and that 7;ny process always
influence other processes infinitely many times. We have the equivalent, and constructive
definition:

» Proposition 14. Let w € Solo(P)*. An execution w is Fair for P if and only if w has no
suffiz in UQ#@,QQP Solo(Q)“.

Proof. Assume we have a suffix s for w in Solo(Q)¥ with Q@ C P.Let p € P\ @ and r the
starting index of the suffix. Then Yq € Q, we must have p ~~ ¢ by definition of fairness for P.
Denote qg the first element of @ to be causally inﬂuenceélu by p at some time ¢ > r. So qg
receive a message from some p’ € II, p’ # qo at time ¢. Since s € Solo(Q)%, this means that
go can only receive message from processes in Q. Hence p’ € Q and p’ was influenced by p at
time ¢ — 1. A contradiction with the minimality of ¢p. So w is not in Fair(P).

Conversely, assume that w ¢ Fair(P). Then 3p,q € P,3s,Vr > s, —\p;%q. We set QQ as
the set of processes that causally influence ¢ for all r > s. We have p ¢ Q so Q C P. We
denote sg, a time at which no process of II'\ ) influence a process in ). By construction,
the suffix at step sg is in Solo(Q)*. <

4.2 First Results on Geometrization

We start by presenting a series of results about geometrization. Lemma 35 gives the following
immediate corollaries.

» Corollary 15. Let w a run in I1S,, then Vr € N, geo(w) € [geo(w),.)(S™)].

» Proposition 16. Let w,w’ two geo-equivalent runs in I1S,,, then Vr € N, geo(w),)(S™) N
geo(w!,)(S™) £ 0.

Proof. The intersection of the geometrizations |geo(w),.)(S")| and [geo(w],)(S")| contains at
least geo(w) by previous corollary. Since the simplices geo(w),.)(S™) and geo(w"r)(S”) belong
to the complex Chr"(S™), they also intersect as simplices. |

» Proposition 17. Let S a mazimal simplex of the chromatic subdivision ChrS™ that is not
O(K(IT)). Then there is P C 11 such that ©(S) € Solo(P).

Conversely we can describe Solo(P) more precisely. We denote by §(S™, P) the sub-
simplex of S™ corresponding to P C II. This is the boundary relative to P in S”, and we
have that (Jpcp 0(S™, P) = U, e 6(S™, 7\ p) = 6(S").

» Proposition 18 (Boundaries of Chr are Solo). Let P a subset of II. Then Solo(P) = {9 |
S a mazimal simplex of Chr(S™),|S| N |5(S™, P)| # 0}.

Proof. Denote ¢ such that Il = PU{q}. Then by construction, Solo(P) corresponds exactly
to the simplex where the processes in P do not receive any message from g, ie the simplex
intersecting the boundary §(S™, P). |

For a given size s of P, the Solo sets are disjoint, however this does not form a partition of
Chr. Finally, by iterating the previous proposition, the boundaries of S™ are described by
Solo(P)“.

» Proposition 19. Let P a subset of II. We have 1Solo(P)¥! = |§(S™, P)|.
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We can now state the main result that links geometrically fair executions and corresponding
simplices: in a fair execution, the corresponding simplices, that are included by convexity,
have to eventually be strictly included in the interior.

» Proposition 20 (Geometric interpretation of Fair). Let w an execution that is Fair for II,
then Vs € N, 3r > s € N, such that §(geo(ws)(S)) N geo(wy,.)(S) = 0.

Proof. Let s € N, and an execution w. We denote T' = geo(w),. Consider a process p € II,
for all process ¢ # p we have p~>q. Since w is fair in II, we can consider r > s the time at
which p is influencing all ¢ from ;Uound s. At his step, for all ¢ # p, the barycentric coordinate
of the vertex of geo(w),.(S) of colour ¢ relative to the vertex of geo(w),(S) of colour p is
strictly positive. This means that geo(w),(S) does not intersect 6(7',IT\ p).

Since w is fair in II, we can repeat this argument for any p € II. We denote the r*
the maximal such r and since (J,c; (T, 11\ p) = 6(T'), we have that §(geo(w|s)(S5)) N
geo(wy,+)(S) = 0. <

4.3 A Characterization of Geo-Equivalence

We start by simple, but useful, sufficient conditions about the size of geo-classes.

» Proposition 21 (Fair(Il) is separable). Let w € I1S,,, denote ¥ the geo-class of w. If w
is Fair on 11, then #% = 1.

Proof. Let w’ € ¥. We will show that w’ shares all prefixes of w. Let r € N. From Prop. 20
and Lemma 35, we get that geo(w) does not belong to the boundary of geo(w),)(S), nor
to the boundary of geo(w],)(S). Assume that w and w’ have not the same prefix of size r,
that is geo(w),.)(S) # geo(w],)(S). From Prop. 16 geo(w),.)(S5), geo(w|,)(S) have to intersect
(as simplices), and since they are different, they can intersect only on their boundary. This
means that geo(w) would belong to the boundary, a contradiction.

So they have the same prefixes and w’' = w. <

» Proposition 22 (Infinite Cardinal). Let n > 2. Let w, w' two distinct executions such that
geo(w) = geo(w') and there exist s € N such that Vr > s3Tgeo(wy,)(S) N geo(w],)(S) =T
with T' a simplex of dimension k < n — 2. Then, the geo-equivalence class of w is of infinite
size.

Proof. Let w, w' two executions with geo(w) = geo(w') and Vr > s, geo(w.)(S) N
geo(wl’r)(S) =T with T of dimension k£ < n — 2. Denote P the colors of T'. Since k < n — 2,
we have at least p; # pa € I\ P. The suffix at length s of w is in Solo(P).

Hence, for the processes in P, when running in w or w’, it is not possible to distinguish
these 3 cases about the induced subgraph by {p1, p2} in the instant graphs: p; < pa, p1 < p2
and p; — ps.

So Vr > s, we have 3 possible ways of completing what is happening on the induced
subgraph by processes in P in G € Solo(P). So we have infinitely many different executions,
the cardinality of the geo-class of w is infinite. <

Let’s consider the remaining cases. Let w € I1S,,, denote ¥ the geo-class of w.

» Proposition 23 (Boundaries of S™ are separable). If w is Fair on II\ {p} for some p € II
then #X = 1.
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Proof. We denote Q =IT\ {p}. We apply Prop. 21 for n — 1 to w’ the restriction of w to the
set of processes @) (this is possible by definition of Fair: no process of () receives message
from outside of Q). Since w’ satisfies the condition for Prop. 21 (by definition of Fair), which
means that the geo-class of w’ is of size 1.

Since there is only one unique way of completing an execution restricted to @) to one in
Solo(Q) (adding (g,p),Vq € Q), we get that there is only w in the equivalence class. <

A suffix of a word w is strict if it is not equal to w.

» Proposition 24. If w has only a strict suffic that is Fair on IL\ {p} for some p € II then
4y — 2.

Proof. We denote @ = IT\ {p}. We can write w = uav where u € IS}, a € IS, and v is
Fair on @ but av is not. We can choose u such that u has the shortest length.

We consider w’ such that geo(w’) = geo(w). Let r be the length of ua. We denote by
T the facet of geo(ua)(S™) with colors Q. Since v is Fair for Q, we can apply to v|g the
restriction of v to @ Prop. 20. So geo(w) is not on the boundaries of T' which means, from
Prop. 16, that either geo(wy,)(S") = geo(w),.)(S") either geo(wy,)(S") N geo(w),)(S") =T

In both cases, we can apply Prop. 21 to v’ the restriction of w to (). Which means that
there is only one restricted execution in ). Since there is only one way to complete to p,
there are as many elements in the class that simplices at round r that include T'. Since we
have a subdivision, we have exactly two simplices sharing the facet T

In the first case, this means that w/, = ua and w = w'.

In the second case, we have that wy, = ub for some b # a. We remark that if wl’P1 #u
this would contradict the minimality of u. Indeed, the prefixes of length r — 1 are different,
this means that av is Fair for Q. <

Using these previous propositions, and remarking that for any w, there exists P such
that w has a suffix in Fair(P), we can now present our main result regarding the complete
classification of geo-equivalence classes. Let n € N and ¥ a geo-equivalence class on S™. Then
there are exactly 3 cardinals that are possible for ¥ (only 2 when n = 1, the case of [9]):

» Theorem 25. Let w € I1S,,, denote 3 the geo-class of w.

Cy: Ifw is Fair onII or on IT\ {p} for some p € II, then #¥ = 1;

Ca: w has only a strict suffiz that is Fair on I1\ {p} for some p € I then #3 = 2;
Coo: otherwise % is infinite.

5 The Set-Agreement Problem

For all n, the set-agreement problem is defined by the following properties [18]. Given initial
init values in [0, n], each process outputs a value such that

Agreement the size of the set of output values is at most n,
Validity the output values are initial values of some processes,
Termination All processes terminates.

We will consider in this part sub-IIS message adversaries M, that is M C IIS,. It
is well known that set-agreement is impossible to solve on I1S,,, we prove the following
characterization.

» Theorem 26. Let M C I1S,,. It is possible to solve Set-Agreement on M if and only if
MU # S
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5.1 Impossibility Result

On the impossibility side, we will prove a stronger version with non-silent algorithms. An
algorithm is said to be non-silent if it sends message forever. Here, this means that a process
could have decided a value while still participating in the algorithm.

» Theorem 27. Let M C I1S,,. If My = U180 = |S™] then it is not possible to solve
Set-Agreement on M, even with a non-silent algorithm.

We will need the following definition from combinatorial topology.

» Definition 28 (Sperner Labelling). Consider a simplicial complex C that is a subdivision
of a chromatic simplex (S,x). A labelling A : V(C) — 11 is a Sperner labelling if for all
x € V(C), for all o C S, we have that x € |o| = Mx) € x(0).

» Lemma 29 (Sperner Lemma [26]). Let a simplicial complex C that is a subdivision of
a chromatic simplex (S, x) with Sperner labelling A\. Then there exists o € C, such that
Ao) =1L

A simplex o with labelling using all IT colors is called panchromatic.

Proof of Theorem 27. By absurd, we assume there is a non-silent algorithm A (in full
information protocol form) solving set-agreement on M. We run the algorithm on initial
inputs init(i) = i. We translate the full information protocol to the chromatic average,
non-silent form: the initial value of ¢ is x}; when the decision value is given, we still compute
and send the chromatic average forever. We can also assume a “normalized” version of the
algorithm: when a process receives a decision value from a neighbour, it will decide instantly
on this value. Such a normalization does not impact the correctness of the algorithm since
set-agreement is a colorless task.

The proof will use the Sperner Lemma with labels obtained from the eventual decision
value of the algorithm. However it is not possible to use directly the Sperner Lemma for the

“full subdivision under M” (which we won’t define), since this subdivision could be infinite.

The following proof will use Kénig Lemma to get an equivalent statement.

Given t > 0, we consider Chr'(S™) under our algorithm with initial values init(i) = i.

For any vertex, we define the following labelling A;: if the process ¢ has not terminated at
time t with state z € V(Chr'(S™)), then the Sperner label \;(x) = 4, otherwise it is the
decided value. Since the decided value depends only on the local state, the label of a vertex
at time t is independent of the execution leading to it. The goal of the following is to show
that there is an entire geo-equivalence class that does not belongs to M.

By Integrity property, we have that the value decided on a face of S™ of processes i1, ..., iy,
ie for Solo(i1,...,i,)* are taken in iy,...,4,. From Prop. 19, at any ¢, this labelling defines
therefore a Sperner labelling of a (chromatic) subdivision of S.

We consider the set S of all simplices S of dimension n of Chr(S™), for all t. For a given
t, from Sperner Lemma, there is at least a simplex of Chr'(S™), that is panchromatic. There
is therefore an infinite number of simplices S that are panchromatic in S. We consider now
T C S, the set of simplices T' € S such that there is an infinite number of panchromatic
simplex S such that |S| C |T'|. Note that T needs not be panchromatic. Since the number of
simplices of Chr'(S™) is finite for a given ¢, there is at least one simplex of Chr’(S™) that is
in 7. Therefore the set 7 is infinite.

We build a rooted-tree structure over 7 the root is S (indeed it is in T'), the parent-child
relationship between T' and T” is defined when 7" € Chr(T'). We have an infinite tree with
finite branching. By Konig Lemma, we have an infinite simple path from the root. We denote

15:13

DISC 2023



15:14

A Topology by Geometrization for Sub-11S Message Adversaries

T; the vertex at level ¢ of this path. We have |Ty41| C |T;| and (T})ien converges (same
argument as the end of Section A.1) to some y € |S™|. The increasing prefixes corresponding
to T} define an execution w of I1S,,.

We will now consider two different cases, not on the fact whether or not, w € M, but on
the result of A on execution w.

For first case, assume that algorithm A has eventually decided on all processes on run
w at some time ¢y. Since it could be that w ¢ M, we cannot conclude yet. But since all
processes have decided, they do not change their label in subsequent steps. By definition,
Ty, = geo(w), (S™) contains an infinite number of panchromatic simplices, i.e. at least one.
So the simplex geo(wy, (S™) is panchromatic. Hence any run with prefix wy,, cannot be in
M, since A solves set-agreement on M. Therefore w’ = w);,Kf; ( where Ky is the complete
graph), is a fair execution that does not belong to M. Its entire geo-equivalence class, which
is a singleton, is not in M.

The second case is when algorithm A does not eventually decide on all processes on run
w. Therefore w ¢ M. Now we show that all elements w’ of the geo-class of w are also not in
M. Assume otherwise, then A halts on w’. By Prop. 16, at any ¢, the simplex corresponding

to w{, intersects T; on a simplex of smaller dimension whose geometrization contains y.

Conslitder to such that the execution has decided at this round for w’. Consider now T} 11,
it intersects the decided simplex of Chr'(S™) corresponding to w’, which means that the
processes corresponding to the intersection were solo in w'(to 4+ 1) and in w(tp + 1). When a
process does not belong to a set of solo processes of the round, it receives all their values.
So by normalization property of algorithm .A, this means that in T} 41, all processes have

decided. A contradiction with the fact that A does not decide on all processes on run w. <«

This impossibility result means that there are many strict subsets M of I1S,, where it is
impossible to solve set-agreement, including cases where 115, \ M is of infinite size.

5.2 Algorithms for Set-Agreement

In this section, we consider message adversaries M that are of the form I15,, \ geo™!(y) for a
given y € |S™|. We note w € IS, such that geo(w) = y. We have w ¢ M. In other words,
M =118, \ C, where C = geo~!(geo(w)) is the equivalence class of w. We also denote o ()
the simplex geo(w),.)(S™).

5.2.1 From Sperner Lemma to Set-Agreement Algorithm

Remark that the protocol complex at time r is exactly Chr"(S™), there is no hole “appearing”

in finite time for such M. From Sperner Lemma, any Sperner labelling of a subdivision of S™
admits at least one simplex that is panchromatic. In order to solve set-agreement, the idea
of Algorithm 2 is to try to confine the panchromatic, problematic but unavoidable, simplex
of Chr*(S™) to o, (r). Since the geo-class of w is not in M, any execution will eventually
diverge from o,(r) and end in a non panchromatic simplex. We now define a special case
of Sperner labelling of the Standard Chromatic Subdivision that admits exactly one given
simplex that is panchromatic.

We consider the generic colored simplex (S, x) where S = (zo,...,2,) and coloring
function y, that could be different from P. We consider labellings of subdivisions C of S.

» Definition 30. Let 7 € C a subdivision of S. f:V(T') — II is a Sperner 7—panlabelling
if: [ is a Sperner labelling of C; for all simplex o € C, f(o) =11 if and only if o = 7.

» Proposition 31. Let 7 be a face of Chr(S, x), there exists a T—panlabelling A of Chr(S, x).
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Algorithm 2 Algorithm A,, for process .

1zz;7r+ 0
2 Loop while x € V(geo(w),.)(S")
3 1+ 1;

4 Send((i,x));

5 V <Receive() // set of all received messages;

6 d < sizeof(V) —1 // i receives d + 1 messages ;
1— 52— 1+ 52—

7 T = d-szl T+ Z(j,wj)EV,j#i djfifrl Zyj;

8 Output: W, (r)(z);

This technical proposition is proved in the appendix. Denote A, (S, x) such a Sperner
7—panlabelling of Chr(S, x).

Before stating the algorithm, we show how to construct a sequence of panlabellings for
Chr"(S™). Let r € N, we denote ¥,,(r) the following labelling defined by recurrence.

Intuitively, it is the following labelling. In Chr"(S™), we have o, (r) that is panchromatic,
all other simplices using at most n colors. In Chrr“(S"), we label vertices that do not
belongs to the subdivision of g, (r) by the labels used at step r. In vertices from Chroy(r),
we use Ag(y(r+1)) the Sperner 7—panlabelling associated with 6(w(r + 1)) to complete the
labelling that uses at most n colors on a given simplex, except at o, (r). In order to simplify
notation, we also note Ag the labelling A\g(). Of course, we apply A, (r41) using as input
(corner) colors, the colors from ¥,,(r). This way, on the neighbours of o, (r) the labelling is
compatible.

We denote v, (z) the precursor of level r of 2 € V(Chr" ™' (S™)), that is the vertex of
V(Chr"(S™)) from which z is originating.

» Definition 32. We set W, (1)(x) = A\y)(S",P)(x) for all z € V(Chr"(S")), and for
r € N*

Uu(r+1)(p) = Yu(r)(v(2) if z ¢ [geo(w),)(S")]
Aw(r+1) (Y (r)(0y (1)) (@) if x € |geo(w),)(S"))|

» Proposition 33. For allr, W, (r) is a Sperner o,(r)—panlabelling of Chr" (S™).

Proof. The proof is done by recurrence. The case r = 1 is Prop 31. Assume that W, (r) is a
Sperner o, (r)—panlabelling of Chr” (S™).

Consider now W, (r + 1) for Chr" T (S™). By construction and recurrence assumption,
panchromatic simplices can only lay in [0, (r)[. Since A, (r41) is a Sperner panlabelling
and that the corner colors for o, are taken from ¥, (r), we have that o,(r) is the only
panchromatic simplex of Chr" T (S™). <

We now prove the correctness of A, presented in Algorithm 2. Consider an execution
v € M. For Termination: since elements of the geo-class of w are not in M, there exists a
round r at which v, # wl’T for all w’ € geo~!(geo(w), i.e. the conditional at line 2 is false
for all processes and the algorithm is terminating. For Agreement: when terminating at
round 7, ¢ is not in o, (r), by loop conditional, so since ¥,,(r) is only panchromatic on o, (r),
the number of decided values is less than n. Integrity comes from the fact that W, (r) is a
Sperner labelling.
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5.2.2 Lower Bounds

It is possible to use the impossibility result to prove the following lower bound. Algorithm 2
is therefore optimal for fair w.

» Theorem 34. Let A be an algorithm that solves set-agreement on M = I1S,,\geo™!(geo(w))
with w € I1S,. Then, for any execution v € M, t € N, such that v, = w"t for some
w' € geo~t(geo(w)), A has not terminated at t.

Proof. Suppose A has decided on all process at t, with v, = wl’t for some w’ € geo~t(geo(w)).
So A solve set-agreement on w’. A contradiction with Th. 27 since WM U {w'h = |S"|. <

6 Conclusion and Implications for Topological Methods

In this note, we have presented how to construct a topology directly on the set of execu-
tions of I1S,, the Iterated Immediate Snapshot message adversary. Though this is not a
simple textbook topology as usual, since there are non-separable points, the properties we
presented enables to fully understand it. As a important application on using the underlying
geometrization mapping geo, we were able to characterize precisely for the first time general
subsets of 115, where set-agreement is solvable and give a topological interpretation of this
result.

We also believe this new approach could be successfully applied to other distributed
tasks and distributed models. When considering the input complex embedded in RY, the
geometrization topology could be applied on all simplices, in effect providing a new topological
framework for so called protocol complex. This could be done by applying the Chromatic
Average algorithm. This was not detailed here as we did not need it to investigate set-
agreement. Moreover, note that this construction works also for any model of computation
that corresponds to a mesh-shrinking subdivision.

This geometrization topology provides also a nice topological interpretation for the
characterization theorem. In particular the topology as defined here is the coarsest topology
such that the mapping geo is continuous. Therefore the impossibility theorem could also be
stated, using the No-Retraction Theorem of standard topology [11, Cor. 2.15]: set-agreement
is solvable on message adversary M only if there exists a continuous function f : M — 0S™,
where M has the geometrization topology. This is interesting since dS™, the boundary of S™,
is exactly the output complex of the set-agreement task.

It should also be noted that, since we do have non-separable sets in our setting, it shows
that the standard abstract simplicial complexes approach is actually not always directly
usable, since abstract simplicial complexes are known to have separable topology. It means
that, for the first time, we have to primarily use the geometric version of simplicial complexes
to fully investigate general distributed computability. We call the topology defined here the
geometrization topology to emphasize this change of paradigm.
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A Geometrization Topology

A.1 Convexity and Metric Results

We present some metric results relating vertices of the iterated chromatic subdivision. In
particular we prove that the sequences geo(wy,)(S) converge to a point. This is related to
the known fact that the standard chromatic subdivision is mesh-shrinking [12].

The following lemma comes from the convexity of the pg transforms.

» Lemma 35. Let w a run, let r,7" € N,» <1’ then |geo(w),,)(S")| C [geo(w),.)(S")].

Proof. Consider only one step. We have that *—Z2L 4§ x Lot _ s tdiaf _
roof. Consider only one step. We have that —24= +d x — 25+ = pan =1.

So one step of the Chromatic Average gives, on each process, a linear combination with
non-negative coefficients that sums to 1, it is therefore a barycentric combination on the
points of the simplex at the beginning of the round. It is therefore a convex mapping of this
simplex. Since composing convex mapping is also convex, and that S™ is a convex set, we get

the result by recurrence. |

» Lemma 36. There exists reals 0 < K’ < K < 1, such that for all G of IS,,, all p,q € V(S),
P,qd € V(pa(S)), such that P(p) = P(p’) and P(q) = P(¢'), we have

K'|lp—dql| <|lp' =4l < Kllp—ql|-

Proof. This is a consequence of pg transforms being convex when G € I.S,,. It corresponds
to a stochastic matrix (non-negative coefficients and all lines coefficient sums to one) that is
scrambling (there is a line without null coefficients) hence contractive. See e.g. [10, Chap. 1]
for definitions and a proof for any given G of IS,.

Then K (resp. K') is the largest (resp. smallest) such bounds over all G € IS,. <

While iterating the chromatic subdivision, we remark that the diameter of the corre-
sponding simplices is contracting. From Lemma 36, we have

» Lemma 37. Let S a simplex of RY, then diam(ug, o ug, , oo ug, (S)) < K"diam(S),
where K is the constant from the previous lemma.

Since the simplices are contracted by the pa functions, the sequence of isobarycenters of
(geo(wy-(S))ren- has the Cauchy property and this sequence is therefore convergent to some
point z € RY. Since the diameter of the simplices converges to 0, it makes senses to say
that the limit of the simplices is the point x. Note that it would also be possible to formally
define a metric on the convex subsets of RY and consider the convergence of the simplices in
this space.
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A.2 Geometrization Topology vs Geometric Realization Topology

In this section, we provide an example of a simplicial complex whose topology as a geometric
realization is different from the topology it has in the ambient RY space, here with N = 1
but that can be generalized to any N. This is actually quite well known, see e.g. [15].

We consider C' = {0} U {[T}H, 1| r e N}

We denote |C| the topological space of C' defined as a geometric realization. The closed
sets of |C| are the sets F' such that F'N S is closed (in R) for all S € C, see [19]. Therefore |C|
has two connected components. We have F' =]0, 1] is closed in |C| since F'N [ﬁll, 1= [Til, 1,
hence is closed for all r. Moreover, F'N {0} = @) which is also closed in R. We also have that
{0} is closed in |C], so C' can be covered by two disjoint closed sets, it is not connected.

On the other end, at the set level, :C1 is exactly [0, 1]. So within the standard ambient
topology of R, 1C? is connected.

Since they do not have the same number of connected components, the two spaces C' as

a geometric realization and with the subset topology cannot be homeomorphic.

A full discussion of these differences could be very interesting. Given that the topologies
are the same when the complex is finite, the question at stake seems to be the passage to the
limit.

B Sperner Panlabellings of the Standard Chromatic Subdivision

In this section, n is fixed. We show how to construct a Sperner panlabelling of the standard
chromatic subdivision. We consider the generic colored simplex (.9, x) where S = (zo, ..., %)
and coloring function x, that could be different from P. We consider labellings of the colored
complex Chr(S, x).

We show the following combinatorial result about Sperner labellings.

» Theorem 38. Let 7 be a mazimal simplex of Chr(S,x), then there exists a T—panlabelling
A of Chr(S,x).

We start by some definitions related to proving the above theorem. It is possible to
associate to any simplex o of Chr(S) a pre-order > on II that corresponds to the associate
graph ©(c): i > j when (i,7) € A(O(0)). We call equivalence classes for ©(c), the classes
of the equivalence relation defined by i > j A j > i. It corresponds actually to the strongly
connected components of the directed graph ©(c).

We define the process view of a point. This is the color of points in the view V of vertex
(i, V) of the standard chromatic subdivision.

» Definition 39 (Process View). The process view of point x = (x(z), V') € V/(Chr(S, x)) is
defined by : Vy = {x(y)|ly € V'}.

For 7 € Chr(S, x), we also define the process view relative to T of a process p, denoted
V7. It is the process view of the point of 7 whose color is p. It is linked to pre-order »-: we
have V7 = {q | ¢ = p}-.

Let 7 be a fixed maximal simplex of Chr(S). We show how to construct a 7—panlabelling.

We choose a permutation ¢ on II such that it defines circular permutations on the equivalent
classes of ©(7). Let p € II, given W C V,J such that p € W, we denote by min*(p, W) =
min{i € N* | ¢'(p) € W}. Note that since ¢ is a permutation, there exists j > 0 such that
¢’ (p) = p, and since p € W, the minimum is taken over a non-empty set. Finally we set
©*(p, W) = @™ W) (p). This is the first point of W that is in the orbit of p in ¢.
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» Definition 40. We define A, : V(Chr(S)) — V(S), for x € V(Chr(S)), we set

M) = {q if g€V, and q ¢ Vi

o (x(@), Ve NV,

V(x))  Otherwise.

Intuitively, for a given vertex of Chr(S) with view V, if the process sees an other process
q than in 7, then it is labelled by this ¢, otherwise it will choose the first process in the
circular orbit of  that is in its view.

» Proposition 41. The labelling A\ is a T—panlabelling.

Proof. First we show that it is indeed a Sperner labelling. In both cases of the definition,
Ar(z) belongs to V,. For z € V(Chr(95)), for o C S, z € |o|, with ¢ minimum for this
property, means that the presentation of z is ®(z) = (i,0) for some z; such that x; € V(o)
and x(z;) = 1.

Now we show that the only panchromatic simplex is 7. By construction, with z € V (1),
©*(x(2), Va) = ¢(x(x)) since in this case Vy = V7). So 7 is panchromatic through A-.

Now we consider o # 7. We have two possible cases:
1. 3z eV(o),q € Vy,q ¢ VXT(I),

2. Ve € V(o), Vo C V.-

We start with the first case, we denote by C' the highest, for > in o, class such there
is z in C satisfying the clause (1). We show that #\.(C) N C < #C, where # denotes
the cardinal of a set. By definition of C, \;}(C) C C. Since A\.(z) ¢ C, this means that
#M-(C)NC # #C. By assumption all classes C’ that are higher than C' choose colors in C’,
S0 o is not panchromatic under A..

Now, we assume we do not have case (1), this means that Vo € V (o), A+ (z) = ¢*(x(x), Vi).
Since o # 7, there exists x € V(0), Vo & V[,). We choose the lowest such z for - in 7. We
consider C,, the class of z in 0. We show that #\.(C,) < #C,.

We denote C7 the class of color x(z) in 7. First we show that Cy, C C7. Indeed, assume
there is y € C, such that y ¢ C7. Since the view of elements of the same class are the same,
this means that x(z) € V,, and y would satisfy property 1. A contradiction to the case we
are considering. And this is true for all y € C,.

Now we show C € C7. We have V, C V7). Let y € V7 )\ Vo If y ¢ CF, by the same
previous argument, we get a contradiction. Hence y € C] and therefore C, & C7.

We denote p = ¢*(x(z),CI \ C..). We note p’ = ¢~ 1(p). We have by definition of
©*(.,CI\ Cy), that p’ € Cy, therefore CX‘_; () = Ca- Now we set p”" = ¢*(p', Cy). The color
p’" has at least two predecessors in the labelling: p’ by construction (since x was chosen the
lowest for > then VX;TI(p,) = V) and p”’ = ¢~ (p") which is not p’ since p(p') =p ¢ C..

So #A-(x, (V7)) < #V;7, and A, (o) # IL. <«
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